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Part Ill: Solving RGE

m The [ function

m Mellin transforms

m DGLAP - non-singlet and singlet evolution
m DIS cross sections
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The 3 function

m RGE for strong coupling

2
ag(

as(u’) = 4(7T )
dag

dlnp?

= B(as) = — (Boa% + Bra% + ...)
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The 3 function

m RGE for strong coupling

aS(NQ) = @Si:2)

d
Tty = Ala) = = (o + Brak + .

m Coefficients up to two loops

2 38
50:11_§Nf 512102—31\@
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The 3 function

m The RGE depends on Ny — “mass thresholds

scale Ny active flavors
< me 3 wd,s

me< u<my 4 wu,ds,c

my < [ 5 wu,d, s, cb
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The 3 function

m The RGE depends on Ny — “mass thresholds”

scale Ny active flavors
< me 3 wd,s

me< u<my 4 wu,ds,c

my < [ 5 wu,d, s, cb

m The RGE is discontinuous at the mass thresholds

m ag is continuous at the mass thresholds
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The 5 function
m To solve the RGE we need boundary conditions (BC) for each Ny
m But we need continuous a; — the recipe
= Start with ag(myz) = 0.118/4x
= Compute ag(my) evolved with BC ag(mz) and Ny =5

= Compute ag(m.) evolved with BC ag(m;) and Ny =4
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QCD carpentry:
coding up ¢ RGE

m params.py
m alphaS.py



params.py

#-—euler-
euler=0.57721566490153286060651209008240243104215933593992

#--color factors
CA=3.0
CF=4.0/3.0
TR=0.5

TF=0.5

#--set_masses

mc =1.28

mb = 4.18

mzZ = 91.1876
mW = 80.398

M = 0.93891897
mc2 = mc**2
mb2 = mb**2
mz2 = mZ**2

M2 = M**2
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params.py

#-—(ED and QCD couplings
alfa = 1/137.036
alphaSMZ = 0.118
alfa2 = alfax*2

#--quark charges

4.0/9.0
1.0/9.0

eU2
eD2

couplings={1:eU2,2:eD2,3:eD2,4:eU2,5:eD2,6:eU2}
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alphaS.py

#!1/usr/bin/env python
import sys,os

import numpy as np
import params as par

beta=np.zeros((7,3))

for Nf in range(3,7):
beta[Nf,0]=11.0-2.0/3.0*Nf
beta[Nf,1]=102.-38.0/3.0*Nf

def beta_func(a,Nf):
return -(beta[Nf,0]+a*beta[Nf,1])*a**2

def get_Nf(Q2):
Nf=3
if Q2>=(4.*par.mc2): Nf+=1
if Q2>=(4.*par.mb2): Nf+=1
return Nf
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alphaS.py

def evolve_a(Q20,a,Q2,Nf):
#--Runge-Kutta implemented in pegasus
LR = np.log(Q2/Q20)/20.0
for k in range(20):

XKO
XK1
XK2
XK3
at=
return a

= LR
= LR
= LR
= LR
(XKO

*

*
*
*
+

beta_func(a,Nf)

beta_func(a + 0.5 * XKO,Nf)

beta_func(a + 0.5 * XK1,Nf)

beta_func(a + XK2,Nf)

2.% XK1 + 2.% XK2 + XK3) * 0.166666666666666

#--build boundary conditions
ab=evolve_a(par.mZ2,par.aZ,par.mb2,5)
ac=evolve_a(par.mb2,ab,par.mc2,4)
a0=evolve_a(par.mc2,ac,par.Q20,3)

11/24



alphaS.py

storage={}
def get_a(Q2):
if Q2 not in storage:
if par.mb2<=Q2:
storage [Q2] =evolve_a(par.mb2,ab,q2,5)
elif par.mc2<=Q2 and Q2<par.mb2:
storage[Q2]=evolve_a(par.mc2,ac,Q2,4)
elif Q2<par.mc2:
storage [Q2]=evolve_a(par.Q20,20,Q2,3)
return storagel[Q2]

def get_alphaS(Q2):
return get_a(Q2)*4*np.pi
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alphaS.py

if

__hame__

print
print
print
print
print
print
print
print
print
print

=='__main__"':

[

'test alphaS evolution'
1

'Q2=1 alphaS=70

.5f'},get_alphaS(1.0)
'Q2=(1+mc2) /2 alphaS=/0.
'Q2=mc2 alphaS=70.
'Q2=(mc2+mb2) /2 alphaS=/0.
'Q2=mb2 alphaS=/0.
'Q2=(mb2+mZ2) /2 alphaS=70.
'Q2=mZ2 alphaS=%0.

5f'/get_alphaS(0.5%(1.0+par.mc2))

5f 'Y.get_alphaS(par.mc2)
5f'Yget_alphaS(0.5*(par.mc2+par.mb2))
5f'/get_alphaS(par.mb2)

5f '%get_alphaS(0.5*(par.mb2+par.mZ2))
5f 'J.get_alphaS(par.mZ2)

Next steps at command line

chmod +x alphaS.py
./alpha.py
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Mellin transform

m Definition:

= [are"{f@)] [ ana~(EQ)

27rz €—100
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Mellin transform

m Definition:
- [de*[1@)] — [ v EW)

27rz €—100

m The c is chosen to be at the right of the rightmost pole of F/(N)
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Mellin transform

m Definition:
/d:w:N 1 — 27rz CCJ::) Nx_Nm
m The c is chosen to be at the right of the rightmost pole of F/(N)
m Example:
lf(x):$—>F(N)=ﬁ

= The rightmost poleisat N = —1soc> —1
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Mellin transform: numerical recipe

m Parametrize the contour

N(z) =c+ ze"
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Mellin transform: numerical recipe

m Parametrize the contour
N(z) = ¢+ ze

m A useful identity

1 c+1i00
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Mellin transform: numerical recipe

m For efficiency purposes we use Gaussian quadrature, i.e

/ dzr g(x Z w;g(r;)
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Mellin transform: numerical recipe

m For efficiency purposes we use Gaussian quadrature, i.e

/ dzr g(x Z w;g(r;)

m For an arbitrary integration region we can use

/abdzg(z) b_azn:wz (;(b—a)xi—i—

;(a—i— b))
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Mellin transform: numerical recipe

m Back to inverse Mellin transform

f(z) = 71T/OOO dz Im [ewx_N('Z)F(N(z))}
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Mellin transform: numerical recipe

m Back to inverse Mellin transform
1 o0 1o —N(z
flz) = 7r/0 dz Im [z N )F(N(z))}

m We partition the z integration in k subintervals and apply
Gaussian-quadrature on each subinterval
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QCD carpentry:
coding up Mellin transforms

m mellin.py



mellin.py

#!/usr/bin/env python
import sys,os
import numpy as np

c=1.9 #--contour crossing
npts=8 #--number of gaussian quadrature

#--define intervals for z integration
znodes=[0,0.1,0.3,0.6,1.0,1.6,2.4,3.5,5,7,10,14,19,25,32,40,50,63]

#--compute gaussian nodes and weights
X,w=np.polynomial.legendre.leggauss (npts)
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mellin.py

#--generate z and w values along coutour
z,w,Jac=[1,01,0
for i in range(len(znodes)-1):

a,b=znodes[i] ,znodes[i+1]

Z.extend (0.5%(b-a)*x+0.5%(atb))

W.extend (w)

JAC.extend ([0.5%(b-a) for j in range(x.size)])
Z=np.array(Z)
W=np.array (W)
JAC=np.array (JAC)
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mellin.py

def invert(x,F):

if

__name__=='__main__

return np.sum(np.imag(phase * x**(-N) * F)/np.pi * W * JAC)

F=1/(N+1)
f=lambda x: x
X=10**np.linspace(-5,-1,10)
for x in X:
print 'x=Y10.4e £=10.4e inv=)10.4e'’(x,f(x),invert(x,F))

Next steps at command line

chmod +x mellin.py
./mellin.py
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Mellin transform:

m Why are we talking about Mellin transforms?

It converts convolutions into ordinary products

m Example:
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Solving the DGLAP equations

0
Finja (&) =2 [ C Py, 0)fym (€210
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Solving the DGLAP equations

0
Finja (&) =2 [ C Py, 0)fym (€210

m We will solve them using 4 simplifications

= Solve DGLAP in Mellin space — ordinary diff. egs.
= Flavor composition — non-singlets and singlet

= Solve the equation in terms of ag

= Use LO splitting kernels (P;;)
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DGLAP in Mellin space

—
g Finja (&) =2 [ C Py, 0)fym (€210

m The Mellin transform is

B
{5ln ozl ) = > Pjji(N, 11) Fyyg(N, )
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DGLAP in Mellin space

0
Gin )12 = Jiu(& 1) Z/ 9)fim(&/z 1)

m The Mellin transform is

0
Olnp

QFJ/H(N p) = ijj’(M ) Fyyp (N, )
]I

m In Mellin space DGLAP is just an ordinary system of differential
equations
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DGLAP with flavor composition

m Let's write Fj g(N) = Fj and Fje = F, £ I}
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DGLAP with flavor composition

m Let's write Fj g(N) = Fj and Fje = F, £ I}

m The flavor composition

Fis=F+ — Fy,

Fig=F,+ Fyx — 2F s+,

Fois=Fg + Fgs + Fe+ — 3F .+,

Fioy=Fg + Fpr + Fer + For — 4F)+,

Fiss = F+ + Fgr + Fr + For + Fjpe,
Fo=Fx++Fp+Fe + Foe + Fie
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DGLAP with flavor composition

m Let's write Fj g(N) = Fj and Fje = F, £ I}

m The flavor composition

Fi3=F,+ — Fy+,
Fig=Fz++ Fyr — 2F,
Fois=Fg + Fgs + Fe+ — 3F .+,
Fioy=Fg + Fpr + Fer + For — 4F)+,
Fiss = F+ + Fgr + Fr + For + Fjpe,
Fo=Fx++Fp+Fe + Foe + Fie
m Basically we go from F; — F.;, Fy  F,
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DGLAP with flavor composition

m The flavor composition allows us to split DGLAP

OF.;
mij? = P&Fy Non-singlet
n
OF_
W - Pl\FSF* Non-Singlet
n

0 F qu qu F )
— let
Gln/ﬂ (Fg) (qu ng Fg Slnge
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DGLAP in terms of ag and LO expansion

m The 1 dependence in P is only via ag

Pjlas) = Y. @+ (u) P

m=0
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DGLAP in terms of ag and LO expansion

m The 1 dependence in Pj; is only via ag

Pj(as) = > aZ* (u) P

m=0

m So we can rewrite DGLAP in terms of ag

0 > Pyylas) Fy(as)

MFj(aS)

ﬁ( s)
_ _ﬁolas 5> PY) Fylas) + Ofas)
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Solving the non-singlet at LO

éyl:ltj

oy~ Tt
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Solving the non-singlet at LO

é?]:ltj
0ln p?

OFy; | R
= Plilf:SF:I:_] —> 8aS] = _5OG/SPNS( )Fj:]
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Solving the non-singlet at LO

8Fij
0ln p?

OFy; | R
—= Pﬁst:] — aaS] = _ﬁoaSPNS( )Fj:]

m The solution — evolution of F from pg to i

+(0
a5>—PN§ )/ﬂO

Fyj(as) = <CL_0

Fij(ao)J
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Solving the singlet at LO

0 Fy _ qu qu Fy
aln;ﬂ Fg qu ng Fy

29 /24



Solving the singlet at LO

0 (RN _(Pu P\ (P . 0 (F\ _ -l (PO Pq<(2> F,
Oln p? \ Fy Pyy Pyq Fy dag \ Fy Boas Pg(g) ng) Fy
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Solving the singlet at LO

0 (RN _(Pu P\ (P . 0 (F\ _ -l (PO Pq<(2> F,
Oln p? \ Fy Pyy Pyq Fy dag \ Fy Boas Pg(g) ng) Fy

m Apply eigenvalue decomposition

1 /pO p(0)>
Ry=—| 1 | =r_e_+rye
=5 (7 7 -
1
= Ry —riI
e Ti_&[ o = r+1]

1 2
re= oo [P;;D + PO+ \/ (P - Pg) + 4P§§)P§8)]

29 /24



Solving the singlet at LO

0 (RN _(Pu P\ (P . 0 (F\ _ -l (PO Pq<(2> F,
Oln p? \ Fy Pyy Pyq Fy dag \ Fy Boas Pg(g) ng) Fy

m Apply eigenvalue decomposition

1 (PO p(0)>
Ry=—| 1 | =r_e_+rye
=5 (B “
1
= Ry —r.1
€+ e — e [Ro — r¢1]

qq

() o (2 w27 ()

1 2
re= g [P0+ P (P D) arlp Y
0
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LO splitting functions

P = PO = Cp 3+ N(N2+ 5~ 451(N)]
2
Py = QNng ++1])\2J<fr—2k 2)
2
Py = 2CF(N]i Jf\]fv(; i 1)
Py’ = Ca [131 i N(N4— TR 1;I(N+ 2) 431(N)] B ng

SiN) =3 j = g+ DOV 1 1)
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LO Asplitting functions

AP = AP = Cr |3+ RS 451(1\7)]
AR = 2Ny N](VN_+11)
ARy =20y NJ(VN++21)
AP = Cy 131 (N+1iN+2) —451<N)] — 3
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Flavor decomposition

m After having evolved F;, Iy, F,, we need to get back to the original
flavor basis
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Flavor decomposition

m After having evolved F;, Iy, F,, we need to get back to the original
flavor basis

m Here is how

s
-

= (Fliss — Fios5)/5

Foe = Fye + (Fhoq — Fi5) /4
Fe = Fr + (Fy15 — Fig)/3
Fpo = Fa + (Fig — Fi3)/2
F,«=Fga++ (Fig + Fig)/Z
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Flavor decomposition

m After having evolved F;, Iy, F,, we need to get back to the original
flavor basis

m Here is how

Fiye = (Fiss — Fio5)/5

Foe = Fye + (Fhoq — Fi5) /4
Fio = Fu + (Fuis — Fig)/3
Fpo = Fa + (Fig — Fi3)/2
F,«=Fga++ (Fig + Fi3)/2

H

m Finally ¢ = %(q+ +¢ ) and g = %(Cf -q)
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Physical constraints

m PDF constraints

/Oldaf(u—ﬁ):2

[ de(d—d)=1

1
/0 dex(g+u” +d"+s"+c"+b7) =1
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Physical constraints

m PDF constraints

/01 dr(u—u) =2
[ de(d—d)=1
/Oldxx(g+u++d+—|—s+—l—c++b+) =1
m APDF constraints from SU(3)r baryon octect
/01 dr(Au™ — Ad") = a3 = g4 ~ 1.269 — SU(2)

[ de(Au+ Ad — 2A5) = a5 ~ 0.586 — SU(3)
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DIS observables

m For upol. DIS we will focus on FQ(p’d) experimental data. At LO the

structure function is simply

Fy(z,Q*) == Zq: e?]fq(:z;, Q%)
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DIS observables

m For upol. DIS we will focus on FQ(p’d) experimental data. At LO the
structure function is simply

Fy(z,Q*) == Zq: e?]fq(:z:, Q%)

m For pol. DIS we will focus on Aﬁp’d) = g1/ F| experimental data. At

LO the structure functions are given by

g1 (2, Q%) = 12e§qu<x, Q)

(1+4Q2:U)

F1($7Q2) - 2($>Q2)

2$ 34/24



PDF and APDF parametrizations

m We parametrize PDFs and APDFs as follow

7%(1 — 2)PP(z; ¢, d)
Ja dzz"z(1 — 2)8P(z; ¢, d)
P(z;e,d)=c/x+dx

fq(flf,,uo) =M
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PDF and APDF parametrizations

m We parametrize PDFs and APDFs as follow

7%(1 — 2)PP(z; ¢, d)
Ja dzz"z(1 — 2)8P(z; ¢, d)
P(z;e,d)=c/x+dx

fQ(xnuO) =M

m Mellin moments of f, are then by

B(N+a,b+1)+B(N+a+1/2,b+1)+B(N+a+1,b+1))
Bn+a,b+1)+Bn+a+1/2,b+1)+Bn+a+1,0+1))

Fq(N7M0) =M
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QCD carpentry:
coding up DGLAP

m pdf.py
m ppdf.py
m idis.py



pdf.py

#!/usr/bin/env python
import sys

#-—-external libs

import numpy as np

from scipy.special import digamma
from scipy.special import gamma

#--local libs

from params import euler,CF,CA
import mellin

import params as par

import alphaS as aS

N=mellin.N #--retrieve mellin contour
beta=aS.beta #--retrieve beta coeffs
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pdf.py

#-—compute splitting functions
Si=euler + digamma(N+1)
PNS=np.zeros((6,N.size) ,dtype=complex)
Pqg=np.zeros((6,N.size) ,dtype=complex)
Pqg=np.zeros((6,N.size) ,dtype=complex)
Pgg=np.zeros((6,N.size) ,dtype=complex)
Pgg=np.zeros((6,N.size) ,dtype=complex)
P=np.zeros((6,2,2,N.size) ,dtype=complex)
for Nf in range(3,6):
Pqq [N£]=CF* (3+2/N/ (N+1)-4%S1)
Pqg [N£]=24Nf* (N 2+N+2) / (N (N+1) * (N+2) )
Pgq [N£]=2*CF* (N**2+N+2) / (N-1) /N/ (N+1)
Pgg[Nf]=CA*(11/3.0+4/N/(N-1)+4/(N+1) / (N+2) -4%S1)-2/3 . 0*Nf

P[Nf,0,0,:] = Pqql[Nf]
P[Nf,0,1,:] = PqglNf]
P[Nf,1,0,:] = Pgql[Nf]
P[Nf,1,1,:] = PgglNf]

PNS [Nf]=Pqq [Nf]
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pdf.py

#--construct evolution operators
RNS=np.zeros((6,N.size) ,dtype=complex)

RS =np.zeros((6,2,2,N.size) ,dtype=complex)
rp=np.zeros((6,N.size) ,dtype=complex)
rm=np.zeros((6,N.size) ,dtype=complex)

for Nf in range(3,6):
RNS [Nf]=PNS[Nf] /beta[Nf,0]
RS[Nf]=P[Nf]/betal[Nf,0]
rp [Nf]=Pqq[Nf]+Pgg [Nf]+np.sqrt ((Pqq[Nf]-Pgg[Nf]) x*2+4*Pqg [Nf] *Pgq [Nf])
rm [Nf]=Pqq[Nf]+Pgg [Nf]-np.sqrt ((Pqq[Nf]-Pgg[Nf])**2+4+Pqg [Nf]+Pgq[Nf])
rp[Nf]/=2*beta[Nf,0]
rm [Nf] /=2*beta [Nf,0]
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pdf.py

ep =np.zeros((6,2,2,N.size) ,dtype=complex)
em =np.zeros((6,2,2,N.size),dtype=complex)

for Nf in range(3,6):

ep[Nf,0,0]=(RS[Nf,0,0]-rm[N£f]) /(rp [Nf]-rm[N£])
ep[Nf,1,1]1=(RS[Nf,1,1]-rm[N£])/(rp [N£f]-rm[N£])
ep[Nf,0,11=RS[Nf,0,1]/ (rp[Nf]-rm[N£f])
ep[Nf,1,0]=RS[Nf,1,0]/(rp[Nf]l-rm[Nf])

em[Nf,0,0]=(RS[Nf,0,0]-rp[N£])/(rm[Nf]-rp[N£])
em[Nf,1,1]=(RS[Nf,1,1]-rp[N£f])/(zm[Nf]-rp[N£f])
em[Nf,0,1]=RS[Nf,0,1]/(rm[Nf]-rp[Nf])
em[Nf,1,0]=RS[Nf, 1,01/ (xm [Nf]-rp[N£])
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pdf.py

#--evolution functions

def evolve_nonsinglet (FNS0,Q20,Q2,Nf):
a0 = aS.get_a(Q20)
a = aS.get_a(Q2)
L=np.power (a/a0,-RNS[Nf])
return L*FNSO

def evolve_singlet(FS0,Q20,Q2,Nf):
a0 = aS.get_a(Q20)
a aS.get_a(Q2)
L= np.power (a/a0,-rm[Nf])*em[Nf] + np.power(a/al,-rp[Nf])*ep[Nf]
return np.einsum('ij...,j...->i...',L,FSO,dtype=complex)
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

Fm = evolve_nonsinglet(BC['Fm'],Q20,Q2,Nf)
FS = evolve_singlet(BC['FS'],Q20,Q2,Nf)

Fp = FS[0]

g = Fs[i]

Fm_={}

Fp_={}
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

if

Nf==3:

Fm_[3] =evolve_nonsinglet(BC['Fm_'][3],Q20,Q2,Nf)
Fm_[8] =evolve_nonsinglet(BC['Fm_'][8],Q20,Q2,Nf)
Fm_[15]=Fm

Fm_[24]=Fm

Fm_[35]=Fm

Fp_[3] =evolve_nonsinglet(BC['Fp_'1[3],Q20,Q2,Nf)
Fp_[8] =evolve_nonsinglet(BC['Fp_'][8],Q20,Q2,Nf)
Fp_[15]=Fp

Fp_[24]1=Fp

Fp_[35]=Fp
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

elif Nf==4:
Fm_[3] =evolve_nonsinglet(BC['Fm_'][3] ,Q20,Q2,Nf)
Fm_[8] =evolve_nonsinglet(BC['Fm_'][8] ,Q20,Q2,Nf)
Fm_[15]=evolve_nonsinglet(BC['Fm_'][15],Q20,Q2,Nf)
Fm_[24]=Fm
Fm_[35]=Fm
Fp_[3] =evolve_nonsinglet(BC['Fp_'1[3] ,Q20,Q2,Nf)
Fp_[8] =evolve_nonsinglet(BC['Fp_'][8] ,Q20,Q2,Nf)
Fp_[15]=evolve_nonsinglet (BC['Fp_'][15],Q20,Q2,Nf)
Fp_[24]1=Fp
Fp_[35]=Fp
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

elif Nf==5:

Fm_[3] =evolve_nonsinglet(BC['Fm_'][3] ,Q20,Q2,Nf)
Fm_[8] =evolve_nonsinglet(BC['Fm_'][8] ,Q20,Q2,Nf)
Fm_[15]=evolve_nonsinglet(BC['Fm_'][15],Q20,Q2,Nf)
Fm_[24]=evolve_nonsinglet(BC['Fm_'] [24],Q20,Q2,Nf)
Fm_[35]=Fm

Fp_[3] =evolve_nonsinglet(BC['Fp_'1[3] ,Q20,Q2,Nf)
Fp_[8] =evolve_nonsinglet(BC['Fp_'][8] ,Q20,Q2,Nf)
Fp_[15]=evolve_nonsinglet (BC['Fp_'][15],Q20,Q2,Nf)
Fp_[24]=evolve_nonsinglet(BC['Fp_'][24],Q20,Q2,Nf)
Fp_[35]=Fp
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

#--flav decomposition
gp =np.zeros((6,N.size) ,dtype=complex)
qm =np.zeros((6,N.size) ,dtype=complex)

qm[5]=(Fm_[35]-Fm_[24])/5.
qm[4]=gm[5]+(Fm_[24]-Fm_[15])/4.
am[3]1=qm[4]+(Fm_[15]-Fm_[81)/3.
qm[2]=qm[3]+(Fm_[8]-Fm_[31)/2.
gm[1]=gm[3]+(Fm_[8]+Fm_[31)/2.

qp[51=(Fp_[35]-Fp_[241)/5.

qp [4]=qp[5]1+(Fp_[24]-Fp_[15])/4.
qp[3]=qp[4]+(Fp_[15]-Fp_[81)/3.
qp[2]=qp[3]1+(Fp_[8]-Fp_[31)/2.
qp[1]=qp[3]1+(Fp_[81+Fp_[31)/2.
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

output={}

#--generate output for BC
output['Fm_'] = Fm_
Fp_

output['Fp_"']
output['Fm']
output['Fp']

Fm
Fp
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

#--generate output for pheno
output ['up']l=qp[1]
output ['dp']=qp[2]
output['sp']l=qp[3]
output ['cp']l=qp[4]
output ['bp'I=qp[5]
output ['um']=gm[1]
output['dm']=qm[2]
output ['sm']=qm[3]
output['cm']=qm[4]
output ['bm']=qm[5]
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pdf.py

def _evolve(BC,Q20,Q2,Nf):

output['g'] =g

output['u']=0.5%(qp[1]+qm[1])
output ['d']=0.5%(qp[2]+qm[2])
output['s']=0.5%(qp[3]+qm[3])
output['c']=0.5%(qp[4]+qm[4])
output['b']1=0.5%(qp[5]+qm[5])
output['ub']1=0.5%(qp[1]-qm[1])
output ['db']=0.5%(qp[2]-qm[2])
output ['sb']=0.5%(qp[3]-qm[3])
output['cb']1=0.5%(qp[4]-qm[4])
output ['bb']=0.5%(qp[5]-qm[5])

return output
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pdf.py

def get_flav_comp(g,up,um,dp,dm,sp,sm,cp,cm,bp,bm):

Fm_={3}

Fm_[35]=
Fm_[24]=
Fm_[15]=
Fm_[8] =
Fm_[3] =
Fm_[0] =

Fp_={}

Fp_[0] =
Fp_[3] =
Fp_[8] =
Fp_[15]=
Fp_[24]=
Fp_[35]=

bm + cm + dm + sm + um

-4%bm + cm + dm + sm + um
-3*%cm + dm + sm + um

dm - 2%sp + 2*(-sm + sp) + um
-dm + um
np.zeros(N.size,dtype=complex)

np.zeros(N.size,dtype=complex)
-dp + up

dp - 2*sp + up

-3*%cp + dp + sp + up

—-4xbp + cp + dp + sp + up

bp + cp + dp + sp + up
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pdf.py

def get_flav_comp(g,up,um,dp,dm,sp,sm,cp,cm,bp,bm):

Fp = bp + cp + dp + sp + up
Fm = bm + cm + dm + sm + um
FS = np.zeros((2,N.size),dtype=complex)

FS[0]=Fp

Fs[il=g

output={}
output['Fm_'] = Fm_
output['Fp_'] = Fp_
output['Fm'] = Fm
output['Fp'] = Fp
output['FS'] = FS

return output
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pdf.py

#--initialize where to store the boundary conditions
BC3={}
BC4={}
BC5={}

def get_BC(moms) :
#-— here moms are the moments at the input scale

global BC3,BC4,BC5

zero=np.zeros(N.size,dtype=complex)
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pdf.py

def get_BC(moms) :

#--BC for Nf=3

g

up
um
dp
dm
sp
sm
cp
cm
bp
bm

BC3=get_flav_comp(g,up,um,dp,dm,sp,sm,cp,cm,bp,bm)

moms['g']
moms ['up']
moms [ 'um']
moms ['dp']
moms ['dm']
moms ['sp']
moms ['sm']
zero
zero
zero
zero
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pdf.py

def get_BC(moms) :

#--BC for Nf=4
BC4=_evolve(BC3,par.Q20,par.mc2,3)
g =BC4['g']

up=BC4['up']

dp=BC4['dp']

sp=BC4['sp']

cp=BC4['cp']

bp=BC4['bp"']

um=BC4['um']

dm=BC4['dm']

sm=BC4['sm']

cm=BC4['cm']

bm=BC4['bm"']
BC4.update(get_flav_comp(g,up,um,dp,dm,sp,sm,cp,cm,bp,bm))
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pdf.py

def get_BC(moms) :

#--BC for Nf=5

BC5=_evolve (BC4,par.mc2,par.mb2,4)
g =BC5['g"']

up=BC5['up']

dp=BC5['dp']

sp=BC5['sp']

cp=BC5['cp"']

bp=BC5['bp"']

um=BC5['um']

dm=BC5['dm']

sm=BC5['sm']

cm=BC5['cm']

bm=BC5['bm"']
BC5.update(get_flav_comp(g,up,um,dp,dm,sp,sm,cp,cm,bp,bm))
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pdf.py

#-—-parametrization
#-=f(x) = norm * gxka * (1-x)**b * (1+c*xz**0.5+d*x)

params={}

params['g'] =np.array([1,-0.5,3,0,0])
params['uv'] =np.array([1, 0.5,3,0,0])
params['dv'] =np.array([1, 0.5,4,0,0])
params['sea'] =np.array([1, 0.5,4,0,0])
params['db'] =np.array([1,-0.5,6,0,0])
params['ub'] =np.array([1,-0.5,6,0,0])
params['s'] =np.array([1,-0.5,6,0,0])
params['sb'] =np.array([1,-0.5,6,0,0])
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pdf.py

parmin=np.zeros(9)
parmax=np.zeros(9)

parmin[0] ,parmax[0] = -1.9,2 # g_a
parmin[1] ,parmax[1] = 0.0,10 # g_b
parmin[2] ,parmax[2] = -0.9,2 # wv_a
parmin[3],parmax[3] = 0.0,10 # wv_b
parmin[4] ,parmax[4] = -0.9,2 # dv_a
parmin[5] ,parmax[5] = 0.0,10 # dv_b
parmin[6] ,parmax[6] = 0.0,100 # sea_N
parmin[7] ,parmax[7] = -1.9,2 # sea_a
parmin[8] ,parmax[8] = 0.0,10 # sea_b
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pdf.py

#--hooks

def

def

get_params():

p=0]
p=np.append(p,params['g'] [1:3])
p=np.append(p,params['uv'] [1:3])
p=np.append(p,params['dv'] [1:3])
p=np.append(p,params['sea'] [:3])
return p

set_params (p) :
params['g'][1:3] = pl[0:2]

params['uv'][1:3] = p[2:4]
params['dv'][1:3] = p[4:6]
params['sea'][0:3] = p[6:9]
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pdf.py

def

def

beta(a,b):
return gamma(a)*gamma(b)/gamma(a+b)

get_moments (flav,iN=None) :

if iN==None: n=N

else: n=iN

M,a,b,c,d=params[flav]
norm=beta(2+a,b+1)+c*beta(2+a+0.5,b+1)+d*beta(2+a+1.0,b+1)
mom=beta(n+a,b+1)+c*beta(n+a+0.5,b+1)+d*beta(n+a+1.0,b+1)
return M*mom/norm
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pdf.py

def set_sumrules():

#--valence
params['uv'] [0]=1
params['uv'] [0]=2/get_moments('uv',1)

params['dv'] [0]=1
params['dv'] [0]=1/get_moments('dv',1)

#--msr

sea=get_moments('sea’',2)
up=get_moments('uv',2)+2*(seatget_moments('ub',2))
dp=get_moments('dv',2)+2*(sea+get_moments('db',2))
sp=(sea+get_moments('s',2))+(sea+tget_moments('sb',2))
params['g'] [0]=1

params['g'] [0]=(1-up-dp-sp)/get_moments('g',2)
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pdf.py

#-—compute moments
storage={}
moms={}
def set_moms():
sea=get_moments('sea')
moms['g'] = get_moments('g')
moms['up'] = get_moments('uv')+2*(seatget_moments('ub'))
moms['dp'] = get_moments('dv')+2+*(seatget_moments('db'))
moms['sp'] = 2*seatget_moments('s')+get_moments('sb')
moms['um'] = get_moments('uv')
moms['dm'] = get_moments('dv')
moms['sm'] = np.zeros(N.size,dtype=complex)
get_BC(moms)
global storage
storage={}
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pdf.py

def evolve(Q2):
if Q2 not in storage:

if par.mb2<Q2:
storage[Q2]=_evolve(BC5,par.mb2,Q2,5)

elif par.mc2<=Q2 and Q2<=par.mb2:
storage[Q2]=_evolve(BC4,par.mc2,Q2,4)

elif Q2<par.mc2:
storage [Q2]=_evolve (BC3,par.Q20,Q2,3)

def get_xF(x,Q2,flav):
evolve(Q2)
return x+*mellin.invert(x,storage[Q2] [flav])
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pdf.py

if

__name__=="__main__

set_sumrules()
set_moms ()

x=0.5

Q2=10

print get_xF(x,Q2,'um')
print get_xF(x,Q2,'u')
print get_xF(x,Q2,'g")

Next steps at command line
chmod +x pdf.py
./pdf.py
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ppdf.py

m copy pdf.py to ppdf.py
m change the splitting functions
m change the parametrization

m change the sum rules
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ppdf.py

for Nf in range(3,6):
Pqq [Nf]=CF*(3+2/N/(N+1)-4%S1)
Pqg [Nf]=TR*Nf*4* (N-1)/N/(N+1)
Pgq [Nf]=CF*2x* (N+2) /N/ (N+1)
Pgg [Nf]=CA*(11/3. + 8/N/(N+1)-4%S1)-2/3.*Nf

P[Nf,0,0,:] = Pqq[Nf]
P[Nf,0,1,:] = PqglNf]
P[Nf,1,0,:] = PgqlNf]
P[Nf,1,1,:] = PgglNf]

PNS [Nf]=Pqq[Nf]
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ppdf.py

params={}

params['g'] =np.array([1,-0.5,3
params['up']=np.array([1, 0.5,3
params['dp']=np.array([1, 0.5,3
params['sp']=np.array([1,-0.5,3,0,0])
params['um']=np.array([1,-0.5,3
params['dm']=np.array([1,-0.5,3
params['sm']=np.array([0,-0.5,3
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ppdf.py

parmin=np.zeros(10)
parmax=np.zeros (10)

parmin[0] ,parmax[0] = -10,10 # g_N

parmin[1] ,parmax[1] = -1.9,2 # g_a

parmin[2] ,parmax[2] = 0.0,10 # g_b

parmin[3],parmax[3] = -1.9,2 # up_a
parmin[4] ,parmax[4] = 0.0,10 # up_b
parmin[5] ,parmax[5] = -1.9,2 # dp_a
parmin[6] ,parmax[6] = 0.0,10 # dp_b
parmin[7] ,parmax[7] = -10,10 # sp_N
parmin[8] ,parmax[8] = -1.9,2 # sp_a
parmin[9] ,parmax[9] = 0.0,10 # sp_b
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ppdf.py

def

def

get_params():

p=0
p=np.append(p,params['g'][:3])
p=np.append(p,params['up'] [1:3])
p=np.append(p,params['dp'] [1:3])
p=np.append(p,params['sp'] [:3])
return p

set_params (p) :

params['g']1[:3] = p[0:3]
params['up'] [1:3] = p[3:5]
params['dp'][1:3] = p[5:7]

params['sp'][:3] = p[7:10]
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ppdf.py

def set_sumrules():
gh=1.269
g8=0.586
params['up'] [0]=1
params['up'][0]=(gA + g8)/2. + get_moments('sp',1)
params['dp'][0]=1
params['dp'] [0]=(g8 - gA)/2. + get_moments('sp',1)

moms={}

def set_moms():
moms['g'] = get_moments('g')
moms['up'] = get_moments('up')
moms['dp'] = get_moments('dp')
moms['sp'] = get_moments('sp')
moms['um'] = np.zeros(N.size,dtype=complex)
moms['dm'] = np.zeros(N.size,dtype=complex)
moms['sm'] = np.zeros(N.size,dtype=complex)
get_BC(moms)
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idis.py
#!/usr/bin/env python
import sys
import alphaS as aS
import pdf,ppdf
from params import eU2,eD2,M2
import mellin
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idis.py

def get_F2N(Q2,tar):

mmn

get moments of F2/z
Nf=aS.get_Nf(Q2)
pdf .evolve(Q2)
if tar=='p':
up=pdf .storage[Q2] ['up']
dp=pdf .storage[Q2] ['dp"']
elif tar=='n':
dp=pdf .storage[Q2] ['up']
up=pdf .storage[Q2] ['dp']
sp=pdf .storage[Q2] ['sp']
cp=pdf .storage[Q2] ['cp']
bp=pdf .storage[Q2] ['bp']

F2N= eU2#(up+cp) + eD2*(sp+dp)
if Nf>=4: F2N+=eU2*cp

if Nf>=5: F2N+=eD2¥bp

return F2N
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idis.py
def get_F2(x,Q2,tar):
if  tar=='p': F2N=get_F2N(Q2,'p')
elif tar=='n': F2N=get_F2N(Q2,'n')
elif tar=='d': F2N=0.5%(get_F2N(Q2, 'p')+get_F2N(Q2,'n'))
return x*mellin.invert(x,F2N)
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idis.py
def get_giN(Q2,tar):

get moments of gI1N
Nf=aS.get_Nf (Q2)
ppdf . evolve (Q2)
if tar=='p':
up=ppdf .storage [Q2] ['up']
dp=ppdf . storage[Q2] ['dp']
elif tar=='n':
dp=ppdf . storage[Q2] ['up']
up=ppdf . storage[Q2] ['dp']
sp=ppdf . storage[Q2] ['sp']
cp=ppdf .storage[Q2] ['cp']
bp=ppdf . storage[Q2] ['bp']

gl= eU2*(up+cp) + eD2+*(sp+dp)
if Nf>=4: gl+=eU2*cp
if Nf>=5: gl+=eD2*bp

return 0.5%gl
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idis.py
def get_gl(x,Q2,tar):
if  tar=='p': glN=get_giN(Q2,'p")
elif tar=='n': giN=get_giN(Q2,'n"')
elif tar=='d': giN=0.5*(get_giN(Q2, 'p')+get_glN(Q2,'n'))
return mellin.invert(x,glN)

def get_A1(x,Q2,tar):
gamma2=4+M2*x**2/Q2
gamma=gamma2**0 .5
rho2=1+gamma?2
gl=get_gl1(x,Q2,tar)
F2=get_F2(x,Q2,tar)
Fl=rho2*F2/ (2*x)
return gi/F1
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idis.py

if

__hame_

_=='__main__

pdf . set_sumrules()
pdf . set_moms ()
ppdf.set_sumrules()
ppdf . set_moms ()

x=0.5
Q2=10

print
print
print
print
print
print
print
print
print

get_F2(x,Q2,'p’
get_F2(x,Q2, 'n’
get_F2(x,Q2,'d’
get_g1(x,Q2,'p’
get_g1(x,Q2, 'n’
get_gl1(x,Q2,'4d"
get_A1(x,Q2,'p
get_A1(x,Q2,'n
get_A1(x,Q2,'4d’

)
)
)
)
)
)
)
)
)

Next steps at command line

chmod +x idis.py
./idis.py
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For later today

m Clone the following repo

https://github.com /nobuosato/QCD-carpentry
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For later today

m Clone the following repo
https://github.com /nobuosato/QCD-carpentry

m Place your codes inside the repo
E params.py

m alphaS.py

m mellin.py

= pdf.py

= ppdf.py
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For later today

m Clone the following repo
https://github.com /nobuosato/QCD-carpentry

m Place your codes inside the repo

® params.py
m alphaS.py
m mellin.py
= pdf.py
= ppdf.py

m We will tune PDFs and APDFs to DIS data
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