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electron Collider and Future Circular Collider - electron hadron option which are CERN 
proposals. Many of the physics topics can be investigated by any of these machines - 
complementarity.

✦ Lecture 1: will focus on introduction to DIS, with a little bit of history, parton distribution 
functions, starting from electron-proton and then moving onto electron-ion. Physics of 
shadowing will be discussed.

✦ Lecture 2: Continue on shadowing. Discuss the physics of diffraction, inclusive as well as 
exclusive diffraction of vector mesons. Nucleon, nuclear tomography in the context of the 
dipole picture of high energy scattering. Ideas of parton saturation will be discussed here.

✦ Lecture 3: small x physics, in particular resummation. This lecture will be most formal and 
technical of all three. I will discuss the issues of the theoretical formalism of high energy 
scattering, problems of stability and the resummation which is needed.
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proton-proton collisions

electron-proton collisions

Complicated hadronic environment


High multiplicity

Lepton-Hadron 
characterized by much 

cleaner events


Low multiplicity
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proton-lead collisions

lead-lead collisions

Increasing complexity of the interactions and events
It is very difficult to learn about nuclear structure from heavy ion collisions
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trying to find out how the 
watches work by 

investigating the debris may 
be difficult...

e
scattering with electron is 

like putting the watch under 
microscope...

by controlling the virtuality 
of the photon you can ...

...zoom in... (note: photon is energetic enough that it can destroy the watch)

Q2

Why electron-proton/ion?
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Scattering of alpha particles off the gold foil. 

Observation of large angle scattering.

Rutherford model 1911
Atomic structure: positively charged 

small nucleus

Later on addressing a Royal Society anniversary meeting as its President, Rutherford commented prophetically, 
“It would be of great scientific interest if it were possible in experiments to have a supply of electrons... of 
which the individual energy of motion is greater even than that of the α particle”. 
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Nucleon size
Hofstadter experiments in 1950-1957 

Electron scattering off nuclei, determining the charge and shape of nuclei, 
and measuring the finite size of protons. 

Rp = 0.87 fm

“It would be of great scientific interest if it were 
possible to have a supply of electrons … of which the 
individual energy of motion is greater even than that 
of the alpha particle.”    
[Ernest Rutherford, Royal Society, London, (as PRS) 30 Nov 1927] 

1950s 
Hoffstadter 

First 
observation 
of finite proton size 
using 2 MeV e beam   

Energy of electrons 188 MeV

Current experimental value 
(measured with electrons):

1 fm = 10�13 cm
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 c - mean nuclear radius

 t - thickness

Charge density constant in the center (except 
for lightest nuclei)


Thickness is the same for all nuclei - universal 
feature

of a l i t t l e  collective nuclear motion, also, but t o  a nsgl igible  extent 

a s  regards the  electron scattering, 

B. Charge Distributions 

A s  i s  t o  be expected, for  a given experimental e r ror  the amount of 

d e t a i l  th8.t can be observed i n  the charge dis t r ibut ion.  i s  limited by the  

electron 's  reduced de Broglie wavelength, which a t  183 Mev is 

1.08 X cm. Let us f i r s t  consider llsrnodhed uniform11 charge dis- 

tr ibutions,  for  which the charge density is ro.ughly uniform i n  the centre1 

regions, with a smoothed-out, surface. S,Te have used the following 

functional forms: 

F e d :  p( r )  = P , / ( ~ x P  [(r-c)/z, ) + 1); (1 

Modified ~nuss i an :  22 ( r  ) = p2/{eq [(r2-c2)/zz2] + 1) ;' (2) 

Trapezoidal: , . &I n P3, o < r C c-z3, 

= p,(c+z3-r)/2z,, c-z 3 C r < c + z ,  ( 3 )  

E 0, r > c+z3, 

Experience has.shown us tha t  a t  energies up t o  183-N3v d i f f e ren t i a l  cross 

sections depend essent ia l ly  on only two porcmeters, a meqn radius md a 

surface thickness, and are  almost independent of the par t icular  analyt ic  

form used for p, Roughly speaking, the rcdius determines the angular 

posit ion of the diffract ion dips, a$ the surface thickness t h e i r  depth, 

Of course, for each of the above shapes the parmeter c adjusts the radics,  

while the  surface thickness i s  related t o  z , ,  z2, and e3  i n  (l), (2), an2 

(3), respectively. But the exact relationship among the parmeters  of 

equivalent shapes ( i e . ,  par t icular  ekmples of (I), (2), ard (3)  which i 

~ i e l d  a,Lnost ident ical  d i f f e ren t i a l  cross sec t iu~ i s )  is  known t o  us only 

numerically. Approximate relationships can be obtained by using the fact 
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Spectacular deviation 
from theoretical prediction

Inelastic

In a previous letter, 1 we have reported experimental results from a SLAC- 

MIT study of high energy inelastic electron proton scattering. Measurements of 

inelastic spectra, in which only the scattered electrons were detected, were made 

at scattering angles of 6” and 10” and with incident energies between 7 and 17 GeV. 

In this communication, we discuss some of the salient features of inelasticspectra 

in the deep continuum region. 

One of the interesting features of the measurements is the weak momentum 

transfer dependence of the inelastic cross sections for excitations well beyond the 

resonance region. This weak. dependence is illustrated in Fig. 1. Here we have 

plotted the differential cross section divided by the Mott cross section, 

( d2a/d 52 d E’ ) /(do/d QMOTT , as a function of the square of the four-momentum 

transfer, q2 = 2 E E’ (1 - cos O), for constant values of the invariant mass of the 

recoiling target system, W, where W2 = 2M(E - E’) + M2 - q2e E is the energy 

of the incident electron, E’ is the energy of the final electron, and 8 is the scat- 

tering angle, all defined in the laboratory system; M is the mass of the proton. 

The cross section is divided by the Mott cross section 

du (4 e4 
dRMOTT= -i? 

cos2e /2 

sin40 /2 

in order to remove the major part of the well-known four-momentum transfer de- 

pendence arising from the photon propagator. Results from both 6” and 10” are 

included in the figure for each value of W. As W increases, the q2 dependence 

appears to decrease. The striking difference between the behavior of the inelastic 

and elastic cross sections is also illustrated in Fig. 1, where the elastic cross 

section, divided by the Mott cross section for 0 = 10” , is included. The q2 de- 

pendence of the deep continuum is also considerably weaker than that of the 

electro-excitation of the resonances, 2 which have a q2 dependence similar to 

that of elastic scattering for q2 > l(GeV/c)2. 
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<latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit> A(p)

<latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit><latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit><latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit><latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit>

e(k)
<latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit>

e(k0)
<latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit>

electron-proton electron-ion

�⇤(q)
<latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit>



lepton-hadron/nucleus DIS
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e(k)
<latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit>

e(k0)
<latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit>

�⇤(q)
<latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit>

N(p)
<latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit> A(p)

<latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit><latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit><latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit><latexit sha1_base64="bk7WIJaMzR3A8jQMrj8v8Ywqfdw=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6rXjxWsB/QhrLZbtqlu5uwuxFK6F/w4kERr/4hb/4bN2kO2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C7zu09UaRbJRzOLqS/wWLKQEWwy6aYenw+rNbfh5kCrxCtIDQq0htWvwSgiiaDSEI617ntubPwUK8MIp/PKINE0xmSKx7RvqcSCaj/Nb52jM6uMUBgpW9KgXP09kWKh9UwEtlNgM9HLXib+5/UTE177KZNxYqgki0VhwpGJUPY4GjFFieEzSzBRzN6KyAQrTIyNp2JD8JZfXiWdi4bnNryHy1rztoijDCdwCnXw4AqacA8taAOBCTzDK7w5wnlx3p2PRWvJKWaO4Q+czx8ntI2k</latexit>

e(k)
<latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit>

e(k0)
<latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit>

electron-proton electron-ion

✦ Virtual photon probes the structure of 
the target: proton or nucleus


✦ Photon interacts with individual quarks


✦ Assumption: the color recombination 
(soft interaction) occurs on different 
scales than the hard interaction of 
photon with the quark - factorization


Deep inelastic electron-hadron/nucleus 
scattering : elastic scattering off a quark

�⇤(q)
<latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit>



DIS kinematics

Inelastic scattering off proton Elastic scattering off parton

(quark)

W 2 = (p+ q)2

s = (p+ k)2 total cms energy

total energy of 
photon-proton 

system

Photon virtuality : 
resolving power

Bjorken x

Q2 = �q2e(kµ)
�(qµ)

H

7
FIFA on

e(k0µ)
<latexit sha1_base64="YYlp3zAreH2ckjhFKAgS2V4RnBQ=">AAAB+XicdVBNSwMxEM3W7/q16tFLsAj1UpIitt5ELx4VrBW6a8mm0zY02V2SbKEs/SdePCji1X/izX9jViuo6IOBx3szzMyLUimMJeTNK83NLywuLa+UV9fWNzb9re1rk2SaQ4snMtE3ETMgRQwtK6yEm1QDU5GEdjQ6K/z2GLQRSXxlJymEig1i0RecWSd1fR+qo9s8SLVQEKhsetD1K6RGCKGU4oLQxhFx5Pi4WadNTAvLoYJmuOj6r0Ev4ZmC2HLJjOlQktowZ9oKLmFaDjIDKeMjNoCOozFTYML84/Ip3ndKD/cT7Sq2+EP9PpEzZcxERa5TMTs0v71C/MvrZLbfDHMRp5mFmH8u6mcS2wQXMeCe0MCtnDjCuBbuVsyHTDNuXVhlF8LXp/h/cl2vUVKjl4eVk9NZHMtoF+2hKqKogU7QObpALcTRGN2hB/To5d699+Q9f7aWvNnMDvoB7+Udq5STrw==</latexit><latexit sha1_base64="YYlp3zAreH2ckjhFKAgS2V4RnBQ=">AAAB+XicdVBNSwMxEM3W7/q16tFLsAj1UpIitt5ELx4VrBW6a8mm0zY02V2SbKEs/SdePCji1X/izX9jViuo6IOBx3szzMyLUimMJeTNK83NLywuLa+UV9fWNzb9re1rk2SaQ4snMtE3ETMgRQwtK6yEm1QDU5GEdjQ6K/z2GLQRSXxlJymEig1i0RecWSd1fR+qo9s8SLVQEKhsetD1K6RGCKGU4oLQxhFx5Pi4WadNTAvLoYJmuOj6r0Ev4ZmC2HLJjOlQktowZ9oKLmFaDjIDKeMjNoCOozFTYML84/Ip3ndKD/cT7Sq2+EP9PpEzZcxERa5TMTs0v71C/MvrZLbfDHMRp5mFmH8u6mcS2wQXMeCe0MCtnDjCuBbuVsyHTDNuXVhlF8LXp/h/cl2vUVKjl4eVk9NZHMtoF+2hKqKogU7QObpALcTRGN2hB/To5d699+Q9f7aWvNnMDvoB7+Udq5STrw==</latexit><latexit sha1_base64="YYlp3zAreH2ckjhFKAgS2V4RnBQ=">AAAB+XicdVBNSwMxEM3W7/q16tFLsAj1UpIitt5ELx4VrBW6a8mm0zY02V2SbKEs/SdePCji1X/izX9jViuo6IOBx3szzMyLUimMJeTNK83NLywuLa+UV9fWNzb9re1rk2SaQ4snMtE3ETMgRQwtK6yEm1QDU5GEdjQ6K/z2GLQRSXxlJymEig1i0RecWSd1fR+qo9s8SLVQEKhsetD1K6RGCKGU4oLQxhFx5Pi4WadNTAvLoYJmuOj6r0Ev4ZmC2HLJjOlQktowZ9oKLmFaDjIDKeMjNoCOozFTYML84/Ip3ndKD/cT7Sq2+EP9PpEzZcxERa5TMTs0v71C/MvrZLbfDHMRp5mFmH8u6mcS2wQXMeCe0MCtnDjCuBbuVsyHTDNuXVhlF8LXp/h/cl2vUVKjl4eVk9NZHMtoF+2hKqKogU7QObpALcTRGN2hB/To5d699+Q9f7aWvNnMDvoB7+Udq5STrw==</latexit><latexit sha1_base64="YYlp3zAreH2ckjhFKAgS2V4RnBQ=">AAAB+XicdVBNSwMxEM3W7/q16tFLsAj1UpIitt5ELx4VrBW6a8mm0zY02V2SbKEs/SdePCji1X/izX9jViuo6IOBx3szzMyLUimMJeTNK83NLywuLa+UV9fWNzb9re1rk2SaQ4snMtE3ETMgRQwtK6yEm1QDU5GEdjQ6K/z2GLQRSXxlJymEig1i0RecWSd1fR+qo9s8SLVQEKhsetD1K6RGCKGU4oLQxhFx5Pi4WadNTAvLoYJmuOj6r0Ev4ZmC2HLJjOlQktowZ9oKLmFaDjIDKeMjNoCOozFTYML84/Ip3ndKD/cT7Sq2+EP9PpEzZcxERa5TMTs0v71C/MvrZLbfDHMRp5mFmH8u6mcS2wQXMeCe0MCtnDjCuBbuVsyHTDNuXVhlF8LXp/h/cl2vUVKjl4eVk9NZHMtoF+2hKqKogU7QObpALcTRGN2hB/To5d699+Q9f7aWvNnMDvoB7+Udq5STrw==</latexit>

⌫ =
q · p
M

= E � E0
<latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit><latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit><latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit><latexit sha1_base64="kB4bFrmc2aP4Ve0QqnkwJ8a+ePU="></latexit>

Lepton energy loss in nucleon rest frame

Inelasticity: fraction of lepton energy 
loss in the nucleon rest frame

kµ = (E, 0, 0, E)LAB
<latexit sha1_base64="S2lRciXi42gdV0LsfKKH/2KB+4M=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoICUpYtuFUCsFFy4q2Ae0tWTSTBuaeZBkhDIUN/6KGxeKuPUr3Pk3ZtoKKnouFw7n3Etyjx0IrjRCH9bc/MLi0nJiJbm6tr6xmdraris/lJTVqC982bSJYoJ7rKa5FqwZSEZcW7CGPTyP/cYtk4r73rUeBazjkr7HHU6JNlI3tTu8idpuOIanMFM5QqYqh93o8qw87qbSKIsQwhjDmOD8CTKkWCzkcAHi2DJIgxmq3dR7u+fT0GWepoIo1cIo0J2ISM2pYONkO1QsIHRI+qxlqEdcpjrR5IQxPDBKDzq+NO1pOFG/b0TEVWrk2mbSJXqgfnux+JfXCrVT6ETcC0LNPDp9yAkF1D6M84A9LhnVYmQIoZKbv0I6IJJQbVJLmhC+LoX/k3oui1EWXx2nS+VZHAmwB/ZBBmCQByVwAaqgBii4Aw/gCTxb99aj9WK9TkfnrNnODvgB6+0T+u2VPA==</latexit><latexit sha1_base64="S2lRciXi42gdV0LsfKKH/2KB+4M=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoICUpYtuFUCsFFy4q2Ae0tWTSTBuaeZBkhDIUN/6KGxeKuPUr3Pk3ZtoKKnouFw7n3Etyjx0IrjRCH9bc/MLi0nJiJbm6tr6xmdraris/lJTVqC982bSJYoJ7rKa5FqwZSEZcW7CGPTyP/cYtk4r73rUeBazjkr7HHU6JNlI3tTu8idpuOIanMFM5QqYqh93o8qw87qbSKIsQwhjDmOD8CTKkWCzkcAHi2DJIgxmq3dR7u+fT0GWepoIo1cIo0J2ISM2pYONkO1QsIHRI+qxlqEdcpjrR5IQxPDBKDzq+NO1pOFG/b0TEVWrk2mbSJXqgfnux+JfXCrVT6ETcC0LNPDp9yAkF1D6M84A9LhnVYmQIoZKbv0I6IJJQbVJLmhC+LoX/k3oui1EWXx2nS+VZHAmwB/ZBBmCQByVwAaqgBii4Aw/gCTxb99aj9WK9TkfnrNnODvgB6+0T+u2VPA==</latexit><latexit sha1_base64="S2lRciXi42gdV0LsfKKH/2KB+4M=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoICUpYtuFUCsFFy4q2Ae0tWTSTBuaeZBkhDIUN/6KGxeKuPUr3Pk3ZtoKKnouFw7n3Etyjx0IrjRCH9bc/MLi0nJiJbm6tr6xmdraris/lJTVqC982bSJYoJ7rKa5FqwZSEZcW7CGPTyP/cYtk4r73rUeBazjkr7HHU6JNlI3tTu8idpuOIanMFM5QqYqh93o8qw87qbSKIsQwhjDmOD8CTKkWCzkcAHi2DJIgxmq3dR7u+fT0GWepoIo1cIo0J2ISM2pYONkO1QsIHRI+qxlqEdcpjrR5IQxPDBKDzq+NO1pOFG/b0TEVWrk2mbSJXqgfnux+JfXCrVT6ETcC0LNPDp9yAkF1D6M84A9LhnVYmQIoZKbv0I6IJJQbVJLmhC+LoX/k3oui1EWXx2nS+VZHAmwB/ZBBmCQByVwAaqgBii4Aw/gCTxb99aj9WK9TkfnrNnODvgB6+0T+u2VPA==</latexit><latexit sha1_base64="S2lRciXi42gdV0LsfKKH/2KB+4M=">AAACAnicdVDLSgMxFM34rPVVdSVugkWoICUpYtuFUCsFFy4q2Ae0tWTSTBuaeZBkhDIUN/6KGxeKuPUr3Pk3ZtoKKnouFw7n3Etyjx0IrjRCH9bc/MLi0nJiJbm6tr6xmdraris/lJTVqC982bSJYoJ7rKa5FqwZSEZcW7CGPTyP/cYtk4r73rUeBazjkr7HHU6JNlI3tTu8idpuOIanMFM5QqYqh93o8qw87qbSKIsQwhjDmOD8CTKkWCzkcAHi2DJIgxmq3dR7u+fT0GWepoIo1cIo0J2ISM2pYONkO1QsIHRI+qxlqEdcpjrR5IQxPDBKDzq+NO1pOFG/b0TEVWrk2mbSJXqgfnux+JfXCrVT6ETcC0LNPDp9yAkF1D6M84A9LhnVYmQIoZKbv0I6IJJQbVJLmhC+LoX/k3oui1EWXx2nS+VZHAmwB/ZBBmCQByVwAaqgBii4Aw/gCTxb99aj9WK9TkfnrNnODvgB6+0T+u2VPA==</latexit>

k0µ = (E0, 0, 0, E0)LAB
<latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit><latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit><latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit><latexit sha1_base64="kTwMoQCW8HO60x12fYKKZYDSH7A="></latexit>

y =
p · q
p · k =

⌫

E
<latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit><latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit><latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit><latexit sha1_base64="OHMECptLF/W3p6BFNHgtS+8Ypic="></latexit>
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p(pµ)
<latexit sha1_base64="MdawxBFoX5L9CGh6vHDjsZXORTw=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1gO5ZMmrahmUxIMkIZ+hduXCji1r9x59+YaSuo6IELh3Pu5d57AiW4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGsKWvSSES6ExDDBJesabkVrKM0I2EgWDuYXKZ++55pwyN5Y6eK+SEZST7klFgn3aqiukt6YTw77ecLqIQQwhjDlODKOXKkVquWcRXi1HIogCUa/fx7bxDROGTSUkGM6WKkrJ8QbTkVbJbrxYYpQidkxLqOShIy4yfzi2fwxCkDOIy0K2nhXP0+kZDQmGkYuM6Q2LH57aXiX143tsOqn3CpYsskXSwaxgLaCKbvwwHXjFoxdYRQzd2tkI6JJtS6kHIuhK9P4f+kVS5hVMLXZ4X6xTKOLDgCx6AIMKiAOrgCDdAEFEjwAJ7As2e8R+/Fe120ZrzlzCH4Ae/tE5GRkNk=</latexit><latexit sha1_base64="MdawxBFoX5L9CGh6vHDjsZXORTw=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1gO5ZMmrahmUxIMkIZ+hduXCji1r9x59+YaSuo6IELh3Pu5d57AiW4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGsKWvSSES6ExDDBJesabkVrKM0I2EgWDuYXKZ++55pwyN5Y6eK+SEZST7klFgn3aqiukt6YTw77ecLqIQQwhjDlODKOXKkVquWcRXi1HIogCUa/fx7bxDROGTSUkGM6WKkrJ8QbTkVbJbrxYYpQidkxLqOShIy4yfzi2fwxCkDOIy0K2nhXP0+kZDQmGkYuM6Q2LH57aXiX143tsOqn3CpYsskXSwaxgLaCKbvwwHXjFoxdYRQzd2tkI6JJtS6kHIuhK9P4f+kVS5hVMLXZ4X6xTKOLDgCx6AIMKiAOrgCDdAEFEjwAJ7As2e8R+/Fe120ZrzlzCH4Ae/tE5GRkNk=</latexit><latexit sha1_base64="MdawxBFoX5L9CGh6vHDjsZXORTw=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1gO5ZMmrahmUxIMkIZ+hduXCji1r9x59+YaSuo6IELh3Pu5d57AiW4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGsKWvSSES6ExDDBJesabkVrKM0I2EgWDuYXKZ++55pwyN5Y6eK+SEZST7klFgn3aqiukt6YTw77ecLqIQQwhjDlODKOXKkVquWcRXi1HIogCUa/fx7bxDROGTSUkGM6WKkrJ8QbTkVbJbrxYYpQidkxLqOShIy4yfzi2fwxCkDOIy0K2nhXP0+kZDQmGkYuM6Q2LH57aXiX143tsOqn3CpYsskXSwaxgLaCKbvwwHXjFoxdYRQzd2tkI6JJtS6kHIuhK9P4f+kVS5hVMLXZ4X6xTKOLDgCx6AIMKiAOrgCDdAEFEjwAJ7As2e8R+/Fe120ZrzlzCH4Ae/tE5GRkNk=</latexit><latexit sha1_base64="MdawxBFoX5L9CGh6vHDjsZXORTw=">AAAB8XicdVDLSgMxFM3UV62vqks3wSLUTUmK2HZXdOOygn1gO5ZMmrahmUxIMkIZ+hduXCji1r9x59+YaSuo6IELh3Pu5d57AiW4sQh9eJmV1bX1jexmbmt7Z3cvv3/QMlGsKWvSSES6ExDDBJesabkVrKM0I2EgWDuYXKZ++55pwyN5Y6eK+SEZST7klFgn3aqiukt6YTw77ecLqIQQwhjDlODKOXKkVquWcRXi1HIogCUa/fx7bxDROGTSUkGM6WKkrJ8QbTkVbJbrxYYpQidkxLqOShIy4yfzi2fwxCkDOIy0K2nhXP0+kZDQmGkYuM6Q2LH57aXiX143tsOqn3CpYsskXSwaxgLaCKbvwwHXjFoxdYRQzd2tkI6JJtS6kHIuhK9P4f+kVS5hVMLXZ4X6xTKOLDgCx6AIMKiAOrgCDdAEFEjwAJ7As2e8R+/Fe120ZrzlzCH4Ae/tE5GRkNk=</latexit>

x =
Q2

2p · q ' Q2

Q2 +W 2
<latexit sha1_base64="rPQLflWqjyBVQg0jHfRbLPqL0tg="></latexit><latexit sha1_base64="rPQLflWqjyBVQg0jHfRbLPqL0tg="></latexit><latexit sha1_base64="rPQLflWqjyBVQg0jHfRbLPqL0tg="></latexit><latexit sha1_base64="rPQLflWqjyBVQg0jHfRbLPqL0tg="></latexit>



DIS preliminaries

!15

M = e2ū(k0,�0)�µu(k,�)
1

q2
< X|Jem

µ (0)|N,� >
<latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit><latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit><latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit><latexit sha1_base64="Iqld09j2Fmvq+Dkps+lumsyGMC4="></latexit>

Scattering amplitude:
 

t

I

e(k)
<latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit><latexit sha1_base64="uzwj7nx2MNEn2/unamAn6yJrBaY=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE0GPRi8cK9gPaUDbbSbt0Nwm7G6GE/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSATXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8HkLvc7T6g0j6NHM03Ql3QU8ZAzanIJa5OLQaXq1t05yCrxClKFAs1B5as/jFkqMTJMUK17npsYP6PKcCZwVu6nGhPKJnSEPUsjKlH72fzWGTm3ypCEsbIVGTJXf09kVGo9lYHtlNSM9bKXi/95vdSEN37GoyQ1GLHFojAVxMQkf5wMuUJmxNQSyhS3txI2pooyY+Mp2xC85ZdXSfuy7rl17+Gq2rgt4ijBKZxBDTy4hgbcQxNawGAMz/AKb450Xpx352PRuuYUMyfwB87nD1cXjcM=</latexit>

e(k0)
<latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit><latexit sha1_base64="fH0qyVhwEmecqvGTyTXo3NYk498=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBaxXkoigh6LXjxWMG2hDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjpk4yxdBniUhUO6QaBZfoG24EtlOFNA4FtsLR3cxvPaHSPJGPZpxiENOB5BFn1FjJx+ro/KJXrrg1dw6ySrycVCBHo1f+6vYTlsUoDRNU647npiaYUGU4EzgtdTONKWUjOsCOpZLGqIPJ/NgpObNKn0SJsiUNmau/JyY01noch7Yzpmaol72Z+J/XyUx0E0y4TDODki0WRZkgJiGzz0mfK2RGjC2hTHF7K2FDqigzNp+SDcFbfnmVNC9rnlvzHq4q9ds8jiKcwClUwYNrqMM9NMAHBhye4RXeHOm8OO/Ox6K14OQzx/AHzucPuDyN9A==</latexit>

�⇤(q)
<latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit><latexit sha1_base64="jyoqurJE9xUH6HFXkMD0Bgq+350=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQPZRdEfRY9OKxgv2A7VqyabYNTTZrMiuUpT/DiwdFvPprvPlvTNs9aOuDgcd7M8zMCxPBDbjut1NYWV1b3yhulra2d3b3yvsHLaNSTVmTKqF0JySGCR6zJnAQrJNoRmQoWDsc3Uz99hPThqv4HsYJCyQZxDzilICV/O6ASEkezqqPp71yxa25M+Bl4uWkgnI0euWvbl/RVLIYqCDG+J6bQJARDZwKNil1U8MSQkdkwHxLYyKZCbLZyRN8YpU+jpS2FQOeqb8nMiKNGcvQdkoCQ7PoTcX/PD+F6CrIeJykwGI6XxSlAoPC0/9xn2tGQYwtIVRzeyumQ6IJBZtSyYbgLb68TFrnNc+teXcXlfp1HkcRHaFjVEUeukR1dIsaqIkoUugZvaI3B5wX5935mLcWnHzmEP2B8/kDQoyQkQ==</latexit>

N(p)
<latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit><latexit sha1_base64="M+MajbH6Nnd5sKUbNlbiYIHp5YU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXjxJBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cZPmoK0PBh7vzTAzL4g508Z1v53S2vrG5lZ5u7Kzu7d/UD086ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTG8zv/tElWaRfDSzmPoCjyULGcEmk+7r8fmwWnMbbg60SryC1KBAa1j9GowikggqDeFY677nxsZPsTKMcDqvDBJNY0ymeEz7lkosqPbT/NY5OrPKCIWRsiUNytXfEykWWs9EYDsFNhO97GXif14/MeG1nzIZJ4ZKslgUJhyZCGWPoxFTlBg+swQTxeytiEywwsTYeCo2BG/55VXSuWh4bsN7uKw1b4o4ynACp1AHD66gCXfQgjYQmMAzvMKbI5wX5935WLSWnGLmGP7A+fwBO4+NsQ==</latexit>

X
<latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit><latexit sha1_base64="hf6hOeTjseL13iz+i/MO/ptaY5E=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1Fip2R2UK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AtbmM3A==</latexit>

hX|
<latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit><latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit><latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit><latexit sha1_base64="g4O+65e9RBn/LQ+BJWziwKKyn8w=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0swm7E6HE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeTaiEQ94CTlQUyHSkSCUbSS35NUDSUnXfLUr9bcujsHWSVeQWpQoNmvfvUGCctirpBJaozvuSkGOdUomOTTSi8zPKVsTIfct1TRmJsgn588JWdWGZAo0bYUkrn6eyKnsTGTOLSdMcWRWfZm4n+en2F0HeRCpRlyxRaLokwSTMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBgwSe4RXeHHRenHfnY9FacoqZY/gD5/MHmsiQyw==</latexit>

Jem
µ (0)

<latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit><latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit><latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit><latexit sha1_base64="C+efSnx4g6SMAQ2nJLA2v3X98UM=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBHqpiQi6LLoRlxVsA9oYphMJ+3QmUmYmQghxF9x40IRt36IO//GaZuFth64cDjnXu69J0wYVdpxvq2V1bX1jc3KVnV7Z3dv3z447Ko4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTq6nfu+RSEVjca+zhPgcjQSNKEbaSIFdu33IPckh4UWQezwtGs5pYNedpjMDXCZuSeqgRDuwv7xhjFNOhMYMKTVwnUT7OZKaYkaKqpcqkiA8QSMyMFQgTpSfz44v4IlRhjCKpSmh4Uz9PZEjrlTGQ9PJkR6rRW8q/ucNUh1d+jkVSaqJwPNFUcqgjuE0CTikkmDNMkMQltTcCvEYSYS1yatqQnAXX14m3bOm6zTdu/N666qMowKOwDFoABdcgBa4AW3QARhk4Bm8gjfryXqx3q2PeeuKVc7UwB9Ynz/zxZRM</latexit>

Hadronic final state

|N,�i
<latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit><latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit><latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit><latexit sha1_base64="FonxXwuzA/C70JuPYDpd1sXFg18=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJCHosevEkFewHNKFstpt06WYTdjdiif0rXjwo4tU/4s1/47bNQVsfDDzem2FmXpByprTjfFulldW19Y3yZmVre2d3z96vtlWSSUJbJOGJ7AZYUc4EbWmmOe2mkuI44LQTjK6nfueBSsUSca/HKfVjHAkWMoK1kfp29QndnnqKRTFGnsQi4rRv15y6MwNaJm5BalCg2be/vEFCspgKTThWquc6qfZzLDUjnE4qXqZoiskIR7RnqMAxVX4+u32Cjo0yQGEiTQmNZurviRzHSo3jwHTGWA/VojcV//N6mQ4v/ZyJNNNUkPmiMONIJ2gaBBowSYnmY0MwkczcisgQS0y0iatiQnAXX14m7bO669Tdu/Na46qIowyHcAQn4MIFNOAGmtACAo/wDK/wZk2sF+vd+pi3lqxi5gD+wPr8AR84k9c=</latexit>

Nucleon/nucleus initial state

Electromagnetic current 

d� =
1

F

d3k0

2E0(2⇡)3
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|M|2
<latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit><latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit><latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit><latexit sha1_base64="kVKwn0CEUHX5Rg558pYsXwYOPfo="></latexit>

Cross section:

Flux factor:
F = 4p · k

<latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit><latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit><latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit><latexit sha1_base64="9bmcDfRaonpiIBmcm8Bew/9esAU=">AAAB+HicbVBNSwMxEM3Wr1o/uurRS7AInsquFPQiFAXxWMF+QLuUbDbbhmaTJZkVaukv8eJBEa/+FG/+G9N2D9r6YODx3gwz88JUcAOe9+0U1tY3NreK26Wd3b39sntw2DIq05Q1qRJKd0JimOCSNYGDYJ1UM5KEgrXD0c3Mbz8ybbiSDzBOWZCQgeQxpwSs1HfLt/gK13CKezRSgEd9t+JVvTnwKvFzUkE5Gn33qxcpmiVMAhXEmK7vpRBMiAZOBZuWeplhKaEjMmBdSyVJmAkm88On+NQqEY6VtiUBz9XfExOSGDNOQtuZEBiaZW8m/ud1M4gvgwmXaQZM0sWiOBMYFJ6lgCOuGQUxtoRQze2tmA6JJhRsViUbgr/88ippnVd9r+rf1yr16zyOIjpGJ+gM+egC1dEdaqAmoihDz+gVvTlPzovz7nwsWgtOPnOE/sD5/AEr15F5</latexit>

Sum performed over the polarization states
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d2�

dE0d⌦
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<latexit sha1_base64="tSCZvTFivEB2b9LC/1qlmwCgRz8="></latexit><latexit sha1_base64="tSCZvTFivEB2b9LC/1qlmwCgRz8="></latexit><latexit sha1_base64="tSCZvTFivEB2b9LC/1qlmwCgRz8="></latexit><latexit sha1_base64="tSCZvTFivEB2b9LC/1qlmwCgRz8="></latexit>

DIS cross section can be written in the factorized way:

Leptonic tensor, can be evaluated straightforwardly

And the final result is :

Lµ⌫
em =

1

2
Tr(k/0�µk/�⌫) = 2(kµk0

⌫
+ k0

µ
k⌫ � 1

2
Q2gµ⌫)

<latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit><latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit><latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit><latexit sha1_base64="xCWiEt0NPIw9UW4JWGmhIk9DAIQ="></latexit>

Note that it only depends on 4-momenta of initial, final leptons and photon 4-momentum

Lµ⌫
em =

1

2

X

s0

ū(s0)
↵ (k0)�µ

↵�

X

s

u(s)
� (k)ū(s)

� (k)�⌫
��u

(s0)
� (k0)

<latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit><latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit><latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit><latexit sha1_base64="5/NkyhHXln7mBFoRs24GHcKhf1s="></latexit>
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Wµ⌫(p, q) =
1

4M

X

�

Z
d4x

2⇡
eiqx < N�|[Jem

µ (x), Jem
⌫ (0)]|N� >

<latexit sha1_base64="xX9FTEYTv5iTMidc9ibt9g2hJsQ="></latexit><latexit sha1_base64="xX9FTEYTv5iTMidc9ibt9g2hJsQ="></latexit><latexit sha1_base64="xX9FTEYTv5iTMidc9ibt9g2hJsQ="></latexit><latexit sha1_base64="xX9FTEYTv5iTMidc9ibt9g2hJsQ="></latexit>

Wµ⌫(p, q) = �W1(gµ⌫ � qµq⌫
q2

) +
W2

M2
(pµ � p · q

q2
qµ) · (p⌫ � p · q

q2
q⌫)

<latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit>

Two independent structure functions (unpolarized, only photon exchange):

Decomposition of the hadronic tensor:

Definition of the hadronic tensor:

MW1 = F1
<latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit><latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit><latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit><latexit sha1_base64="rbP/Ui0sGB2Z6S2XHWBQhyWe+8I=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU8mKoBehKIgXoYL9gDSEzXbTLt1kw+5EKKE/w4sHRbz6a7z5b9y2OWjrg4HHezPMzAtTKQy47rdTWlldW98ob1a2tnd296r7B22jMs14iympdDekhkuR8BYIkLybak7jUPJOOLqZ+p0nro1QySOMU+7HdJCISDAKVvLucScg+ArfBiSo1ty6OwNeJqQgNVSgGVS/en3FspgnwCQ1xiNuCn5ONQgm+aTSywxPKRvRAfcsTWjMjZ/PTp7gE6v0caS0rQTwTP09kdPYmHEc2s6YwtAselPxP8/LILr0c5GkGfCEzRdFmcSg8PR/3BeaM5BjSyjTwt6K2ZBqysCmVLEhkMWXl0n7rE7cOnk4rzWuizjK6Agdo1NE0AVqoDvURC3EkELP6BW9OeC8OO/Ox7y15BQzh+gPnM8ftHqPjw==</latexit>

Q2

2Mx
W2 = F2

<latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit><latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit><latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit><latexit sha1_base64="bNp+GWKz80FAGJlhZvoMEMnHAu0=">AAACAnicbVDLSsNAFL3xWesr6krcDBbBVUmCoBuhKIgboQX7gDaGyXTSDp08mJmIJRQ3/oobF4q49Svc+TdO2yy09cCFwzn3cu89fsKZVJb1bSwsLi2vrBbWiusbm1vb5s5uQ8apILROYh6Llo8l5SyidcUUp61EUBz6nDb9weXYb95TIVkc3aphQt0Q9yIWMIKVljxzvxMITLLanTPKnJuHEWp6DjpHV57jmSWrbE2A5omdkxLkqHrmV6cbkzSkkSIcS9m2rUS5GRaKEU5HxU4qaYLJAPdoW9MIh1S62eSFETrSShcFsdAVKTRRf09kOJRyGPq6M8SqL2e9sfif105VcOZmLEpSRSMyXRSkHKkYjfNAXSYoUXyoCSaC6VsR6WOdidKpFXUI9uzL86ThlG2rbNdOSpWLPI4CHMAhHIMNp1CBa6hCHQg8wjO8wpvxZLwY78bHtHXByGf24A+Mzx/YXZXB</latexit>

Dimensionless

H

7
FIFA on

7 I
Hadronic tensor contains all the 
information about the hadron 
involved in the process.


Depends on the 4-momenta of the 
incoming nucleon and the photon

 p

 q



Parton model - Bjorken scaling

!18

If proton consists of pointlike constituents which do not interact, then the scattering 
off proton will be just an incoherent scattering off the pointlike constituents.

d2�

d⌦dE0 =
↵2

4E2 sin4 ⇥
2

(2W1 sin
2 ⇥

2
+W2 cos

2 ⇥

2
)

<latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit><latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit><latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit><latexit sha1_base64="71itYOWodcvkACjS9SLfHp8QcFA="></latexit>

⇥
<latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit><latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit><latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit><latexit sha1_base64="Gg7GaFlt/G3HnN5qAQsBRv8TGNg=">AAAB7XicbVDLSgNBEJz1GeMr6tHLYBA8hV0R9Bj04jFCXpAsYXbSScbMziwzvUJY8g9ePCji1f/x5t84SfagiQUNRVU33V1RIoVF3//21tY3Nre2CzvF3b39g8PS0XHT6tRwaHAttWlHzIIUChooUEI7McDiSEIrGt/N/NYTGCu0quMkgTBmQyUGgjN0UrNbHwGyXqnsV/w56CoJclImOWq90le3r3kag0IumbWdwE8wzJhBwSVMi93UQsL4mA2h46hiMdgwm187pedO6dOBNq4U0rn6eyJjsbWTOHKdMcORXfZm4n9eJ8XBTZgJlaQIii8WDVJJUdPZ67QvDHCUE0cYN8LdSvmIGcbRBVR0IQTLL6+S5mUl8CvBw1W5epvHUSCn5IxckIBckyq5JzXSIJw8kmfySt487b14797HonXNy2dOyB94nz9y948I</latexit>

Lepton scattering angle in the hadron rest frame

DIS cross section

Compare with electron-muon cross section

2MW p
1 (⌫, Q

2) = 2F1 =
Q2

2M⌫
�(1� Q2

2M⌫
)

<latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit><latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit><latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit><latexit sha1_base64="Ewos0YUYLjrVAMVSZDS88u+f3WI="></latexit>

Can read off structure functions in this case immediately

d2�eµ!eµ
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<latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit><latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit><latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit><latexit sha1_base64="U12kKJIFLBM7H6iqR7suhcJY5VM="></latexit>
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)

<latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit><latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit><latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit><latexit sha1_base64="BNTEG5iq49rvlPEcuprM5LTrykc="></latexit>



Parton model - Bjorken scaling

!19

The structure functions for scattering on pointlike parton 

have the property that they depend only on one dimensionless variable:

x =
Q2

2M⌫
=

Q2

2p · q
<latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit><latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit><latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit><latexit sha1_base64="L7lbM52OW93gy+Wsct5R/6NrHs0=">AAACGHicbVDLSgMxFM34rPVVdekmWARXdaYIuhGKbtwILdgHdMaSyWTa0EwyJhmxDPMZbvwVNy4Ucdudf2Om7UJbDwQO55zLzT1+zKjStv1tLS2vrK6tFzaKm1vbO7ulvf2WEonEpIkFE7LjI0UY5aSpqWakE0uCIp+Rtj+8zv32I5GKCn6nRzHxItTnNKQYaSP1SqdP8BKmjfsqdIXJweqty5PMaG4oEc6NLK3CGLo4EBo+ZL1S2a7YE8BF4sxIGcxQ75XGbiBwEhGuMUNKdR071l6KpKaYkazoJorECA9Rn3QN5Sgiyksnh2Xw2CgBDIU0j2s4UX9PpChSahT5JhkhPVDzXi7+53UTHV54KeVxognH00VhwqAWMG8JBlQSrNnIEIQlNX+FeIBMI9p0WTQlOPMnL5JWteLYFadxVq5dzeoogENwBE6AA85BDdyAOmgCDJ7BK3gHH9aL9WZ9Wl/T6JI1mzkAf2CNfwBkbp4k</latexit>

F1(x,Q
2) ! F1(x)

<latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit><latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit><latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit><latexit sha1_base64="LmJ90j5LyGcCYfOX24S8KhewwNo=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnWTCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJXksMGlizrjoeEgSRkPSVFQx0okEQYHHSNsbXU799h0RkvLwRo0j4gRoEFKfYqS05JqHV65dejhp3FbLsCfoYKiQEPwepnLZNYtWxUoBF4mdkSLIUHfNr16f4zggocIMSdm1rUg5CRKKYkYmhV4sSYTwCA1IV9MQBUQ6SfrGBB5rpQ99LnSFCqbq74kEBVKOA093BkgN5bw3Ff/zurHyz52EhlGsSIhni/yYQcXhNBPYp4JgxcaaICyovhXiIRIIK51cQYdgz7+8SFrVim1V7MZpsXaRxZEHB+AIlIANzkANXIM6aAIMHsEzeAVvxpPxYrwbH7PWnJHN7IM/MD5/ACEvlv0=</latexit>

F2(x,Q
2) ! F2(x)

<latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit><latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit><latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit><latexit sha1_base64="IMK/b9O89vY910fxr4OTkjEiDm8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQgpSkCLosCuKyBfuANobJdNIOnUzCzEQtoSs3/oobF4q49Rvc+TdO0yy09cCFwzn3cu89XsSoVJb1beSWlldW1/LrhY3Nre0dc3evJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdDn123dESBryGzWOiBOgAac+xUhpyTUPr9xq6eGkcVstw56gg6FCQoT3MJXLrlm0KlYKuEjsjBRBhrprfvX6IY4DwhVmSMqubUXKSZBQFDMyKfRiSSKER2hAuppyFBDpJOkbE3islT70Q6GLK5iqvycSFEg5DjzdGSA1lPPeVPzP68bKP3cSyqNYEY5ni/yYQRXCaSawTwXBio01QVhQfSvEQyQQVjq5gg7Bnn95kbSqFduq2I3TYu0iiyMPDsARKAEbnIEauAZ10AQYPIJn8ArejCfjxXg3PmatOSOb2Qd/YHz+ACRUlv8=</latexit>

No dependence on Q2: Bjorken scaling

! =
1

x
<latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit><latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit><latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit><latexit sha1_base64="hRNyYYgyB434zRbRrtu7oSSg1lM=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJVEBL0IRS8eK9haaELZbCft0t1s2N2IJQT8K148KOLV3+HNf+O2zUFbHww83pthZl6YcKaN6347paXlldW18nplY3Nre6e6u9fWMlUUWlRyqToh0cBZDC3DDIdOooCIkMN9OLqe+PcPoDST8Z0ZJxAIMohZxCgxVupVD3wpYEAwvsR+pAjNvDx7zHvVmlt3p8CLxCtIDRVo9qpffl/SVEBsKCdadz03MUFGlGGUQ17xUw0JoSMygK6lMRGgg2x6fo6PrdLHkVS2YoOn6u+JjAitxyK0nYKYoZ73JuJ/Xjc10UWQsThJDcR0tihKOTYST7LAfaaAGj62hFDF7K2YDolNwdjEKjYEb/7lRdI+rXtu3bs9qzWuijjK6BAdoRPkoXPUQDeoiVqIogw9o1f05jw5L8678zFrLTnFzD76A+fzB08PlRA=</latexit>



Parton model

!20

Parton distribution function

X

k

Z 1

0
dx xfk(x) = 1

<latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit><latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit><latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit><latexit sha1_base64="FcrJvzuDGguxmwGz2OBaWpXkeG0=">AAACC3icbVDLSsNAFJ34rPUVdelmaBEqSElE0I1QdOOygn1AE8NkMmmHTCZhZiItoXs3/oobF4q49Qfc+TdO2yy09cCFwzn3cu89fsqoVJb1bSwtr6yurZc2yptb2zu75t5+WyaZwKSFE5aIro8kYZSTlqKKkW4qCIp9Rjp+dD3xOw9ESJrwOzVKiRujPqchxUhpyTMrjsxiL4IO5cqz7m0YDKFzAocw9KLa8BheQtszq1bdmgIuErsgVVCg6ZlfTpDgLCZcYYak7NlWqtwcCUUxI+Oyk0mSIhyhPulpylFMpJtPfxnDI60EMEyELq7gVP09kaNYylHs684YqYGc9ybif14vU+GFm1OeZopwPFsUZgyqBE6CgQEVBCs20gRhQfWtEA+QQFjp+Mo6BHv+5UXSPq3bVt2+Pas2roo4SuAQVEAN2OAcNMANaIIWwOARPINX8GY8GS/Gu/Exa10yipkD8AfG5w/tZZhi</latexit>

Momentum sum rule

Structure functions:

MW p
1 (⌫, Q

2) = F1 =
!

2
F2

<latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit><latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit><latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit><latexit sha1_base64="Jv3l/GKz40FMpomdwp5erFWU62k=">AAACFnicbVDLSsNAFJ34rPVVdelmsAgVtCRB0E2hKIgboQX7gCYNk+mkHTqZhJmJUEK/wo2/4saFIm7FnX/jtM1CWw9cOJxzL/fe48eMSmWa38bS8srq2npuI7+5tb2zW9jbb8ooEZg0cMQi0faRJIxy0lBUMdKOBUGhz0jLH15P/NYDEZJG/F6NYuKGqM9pQDFSWvIKZ3ctz+rGJYcnp/WufQJhBd54VgVCJxAIp04Ukj4ap/ZYy7ZXKJplcwq4SKyMFEGGmlf4cnoRTkLCFWZIyo5lxspNkVAUMzLOO4kkMcJD1CcdTTkKiXTT6VtjeKyVHgwioYsrOFV/T6QolHIU+rozRGog572J+J/XSVRw6aaUx4kiHM8WBQmDKoKTjGCPCoIVG2mCsKD6VogHSMehdJJ5HYI1//Iiadplyyxb9fNi9SqLIwcOwREoAQtcgCq4BTXQABg8gmfwCt6MJ+PFeDc+Zq1LRjZzAP7A+PwBc1Sccg==</latexit>

F2(x) =
X

i

e2ixfi(x)
<latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit><latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit><latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit><latexit sha1_base64="z5HnEY60/QC1A00BqCN2SG4bL6o=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2WmCLoRioK4rGAf0I5DJs20oUlmSDLSMnTlxl9x40IRt36DO//GtJ2Fth64cDjnXu69J4gZVdpxvq3c0vLK6lp+vbCxubW9Y+/uNVSUSEzqOGKRbAVIEUYFqWuqGWnFkiAeMNIMBlcTv/lApKKRuNOjmHgc9QQNKUbaSL59eO1XSsMTeAE7KuE+hcSn9xU4DH1qZN8uOmVnCrhI3IwUQYaab391uhFOOBEaM6RU23Vi7aVIaooZGRc6iSIxwgPUI21DBeJEeen0jTE8NkoXhpE0JTScqr8nUsSVGvHAdHKk+2rem4j/ee1Eh+deSkWcaCLwbFGYMKgjOMkEdqkkWLORIQhLam6FuI8kwtokVzAhuPMvL5JGpew6Zff2tFi9zOLIgwNwBErABWegCm5ADdQBBo/gGbyCN+vJerHerY9Za87KZvbBH1ifP9b3ls8=</latexit>

F1(x) =
1

2x
F2(x)
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Callan-Gross relation
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F1(x) =
1

2x
F2(x)
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Consequence of parton model and spin 1/2 quarks

Longitudinal structure function has to vanish in the scaling limit

FL(x) = F2(x)� 2xF1(x)
<latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit>
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Consequence of parton model and spin 1/2 quarks

Longitudinal structure function has to vanish in the scaling limit

FL(x) = F2(x)� 2xF1(x)
<latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit>

Helicity is conserved in the high energy limit. Imagine the scattering of a photon on a quark.

Spin 1/2 quark can only absorb photon with 
� = ±1

<latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit>

Therefore �L ⇠ FL ! 0
<latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit>

pt OE pe.mn



Callan-Gross relation

!21

F1(x) =
1

2x
F2(x)

<latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit>

Consequence of parton model and spin 1/2 quarks

Longitudinal structure function has to vanish in the scaling limit

FL(x) = F2(x)� 2xF1(x)
<latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit>

Helicity is conserved in the high energy limit. Imagine the scattering of a photon on a quark.

Spin 1/2 quark can only absorb photon with 
� = ±1

<latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit>

Therefore �L ⇠ FL ! 0
<latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit>

Parton model assumptions: 

pt OE pe.mn



Callan-Gross relation

!21

F1(x) =
1

2x
F2(x)

<latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit><latexit sha1_base64="HNiXZeCmhRtasPEjVuvmh+fAbI8=">AAACBnicbVDLSgMxFM3UV62vUZciBItQN2VSBN0IRaG4rGAf0A5DJs20oZnMkGSkZejKjb/ixoUibv0Gd/6NaTsLbT1w4XDOvdx7jx9zprTjfFu5ldW19Y38ZmFre2d3z94/aKookYQ2SMQj2faxopwJ2tBMc9qOJcWhz2nLH95M/dYDlYpF4l6PY+qGuC9YwAjWRvLs45qHSqMzCK9gN5CYpGiSVkYTWPMqRvbsolN2ZoDLBGWkCDLUPfur24tIElKhCcdKdZATazfFUjPC6aTQTRSNMRniPu0YKnBIlZvO3pjAU6P0YBBJU0LDmfp7IsWhUuPQN50h1gO16E3F/7xOooNLN2UiTjQVZL4oSDjUEZxmAntMUqL52BBMJDO3QjLAJg1tkiuYENDiy8ukWSkjp4zuzovV6yyOPDgCJ6AEELgAVXAL6qABCHgEz+AVvFlP1ov1bn3MW3NWNnMI/sD6/AFuRJaM</latexit>

Consequence of parton model and spin 1/2 quarks

Longitudinal structure function has to vanish in the scaling limit

FL(x) = F2(x)� 2xF1(x)
<latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit><latexit sha1_base64="Aq/LzKjJm56/ylEVr8seNvev0ec=">AAACAHicbZDLSgMxFIbP1Futt1EXLtwEi1AXlpki6EYoCsWFiwr2Au0wZNJMG5q5kGSkZejGV3HjQhG3PoY738a0nYVWD4R8/P85JOf3Ys6ksqwvI7e0vLK6ll8vbGxube+Yu3tNGSWC0AaJeCTaHpaUs5A2FFOctmNBceBx2vKG11O/9UCFZFF4r8YxdQLcD5nPCFZacs2DmntbGp1coppb0fdpZVRzbQ2uWbTK1qzQX7AzKEJWddf87PYikgQ0VIRjKTu2FSsnxUIxwumk0E0kjTEZ4j7taAxxQKWTzhaYoGOt9JAfCX1ChWbqz4kUB1KOA093BlgN5KI3Ff/zOonyL5yUhXGiaEjmD/kJRypC0zRQjwlKFB9rwEQw/VdEBlhgonRmBR2CvbjyX2hWyrZVtu/OitWrLI48HMIRlMCGc6jCDdShAQQm8AQv8Go8Gs/Gm/E+b80Z2cw+/Crj4xt3lpO+</latexit>

Helicity is conserved in the high energy limit. Imagine the scattering of a photon on a quark.

Spin 1/2 quark can only absorb photon with 
� = ±1

<latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit><latexit sha1_base64="llcjIMmQ34z/AKpDPi1ixM5hGzI=">AAAB+HicbVDLSgMxFL1TX7U+WnXpJlgEV2VGBN0IRTcuK9gHdIaSyWTa0CQzJBmhDv0SNy4UceunuPNvTNtZaOuBwOGcc7k3J0w508Z1v53S2vrG5lZ5u7Kzu7dfrR0cdnSSKULbJOGJ6oVYU84kbRtmOO2limIRctoNx7czv/tIlWaJfDCTlAYCDyWLGcHGSoNa1ec2HGF0jfxUIG9Qq7sNdw60SryC1KFAa1D78qOEZIJKQzjWuu+5qQlyrAwjnE4rfqZpiskYD2nfUokF1UE+P3yKTq0SoThR9kmD5urviRwLrScitEmBzUgvezPxP6+fmfgqyJlMM0MlWSyKM45MgmYtoIgpSgyfWIKJYvZWREZYYWJsVxVbgrf85VXSOW94bsO7v6g3b4o6ynAMJ3AGHlxCE+6gBW0gkMEzvMKb8+S8OO/OxyJacoqZI/gD5/MHC6mSBQ==</latexit>

Therefore �L ⇠ FL ! 0
<latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit><latexit sha1_base64="YFGwFKClv0d76G4lNRYxzzD+YKc=">AAACCHicbZC7SgNBFIZnvcZ4W7W0cDAIVmFXBC2DglhYRDAXSJZldjK7GTKXZWZWCSGlja9iY6GIrY9g59s4m2yhiT8MfPznHM6cP0oZ1cbzvp2FxaXlldXSWnl9Y3Nr293ZbWqZKUwaWDKp2hHShFFBGoYaRtqpIohHjLSiwWVeb90TpakUd2aYkoCjRNCYYmSsFboHXU0TjsIbaIHDqxwUTfoGKSUfoBe6Fa/qTQTnwS+gAgrVQ/er25M440QYzJDWHd9LTTBCylDMyLjczTRJER6ghHQsCsSJDkaTQ8bwyDo9GEtlnzBw4v6eGCGu9ZBHtpMj09eztdz8r9bJTHwejKhIM0MEni6KMwaNhHkqsEcVwYYNLSCsqP0rxH2kEDY2u7INwZ89eR6aJ1Xfq/q3p5XaRRFHCeyDQ3AMfHAGauAa1EEDYPAInsEreHOenBfn3fmYti44xcwe+CPn8wdY9Zjk</latexit>

Parton model assumptions: 
• Incoherent scattering on pointlike constituents

pt OE pe.mn



Callan-Gross relation

!21

F1(x) =
1

2x
F2(x)
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Consequence of parton model and spin 1/2 quarks

Longitudinal structure function has to vanish in the scaling limit

FL(x) = F2(x)� 2xF1(x)
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Helicity is conserved in the high energy limit. Imagine the scattering of a photon on a quark.

Spin 1/2 quark can only absorb photon with 
� = ±1
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Therefore �L ⇠ FL ! 0
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Parton model assumptions: 
• Incoherent scattering on pointlike constituents
• Transverse momenta of the partons are limited (i.e. do not grow with Q2)
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Parton model
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How the structure function shape reflects the parton distribution inside the proton:



Parton model
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✦ One valence quark
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Parton model
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✦ One valence quark

✦Three, non-interacting valence quarks, sharing equal 
momentum
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How the structure function shape reflects the parton distribution inside the proton:



Parton model
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✦ One valence quark

✦Three, non-interacting valence quarks, sharing equal 
momentum

✦ Three quarks interacting, changing the momentum
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How the structure function shape reflects the parton distribution inside the proton:



Parton model
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✦ One valence quark

✦Three, non-interacting valence quarks, sharing equal 
momentum

✦ Three quarks interacting, changing the momentum

✦ Many sea quarks
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How the structure function shape reflects the parton distribution inside the proton:



Proton structure function: data
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low energy:



Ecm = 320 GeV

e (27.5 GeV) 

P (920 GeV) 

Equivalent to a 50 TeV beam on 
a fixed target proton 
~2500 times more than SLAC! 

Around 500 pb-1 per experiment 

HERA (1992-2007) 

… the only ever 
collider of electron 
beams with proton 
beams 

ZEUS 

e (27.5 GeV) 

P (920 GeV) 

Exploring proton structure at high energy

DESY - Hamburg
HERA Collider

1992-2007

The only electron(positron)-
proton collider ever built

equivalent to 50 TeV electron beam on a 
fixed proton target...about 2500 times 

more than at SLAC

Center of mass energy:
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Measurements of proton structure function

low energy: SLAC high  energy: HERA ep collider
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Measurements of proton structure function

low energy: SLAC high  energy: HERA ep collider
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Measurements of proton structure function

Cross section and that means parton 
density increases:

•  with decreasing x 
•  with increasing scale Q

low energy: SLAC high  energy: HERA ep collider
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Measurements of proton structure function

Cross section and that means parton 
density increases:

•  with decreasing x 
•  with increasing scale Q

Where does this rise come from?

Answer: QCD radiation

low energy: SLAC high  energy: HERA ep collider
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Parton model
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Parton model
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Parton model
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Parton model

Pair production of sea quarks
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Parton model

Pair production of sea quarks Gluon splitting
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Parton model

Pair production of sea quarks Gluon splitting

pz

QCD radiation

pz
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(1� ↵)pz

QED like

QED like

electron

quark

photon

gluon
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Parton model

Pair production of sea quarks Gluon splitting

pz

QCD radiation

pz
↵pz

(1� ↵)pz

QED like Unique to non-abelian theory

QED like

electron

quark

photon

gluon
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Structure functions in QCD

!27

Formalizm in QCD - Collinear factorization:

fj(y, µ
2)
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Fi(x,Q
2) =

X

j

Z 1

x
dy Cj

i (x/y,Q
2,↵s) fj(y,Q

2) +O(
⇤2

Q2
)
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Cj
i (x/y,Q

2,↵s)
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Coefficient functions, 
perturbatively calculable

Parton distributions with 
scaling violations, cannot 

be perturbatively 
calculated. Their scale 
dependence can be 

predicted through the 
perturbative evolution

O(
⇤2

Q2
)
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Power corrections. 

Control the onset of the regime where the factorization in violated


The scale could be determined experimentally, can depend on energy

(saturation scale) and target type

H

wins



DGLAP evolution equations
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Linear evolution equations in QCD

t = lnQ2/Q2
0

x

q

γ

N

*
 

q(x, t)

t+δ t

x

y

q

g

γ

N

*
 

q(x, t)+δq(x, t)
quarks with fraction x= Q2

s of target momentum
Evolution equation:

dq(x, t)
dt

=
αs(t)
2π

∫ 1

x

dy
y
Pqq(x/y)q(y, t)

Pqq(z,αs) is the probablity of finding quark in the quark with z(= x/y) frac-
tion of its momentum

.

Nonlinear evolution equations and parton saturation in QCD – p.8/30
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DGLAP evolution equations
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Linear evolution

Apart from q(x, t) one has to include g(x, t)
t

x

y

q

γ

N
g

*
 

t+δ t

x

y

q

γ

y’

gN

*
 

Set of evolution equations (flavour singlet case):

∂
∂ t

[

Σ(x, t)
g(x, t)

]

=
αs(t)
2π

[

Pqq 2NfPqg
Pgq Pgg

]

x
⊗

[

Σ(x, t)
g(x, t)

]

where Σ(x, t) = ∑i[qi(x, t)+ q̄i(x, t)]
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DGLAP evolution: PDFs

!30

Evolution is predicted perturbatively. Currently known orders LO, NLO, NNLO


Splitting functions: Pi(z) = ↵sP
(0)
i + ↵2

sP
(1)
i + ↵3

sP
(2)
i
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Ongoing efforts to compute the splitting functions at N3LO 

Initial conditions must be parametrized at some scale 

Example of HERAPDF2.0 parametrization, generic form for the parton density:

using QCDNUM. The heavy-quark coefficient functions were calculated in the general-mass
variable-flavour-number scheme called RTOPT [82–84] for the NC structure functions. For the
CC structure functions, the zero-mass approximation was used, since all HERA CC data have
Q2 ≫ M2

b , where Mb is the beauty-quark mass parameter in the calculation.

The value of Mc was chosen after performing χ2 scans of NLO and NNLO pQCD fits to
the combined inclusive data from the analysis presented here and the HERA combined charm
data [46]. The procedure is described in detail in the context of the combination of the reduced
charm cross-section measurements [46]. All correlations of the inclusive and of the charm data
were considered in the fits. Figure 16 shows the ∆χ2 = χ2 −χ2min, where χ

2
min is the minimum χ

2

obtained, of these fits versus Mc at NLO and NNLO. As a result, the value of Mc was chosen as
Mc = 1.47GeV at NLO and Mc = 1.43GeV at NNLO. The settings for LO were chosen as for
NLO unless otherwise stated.

The value of the beauty-quark mass parameter Mb was chosen after performing χ2 scans of
NLO and NNLO pQCD fits using the combined inclusive data and data on beauty production
from ZEUS [75] and H1 [76]. The χ2 scans are shown in Fig. 17. The value of Mb was chosen
to be Mb = 4.5GeV at LO, NLO and NNLO. The value of the top-quark mass parameter was
chosen to be 173GeV [52] at all orders.

The value of the strong coupling constant was chosen to be αs(M2
Z) = 0.118 [52] at both

NLO and NNLO and αs(M2
Z) = 0.130 [38] for the LO fit.

6.2 Parameterisation

In the appoach of HERAPDF, the PDFs of the proton, x f , are generically parameterised at the
starting scale µ2f0 as

x f (x) = AxB(1 − x)C(1 + Dx + Ex2) , (26)

where x is the fraction of the proton’s momentum taken by the struck parton in the infinite
momentum frame. The PDFs parameterised are the gluon distribution, xg, the valence-quark
distributions, xuv, xdv, and the u-type and d-type anti-quark distributions, xŪ , xD̄. The relations
xŪ = xū and xD̄ = xd̄ + xs̄ are assumed at the starting scale µ2f0 .

The central parameterisation is

xg(x) = AgxBg(1 − x)Cg − A′gxB
′
g(1 − x)C′g , (27)

xuv(x) = Auv x
Buv (1 − x)Cuv

(

1 + Euv x2
)

, (28)
xdv(x) = Adv x

Bdv (1 − x)Cdv , (29)
xŪ(x) = AŪ xBŪ (1 − x)CŪ (1 + DŪ x) , (30)
xD̄(x) = AD̄xBD̄(1 − x)CD̄ . (31)

The gluon distribution, xg, is an exception from Eq. 26, for which an additional term of the
form A′gxB

′
g(1−x)C′g is subtracted11. This additional term was added to make the parameterisation

more flexible at low x, such that it is not controlled by the single power Bg as x approaches
11In the analysis presented here, C′g is fixed to C′g = 25 [36]. The fits are not sensitive to the exact value of C′g

once C′g ≫ Cg, such that the term does not contribute at large x.
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where the fine-structure constant, α, which is defined at zero momentum transfer, the photon
propagator and a helicity factor are absorbed in the definitions of σ±r,NC and Y± = 1±(1−y)

2. The
overall structure functions, F̃2, F̃L and xF̃3, are sums of structure functions, FX, FγZX and FZ

X,
relating to photon exchange, photon–Z interference and Z exchange, respectively, and depend
on the electroweak parameters as [52]

F̃2 = F2 − κZve · FγZ2 + κ
2
Z(v

2
e + a

2
e) · F

Z
2 ,

F̃L = FL − κZve · FγZL + κ
2
Z(v2e + a2e) · FZ

L ,

xF̃3 = −κZae · xFγZ3 + κ
2
Z · 2veae · xFZ

3 , (2)

where ve and ae are the vector and axial-vector weak couplings of the electron to the Z boson,
and κZ(Q2) = Q2/[(Q2 + M2

Z)(4 sin
2 θW cos2 θW)]. In the analysis presented here, electroweak

effects were treated at leading order. The values of sin2 θW = 0.23127 and MZ = 91.1876GeV
were used for the electroweak mixing angle and the Z-boson mass [52].

At low Q2, i.e. Q2 ≪ M2
Z , the contribution of Z exchange is negligible and

σ±r,NC = F2 −
y2

Y+
FL . (3)

The contribution of the term containing the longitudinal structure function F̃L is only significant
for values of y larger than approximately 0.5.

In the analysis presented in this paper, the full formulae of pQCD at the relevant order in
the strong coupling, αs, are used. However, to demonstrate the sensitivity of the data, it is
useful to discuss the simplified equations of the Quark Parton Model (QPM), where gluons are
not present and F̃L = 0 [53]. In the QPM, the kinematic variable xBj is equal to the fractional
momentum of the struck quark, x. The structure functions in Eq. 2 become

(F2, FγZ2 , F
Z
2 ) ≈ [(e2u, 2euvu, v2u + a2u)(xU + xŪ) + (e2d, 2edvd, v

2
d + a

2
d)(xD + xD̄)] ,

(xFγZ3 , xF
Z
3 ) ≈ 2[(euau, vuau)(xU − xŪ) + (edad, vdad)(xD − xD̄)] , (4)

where eu and ed denote the electric charge of up- and down-type quarks, while vu,d and au,d are
the vector and axial-vector weak couplings of the up- and down-type quarks to the Z boson. The
terms xU, xD, xŪ and xD̄ denote the sums of parton distributions for up-type and down-type
quarks and anti-quarks, respectively. Below the b-quark mass threshold, these sums are related
to the quark distributions as follows

xU = xu + xc , xŪ = xū + xc̄ , xD = xd + xs , xD̄ = xd̄ + xs̄ , (5)

where xs and xc are the strange- and charm-quark distributions. Assuming symmetry between
the quarks and anti-quarks in the sea, the valence-quark distributions can be expressed as

xuv = xU − xŪ , xdv = xD − xD̄ . (6)

It follows from Eq. 1 that the structure function xF̃3 can be determined from the difference
between the e+p and e−p reduced cross sections:

xF̃3 =
Y+
2Y−

(σ−r,NC − σ
+
r,NC). (7)

7

where the fine-structure constant, α, which is defined at zero momentum transfer, the photon
propagator and a helicity factor are absorbed in the definitions of σ±r,NC and Y± = 1±(1−y)

2. The
overall structure functions, F̃2, F̃L and xF̃3, are sums of structure functions, FX, FγZX and FZ

X,
relating to photon exchange, photon–Z interference and Z exchange, respectively, and depend
on the electroweak parameters as [52]

F̃2 = F2 − κZve · FγZ2 + κ
2
Z(v

2
e + a

2
e) · F

Z
2 ,

F̃L = FL − κZve · FγZL + κ
2
Z(v2e + a2e) · FZ

L ,

xF̃3 = −κZae · xFγZ3 + κ
2
Z · 2veae · xFZ

3 , (2)

where ve and ae are the vector and axial-vector weak couplings of the electron to the Z boson,
and κZ(Q2) = Q2/[(Q2 + M2

Z)(4 sin
2 θW cos2 θW)]. In the analysis presented here, electroweak

effects were treated at leading order. The values of sin2 θW = 0.23127 and MZ = 91.1876GeV
were used for the electroweak mixing angle and the Z-boson mass [52].

At low Q2, i.e. Q2 ≪ M2
Z , the contribution of Z exchange is negligible and

σ±r,NC = F2 −
y2

Y+
FL . (3)

The contribution of the term containing the longitudinal structure function F̃L is only significant
for values of y larger than approximately 0.5.

In the analysis presented in this paper, the full formulae of pQCD at the relevant order in
the strong coupling, αs, are used. However, to demonstrate the sensitivity of the data, it is
useful to discuss the simplified equations of the Quark Parton Model (QPM), where gluons are
not present and F̃L = 0 [53]. In the QPM, the kinematic variable xBj is equal to the fractional
momentum of the struck quark, x. The structure functions in Eq. 2 become

(F2, FγZ2 , F
Z
2 ) ≈ [(e2u, 2euvu, v2u + a2u)(xU + xŪ) + (e2d, 2edvd, v
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xuv = xU − xŪ , xdv = xD − xD̄ . (6)

It follows from Eq. 1 that the structure function xF̃3 can be determined from the difference
between the e+p and e−p reduced cross sections:

xF̃3 =
Y+
2Y−

(σ−r,NC − σ
+
r,NC). (7)

7

where the fine-structure constant, α, which is defined at zero momentum transfer, the photon
propagator and a helicity factor are absorbed in the definitions of σ±r,NC and Y± = 1±(1−y)

2. The
overall structure functions, F̃2, F̃L and xF̃3, are sums of structure functions, FX, FγZX and FZ

X,
relating to photon exchange, photon–Z interference and Z exchange, respectively, and depend
on the electroweak parameters as [52]

F̃2 = F2 − κZve · FγZ2 + κ
2
Z(v

2
e + a

2
e) · F

Z
2 ,

F̃L = FL − κZve · FγZL + κ
2
Z(v2e + a2e) · FZ

L ,

xF̃3 = −κZae · xFγZ3 + κ
2
Z · 2veae · xFZ

3 , (2)

where ve and ae are the vector and axial-vector weak couplings of the electron to the Z boson,
and κZ(Q2) = Q2/[(Q2 + M2

Z)(4 sin
2 θW cos2 θW)]. In the analysis presented here, electroweak

effects were treated at leading order. The values of sin2 θW = 0.23127 and MZ = 91.1876GeV
were used for the electroweak mixing angle and the Z-boson mass [52].

At low Q2, i.e. Q2 ≪ M2
Z , the contribution of Z exchange is negligible and

σ±r,NC = F2 −
y2

Y+
FL . (3)

The contribution of the term containing the longitudinal structure function F̃L is only significant
for values of y larger than approximately 0.5.

In the analysis presented in this paper, the full formulae of pQCD at the relevant order in
the strong coupling, αs, are used. However, to demonstrate the sensitivity of the data, it is
useful to discuss the simplified equations of the Quark Parton Model (QPM), where gluons are
not present and F̃L = 0 [53]. In the QPM, the kinematic variable xBj is equal to the fractional
momentum of the struck quark, x. The structure functions in Eq. 2 become

(F2, FγZ2 , F
Z
2 ) ≈ [(e2u, 2euvu, v2u + a2u)(xU + xŪ) + (e2d, 2edvd, v
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xuv = xU − xŪ , xdv = xD − xD̄ . (6)

It follows from Eq. 1 that the structure function xF̃3 can be determined from the difference
between the e+p and e−p reduced cross sections:

xF̃3 =
Y+
2Y−

(σ−r,NC − σ
+
r,NC). (7)

7

15 parameter fit at NLO

14 parameter fit at NNLO
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DGLAP evolution: PDFs
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Evolution is predicted perturbatively. Currently known orders LO, NLO, NNLO


Splitting functions: Pi(z) = ↵sP
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Ongoing efforts to compute the splitting functions at N3LO 

Initial conditions must be parametrized at some scale 

Example of HERAPDF2.0 parametrization, generic form for the parton density:

using QCDNUM. The heavy-quark coefficient functions were calculated in the general-mass
variable-flavour-number scheme called RTOPT [82–84] for the NC structure functions. For the
CC structure functions, the zero-mass approximation was used, since all HERA CC data have
Q2 ≫ M2

b , where Mb is the beauty-quark mass parameter in the calculation.

The value of Mc was chosen after performing χ2 scans of NLO and NNLO pQCD fits to
the combined inclusive data from the analysis presented here and the HERA combined charm
data [46]. The procedure is described in detail in the context of the combination of the reduced
charm cross-section measurements [46]. All correlations of the inclusive and of the charm data
were considered in the fits. Figure 16 shows the ∆χ2 = χ2 −χ2min, where χ

2
min is the minimum χ

2

obtained, of these fits versus Mc at NLO and NNLO. As a result, the value of Mc was chosen as
Mc = 1.47GeV at NLO and Mc = 1.43GeV at NNLO. The settings for LO were chosen as for
NLO unless otherwise stated.

The value of the beauty-quark mass parameter Mb was chosen after performing χ2 scans of
NLO and NNLO pQCD fits using the combined inclusive data and data on beauty production
from ZEUS [75] and H1 [76]. The χ2 scans are shown in Fig. 17. The value of Mb was chosen
to be Mb = 4.5GeV at LO, NLO and NNLO. The value of the top-quark mass parameter was
chosen to be 173GeV [52] at all orders.

The value of the strong coupling constant was chosen to be αs(M2
Z) = 0.118 [52] at both

NLO and NNLO and αs(M2
Z) = 0.130 [38] for the LO fit.

6.2 Parameterisation

In the appoach of HERAPDF, the PDFs of the proton, x f , are generically parameterised at the
starting scale µ2f0 as

x f (x) = AxB(1 − x)C(1 + Dx + Ex2) , (26)

where x is the fraction of the proton’s momentum taken by the struck parton in the infinite
momentum frame. The PDFs parameterised are the gluon distribution, xg, the valence-quark
distributions, xuv, xdv, and the u-type and d-type anti-quark distributions, xŪ , xD̄. The relations
xŪ = xū and xD̄ = xd̄ + xs̄ are assumed at the starting scale µ2f0 .

The central parameterisation is

xg(x) = AgxBg(1 − x)Cg − A′gxB
′
g(1 − x)C′g , (27)

xuv(x) = Auv x
Buv (1 − x)Cuv

(

1 + Euv x2
)

, (28)
xdv(x) = Adv x

Bdv (1 − x)Cdv , (29)
xŪ(x) = AŪ xBŪ (1 − x)CŪ (1 + DŪ x) , (30)
xD̄(x) = AD̄xBD̄(1 − x)CD̄ . (31)

The gluon distribution, xg, is an exception from Eq. 26, for which an additional term of the
form A′gxB

′
g(1−x)C′g is subtracted11. This additional term was added to make the parameterisation

more flexible at low x, such that it is not controlled by the single power Bg as x approaches
11In the analysis presented here, C′g is fixed to C′g = 25 [36]. The fits are not sensitive to the exact value of C′g

once C′g ≫ Cg, such that the term does not contribute at large x.
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where the fine-structure constant, α, which is defined at zero momentum transfer, the photon
propagator and a helicity factor are absorbed in the definitions of σ±r,NC and Y± = 1±(1−y)

2. The
overall structure functions, F̃2, F̃L and xF̃3, are sums of structure functions, FX, FγZX and FZ

X,
relating to photon exchange, photon–Z interference and Z exchange, respectively, and depend
on the electroweak parameters as [52]

F̃2 = F2 − κZve · FγZ2 + κ
2
Z(v

2
e + a

2
e) · F

Z
2 ,

F̃L = FL − κZve · FγZL + κ
2
Z(v2e + a2e) · FZ

L ,

xF̃3 = −κZae · xFγZ3 + κ
2
Z · 2veae · xFZ

3 , (2)

where ve and ae are the vector and axial-vector weak couplings of the electron to the Z boson,
and κZ(Q2) = Q2/[(Q2 + M2

Z)(4 sin
2 θW cos2 θW)]. In the analysis presented here, electroweak

effects were treated at leading order. The values of sin2 θW = 0.23127 and MZ = 91.1876GeV
were used for the electroweak mixing angle and the Z-boson mass [52].

At low Q2, i.e. Q2 ≪ M2
Z , the contribution of Z exchange is negligible and

σ±r,NC = F2 −
y2

Y+
FL . (3)

The contribution of the term containing the longitudinal structure function F̃L is only significant
for values of y larger than approximately 0.5.

In the analysis presented in this paper, the full formulae of pQCD at the relevant order in
the strong coupling, αs, are used. However, to demonstrate the sensitivity of the data, it is
useful to discuss the simplified equations of the Quark Parton Model (QPM), where gluons are
not present and F̃L = 0 [53]. In the QPM, the kinematic variable xBj is equal to the fractional
momentum of the struck quark, x. The structure functions in Eq. 2 become

(F2, FγZ2 , F
Z
2 ) ≈ [(e2u, 2euvu, v2u + a2u)(xU + xŪ) + (e2d, 2edvd, v

2
d + a

2
d)(xD + xD̄)] ,

(xFγZ3 , xF
Z
3 ) ≈ 2[(euau, vuau)(xU − xŪ) + (edad, vdad)(xD − xD̄)] , (4)

where eu and ed denote the electric charge of up- and down-type quarks, while vu,d and au,d are
the vector and axial-vector weak couplings of the up- and down-type quarks to the Z boson. The
terms xU, xD, xŪ and xD̄ denote the sums of parton distributions for up-type and down-type
quarks and anti-quarks, respectively. Below the b-quark mass threshold, these sums are related
to the quark distributions as follows

xU = xu + xc , xŪ = xū + xc̄ , xD = xd + xs , xD̄ = xd̄ + xs̄ , (5)

where xs and xc are the strange- and charm-quark distributions. Assuming symmetry between
the quarks and anti-quarks in the sea, the valence-quark distributions can be expressed as

xuv = xU − xŪ , xdv = xD − xD̄ . (6)

It follows from Eq. 1 that the structure function xF̃3 can be determined from the difference
between the e+p and e−p reduced cross sections:

xF̃3 =
Y+
2Y−

(σ−r,NC − σ
+
r,NC). (7)
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2
d + a

2
d)(xD + xD̄)] ,

(xFγZ3 , xF
Z
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In the analysis presented in this paper, the full formulae of pQCD at the relevant order in
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15 parameter fit at NLO

14 parameter fit at NNLO

Moch,Vermaseren,Vogt et al
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Figure 61: The parton distribution functions xuv, xdv, xg and xS = 2x(Ū + D̄) of HERA-
PDF2.0FF3A and FF3B at the starting scale µ2f0 = 1.9GeV

2 compared to those of HERAPDF2.0
NLO. The top panel shows the distributions. The bottom panel shows the PDFs normalised to
HERAPDF2.0 NLO. The uncertainties are given as differently hatched bands in both panels.
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using QCDNUM. The heavy-quark coefficient functions were calculated in the general-mass
variable-flavour-number scheme called RTOPT [82–84] for the NC structure functions. For the
CC structure functions, the zero-mass approximation was used, since all HERA CC data have
Q2 ≫ M2

b , where Mb is the beauty-quark mass parameter in the calculation.

The value of Mc was chosen after performing χ2 scans of NLO and NNLO pQCD fits to
the combined inclusive data from the analysis presented here and the HERA combined charm
data [46]. The procedure is described in detail in the context of the combination of the reduced
charm cross-section measurements [46]. All correlations of the inclusive and of the charm data
were considered in the fits. Figure 16 shows the ∆χ2 = χ2 −χ2min, where χ

2
min is the minimum χ

2

obtained, of these fits versus Mc at NLO and NNLO. As a result, the value of Mc was chosen as
Mc = 1.47GeV at NLO and Mc = 1.43GeV at NNLO. The settings for LO were chosen as for
NLO unless otherwise stated.

The value of the beauty-quark mass parameter Mb was chosen after performing χ2 scans of
NLO and NNLO pQCD fits using the combined inclusive data and data on beauty production
from ZEUS [75] and H1 [76]. The χ2 scans are shown in Fig. 17. The value of Mb was chosen
to be Mb = 4.5GeV at LO, NLO and NNLO. The value of the top-quark mass parameter was
chosen to be 173GeV [52] at all orders.

The value of the strong coupling constant was chosen to be αs(M2
Z) = 0.118 [52] at both

NLO and NNLO and αs(M2
Z) = 0.130 [38] for the LO fit.

6.2 Parameterisation

In the appoach of HERAPDF, the PDFs of the proton, x f , are generically parameterised at the
starting scale µ2f0 as

x f (x) = AxB(1 − x)C(1 + Dx + Ex2) , (26)

where x is the fraction of the proton’s momentum taken by the struck parton in the infinite
momentum frame. The PDFs parameterised are the gluon distribution, xg, the valence-quark
distributions, xuv, xdv, and the u-type and d-type anti-quark distributions, xŪ , xD̄. The relations
xŪ = xū and xD̄ = xd̄ + xs̄ are assumed at the starting scale µ2f0 .

The central parameterisation is

xg(x) = AgxBg(1 − x)Cg − A′gxB
′
g(1 − x)C′g , (27)

xuv(x) = Auv x
Buv (1 − x)Cuv

(

1 + Euv x2
)

, (28)
xdv(x) = Adv x

Bdv (1 − x)Cdv , (29)
xŪ(x) = AŪ xBŪ (1 − x)CŪ (1 + DŪ x) , (30)
xD̄(x) = AD̄xBD̄(1 − x)CD̄ . (31)

The gluon distribution, xg, is an exception from Eq. 26, for which an additional term of the
form A′gxB

′
g(1−x)C′g is subtracted11. This additional term was added to make the parameterisation

more flexible at low x, such that it is not controlled by the single power Bg as x approaches
11In the analysis presented here, C′g is fixed to C′g = 25 [36]. The fits are not sensitive to the exact value of C′g

once C′g ≫ Cg, such that the term does not contribute at large x.
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Parametrization

✦ There is no particular reason to limit 
the analysis to this form, but 

pragmatically this is what works


✦ The power on (1-x) terms is positive 
and ensures that the distribution 

vanishes for x=1


✦ The power at x term can be positive 
or negative, depending on whether 

the distribution is valence like or sea 


✦ Note that gluons at this order are 
initially valence-like


✦ They can become negative. Formally 
this is not a problem since this is not 
observable quantity. Practically this is 

a problem since the cross section 
can turn negative and this is then 

unphysical
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV
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Dominance of the gluon density at small x. 

Valence distributions have a peak at around x= 0.1.
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DGLAP fits of F2 for proton
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Reduced cross section
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What happens when the lepton scatters off a nucleus instead of nucleon?

How the presence of a nuclear target modifies cross sections and structure functions?

Incoherent scattering from A nucleons but with their structure modified by the 
presence of nuclear medium. For example, mean field that nucleon experiences in 
the presence of other nucleons, Fermi motion of nucleons in the nucleus.


Coherent scattering which involve more than one nucleon at a time. Such effects 
arise when the hadronic  fluctuations produced by the photon propagate over the 
distance (in laboratory frame) which are longer than the characteristic length scale 
between nucleons, d=2 fm. An example of such effect is shadowing.

Typical distance between nucleons

Baryon density

Fermi momentum

⇢0 ' 0.15 fm�3
<latexit sha1_base64="+nrGkDAfsSccpcnK7QSGai3p10Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJXwEIwVLIxFog+pCZXjOq1VOw62g1RFmVn4FRYGEGLlC9j4G9w2A7Qc6UpH59yre+8JYkaVdpxvqzA3v7C4VFwurayurW/Ym1sNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWBwNfKbD0QqKqJbPYyJz1EvoiHFSBupY+96si86jqcoJ/fQqbhn0DtMPclhyO/So5Ms69hlp+KMAWeJm5MyyFHr2F9eV+CEk0hjhpRqu06s/RRJTTEjWclLFIkRHqAeaRsaIU6Un45fyeC+UbowFNJUpOFY/T2RIq7UkAemkyPdV9PeSPzPayc6vPBTGsWJJhGeLAoTBrWAo1xgl0qCNRsagrCk5laI+0girE16JROCO/3yLGkcV1wT4c1puXqZx1EEO2APHAAXnIMquAY1UAcYPIJn8ArerCfrxXq3PiatBSuf2QZ/YH3+AMz2mQw=</latexit><latexit sha1_base64="+nrGkDAfsSccpcnK7QSGai3p10Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJXwEIwVLIxFog+pCZXjOq1VOw62g1RFmVn4FRYGEGLlC9j4G9w2A7Qc6UpH59yre+8JYkaVdpxvqzA3v7C4VFwurayurW/Ym1sNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWBwNfKbD0QqKqJbPYyJz1EvoiHFSBupY+96si86jqcoJ/fQqbhn0DtMPclhyO/So5Ms69hlp+KMAWeJm5MyyFHr2F9eV+CEk0hjhpRqu06s/RRJTTEjWclLFIkRHqAeaRsaIU6Un45fyeC+UbowFNJUpOFY/T2RIq7UkAemkyPdV9PeSPzPayc6vPBTGsWJJhGeLAoTBrWAo1xgl0qCNRsagrCk5laI+0girE16JROCO/3yLGkcV1wT4c1puXqZx1EEO2APHAAXnIMquAY1UAcYPIJn8ArerCfrxXq3PiatBSuf2QZ/YH3+AMz2mQw=</latexit><latexit sha1_base64="+nrGkDAfsSccpcnK7QSGai3p10Q=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCExQJXwEIwVLIxFog+pCZXjOq1VOw62g1RFmVn4FRYGEGLlC9j4G9w2A7Qc6UpH59yre+8JYkaVdpxvqzA3v7C4VFwurayurW/Ym1sNJRKJSR0LJmQrQIowGpG6ppqRViwJ4gEjzWBwNfKbD0QqKqJbPYyJz1EvoiHFSBupY+96si86jqcoJ/fQqbhn0DtMPclhyO/So5Ms69hlp+KMAWeJm5MyyFHr2F9eV+CEk0hjhpRqu06s/RRJTTEjWclLFIkRHqAeaRsaIU6Un45fyeC+UbowFNJUpOFY/T2RIq7UkAemkyPdV9PeSPzPayc6vPBTGsWJJhGeLAoTBrWAo1xgl0qCNRsagrCk5laI+0girE16JROCO/3yLGkcV1wT4c1puXqZx1EEO2APHAAXnIMquAY1UAcYPIJn8ArerCfrxXq3PiatBSuf2QZ/YH3+AMz2mQw=</latexit>

d ' 1.9 fm
<latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit><latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit><latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit><latexit sha1_base64="brj2tgLrkXDK91hq73FdOxE/Dms=">AAACAXicbVBNS8NAEJ34WetX1IvgZbEIHqQkIqi3ohePFewHNKFsNpt26W4SdzdCCfXiX/HiQRGv/gtv/hu3bQ7a+mDg8d4MM/OClDOlHefbWlhcWl5ZLa2V1zc2t7btnd2mSjJJaIMkPJHtACvKWUwbmmlO26mkWASctoLB9dhvPVCpWBLf6WFKfYF7MYsYwdpIXXs/RJ5igt4jt3qJvBOUe1KgSIy6dsWpOhOgeeIWpAIF6l37ywsTkgkaa8KxUh3XSbWfY6kZ4XRU9jJFU0wGuEc7hsZYUOXnkw9G6MgoIYoSaSrWaKL+nsixUGooAtMpsO6rWW8s/ud1Mh1d+DmL00zTmEwXRRlHOkHjOFDIJCWaDw3BRDJzKyJ9LDHRJrSyCcGdfXmeNE+rrlN1b88qtasijhIcwCEcgwvnUIMbqEMDCDzCM7zCm/VkvVjv1se0dcEqZvbgD6zPH+gulUA=</latexit>

pF ' 0.26GeV
<latexit sha1_base64="Lrm7ez0zFH8IP2g1w4KLW9iOfIs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkiLosCuqygn1AE8JketsOnUnizEQooRs3/oobF4q49R/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/OfIbDyAVi6M7PUjAF6QbsQ6jRBspsPeT4Ap7igm4x06pfIq9Y5x5UuBrqA8Du+iUnDHwPHGnpIimqAb2l9eOaSog0pQTpVquk2g/I1IzymFY8FIFCaF90oWWoRERoPxs/MUQHxqljTuxNBVpPFZ/T2REKDUQoekURPfUrDcS//Naqe6c+xmLklRDRCeLOinHOsajSHCbSaCaDwwhVDJzK6Y9IgnVJriCCcGdfXme1Msl1ym5tyfFysU0jjzaQwfoCLnoDFXQDaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPNf+Wdg==</latexit><latexit sha1_base64="Lrm7ez0zFH8IP2g1w4KLW9iOfIs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkiLosCuqygn1AE8JketsOnUnizEQooRs3/oobF4q49R/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/OfIbDyAVi6M7PUjAF6QbsQ6jRBspsPeT4Ap7igm4x06pfIq9Y5x5UuBrqA8Du+iUnDHwPHGnpIimqAb2l9eOaSog0pQTpVquk2g/I1IzymFY8FIFCaF90oWWoRERoPxs/MUQHxqljTuxNBVpPFZ/T2REKDUQoekURPfUrDcS//Naqe6c+xmLklRDRCeLOinHOsajSHCbSaCaDwwhVDJzK6Y9IgnVJriCCcGdfXme1Msl1ym5tyfFysU0jjzaQwfoCLnoDFXQDaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPNf+Wdg==</latexit><latexit sha1_base64="Lrm7ez0zFH8IP2g1w4KLW9iOfIs=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBhZSkiLosCuqygn1AE8JketsOnUnizEQooRs3/oobF4q49R/c+TdOHwttPXDhcM693HtPmHCmtON8W7mFxaXllfxqYW19Y3PL3t6pqziVFGo05rFshkQBZxHUNNMcmokEIkIOjbB/OfIbDyAVi6M7PUjAF6QbsQ6jRBspsPeT4Ap7igm4x06pfIq9Y5x5UuBrqA8Du+iUnDHwPHGnpIimqAb2l9eOaSog0pQTpVquk2g/I1IzymFY8FIFCaF90oWWoRERoPxs/MUQHxqljTuxNBVpPFZ/T2REKDUQoekURPfUrDcS//Naqe6c+xmLklRDRCeLOinHOsajSHCbSaCaDwwhVDJzK6Y9IgnVJriCCcGdfXme1Msl1ym5tyfFysU0jjzaQwfoCLnoDFXQDaqiGqLoET2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPNf+Wdg==</latexit>
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DIS with nuclei
Similarly to the DIS on nucleons the information about the nuclear structure is 

encoded in the hadronic tensor.


Number of independent structure functions depend on the spin of nucleus, which can 
be measured in the polarized DIS. Here we focus on the unpolarized case.

Wµ⌫(p, q) = �W1(gµ⌫ � qµq⌫
q2

) +
W2

M2
(pµ � p · q

q2
qµ) · (p⌫ � p · q

q2
q⌫)

<latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit>
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DIS with nuclei
Similarly to the DIS on nucleons the information about the nuclear structure is 

encoded in the hadronic tensor.


Number of independent structure functions depend on the spin of nucleus, which can 
be measured in the polarized DIS. Here we focus on the unpolarized case.

FA
1,2(xA, Q

2)
<latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qBohnflA4coSt5+jFHEu1GbqyBg=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiVChlphtdWgRx2YJ9QDsdMmmmDc1khiQjlqH+FTcuFPHPuPPfmD4W2nog8HFOwr05QcKZ0o7zbW1sbm3v7Ob28vuFg8Mj+7jQUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp3l7UcqFYvFg54k1IvwULCQEayN5dund37mlqvTfg2VnvxaudGvXvp20ak4c6F1cJdQhKXqvv3VG8QkjajQhGOluq6TaC/DUjPC6TTfSxVNMBnjIe0aFDiiysvmy0/RhXEGKIylOUKjufv7RYYjpSZRYG5GWI/UajYz/8u6qQ6vvYyJJNVUkMWgMOVIx2jWBBowSYnmEwOYSGZ2RWSEJSba9JU3JbirX16HVrXiOhW34UAOzuAcSuDCFdzAPdShCQQm8AJv8G49W6/Wx6KuDWvZ2wn8kfX5A0tpkWM=</latexit><latexit sha1_base64="qBohnflA4coSt5+jFHEu1GbqyBg=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiVChlphtdWgRx2YJ9QDsdMmmmDc1khiQjlqH+FTcuFPHPuPPfmD4W2nog8HFOwr05QcKZ0o7zbW1sbm3v7Ob28vuFg8Mj+7jQUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp3l7UcqFYvFg54k1IvwULCQEayN5dund37mlqvTfg2VnvxaudGvXvp20ak4c6F1cJdQhKXqvv3VG8QkjajQhGOluq6TaC/DUjPC6TTfSxVNMBnjIe0aFDiiysvmy0/RhXEGKIylOUKjufv7RYYjpSZRYG5GWI/UajYz/8u6qQ6vvYyJJNVUkMWgMOVIx2jWBBowSYnmEwOYSGZ2RWSEJSba9JU3JbirX16HVrXiOhW34UAOzuAcSuDCFdzAPdShCQQm8AJv8G49W6/Wx6KuDWvZ2wn8kfX5A0tpkWM=</latexit><latexit sha1_base64="cxfySt/dUmrZWmSOsWhi2LZMOdk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQoZSkG122CuKyBfuANg2T6aQdOpmEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yIUaks69vIbWxube/kdwt7+weHR+bxSUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vRm7ncfiJA05PcqiYgToDGnPsVIack1i7dualdqs2EDlh/dRqU1rF24ZsmqWgvAdWJnpAQyNF3zazAKcRwQrjBDUvZtK1JOioSimJFZYRBLEiE8RWPS15SjgEgnXRw/g+daGUE/FLq4ggv190SKAimTwNOdAVITuerNxf+8fqz8KyelPIoV4Xi5yI8ZVCGcJwFHVBCsWKIJwoLqWyGeIIGw0nkVdAj26svrpFOr2lbVblml+nUWRx6cgjNQBja4BHVwB5qgDTBIwDN4BW/Gk/FivBsfy9ackc0UwR8Ynz+bEZLG</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit>

Nuclear structure functions:

xA =
Q2

2P · q
<latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit><latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit><latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit><latexit sha1_base64="6+DiiwanX4MlJ8UrtR+kKQ8JAcY=">AAACBHicbVDLSsNAFJ34rPUVddnNYBFclaQIuhGqbly2YB/QxDCZTNqhk0ycmYglZOHGX3HjQhG3foQ7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NvvSJ4KTNqYMy56PpKE0Zi0FVWM9BJBUOQz0vVHVxO/e0+EpDy+UeOEuBEaxDSkGCkteWblwbuA59AJBcJZ67aeZ/WmgwOu4F3umVWrZk0BF4ldkCoo0PTMLyfgOI1IrDBDUvZtK1FuhoSimJG87KSSJAiP0ID0NY1RRKSbTZ/I4ZFWAhhyoStWcKr+nshQJOU48nVnhNRQznsT8T+vn6rwzM1onKSKxHi2KEwZVBxOEoEBFQQrNtYEYUH1rRAPkc5D6dzKOgR7/uVF0qnXbKtmt06qjcsijhKogENwDGxwChrgGjRBG2DwCJ7BK3gznowX4934mLUuGcXMAfgD4/MHOiSXMA==</latexit>

0 < xA  1
<latexit sha1_base64="KgoCP7c3wZaOObBkiWvum6OExvk=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiamMZwXxAcoS9zSRZsrd37u4Fw5HfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Lvkijx1rklbIPE6xZJbdmcgy8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2ns6Mn5MQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Sz/lMk4MSjZf1EsEMRGZJkC6XCEzYmwJZYrbWwkbUEWZsTkVbAje4svLpH5W9tyyd39eqtxkceThCI7hFDy4gArcQRVqwOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifPx+zkF4=</latexit><latexit sha1_base64="KgoCP7c3wZaOObBkiWvum6OExvk=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiamMZwXxAcoS9zSRZsrd37u4Fw5HfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Lvkijx1rklbIPE6xZJbdmcgy8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2ns6Mn5MQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Sz/lMk4MSjZf1EsEMRGZJkC6XCEzYmwJZYrbWwkbUEWZsTkVbAje4svLpH5W9tyyd39eqtxkceThCI7hFDy4gArcQRVqwOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifPx+zkF4=</latexit><latexit sha1_base64="KgoCP7c3wZaOObBkiWvum6OExvk=">AAAB9HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiamMZwXxAcoS9zSRZsrd37u4Fw5HfYWOhiK0/xs5/4ya5QhMfDDzem2FmXhALro3rfju5ldW19Y38ZmFre2d3r7h/UNdRohjWWCQi1QyoRsEl1gw3ApuxQhoGAhvB8HbqN0aoNI/kgxnH6Ie0L3mPM2qs5Lvkijx1rklbIPE6xZJbdmcgy8TLSAkyVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2ns6Mn5MQqXdKLlC1pyEz9PZHSUOtxGNjOkJqBXvSm4n9eKzG9Sz/lMk4MSjZf1EsEMRGZJkC6XCEzYmwJZYrbWwkbUEWZsTkVbAje4svLpH5W9tyyd39eqtxkceThCI7hFDy4gArcQRVqwOARnuEV3pyR8+K8Ox/z1pyTzRzCHzifPx+zkF4=</latexit>

4-mom of nucleus

4-mom of nucleon

P
<latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit><latexit sha1_base64="4fLVmpxMEsUPMXRqkFcV8/BKs8E=">AAAB6HicbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph07mYSZiVBCv8CNC0Xc+knu/BsnbRbaemDgcM65zL0nSATXxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WBym/vdJ1Sax/LeTBP0IzqSPOSMGiu1mg/Vmlt35yCrxCtIDQrY/NdgGLM0QmmYoFr3PTcxfkaV4UzgrDJINSaUTegI+5ZKGqH2s/miM3JmlSEJY2WfNGSu/p7IaKT1NApsMqJmrJe9XPzP66cmvPYzLpPUoGSLj8JUEBOT/Goy5AqZEVNLKFPc7krYmCrKjO2mYkvwlk9eJZ2LuufWvdZlrXFT1FGGEziFc/DgChpwB01oAwOEZ3iFN+fReXHenY9FtOQUM8fwB87nD6mZjNQ=</latexit>

p
<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

Wµ⌫(p, q) = �W1(gµ⌫ � qµq⌫
q2

) +
W2

M2
(pµ � p · q

q2
qµ) · (p⌫ � p · q

q2
q⌫)

<latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit><latexit sha1_base64="quwPA5jq7gopgDYgtqaWqKDDDBI="></latexit>
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DIS with nuclei
Similarly to the DIS on nucleons the information about the nuclear structure is 

encoded in the hadronic tensor.


Number of independent structure functions depend on the spin of nucleus, which can 
be measured in the polarized DIS. Here we focus on the unpolarized case.

Typically the dependence is on Bjorken x on a single nucleon:

FA
1,2(x,Q

2)
<latexit sha1_base64="fqkpYm4BCjTyXAaPgRF8fwgv1jw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIEMJuEPQYFcRjAuYByWaZnUySIbMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vIgzqSzr21hZXVvf2MxsZbd3dvf2zdxBQ4axILROQh6Klocl5SygdcUUp61IUOx7nDa90fXUb95TIVkY3KlxRB0fDwLWZwQrLblm7sZN7GJ50r1EhcdirVs+dc28VbJmQMvETkkeUlRd86vTC0ns00ARjqVs21aknAQLxQink2wnljTCZIQHtK1pgH0qnWR2+gSdaKWH+qHQFSg0U39PJNiXcux7utPHaigXvan4n9eOVf/CSVgQxYoGZL6oH3OkQjTNAfWYoETxsSaYCKZvRWSIBSZKp5XVIdiLLy+TRrlkWyW7dpavXKVxZOAIjqEANpxDBW6hCnUg8ADP8ApvxpPxYrwbH/PWFSOdOYQ/MD5/AFTlkhY=</latexit><latexit sha1_base64="fqkpYm4BCjTyXAaPgRF8fwgv1jw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIEMJuEPQYFcRjAuYByWaZnUySIbMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vIgzqSzr21hZXVvf2MxsZbd3dvf2zdxBQ4axILROQh6Klocl5SygdcUUp61IUOx7nDa90fXUb95TIVkY3KlxRB0fDwLWZwQrLblm7sZN7GJ50r1EhcdirVs+dc28VbJmQMvETkkeUlRd86vTC0ns00ARjqVs21aknAQLxQink2wnljTCZIQHtK1pgH0qnWR2+gSdaKWH+qHQFSg0U39PJNiXcux7utPHaigXvan4n9eOVf/CSVgQxYoGZL6oH3OkQjTNAfWYoETxsSaYCKZvRWSIBSZKp5XVIdiLLy+TRrlkWyW7dpavXKVxZOAIjqEANpxDBW6hCnUg8ADP8ApvxpPxYrwbH/PWFSOdOYQ/MD5/AFTlkhY=</latexit><latexit sha1_base64="fqkpYm4BCjTyXAaPgRF8fwgv1jw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIEMJuEPQYFcRjAuYByWaZnUySIbMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vIgzqSzr21hZXVvf2MxsZbd3dvf2zdxBQ4axILROQh6Klocl5SygdcUUp61IUOx7nDa90fXUb95TIVkY3KlxRB0fDwLWZwQrLblm7sZN7GJ50r1EhcdirVs+dc28VbJmQMvETkkeUlRd86vTC0ns00ARjqVs21aknAQLxQink2wnljTCZIQHtK1pgH0qnWR2+gSdaKWH+qHQFSg0U39PJNiXcux7utPHaigXvan4n9eOVf/CSVgQxYoGZL6oH3OkQjTNAfWYoETxsSaYCKZvRWSIBSZKp5XVIdiLLy+TRrlkWyW7dpavXKVxZOAIjqEANpxDBW6hCnUg8ADP8ApvxpPxYrwbH/PWFSOdOYQ/MD5/AFTlkhY=</latexit><latexit sha1_base64="fqkpYm4BCjTyXAaPgRF8fwgv1jw=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0GIEMJuEPQYFcRjAuYByWaZnUySIbMPZmbVsOZTvHhQxKtf4s2/cZLsQRMLGoqqbrq7vIgzqSzr21hZXVvf2MxsZbd3dvf2zdxBQ4axILROQh6Klocl5SygdcUUp61IUOx7nDa90fXUb95TIVkY3KlxRB0fDwLWZwQrLblm7sZN7GJ50r1EhcdirVs+dc28VbJmQMvETkkeUlRd86vTC0ns00ARjqVs21aknAQLxQink2wnljTCZIQHtK1pgH0qnWR2+gSdaKWH+qHQFSg0U39PJNiXcux7utPHaigXvan4n9eOVf/CSVgQxYoGZL6oH3OkQjTNAfWYoETxsSaYCKZvRWSIBSZKp5XVIdiLLy+TRrlkWyW7dpavXKVxZOAIjqEANpxDBW6hCnUg8ADP8ApvxpPxYrwbH/PWFSOdOYQ/MD5/AFTlkhY=</latexit>

Note that: 0 < x  A
<latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit><latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit><latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit><latexit sha1_base64="2dlkxUEgYQJnCH4LmuXUm9hulUg=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp0IWlhEbSwjmA9IjrC3mUuW7O2du3tiOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMCxLBtXHdb2dpeWV1bb2wUdzc2t7ZLe3tN3ScKoZ1FotYtQKqUXCJdcONwFaikEaBwGYwvJn4zUdUmsfy3owS9CPalzzkjBortdzLp45ActUtld2KOwVZJF5OypCj1i19dXoxSyOUhgmqddtzE+NnVBnOBI6LnVRjQtmQ9rFtqaQRaj+b3jsmx1bpkTBWtqQhU/X3REYjrUdRYDsjagZ63puI/3nt1IQXfsZlkhqUbLYoTAUxMZk8T3pcITNiZAllittbCRtQRZmxERVtCN78y4ukcVrx3Ip3d1auXudxFOAQjuAEPDiHKtxCDerAQMAzvMKb8+C8OO/Ox6x1yclnDuAPnM8f8HGPPA==</latexit>

x =
Q2

2p · q = xAA
<latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit><latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit><latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit><latexit sha1_base64="ZL/SMyc61ptBl4gQIj+VaSiq3hs=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUmKoJtCqxuXLdgHNDFMJpN26OThzERaQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d573JhRIQ3jWyusrK6tbxQ3S1vbO7t7+v5BR0QJx6SNIxbxnosEYTQkbUklI72YExS4jHTd0fXU7z4QLmgU3spJTOwADULqU4ykkhz9eFyzfI5w2rqrZmk1trAXSXifwRocOw3YcPSyUTFmgMvEzEkZ5Gg6+pflRTgJSCgxQ0L0TSOWdoq4pJiRrGQlgsQIj9CA9BUNUUCEnc4eyeCpUjzoR1xVKOFM/T2RokCISeCqzgDJoVj0puJ/Xj+R/qWd0jBOJAnxfJGfMCgjOE0FepQTLNlEEYQ5VbdCPEQqF6myK6kQzMWXl0mnWjGNitk6L9ev8jiK4AicgDNgggtQBzegCdoAg0fwDF7Bm/akvWjv2se8taDlM4fgD7TPH9tLmI4=</latexit>

FA
1,2(xA, Q

2)
<latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="qBohnflA4coSt5+jFHEu1GbqyBg=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiVChlphtdWgRx2YJ9QDsdMmmmDc1khiQjlqH+FTcuFPHPuPPfmD4W2nog8HFOwr05QcKZ0o7zbW1sbm3v7Ob28vuFg8Mj+7jQUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp3l7UcqFYvFg54k1IvwULCQEayN5dund37mlqvTfg2VnvxaudGvXvp20ak4c6F1cJdQhKXqvv3VG8QkjajQhGOluq6TaC/DUjPC6TTfSxVNMBnjIe0aFDiiysvmy0/RhXEGKIylOUKjufv7RYYjpSZRYG5GWI/UajYz/8u6qQ6vvYyJJNVUkMWgMOVIx2jWBBowSYnmEwOYSGZ2RWSEJSba9JU3JbirX16HVrXiOhW34UAOzuAcSuDCFdzAPdShCQQm8AJv8G49W6/Wx6KuDWvZ2wn8kfX5A0tpkWM=</latexit><latexit sha1_base64="qBohnflA4coSt5+jFHEu1GbqyBg=">AAAB8XicbZBLSwMxFIXv+Ky16qhLN8EiVChlphtdWgRx2YJ9QDsdMmmmDc1khiQjlqH+FTcuFPHPuPPfmD4W2nog8HFOwr05QcKZ0o7zbW1sbm3v7Ob28vuFg8Mj+7jQUnEqCW2SmMeyE2BFORO0qZnmtJNIiqOA03Ywvp3l7UcqFYvFg54k1IvwULCQEayN5dund37mlqvTfg2VnvxaudGvXvp20ak4c6F1cJdQhKXqvv3VG8QkjajQhGOluq6TaC/DUjPC6TTfSxVNMBnjIe0aFDiiysvmy0/RhXEGKIylOUKjufv7RYYjpSZRYG5GWI/UajYz/8u6qQ6vvYyJJNVUkMWgMOVIx2jWBBowSYnmEwOYSGZ2RWSEJSba9JU3JbirX16HVrXiOhW34UAOzuAcSuDCFdzAPdShCQQm8AJv8G49W6/Wx6KuDWvZ2wn8kfX5A0tpkWM=</latexit><latexit sha1_base64="cxfySt/dUmrZWmSOsWhi2LZMOdk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQoZSkG122CuKyBfuANg2T6aQdOpmEmYkYQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee7yIUaks69vIbWxube/kdwt7+weHR+bxSUeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63vRm7ncfiJA05PcqiYgToDGnPsVIack1i7dualdqs2EDlh/dRqU1rF24ZsmqWgvAdWJnpAQyNF3zazAKcRwQrjBDUvZtK1JOioSimJFZYRBLEiE8RWPS15SjgEgnXRw/g+daGUE/FLq4ggv190SKAimTwNOdAVITuerNxf+8fqz8KyelPIoV4Xi5yI8ZVCGcJwFHVBCsWKIJwoLqWyGeIIGw0nkVdAj26svrpFOr2lbVblml+nUWRx6cgjNQBja4BHVwB5qgDTBIwDN4BW/Gk/FivBsfy9ackc0UwR8Ynz+bEZLG</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit><latexit sha1_base64="hiUgRuw6nZX4fbcD8z2QL4aedWI=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBEqlJIUQZetgrhswT6gTcNkOmmHTiZhZiKGUH/FjQtF3Poh7vwbp20W2nrgwuGce7n3Hi9iVCrL+jbW1jc2t7ZzO/ndvf2DQ/PouC3DWGDSwiELRddDkjDKSUtRxUg3EgQFHiMdb3Iz8zsPREga8nuVRMQJ0IhTn2KktOSahVs3tcvV6aAOS49uvdwcVM9ds2hVrDngKrEzUgQZGq751R+GOA4IV5ghKXu2FSknRUJRzMg0348liRCeoBHpacpRQKSTzo+fwjOtDKEfCl1cwbn6eyJFgZRJ4OnOAKmxXPZm4n9eL1b+lZNSHsWKcLxY5McMqhDOkoBDKghWLNEEYUH1rRCPkUBY6bzyOgR7+eVV0q5WbKtiNy+Ktessjhw4AaegBGxwCWrgDjRAC2CQgGfwCt6MJ+PFeDc+Fq1rRjZTAH9gfP4AnFGSyg==</latexit>

Nuclear structure functions:

xA =
Q2

2P · q
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Figure 2.1. The coverage in the (x,Q2
) kinematic plane of the 8 TeV ATLAS photon measurements

(using LO kinematics), compared to the dataset used in the global NNPDF3.1 fit.

photon data probes a (x,Q2
) region only partly covered by other experiments; specifically the

medium-x range for over two orders of magnitude in Q2. Therefore including the photon data
allows one to constrain a new kinematic region beyond the range of previous PDF fits.

Concerning the ATLAS 13 TeV measurements, the data is presented in the same format as
at 8 TeV and covers a E�

T range between 125 < E�
T < 1500 GeV, for a total of Ndat = 53

datapoints. The covariance matrix is constructed in the same way as for the 8 TeV data, namely
by adding statistical and total systematic uncertainties in quadrature, and treating the luminosity
uncertainty as fully correlated among all the bins.

In order to distinguish prompt photons (produced in the hard-scattering process) from sec-
ondary photons (which occur copiously in decays of hadrons) the experimental analyses apply
isolation criteria to the measured photons. Since secondary photons are predominantly associ-
ated with a large amount of hadronic activity, the experiments restrict the hadronic radiation
that is present in a cone around the photon candidate. The isolation requirement used in the
ATLAS analysis is E�

T -dependent, optimised to obtain the best signal-to-background ratio. The
additional advantage of the relatively tight isolation applied by ATLAS is that it significantly
reduces the contribution from prompt photons which are produced in the fragmentation of a
hard parton. These contributions also have significant hadronic activity near the photon and are
hence suppressed by the isolation condition.

3 Theoretical setup

In this section we outline the NNLO QCD and LL electroweak calculations that are used to
compare with the ATLAS direct photon production data. We also describe the settings adopted
in the calculation of the NLO QCD predictions, in particular the fast NLO APPLgrid interpola-
tion [54] that is required to include the photon data in the global analysis.

As discussed in the introduction, direct photon production in hadronic collisions can proceed
via two different types of processes. The photon can either be directly emitted as part of the
hard-scattering interaction, as in Fig. 1.1, or alternatively can be produced via the collinear
fragmentation of a parton. Taking into account these two contributions, the differential cross-
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T < 1500 GeV, for a total of Ndat = 53

datapoints. The covariance matrix is constructed in the same way as for the 8 TeV data, namely
by adding statistical and total systematic uncertainties in quadrature, and treating the luminosity
uncertainty as fully correlated among all the bins.

In order to distinguish prompt photons (produced in the hard-scattering process) from sec-
ondary photons (which occur copiously in decays of hadrons) the experimental analyses apply
isolation criteria to the measured photons. Since secondary photons are predominantly associ-
ated with a large amount of hadronic activity, the experiments restrict the hadronic radiation
that is present in a cone around the photon candidate. The isolation requirement used in the
ATLAS analysis is E�

T -dependent, optimised to obtain the best signal-to-background ratio. The
additional advantage of the relatively tight isolation applied by ATLAS is that it significantly
reduces the contribution from prompt photons which are produced in the fragmentation of a
hard parton. These contributions also have significant hadronic activity near the photon and are
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Nuclear shadowing 2

1. Introduction

The fact that nuclear structure functions in nuclei are different from the superposition

of those of their constituents nucleons is a well known phenomenon since the early

seventies, see references in the reviews [1, 2]. For example, for F2 the nuclear ratio is
defined as the nuclear structure function per nucleon divided by the nucleon structure

function,

RA
F2

(x, Q2) =
F A

2 (x, Q2)

A F nucleon
2 (x, Q2)

. (1)

Here‡, A is the nuclear mass number (number of nucleons in the nucleus). The variables
x and Q2 are defined as usually in leptoproduction or deep inelastic scattering (DIS)

experiments: in the scattering of a lepton with four-momentum k on a nucleus with four-

momentum Ap mediated by photon exchange (the dominant process at Q2 ≪ m2
Z0 , m2

W

where most nuclear data exist),

l(k) + A(Ap) −→ l(k′) + X(Ap′),

q = k − k′, W 2 = (q + p)2, x =
−q2

2p · q
=

−q2

W 2 − q2 − m2
nucleon

, (2)

see Fig. 1. The variable x has the meaning of the momentum fraction of the nucleon in
the nucleus carried by the parton with which the photon has interacted. Q2 = −q2 > 0

represents the squared inverse resolution of the photon as a probe of the nuclear content.

And W 2 is the center-of-mass-system energy of the virtual photon-nucleon collision

(lepton masses have been neglected and mnucleon is the nucleon mass), see e.g. [3] for full

explanations. The nucleon structure function is usually defined through measurements

on deuterium, F nucleon
2 = F deuterium

2 /2, assuming nuclear effects in deuterium to be
negligible.

The behaviour of RA
F2

(x, Q2) as a function of x for a given fixed Q2 is shown

schematically in Fig. 2. It can be divided into four regions§:

• RA
F2

> 1 for x ! 0.8: the Fermi motion region.

• RA
F2

< 1 for 0.25 ÷ 0.3 " x " 0.8: the EMC region (EMC stands for European

Muon Collaboration).

• RA
F2

> 1 for 0.1 " x " 0.25 ÷ 0.3: the antishadowing region.

• RA
F2

< 1 for x " 0.1: the shadowing region.

This review will be focused in the small x region i.e. that of shadowing, see [1, 2]

for discussions on the other regions∥. The most recent experimental data [4, 5, 6, 7, 8, 9]

‡ Sometimes the ratio of nuclear ratios is used e.g. R(A/B) = RA
F2

/RB
F2

.
§ Note that the deviation of the nuclear F2-ratios from one in all four regions of x, is sometimes referred
to as the EMC effect. I use this notation only for the depletion observed for 0.25 ÷ 0.3 " x " 0.8.
∥ The region of Fermi motion is explained by the Fermi motion of the nucleons. For the EMC region
there exist several explanations: nuclear binding, pion exchange, a change in the nucleon radius,. . . The
antishadowing region is usually discussed as coming from the application of sum rules for momentum,
baryon number,. . .
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(see [1, 2, 10, 11, 12] for previous experimental results), confined to a limited region of
not very low x and small or moderate Q2 (and with a strong kinematical correlation

between small x and small Q2, see Fig. 3), indicate that: i) shadowing increases with

decreasing x, though at the smallest available values of x the behaviour is compatible

with either a saturation or a mild decrease [8]; ii) shadowing increases with the mass

number of the nucleus [6]; and iii) shadowing decreases with increasing Q2 [7]. On

the other hand, the existing experimental data do not allow a determination of the
dependence of shadowing on the centrality of the collision.

In the region of small x, partonic distributions are dominated by sea quarks and

gluons. Thus isospin effects, partially corrected in practice by the use of deuterium as
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(see [1, 2, 10, 11, 12] for previous experimental results), confined to a limited region of
not very low x and small or moderate Q2 (and with a strong kinematical correlation

between small x and small Q2, see Fig. 3), indicate that: i) shadowing increases with

decreasing x, though at the smallest available values of x the behaviour is compatible

with either a saturation or a mild decrease [8]; ii) shadowing increases with the mass

number of the nucleus [6]; and iii) shadowing decreases with increasing Q2 [7]. On

the other hand, the existing experimental data do not allow a determination of the
dependence of shadowing on the centrality of the collision.

In the region of small x, partonic distributions are dominated by sea quarks and

gluons. Thus isospin effects, partially corrected in practice by the use of deuterium as
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−q2

2p · q
=

−q2

W 2 − q2 − m2
nucleon

, (2)

see Fig. 1. The variable x has the meaning of the momentum fraction of the nucleon in
the nucleus carried by the parton with which the photon has interacted. Q2 = −q2 > 0

represents the squared inverse resolution of the photon as a probe of the nuclear content.

And W 2 is the center-of-mass-system energy of the virtual photon-nucleon collision

(lepton masses have been neglected and mnucleon is the nucleon mass), see e.g. [3] for full

explanations. The nucleon structure function is usually defined through measurements

on deuterium, F nucleon
2 = F deuterium

2 /2, assuming nuclear effects in deuterium to be
negligible.

The behaviour of RA
F2

(x, Q2) as a function of x for a given fixed Q2 is shown

schematically in Fig. 2. It can be divided into four regions§:

• RA
F2

> 1 for x ! 0.8: the Fermi motion region.

• RA
F2

< 1 for 0.25 ÷ 0.3 " x " 0.8: the EMC region (EMC stands for European

Muon Collaboration).

• RA
F2

> 1 for 0.1 " x " 0.25 ÷ 0.3: the antishadowing region.

• RA
F2

< 1 for x " 0.1: the shadowing region.

This review will be focused in the small x region i.e. that of shadowing, see [1, 2]

for discussions on the other regions∥. The most recent experimental data [4, 5, 6, 7, 8, 9]

‡ Sometimes the ratio of nuclear ratios is used e.g. R(A/B) = RA
F2

/RB
F2

.
§ Note that the deviation of the nuclear F2-ratios from one in all four regions of x, is sometimes referred
to as the EMC effect. I use this notation only for the depletion observed for 0.25 ÷ 0.3 " x " 0.8.
∥ The region of Fermi motion is explained by the Fermi motion of the nucleons. For the EMC region
there exist several explanations: nuclear binding, pion exchange, a change in the nucleon radius,. . . The
antishadowing region is usually discussed as coming from the application of sum rules for momentum,
baryon number,. . .
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(see [1, 2, 10, 11, 12] for previous experimental results), confined to a limited region of
not very low x and small or moderate Q2 (and with a strong kinematical correlation

between small x and small Q2, see Fig. 3), indicate that: i) shadowing increases with

decreasing x, though at the smallest available values of x the behaviour is compatible

with either a saturation or a mild decrease [8]; ii) shadowing increases with the mass

number of the nucleus [6]; and iii) shadowing decreases with increasing Q2 [7]. On

the other hand, the existing experimental data do not allow a determination of the
dependence of shadowing on the centrality of the collision.

In the region of small x, partonic distributions are dominated by sea quarks and

gluons. Thus isospin effects, partially corrected in practice by the use of deuterium as
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1. Introduction

The fact that nuclear structure functions in nuclei are different from the superposition

of those of their constituents nucleons is a well known phenomenon since the early

seventies, see references in the reviews [1, 2]. For example, for F2 the nuclear ratio is
defined as the nuclear structure function per nucleon divided by the nucleon structure

function,

RA
F2

(x, Q2) =
F A

2 (x, Q2)

A F nucleon
2 (x, Q2)

. (1)

Here‡, A is the nuclear mass number (number of nucleons in the nucleus). The variables
x and Q2 are defined as usually in leptoproduction or deep inelastic scattering (DIS)

experiments: in the scattering of a lepton with four-momentum k on a nucleus with four-

momentum Ap mediated by photon exchange (the dominant process at Q2 ≪ m2
Z0 , m2

W

where most nuclear data exist),

l(k) + A(Ap) −→ l(k′) + X(Ap′),

q = k − k′, W 2 = (q + p)2, x =
−q2

2p · q
=

−q2

W 2 − q2 − m2
nucleon

, (2)

see Fig. 1. The variable x has the meaning of the momentum fraction of the nucleon in
the nucleus carried by the parton with which the photon has interacted. Q2 = −q2 > 0

represents the squared inverse resolution of the photon as a probe of the nuclear content.

And W 2 is the center-of-mass-system energy of the virtual photon-nucleon collision

(lepton masses have been neglected and mnucleon is the nucleon mass), see e.g. [3] for full

explanations. The nucleon structure function is usually defined through measurements

on deuterium, F nucleon
2 = F deuterium

2 /2, assuming nuclear effects in deuterium to be
negligible.

The behaviour of RA
F2

(x, Q2) as a function of x for a given fixed Q2 is shown

schematically in Fig. 2. It can be divided into four regions§:

• RA
F2

> 1 for x ! 0.8: the Fermi motion region.

• RA
F2

< 1 for 0.25 ÷ 0.3 " x " 0.8: the EMC region (EMC stands for European

Muon Collaboration).

• RA
F2

> 1 for 0.1 " x " 0.25 ÷ 0.3: the antishadowing region.

• RA
F2

< 1 for x " 0.1: the shadowing region.

This review will be focused in the small x region i.e. that of shadowing, see [1, 2]

for discussions on the other regions∥. The most recent experimental data [4, 5, 6, 7, 8, 9]

‡ Sometimes the ratio of nuclear ratios is used e.g. R(A/B) = RA
F2

/RB
F2

.
§ Note that the deviation of the nuclear F2-ratios from one in all four regions of x, is sometimes referred
to as the EMC effect. I use this notation only for the depletion observed for 0.25 ÷ 0.3 " x " 0.8.
∥ The region of Fermi motion is explained by the Fermi motion of the nucleons. For the EMC region
there exist several explanations: nuclear binding, pion exchange, a change in the nucleon radius,. . . The
antishadowing region is usually discussed as coming from the application of sum rules for momentum,
baryon number,. . .
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not very low x and small or moderate Q2 (and with a strong kinematical correlation

between small x and small Q2, see Fig. 3), indicate that: i) shadowing increases with

decreasing x, though at the smallest available values of x the behaviour is compatible

with either a saturation or a mild decrease [8]; ii) shadowing increases with the mass

number of the nucleus [6]; and iii) shadowing decreases with increasing Q2 [7]. On

the other hand, the existing experimental data do not allow a determination of the
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see Fig. 1. The variable x has the meaning of the momentum fraction of the nucleon in
the nucleus carried by the parton with which the photon has interacted. Q2 = −q2 > 0

represents the squared inverse resolution of the photon as a probe of the nuclear content.

And W 2 is the center-of-mass-system energy of the virtual photon-nucleon collision

(lepton masses have been neglected and mnucleon is the nucleon mass), see e.g. [3] for full

explanations. The nucleon structure function is usually defined through measurements

on deuterium, F nucleon
2 = F deuterium

2 /2, assuming nuclear effects in deuterium to be
negligible.
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(x, Q2) as a function of x for a given fixed Q2 is shown

schematically in Fig. 2. It can be divided into four regions§:
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< 1 for 0.25 ÷ 0.3 " x " 0.8: the EMC region (EMC stands for European

Muon Collaboration).
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> 1 for 0.1 " x " 0.25 ÷ 0.3: the antishadowing region.
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This review will be focused in the small x region i.e. that of shadowing, see [1, 2]

for discussions on the other regions∥. The most recent experimental data [4, 5, 6, 7, 8, 9]

‡ Sometimes the ratio of nuclear ratios is used e.g. R(A/B) = RA
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.
§ Note that the deviation of the nuclear F2-ratios from one in all four regions of x, is sometimes referred
to as the EMC effect. I use this notation only for the depletion observed for 0.25 ÷ 0.3 " x " 0.8.
∥ The region of Fermi motion is explained by the Fermi motion of the nucleons. For the EMC region
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decreasing x, though at the smallest available values of x the behaviour is compatible

with either a saturation or a mild decrease [8]; ii) shadowing increases with the mass

number of the nucleus [6]; and iii) shadowing decreases with increasing Q2 [7]. On

the other hand, the existing experimental data do not allow a determination of the
dependence of shadowing on the centrality of the collision.
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Fig. 3.1. The structure function ratio FA
2 /F d

2 for 40Ca and 56Fe. The data are taken from NMC
[71], SLAC [72], and BCDMS [73].

Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small
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✦ Fermi motion:  ratio >1 for x>0.8. 
Due to motion of bound nucleons 
inside the nucleus.
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Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
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2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.
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Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA
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2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe
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2 [76] down
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✦ EMC region: EMC collaboration 
discovered large deviation of the 
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0.3<x<0.8. Usually referred as the 
EMC effect. There exist several 
explanations. Mean field 
modification: nucleon structure  is 
modified by presence of nuclear 
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are not modified but some 
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(about 20%).
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Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small

30



Nuclear structure function

!39

●  

■  

▲  

▼  

Ca, SLAC
Ca, NMC
Fe, SLAC
Fe, BCDMS

F2
A

F2
d

x
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2 for 40Ca and 56Fe. The data are taken from NMC
[71], SLAC [72], and BCDMS [73].

Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small

30



Nuclear structure function

!39

●  

■  

▲  

▼  

Ca, SLAC
Ca, NMC
Fe, SLAC
Fe, BCDMS

F2
A

F2
d

x
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2 /F d

2 for 40Ca and 56Fe. The data are taken from NMC
[71], SLAC [72], and BCDMS [73].

Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small
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[71], SLAC [72], and BCDMS [73].

Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
FA

2 /F d
2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
regions with characteristic nuclear effects can be identified: at x < 0.1 one observes a
systematic reduction of FA

2 /F d
2 , the so-called nuclear shadowing. A small enhancement is

seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.

• Shadowing region
Measurements of E665 [76,77,78] at Fermilab and NMC [71,75,79,80,81,82] at CERN
provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small
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Figure 3.1 presents a compilation of data for the structure function ratio FA
2 /F d

2 over
the range 0 ≤ x ≤ 1. Here FA

2 is the structure function per nucleon of a nucleus with
mass number A, and F d

2 refers to deuterium. In the absence of nuclear effects the ratios
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2 are thus normalized to one. Neglecting small nuclear effects in the deuteron, F d

2 can
approximately stand for the isospin averaged nucleon structure function, FN

2 . However, the
more detailed analysis must include two-nucleon effects in the deuteron. Several distinct
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systematic reduction of FA
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seen at 0.1 < x < 0.2. The dip at 0.3 < x < 0.8 is often referred to as the traditional
“EMC effect”. For x > 0.8 the observed enhancement of the nuclear structure function is
associated with nuclear Fermi motion. Finally, note again that nuclear structure functions
can extend beyond x = 1, the kinematic limit for scattering from free nucleons.
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provide detailed and systematic information about the x- and A-dependence of the
structure function ratios FA

2 /F d
2 . Nuclear targets ranging from He to Pb have been

used. A sample of data for several nuclei is shown in Fig.3.2. While most experiments
cover the region x > 10−4, the E665 collaboration provides data for FXe

2 /F d
2 [76] down

to x ≃ 2 · 10−5. Given the kinematic constraints in fixed target experiments, the small
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✦ Antishadowing: Ratio > 1 for 
0.1<x<0.3. Momentum sum rule (?)

✦ Shadowing: ratio < 1 for small x, 
x<0.1.

We shall focus here on the physics of shadowing since it is small x phenomenon
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the approach in [99]. The (x, Q2) correlation of the experimental points is taken into
account in the theoretical results shown here, as it was in those in Fig. 8. [Figure taken
from [54].]

the nuclear size appears as an additional variable. Then these initial conditions are

evolved through the DGLAP equations towards larger values of Q2 and compared with

experimental data. From this comparison the initial parametrizations are adjusted.
Different approaches differ in several details, see [17]:

• The form of the parametrizations at the initial scale. For example, in [99, 103]
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• The form of the parametrizations at the initial scale. For example, in [99, 103]

What the nuclear data tell us about shadowing?

x-region has been explored at low Q2 only. For example, at x ≃ 5 · 10−3 the typical
momentum transfers are Q2 ≃ 1 GeV2 [75]. At extremely small values, x ≃ 6 · 10−5,
one has Q2 ≃ 0.03 GeV2 [76].

In the region 5 · 10−3 < x < 0.1 the structure function ratios systematically decrease
with decreasing x. At still smaller x one enters the range of small momentum transfers,
Q2 ≃ 0.5 GeV2, approaching the limit of high-energy photon-nucleus interactions with
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Fig. 3.2. (a) NMC data [71] for the structure function ratio FA
2 /F d

2 for 4He, 12C, and 40Ca. (b)
The ratio FA

2 /F d
2 for 6Li, 12C [75], and 131Xe [76].
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Approaches to nuclear 
shadowing

!41

The usual approach to nuclear shadowing is based on multiple scattering.

Models differ significantly.


Glauber rescattering.


Gribov shadowing: relation to diffraction.


High energy approaches: parton saturation.


✦There are also approaches which do not try to provide physical explanation of shadowing but 
rather are based on parametrization.


✦DGLAP fits to nuclear structure functions resulting in nuclear PDFs similar in spirit to the 
parametrization of proton PDFs.


✦The idea behind is that nuclear effects are of non-perturbative origin which needs to be 
parametrized but at high Q2 the DIS on nuclei is fundamentally the same as the DIS on a proton.

Fi(x,Q
2) =

X

j

Z 1

x
dy Cj

i (x/y,Q
2,↵s) fj(y,Q

2) +O(
⇤2

Q2
)
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Obeys DGLAP evolution
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f

p
i (x,Q

2) as

f
p/A
i (x,Q2) = R

A
i (x,Q

2)fp
i (x,Q

2), (1)

where R
A
i (x,Q

2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R

A
i (x,Q

2
0) at the parametrization scale

Q
2
0, illustrated in Fig. 1, is also largely inherited from

our earlier analyses [15,17,29,30],

R
A
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8
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(2)

where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that

2See Ref. [56] for a study experimenting with a more flexible
fit function at small x.
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matic coverage of the fixed-target data and the fact that
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cant simplifying assumptions had to be made e.g. with
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The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
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[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
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To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
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has been demonstrated [39,40] that problems appear
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New data from the LHC 2013 p-Pb run have grad-
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PDFs has been studied [36,41] in the context of PDF
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data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which
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are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
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work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f

p
i (x,Q

2) as

f
p/A
i (x,Q2) = R

A
i (x,Q

2)fp
i (x,Q

2), (1)

where R
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2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R
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where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that

2See Ref. [56] for a study experimenting with a more flexible
fit function at small x.
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f
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where R
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i (x,Q

2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R

A
i (x,Q
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where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that
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fit function at small x.
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f
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where R
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2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R

A
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where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that

2See Ref. [56] for a study experimenting with a more flexible
fit function at small x.
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
f
p/A
i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f
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where R
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2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R
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where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that
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fit function at small x.
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[24]) perturbative QCD.1 For the rather limited kine-
matic coverage of the fixed-target data and the fact that
only two types of data were used in these fits, signifi-
cant simplifying assumptions had to be made e.g. with
respect to the flavour dependence of the nuclear e↵ects.
The constraints on the gluon distribution are also weak
in these analyses, and it is only along with the RHIC
pion data [28] that an observable carrying direct infor-
mation on the nuclear gluons has been added to the
global fits — first in EPS08 [29] and EPS09 [30], later
in DSSZ [31] and nCTEQ15 [32]. The interpretation of
the RHIC pion production data is not, however, entirely
unambiguous as the parton-to-pion fragmentation func-
tions (FFs) may as well undergo a nuclear modification
[33]. This approach was adopted in the DSSZ fit, and
consequently their gluons show clearly weaker nuclear
e↵ects than in EPS09 (and nCTEQ15) where the FFs
were considered to be free from nuclear modifications.
To break the tie, more data and new observables were
called for. To this end, the recent LHC dijet measure-
ments [34] from pPb collisions have been most essential
as a consistent description of these data is obtained with
EPS09 and nCTEQ15 but not with DSSZ [35,36].

Another observable that has caused some contro-
versy and debate during the past years is the neutrino-
nucleus DIS. It has been claimed [37] (see also Ref. [38])
that the nuclear PDFs required to correctly describe
neutrino data are di↵erent than those optimal for the
charged-lepton induced DIS measurements. However, it
has been demonstrated [39,40] that problems appear
only in the case of one single data set and, furthermore,
that it seems to be largely a normalization issue (which
could e.g. be related to the incident neutrino flux which
is model-dependent). The neutrino data were also used
in the DSSZ fit without visible di�culties.

New data from the LHC 2013 p-Pb run have grad-
ually become available and their impact on the nuclear
PDFs has been studied [36,41] in the context of PDF
reweighting [42]. Apart from the aforementioned dijet
data [34] which will e.g. require a complete renovation
of the DSSZ approach, the available W [43,44] and Z
[45,46] data were found to have only a rather mild e↵ect
mainly for the limited statistical precision of the data.
However, the analysis of Ref. [36] used only nuclear
PDFs (EPS09, DSSZ) in which flavour-independent va-
lence and light sea quark distributions were assumed at
the parametrization scale. Thus, it could not reveal the
possible constraints that these electroweak observables
could have for a particular quark flavour. On the other
hand, the analysis of Ref. [41] involves some flavour de-
pendence but the usage of absolute cross sections which

1For studies addressing origins of the nuclear e↵ects, see e.g.
Refs. [25,26,27].

are sensitive to the free proton baseline PDFs compli-
cates the interpretation of the results.

In the present paper, we update the EPS09 analysis
by adding a wealth of new data from neutrino DIS [47],
pion-nucleus DY process [48,49,50], and especially LHC
pPb dijet [34], Z [45,46] and W [43] production. By this,
we take the global nuclear PDF fits onto a completely
new level in the variety of data types. In addition, in
comparison to EPS09, a large part of the whole frame-
work is upgraded: we switch to a general-mass formal-
ism for the heavy quarks, relax the assumption of the
flavour independent nuclear modifications for quarks at
the parametrization scale, undo the isospin corrections
that some experiments had applied on their data, and
also importantly, we now assign no extra weights to any
of the data sets. In this updated analysis, we find no sig-
nificant tension between the data sets considered, which
lends support to the assumption of process-independent
nuclear PDFs in the studied kinematical region. The
result of the analysis presented in this paper is also
published as a new set of next-to-leading order (NLO)
nuclear PDFs, which we call EPPS16 and which super-
sedes our earlier set EPS09. The new EPPS16 set will
be available at [51].

2 Parametrization of nuclear PDFs

Similarly to our earlier works, the bound proton PDF
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i (x,Q2) for mass number A and parton species i is
defined relative to the free proton PDF f
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where R
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2) is the scale-dependent nuclear mod-
ification. Our free proton baseline is CT14NLO [52].
Consistently with this choice, our analysis here uses the
SACOT (simplified Aivazis-Collins-Olness-Tung) gener-
al-mass variable flavour number scheme [53,54,55] for
the DIS cross sections. The fit function for the nuclear
modifications R
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where ↵ = 10xa and the i and A dependencies of the
parameters on the r.h.s. are left implicit.2 The pur-
pose of the exponent ↵ is to avoid the “plateau” that
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
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A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)
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, (3)

where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,

f
n/A
u,u (x,Q2) = f

p/A

d,d
(x,Q2), (7)

f
n/A

d,d
(x,Q2) = f

p/A
u,u (x,Q2), (8)

f
n/A
i (x,Q2) = f

p/A
i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R
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0) and the EMC
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A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
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i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,
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Above the parametrization scale Q
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2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,
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(x,Q2), (7)
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i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been

3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4

10
-4

10
-3

10
-2

10
-1

1

antishadowing maximum

EMC minimum

small-x shadowing

xa xe

ye

ya

y0

EPPS16

x

R
A i
(
x
,Q

2 0
)

Fig. 1 Illustration of the EPPS16 fit function RA
i (x,Q2

0).

would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,
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i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
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tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
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where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
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separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
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i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,
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Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `
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A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been
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Fig. 1 Illustration of the EPPS16 fit function RA
i (x,Q2

0).

would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)

✓
A

Aref

◆�i[yi(Aref )�1]

, (3)

where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules

Z 1

0
dxf

p/A
uV

(x,Q2
0) = 2, (4)

Z 1

0
dxf

p/A
dV

(x,Q2
0) = 1, (5)

Z 1

0
dxx

X

i

f
p/A
i (x,Q2

0) = 1, (6)

separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,

f
n/A
u,u (x,Q2) = f

p/A

d,d
(x,Q2), (7)

f
n/A

d,d
(x,Q2) = f

p/A
u,u (x,Q2), (8)

f
n/A
i (x,Q2) = f

p/A
i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been

Valence quark sum rules

Momentum sum rule

Deuteron A=2 is assumed to be free from nuclear effects
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would otherwise (that is, if ↵ = 1) develop if xa < 0.1.
The coe�cients ai, bi, ci are fully determined by the
asymptotic small-x limit y0 = R

A
i (x ! 0, Q2

0), the an-
tishadowing maximum ya = R

A
i (xa, Q

2
0) and the EMC

minimum ye = R
A
i (xe, Q

2
0), as well as requiring con-

tinuity and vanishing first derivatives at the matching
points xa and xe. The A dependencies of y0, ya, ye are
parametrized as

yi(A) = yi(Aref)

✓
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Aref

◆�i[yi(Aref )�1]

, (3)

where �i � 0 and Aref = 12. By construction, the nu-
clear e↵ects (deviations from unity) are now larger for
heavier nuclei. Without the factor yi(Aref) � 1 in the
exponent one can more easily fall into a peculiar situa-
tion in which e.g. yi(Aref) < 1, but yi(A � Aref) > 1,
which seems physically unlikely. For the valence quarks
and gluons the values of y0 are determined by requiring
the sum rules

Z 1

0
dxf

p/A
uV

(x,Q2
0) = 2, (4)

Z 1

0
dxf

p/A
dV

(x,Q2
0) = 1, (5)

Z 1

0
dxx

X

i

f
p/A
i (x,Q2

0) = 1, (6)

separately for each nucleus and thus the A dependence
of these y0 is not parametrized. All other parameters
than y0, ya, ye are A-independent. In our present frame-
work we consider the deuteron (A = 2) to be free
from nuclear e↵ects though few-percent e↵ects at high
x are found e.g. in Ref. [57]. The bound neutron PDFs

f
n/A
i (x,Q2) are obtained from the bound proton PDFs

by assuming isospin symmetry,

f
n/A
u,u (x,Q2) = f

p/A

d,d
(x,Q2), (7)

f
n/A

d,d
(x,Q2) = f

p/A
u,u (x,Q2), (8)

f
n/A
i (x,Q2) = f

p/A
i (x,Q2) for other flavours. (9)

Above the parametrization scale Q
2
> Q

2
0 the nu-

clear PDFs are obtained by solving the DGLAP evo-
lution equations with 2-loop splitting functions [58,59].
We use our own DGLAP evolution code which is based
on the solution method described in Ref. [60] and also
explained and benchmarked in Ref. [61]. Our parametri-
zation scale Q

2
0 is fixed to the charm pole mass Q

2
0 =

m
2
c where mc = 1.3GeV. The bottom quark mass is

mb = 4.75GeV and the value of the strong coupling
constant is set by ↵s(MZ) = 0.118, where MZ is the
mass of the Z boson.

As is well known, at NLO and beyond the PDFs do
not need to be positive definite and we do not impose
such a restriction either. In fact, doing so would be ar-
tificial since the parametrization scale is, in principle,
arbitrary and positive definite PDFs, say, at Q

2
0 = m

2
c

may easily correspond to negative small-x PDFs at a
scale just slightly below Q

2
0. As we could have equally

well parametrized the PDFs at such a lower value of Q2
0,

we see that restricting the PDFs to be always positive
would be an unphysical requirement.

3 Experimental data

All the `�A DIS, pA DY and RHIC DAu pion data sets
we use in the present analysis are the same as in the
EPS09 fit. The only modification on this part is that we
now remove the isoscalar corrections of the EMC, NMC
and SLAC data (see the next subsection), which is im-
portant as we have freed the flavour dependence of the
quark nuclear modifications. The `

�
A DIS data (cross

sections or structure functions F2) are always normal-
ized by the `

�D measurements and, as in EPS09, the
only kinematic cut on these data is Q

2
> m

2
c . This

is somewhat lower than in typical free-proton fits and
the implicit assumption is (also in not setting a cut in
the mass of the hadronic final state) that the possi-
ble higher-twist e↵ects will cancel in ratios of structure
functions/cross sections. While potential signs of 1/Q2

e↵ects have been seen in the HERA data [62] already
around Q

2 = 10GeV2, these e↵ects occur at signifi-
cantly smaller x than what is the reach of the `�A DIS
data.

From the older measurements, also pion-nucleus DY
data from the NA3 [48], NA10 [49], and E615 [50] col-
laborations are now included. These data have been

Bound neutron PDFs are determined from bound proton PDFs through isospin symmetry.



Data used in EPPS16

✦ Fixed target eA DIS and pA Drell-Yan

✦ Neutrino data

✦ Pion data from dA

✦ LHC data from dijets and electroweak W,Z 
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.

14

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

x

x

x

x

x

x

R
C u
V
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

C d V
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

C u
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

C d
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

C s
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

C g
(
x
,Q

2
=
1
.6
9
G
e
V

2 )

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

x

x

x

x

x

x

R
C u
V
(
x
,Q

2
=
1
0
G
e
V

2 )
R

C d V
(
x
,Q

2
=
1
0
G
e
V

2 )
R

C u
(
x
,Q

2
=
1
0
G
e
V

2 )
R

C d
(
x
,Q

2
=
1
0
G
e
V

2 )
R

C s
(
x
,Q

2
=
1
0
G
e
V

2 )
R

C g
(
x
,Q

2
=
1
0
G
e
V

2 )

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

x

x

x

x

x

x

R
P
b

u
V
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

P
b

d V
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

P
b

u
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

P
b

d
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

P
b

s
(
x
,Q

2
=
1
.6
9
G
e
V

2 )
R

P
b

g
(
x
,Q

2
=
1
.6
9
G
e
V

2 )

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

EPPS16

x

x

x

x

x

x

R
P
b

u
V
(
x
,Q

2
=
1
0
G
e
V

2 )
R

P
b

d V
(
x
,Q

2
=
1
0
G
e
V

2 )
R

P
b

u
(
x
,Q

2
=
1
0
G
e
V

2 )
R

P
b

d
(
x
,Q

2
=
1
0
G
e
V

2 )
R

P
b

s
(
x
,Q

2
=
1
0
G
e
V

2 )
R

P
b

g
(
x
,Q

2
=
1
0
G
e
V

2 )

Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±

i [��2] of Eq. (52). The total uncertainties are shown as blue bands.
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Fig. 9 The EPPS16 nuclear modifications for Carbon (leftmost columns) and Lead (rightmost columns) at the parametrization
scale Q2 = 1.69GeV2 and at Q2 = 10GeV2. The thick black curves correspond to the central fit S0 and the dotted curves to
the individual error sets S±
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Ubar
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Sbar
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✦Huge uncertainties, especially for low x
✦Larger shadowing for lead than carbon
✦Data are consistent even with 

enhancement at low x which is 
unphysical



Nuclear PDFs at Electron-Ion 
Collider

!47

We saw that nuclear PDFs are poorly constrained by the current data.

Need more precise data, ideally from clean eA DIS process to constrain better 
the PDFs and to determine whether the DGLAP based approach is applicable, 
and in what region, to nuclear data.



Nuclear PDFs at Electron-Ion 
Collider

!47

We saw that nuclear PDFs are poorly constrained by the current data.

Need more precise data, ideally from clean eA DIS process to constrain better 
the PDFs and to determine whether the DGLAP based approach is applicable, 
and in what region, to nuclear data.

Answer: build a high luminosity electron-ion collider!



Nuclear PDFs at Electron-Ion 
Collider

!47

We saw that nuclear PDFs are poorly constrained by the current data.

Need more precise data, ideally from clean eA DIS process to constrain better 
the PDFs and to determine whether the DGLAP based approach is applicable, 
and in what region, to nuclear data.

Answer: build a high luminosity electron-ion collider!

EIC: 5-20 GeV electrons

20-140 GeV CoM energy

Lumi: 1034 cm-2 s-1


Polarized e,p,d,3He

Wide range of nuclei


US-proposal



Nuclear PDFs at Electron-Ion 
Collider

!47

We saw that nuclear PDFs are poorly constrained by the current data.

Need more precise data, ideally from clean eA DIS process to constrain better 
the PDFs and to determine whether the DGLAP based approach is applicable, 
and in what region, to nuclear data.

Answer: build a high luminosity electron-ion collider!

EIC: 5-20 GeV electrons

20-140 GeV CoM energy

Lumi: 1034 cm-2 s-1


Polarized e,p,d,3He

Wide range of nuclei


LHeC: 60 GeV electrons x 
LHC protons and ions.

1.3 TeV CoM energy in ep, 
812 GeV CoM energy in eA 
per nucleon

Lumi: 1034 cm-2 s-1


Simultaneous running with 
ATLAS and CMS in HL-
LHC period

US-proposal CERN-based



Nuclear PDFs at Electron-Ion 
Collider

!47

We saw that nuclear PDFs are poorly constrained by the current data.

Need more precise data, ideally from clean eA DIS process to constrain better 
the PDFs and to determine whether the DGLAP based approach is applicable, 
and in what region, to nuclear data.

Answer: build a high luminosity electron-ion collider!

EIC: 5-20 GeV electrons

20-140 GeV CoM energy

Lumi: 1034 cm-2 s-1


Polarized e,p,d,3He

Wide range of nuclei


LHeC: 60 GeV electrons x 
LHC protons and ions.

1.3 TeV CoM energy in ep, 
812 GeV CoM energy in eA 
per nucleon

Lumi: 1034 cm-2 s-1


Simultaneous running with 
ATLAS and CMS in HL-
LHC period

FCC-ep: 60 GeV electrons 
x 50 TeV protons from FCC, 
lead beams 19.7 TeV/per 
nucleon 

3.5 TeV CoM in ep

2.2 TeV CoM in eA per 
nucleon

Lumi: 1034 cm-2 s-1


US-proposal CERN-based CERN-based
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Summary of machines:

5
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Lepton-proton/nucleus scattering facilities
LHC

FCC-eh

CepC-
SppC-ep

N. Armesto, 27.03.2018 - Lessons from EIC: 1. Introduction.
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DIS machines at CERN
● 60 GeV e- (ERL) against the (HL/
HE-)LHC/FCC hadron beams: eA to 
run either concurrently with pA/AA or 
in dedicated mode.

PERLE at Orsay
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DIS machines at CERN
● 60 GeV e- (ERL) against the (HL/
HE-)LHC/FCC hadron beams: eA to 
run either concurrently with pA/AA or 
in dedicated mode.

eD at LHEC: 
LeN=ALeA>∼3×1031 cm-2s-1 

(old CDR number)

Integrated lumi. in 10 y. (fb-1) ~~ 6 15 45

CERN-ACC-2017-0019

● 100 times larger 
luminosity than HERA, 
full HERA integrated 
luminosity in less than a 
month.



EIC vs LHeC vs FCC-eh kinematics

!50

LHeC/FCC-eh vs. EIC:

19
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Huge extension of the kinematics in 
(x,Q) in eA scattering in all machines

High luminosity would allow for very 

precise measurements
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EPPS16@EIC:

29N. Armesto, 27.03.2018 - Lessons from EIC: 3. nPDFs from EICs.

● Following a very similar 
approach to that shown for the 
LHeC (1708.05654):
➜ Pseudodata generated with 
EPS09, uncertainties as achieved 
at HERA. 
➜ Impact of low (5 GeV) and 
high (20 GeV) electron 
energies, and of charm.

Impact of EIC pseudodata on nPDFs

✦ EIC pseudodata generated 
with EPS09, uncertainties as 
achieved at HERA


✦ Very good prospects for 
longitudinal structure function 
measurement and for charm
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Impact of EIC pseudodata on nPDFsEPPS16@EIC:

30

● Very similar approach to that shown for the LHeC (1708.05654):
➜ Pseudodata generated with EPS09, uncertainties as at HERA. 
➜ Impact of low (5 GeV) and high (20 GeV) Ee, and of charm.

● Charm has a 
large impact for 
the large x glue.

Study of impact of charm in the data 
Significant reduction of uncertainties, for gluon and u,d valence and sea



Pseudodata:

�53

Ee (GeV) Eh (TeV/nucleon) Polarisation Luminosity (fb-1) NC/CC # data 
points

ep@LHeC, 1005 data points for 
Q2≥3.5 GeV2

60 (e-) 1 (p) 0 100 CC 93
60 (e-) 1 (p) 0 100 NC 136
60 (e-) 7 (p) -0.8 1000 CC 114
60 (e-) 7 (p) 0.8 300 CC 113
60 (e+) 7 (p) 0 100 CC 109
60 (e-) 7 (p) -0.8 1000 NC 159
60 (e-) 7 (p) 0.8 300 NC 159
60 (e+) 7 (p) 0 100 NC 157

ePb@LHeC, 484 data points for 
Q2≥3.5 GeV2

20 (e-) 2.75 (Pb) -0.8 0.03 CC 51
20 (e-) 2.75 (Pb) -0.8 0.03 NC 93

26.9 (e-) 2.75 (Pb) -0.8 0.02 CC 55
26.9 (e-) 2.75 (Pb) -0.8 0.02 NC 98
60 (e-) 2.75 (Pb) -0.8 1 CC 85
60 (e-) 2.75 (Pb) -0.8 1 NC 129

ep@FCC-eh, 619 data points 
for Q2≥3.5 GeV2

20 (e-) 7 (p) 0 100 CC 46
20 (e-) 7 (p) 0 100 NC 89
60 (e-) 50 (p) -0.8 1000 CC 67
60 (e-) 50 (p) 0.8 300 CC 65
60 (e+) 50 (p) 0 100 CC 60
60 (e-) 50 (p) -0.8 1000 NC 111
60 (e-) 50 (p) 0.8 300 NC 110
60 (e+) 50 (p) 0 100 NC 107

ePb@FCC-eh, 150 data points 
for Q2≥3.5 GeV2

60 (e-) 20 (Pb) -0.8 10 CC 58
60 (e-) 20 (Pb) -0.8 10 NC 101



Pseudodata:
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LHeC charm, EPPS16*, Pb
LHeC NC+CC, xFitter, Pb
FCC-eh NC+CC, xFitter, Pb

Present
νDIS+DY+

dAu@

RHIC

pPb@LHC

● Pseudodata generated using a code 
(Max Klein) validated with the H1 MC.
● Cuts: |ηmax|=5, 0.95< y< 0.001.
● Error assumptions ~ factor 2 better than at 
HERA (luminosity uncertainty kept aside).
● Stat./syst. errors (ePb@FCC-eh) from 
0.1/1.2% (small x, NC) to 37/6% (large x & Q2, 
CC).
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EPPS16*: results

�54

● Large effect of NC+CC LHeC pseudodata, and of charm on the 
glue at small x.
● Limitation on u/d decomposition inherent to almost isospin 
symmetric nuclei (u/d difference suppressed by 2Z/A-1).
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Impact of LHeC pseudodata

 55

● Large effect of NC+CC LHeC pseudodata, and of charm on the 
glue at small x.
● Limitation on u/d decomposition inherent to almost isospin 
symmetric nuclei (u/d difference suppressed by 2Z/A-1).

N. Armesto, 09.04.2019 - eA@LHeC and nPDFs: 2. Nuclear PDFs at the LHeC.

x

EPPS16*

R
P
b

g
(x
,Q

2
=
1.
69

G
eV

2
)

x

LHeC fit no charm

R
P
b

g
(x
,Q

2
=
1.
69

G
eV

2
)

x

LHeC fit full

R
P
b

g
(x
,Q

2
=
1.
69

G
eV

2
)

x

EPPS16*

R
P
b

g
(x
,Q

2
=
10

G
eV

2
)

x

LHeC fit no charm

R
P
b

g
(x
,Q

2
=
10

G
eV

2
)

x

LHeC fit full

R
P
b

g
(x
,Q

2
=
10

G
eV

2
)

Figure 4: Gluon nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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Figure 5: Up-valence nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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● Large effect of NC+CC LHeC pseudodata, and of charm on the 
glue at small x.
● Limitation on u/d decomposition inherent to almost isospin 
symmetric nuclei (u/d difference suppressed by 2Z/A-1).
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Figure 6: Down-valence nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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Figure 7: Up-sea nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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● Large effect of NC+CC LHeC pseudodata, and of charm on the 
glue at small x.
● Limitation on u/d decomposition inherent to almost isospin 
symmetric nuclei (u/d difference suppressed by 2Z/A-1).

N. Armesto, 09.04.2019 - eA@LHeC and nPDFs: 2. Nuclear PDFs at the LHeC.
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Figure 8: Down-sea nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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Figure 9: Strange-sea nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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● Large effect of NC+CC LHeC pseudodata, and of charm on the 
glue at small x.
● Limitation on u/d decomposition inherent to almost isospin 
symmetric nuclei (u/d difference suppressed by 2Z/A-1).
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Figure 4: Gluon nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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Figure 5: Up-valence nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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Figure 4: Gluon nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2
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Figure 5: Up-valence nuclear modifications at Q2 = 1.69GeV2 and Q2 = 10GeV2

4

● Possible further 
improvements: 
beauty, c-tagged 
CC for strange.



Physics of nuclear shadowing

!56

✦ So far we have discussed the DGLAP fits to nuclear data on structure functions

✦ Nuclear effects are parametrized at low scales, assumed to be non-perturbative

✦ Structure functions calculated from collinear factorization

✦ Nuclear pdfs evolved using linear DGLAP evolution

✦ This does not have to be true, may be violated by power corrections

✦ Linear DGLAP evolution may also be insufficient: nonlinear evolution
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These questions could be answered by EIC or LHeC/FCC-eh, when more, very precise

data are available. 



Physics of nuclear shadowing

!56

✦Glauber rescattering.


✦Gribov shadowing: relation to diffraction.


✦High energy approaches: parton saturation.
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Physics of the nuclear shadowing:



Multiple scattering: generalities

impact 
parameter

p p’
Single scattering

Consider scattering of a scalar particle off a nucleus with mass number A

The scattering center plus the interaction vertex is given by the forward scattering 
amplitude on a nucleon times the nuclear density.

v± = v0 ± vz
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v = (v+, v�, vT )
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Light-cone coordinates

Projectile propagates along the ‘+’ direction.

xT
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clear Q2 dependence¶. Some models rely on an eikonal approximation [39, 41, 54], see

below, and are unable to reproduce the return of F2 nuclear ratios to 1 at x ∼ 0.1, while

others [42, 43, 44, 45, 46, 47, 48] include effects of finite coherence length, see below,

and are able to reproduce such a behaviour.

In this Section I will start by working out a little exercise which shows how multiple

scattering leads to shadowing. This exercise should also clarify the origin of coherence
effects. Then, in the Subsections models based on Glauber-like rescatterings, on Gribov

inelastic shadowing, and finally the ideas based on high-energy QCD [19], will be

reviewed.

For the exercise I consider the contribution coming from one and two scatterings,

to the high-energy cross section of a massless scalar particle on a nucleus with mass

number A. The scattering centers plus the interaction vertex are represented by the
projectile-nucleon forward scattering amplitude times the nuclear density (see Fig. 4).

This example follows the spirit of the Glauber-Gribov theory [57, 58, 59]; technical

details can be found in Section 3.1 and Appendix A in [60] for the case of scalar QCD at

high energy. I will use light-cone coordinates a± = a0±az , a = (a0, aT , az) = (a+, a−, aT )

p p’

ix(p’-p))eT,x
+

(x
A
ρx4d∫)+

+p’
+

(pσ-

-1)]∈+i2 (k4)πk[(24d∫i
p p’

k

x 1x 2x

Figure 4. One- (left) and two- (right) scattering diagrams, with the corresponding
Feynman rules written on them.

with aT = (ax, ay) the two-dimensional transverse vector, assume dominance of the +-
components for the projectile, and define q = p′ − p. I will employ the optical theorem

for purely imaginary amplitudes, it(q = 0) = itforw = −σ for projectile-nucleon and

iTn(q = 0) = −σn
A for the n-scattering contribution for projectile-nucleus collisions.

Then the amplitude with one scattering (Fig. 4 left) reads:

c(p+, p
′

+)iT1(q) = itforw A(p+ + p′+)

∫

d4x ρA(x+, xT )e
ix·(p′−p)

¶ The experimental evidence of a Q2 dependence of the nuclear F2-ratios comes from [7], thus being
subsequent to many models e.g. the analysis in [56]; previous data did not show any clear Q2-
dependence.

Nuclear shadowing 7

= itforw c(p+, p
′

+)A

∫

d2xT TA(xT )e
−ixT ·(p′

T
−pT ). (4)

ρA(x+, xT ) is the nuclear density normalized to 1,

TA(xT ) =

∫ +∞

−∞

dx+ ρA(x+, xT ) (5)

the nuclear profile, |xT | = b the impact parameter and c(p+, p′+) = (2π)2p+δ(p′+ − p+)

a normalization factor. For the forward scattering case q = 0, (4) gives

σ1
A = A σ (6)

as expected. The two-scattering contribution (Fig. 4 right) reads

c(p+, p
′

+)iT2(q) = iA(A− 1)(itforw)
2

∫

d4k

(2π)4
d4x1d

4x2 e
ix1·(k−p)

× eix2·(p′−k) (p+ + k+)(k+ + p′+)

k2 + iϵ
ρA(x1+, x1T )ρA(x2+, x2T )

= c(p+, p
′

+)A(A− 1)(itforw)
2 (7)

×
∫

d2kT
(2π)2

dx1+dx2+d
2x1Td

2x2T e−ik2
T
(x2+−x1+)/(2p+)

× e−i[x1T ·(kT−pT )+x2T ·(p′
T
−kT )]ρA(x1+, x1T )ρA(x2+, x2T )θ(x2+ − x1+),

with θ(x) the step function. The second equality follows from doing the dk− integral

closing the integration contour with an infinite semicircle in the lower half-plane and

simplifying the remaining δ-functions.
Coherence effects are contained in the factor exp [−ik2

T (x2+ − x1+)/(2p+)] which

can be written as exp [−i(x2+ − x1+)/lc], with lc = 2p+/k2
T the coherence length. In

the low energy limit p+ → 0 this factor leads to iT2(q) → 0 (the same happens for

contributions with more than two scatterings). Then all rescattering corrections vanish,

so the total cross section results equal to the superposition of single scatterings (6) -

this limit is thus called the incoherent limit. This would imply a nuclear ratio equal to
1, so shadowing vanishes for low energies i.e. large values of x. On the other hand, in

the large energy, totally coherent limit p+ → ∞, exp [−i(x2+ − x1+)/lc] → 1 and (7)

gives

iT2(q) =
A(A− 1)

2
(itforw)

2

∫

d2xT e−ixT ·(p′
T
−pT )T 2

A(xT ), (8)

which in the forward case gives

σ2
A = −

A(A− 1)

2

∫

d2xT [TA(xT )σ]
2. (9)

This correction turns out to be negative so the cross section is smaller than the

superposition of independent collisions of the projectile with every nucleon in the

nucleus, and the nuclear ratio results lower than one. In this way, multiple scattering

q ! 0
<latexit sha1_base64="mbJRjGR9KBJ5KGisCoaJsj810iY=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNnF3Yimh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk4143UWy1i3Amq4FIrXUaDkrURzGgWSN4PhzdRvPnFtRKzucZxwP6J9JULBKFrp4bGjRX+AVOt4RNxuqexW3BnIMvFyUoYctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/blioaceNns6sn5NQqPRLG2pZCMlN/T2Q0MmYcBbYzojgwi95U/M9rpxhe+ZlQSYpcsfmiMJUEYzKNgPSE5gzl2BLKtLC3EjagmjK0QRVtCN7iy8ukcV7x3Ip3d1GuXudxFOAYTuAMPLiEKtxCDerAQMMzvMKbM3JenHfnY9664uQzR/AHzucPZXKSbA==</latexit><latexit sha1_base64="mbJRjGR9KBJ5KGisCoaJsj810iY=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNnF3Yimh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk4143UWy1i3Amq4FIrXUaDkrURzGgWSN4PhzdRvPnFtRKzucZxwP6J9JULBKFrp4bGjRX+AVOt4RNxuqexW3BnIMvFyUoYctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/blioaceNns6sn5NQqPRLG2pZCMlN/T2Q0MmYcBbYzojgwi95U/M9rpxhe+ZlQSYpcsfmiMJUEYzKNgPSE5gzl2BLKtLC3EjagmjK0QRVtCN7iy8ukcV7x3Ip3d1GuXudxFOAYTuAMPLiEKtxCDerAQMMzvMKbM3JenHfnY9664uQzR/AHzucPZXKSbA==</latexit><latexit sha1_base64="mbJRjGR9KBJ5KGisCoaJsj810iY=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNnF3Yimh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk4143UWy1i3Amq4FIrXUaDkrURzGgWSN4PhzdRvPnFtRKzucZxwP6J9JULBKFrp4bGjRX+AVOt4RNxuqexW3BnIMvFyUoYctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/blioaceNns6sn5NQqPRLG2pZCMlN/T2Q0MmYcBbYzojgwi95U/M9rpxhe+ZlQSYpcsfmiMJUEYzKNgPSE5gzl2BLKtLC3EjagmjK0QRVtCN7iy8ukcV7x3Ip3d1GuXudxFOAYTuAMPLiEKtxCDerAQMMzvMKbM3JenHfnY9664uQzR/AHzucPZXKSbA==</latexit><latexit sha1_base64="mbJRjGR9KBJ5KGisCoaJsj810iY=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KokIeix68VjBfkAby2a7aZduNnF3Yimh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg4bJk4143UWy1i3Amq4FIrXUaDkrURzGgWSN4PhzdRvPnFtRKzucZxwP6J9JULBKFrp4bGjRX+AVOt4RNxuqexW3BnIMvFyUoYctW7pq9OLWRpxhUxSY9qem6CfUY2CST4pdlLDE8qGtM/blioaceNns6sn5NQqPRLG2pZCMlN/T2Q0MmYcBbYzojgwi95U/M9rpxhe+ZlQSYpcsfmiMJUEYzKNgPSE5gzl2BLKtLC3EjagmjK0QRVtCN7iy8ukcV7x3Ip3d1GuXudxFOAYTuAMPLiEKtxCDerAQMMzvMKbM3JenHfnY9664uQzR/AHzucPZXKSbA==</latexit>

Forward limit:

Amplitude for single scattering

Nuclear shadowing 6

clear Q2 dependence¶. Some models rely on an eikonal approximation [39, 41, 54], see

below, and are unable to reproduce the return of F2 nuclear ratios to 1 at x ∼ 0.1, while

others [42, 43, 44, 45, 46, 47, 48] include effects of finite coherence length, see below,

and are able to reproduce such a behaviour.

In this Section I will start by working out a little exercise which shows how multiple

scattering leads to shadowing. This exercise should also clarify the origin of coherence
effects. Then, in the Subsections models based on Glauber-like rescatterings, on Gribov

inelastic shadowing, and finally the ideas based on high-energy QCD [19], will be

reviewed.

For the exercise I consider the contribution coming from one and two scatterings,

to the high-energy cross section of a massless scalar particle on a nucleus with mass

number A. The scattering centers plus the interaction vertex are represented by the
projectile-nucleon forward scattering amplitude times the nuclear density (see Fig. 4).

This example follows the spirit of the Glauber-Gribov theory [57, 58, 59]; technical

details can be found in Section 3.1 and Appendix A in [60] for the case of scalar QCD at

high energy. I will use light-cone coordinates a± = a0±az , a = (a0, aT , az) = (a+, a−, aT )

p p’

ix(p’-p))eT,x
+

(x
A
ρx4d∫)+

+p’
+

(pσ-

-1)]∈+i2 (k4)πk[(24d∫i
p p’

k

x 1x 2x

Figure 4. One- (left) and two- (right) scattering diagrams, with the corresponding
Feynman rules written on them.

with aT = (ax, ay) the two-dimensional transverse vector, assume dominance of the +-
components for the projectile, and define q = p′ − p. I will employ the optical theorem

for purely imaginary amplitudes, it(q = 0) = itforw = −σ for projectile-nucleon and

iTn(q = 0) = −σn
A for the n-scattering contribution for projectile-nucleus collisions.

Then the amplitude with one scattering (Fig. 4 left) reads:

c(p+, p
′

+)iT1(q) = itforw A(p+ + p′+)

∫

d4x ρA(x+, xT )e
ix·(p′−p)

¶ The experimental evidence of a Q2 dependence of the nuclear F2-ratios comes from [7], thus being
subsequent to many models e.g. the analysis in [56]; previous data did not show any clear Q2-
dependence.
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= itforw c(p+, p
′

+)A

∫

d2xT TA(xT )e
−ixT ·(p′

T
−pT ). (4)

ρA(x+, xT ) is the nuclear density normalized to 1,

TA(xT ) =

∫ +∞

−∞

dx+ ρA(x+, xT ) (5)

the nuclear profile, |xT | = b the impact parameter and c(p+, p′+) = (2π)2p+δ(p′+ − p+)

a normalization factor. For the forward scattering case q = 0, (4) gives

σ1
A = A σ (6)

as expected. The two-scattering contribution (Fig. 4 right) reads

c(p+, p
′

+)iT2(q) = iA(A− 1)(itforw)
2

∫

d4k

(2π)4
d4x1d

4x2 e
ix1·(k−p)

× eix2·(p′−k) (p+ + k+)(k+ + p′+)

k2 + iϵ
ρA(x1+, x1T )ρA(x2+, x2T )

= c(p+, p
′

+)A(A− 1)(itforw)
2 (7)

×
∫

d2kT
(2π)2

dx1+dx2+d
2x1Td

2x2T e−ik2
T
(x2+−x1+)/(2p+)

× e−i[x1T ·(kT−pT )+x2T ·(p′
T
−kT )]ρA(x1+, x1T )ρA(x2+, x2T )θ(x2+ − x1+),

with θ(x) the step function. The second equality follows from doing the dk− integral

closing the integration contour with an infinite semicircle in the lower half-plane and

simplifying the remaining δ-functions.
Coherence effects are contained in the factor exp [−ik2

T (x2+ − x1+)/(2p+)] which

can be written as exp [−i(x2+ − x1+)/lc], with lc = 2p+/k2
T the coherence length. In

the low energy limit p+ → 0 this factor leads to iT2(q) → 0 (the same happens for

contributions with more than two scatterings). Then all rescattering corrections vanish,

so the total cross section results equal to the superposition of single scatterings (6) -

this limit is thus called the incoherent limit. This would imply a nuclear ratio equal to
1, so shadowing vanishes for low energies i.e. large values of x. On the other hand, in

the large energy, totally coherent limit p+ → ∞, exp [−i(x2+ − x1+)/lc] → 1 and (7)

gives

iT2(q) =
A(A− 1)

2
(itforw)

2

∫

d2xT e−ixT ·(p′
T
−pT )T 2

A(xT ), (8)

which in the forward case gives

σ2
A = −

A(A− 1)

2

∫

d2xT [TA(xT )σ]
2. (9)

This correction turns out to be negative so the cross section is smaller than the

superposition of independent collisions of the projectile with every nucleon in the

nucleus, and the nuclear ratio results lower than one. In this way, multiple scattering
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This correction turns out to be negative so the cross section is smaller than the

superposition of independent collisions of the projectile with every nucleon in the

nucleus, and the nuclear ratio results lower than one. In this way, multiple scattering

Nuclear profile Z
d2b TA(b) = 1
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−ixT ·(p′

T
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dx+ ρA(x+, xT ) (5)

the nuclear profile, |xT | = b the impact parameter and c(p+, p′+) = (2π)2p+δ(p′+ − p+)

a normalization factor. For the forward scattering case q = 0, (4) gives

σ1
A = A σ (6)

as expected. The two-scattering contribution (Fig. 4 right) reads

c(p+, p
′

+)iT2(q) = iA(A− 1)(itforw)
2

∫

d4k

(2π)4
d4x1d

4x2 e
ix1·(k−p)

× eix2·(p′−k) (p+ + k+)(k+ + p′+)

k2 + iϵ
ρA(x1+, x1T )ρA(x2+, x2T )

= c(p+, p
′

+)A(A− 1)(itforw)
2 (7)

×
∫

d2kT
(2π)2

dx1+dx2+d
2x1Td

2x2T e−ik2
T
(x2+−x1+)/(2p+)

× e−i[x1T ·(kT−pT )+x2T ·(p′
T
−kT )]ρA(x1+, x1T )ρA(x2+, x2T )θ(x2+ − x1+),

with θ(x) the step function. The second equality follows from doing the dk− integral

closing the integration contour with an infinite semicircle in the lower half-plane and

simplifying the remaining δ-functions.
Coherence effects are contained in the factor exp [−ik2

T (x2+ − x1+)/(2p+)] which

can be written as exp [−i(x2+ − x1+)/lc], with lc = 2p+/k2
T the coherence length. In

the low energy limit p+ → 0 this factor leads to iT2(q) → 0 (the same happens for

contributions with more than two scatterings). Then all rescattering corrections vanish,

so the total cross section results equal to the superposition of single scatterings (6) -

this limit is thus called the incoherent limit. This would imply a nuclear ratio equal to
1, so shadowing vanishes for low energies i.e. large values of x. On the other hand, in

the large energy, totally coherent limit p+ → ∞, exp [−i(x2+ − x1+)/lc] → 1 and (7)

gives

iT2(q) =
A(A− 1)

2
(itforw)

2

∫

d2xT e−ixT ·(p′
T
−pT )T 2

A(xT ), (8)

which in the forward case gives

σ2
A = −

A(A− 1)

2

∫

d2xT [TA(xT )σ]
2. (9)

This correction turns out to be negative so the cross section is smaller than the

superposition of independent collisions of the projectile with every nucleon in the

nucleus, and the nuclear ratio results lower than one. In this way, multiple scattering
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This correction turns out to be negative so the cross section is smaller than the

superposition of independent collisions of the projectile with every nucleon in the

nucleus, and the nuclear ratio results lower than one. In this way, multiple scattering
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All higher order scatterings also vanish, only single scattering survives

x1T
<latexit sha1_base64="HPchZiOsl6/UXZxo/wE3dnnLAC0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiF48V+gXtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/Pbj0wbrmTDThIWxGQoecQpsU5qPfUz3Jj2yxW/6s+BVgnOSQVy1Pvlr95A0TRm0lJBjOliP7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187RWdOGaBIaVfSorn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFsgrNXkcDrhm1YuIIoZq7WxEdEU2odQGVXAh4+eVV0rqoYr+K7y8rtZs8jiKcwCmcA4YrqMEd1KEJFB7gGV7hzVPei/fufSxaC14+cwx/4H3+AHZojwo=</latexit><latexit sha1_base64="HPchZiOsl6/UXZxo/wE3dnnLAC0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiF48V+gXtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/Pbj0wbrmTDThIWxGQoecQpsU5qPfUz3Jj2yxW/6s+BVgnOSQVy1Pvlr95A0TRm0lJBjOliP7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187RWdOGaBIaVfSorn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFsgrNXkcDrhm1YuIIoZq7WxEdEU2odQGVXAh4+eVV0rqoYr+K7y8rtZs8jiKcwCmcA4YrqMEd1KEJFB7gGV7hzVPei/fufSxaC14+cwx/4H3+AHZojwo=</latexit><latexit sha1_base64="HPchZiOsl6/UXZxo/wE3dnnLAC0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiF48V+gXtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/Pbj0wbrmTDThIWxGQoecQpsU5qPfUz3Jj2yxW/6s+BVgnOSQVy1Pvlr95A0TRm0lJBjOliP7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187RWdOGaBIaVfSorn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFsgrNXkcDrhm1YuIIoZq7WxEdEU2odQGVXAh4+eVV0rqoYr+K7y8rtZs8jiKcwCmcA4YrqMEd1KEJFB7gGV7hzVPei/fufSxaC14+cwx/4H3+AHZojwo=</latexit><latexit sha1_base64="HPchZiOsl6/UXZxo/wE3dnnLAC0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mIoMeiF48V+gXtUrJpto3NJkuSFcvS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDG+v63V1hb39jcKm6Xdnb39g/Kh0cto1JNWZMqoXQnJIYJLlnTcitYJ9GMxKFg7XB8O/Pbj0wbrmTDThIWxGQoecQpsU5qPfUz3Jj2yxW/6s+BVgnOSQVy1Pvlr95A0TRm0lJBjOliP7FBRrTlVLBpqZcalhA6JkPWdVSSmJkgm187RWdOGaBIaVfSorn6eyIjsTGTOHSdMbEjs+zNxP+8bmqj6yDjMkktk3SxKEoFsgrNXkcDrhm1YuIIoZq7WxEdEU2odQGVXAh4+eVV0rqoYr+K7y8rtZs8jiKcwCmcA4YrqMEd1KEJFB7gGV7hzVPei/fufSxaC14+cwx/4H3+AHZojwo=</latexit>

x2T
<latexit sha1_base64="FVsiwXy2t51JN1l51nX15FonoKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY9BLx4j5CEkS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dto1JNaIsorvR9hA3lTNKWZZbT+0RTLCJOO9H4ZuZ3Hqk2TMmmnSQ0FHgoWcwItk5qP/WzWnPaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0q5VA78a3F1U6td5HEU4gVM4hwAuoQ630IAWEHiAZ3iFN095L96797FoLXj5zDH8gff5A3fujws=</latexit><latexit sha1_base64="FVsiwXy2t51JN1l51nX15FonoKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY9BLx4j5CEkS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dto1JNaIsorvR9hA3lTNKWZZbT+0RTLCJOO9H4ZuZ3Hqk2TMmmnSQ0FHgoWcwItk5qP/WzWnPaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0q5VA78a3F1U6td5HEU4gVM4hwAuoQ630IAWEHiAZ3iFN095L96797FoLXj5zDH8gff5A3fujws=</latexit><latexit sha1_base64="FVsiwXy2t51JN1l51nX15FonoKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY9BLx4j5CEkS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dto1JNaIsorvR9hA3lTNKWZZbT+0RTLCJOO9H4ZuZ3Hqk2TMmmnSQ0FHgoWcwItk5qP/WzWnPaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0q5VA78a3F1U6td5HEU4gVM4hwAuoQ630IAWEHiAZ3iFN095L96797FoLXj5zDH8gff5A3fujws=</latexit><latexit sha1_base64="FVsiwXy2t51JN1l51nX15FonoKQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY9BLx4j5CEkS5idzCZj5rHMzIphyT948aCIV//Hm3/jJNmDJhY0FFXddHdFCWfG+v63V1hb39jcKm6Xdnb39g/Kh0dto1JNaIsorvR9hA3lTNKWZZbT+0RTLCJOO9H4ZuZ3Hqk2TMmmnSQ0FHgoWcwItk5qP/WzWnPaL1f8qj8HWiVBTiqQo9Evf/UGiqSCSks4NqYb+IkNM6wtI5xOS73U0ASTMR7SrqMSC2rCbH7tFJ05ZYBipV1Ji+bq74kMC2MmInKdAtuRWfZm4n9eN7XxVZgxmaSWSrJYFKccWYVmr6MB05RYPnEEE83crYiMsMbEuoBKLoRg+eVV0q5VA78a3F1U6td5HEU4gVM4hwAuoQ630IAWEHiAZ3iFN095L96797FoLXj5zDH8gff5A3fujws=</latexit>
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Double scattering

p p’

b1 b2

k

Double scattering
p+ !1High energy, coherent limit:

�(2)
A = �A(A� 1)

2

Z
d2b [TA(b)�]2

✦Double scattering is a negative term

✦The cross section is smaller than the incoherent superposition of individual scatterings

✦Shadowing increases with increasing mass number A

✦Shadowing increases with increasing single-nucleon cross section. This in turn 

becomes larger for smaller values of x and smaller values of Q2

✦If not integrated over impact parameter, it increased with the increasing density which 

is largest for smallest values of impact parameter, i.e. most central collisions.

✦All these features are seen in experimental data

Coherence length: lc ! 1
<latexit sha1_base64="pK5qOUbPCACHd7t76TIsia/bXAE=">AAAB/3icdVBNSwMxEM3Wr1q/VgUvXoJF8FSSIlpvohePFWwrtMuSTbNtMJtdklmlVA/+FS8eFPHq3/DmvzGrFVT0wcDjvRlm5kWZkhYIefNKU9Mzs3Pl+crC4tLyir+61rZpbrho8VSl5jxiViipRQskKHGeGcGSSIlOdHFc+J1LYaxM9RmMMhEkbKBlLDkDJ4X+hgo57hk5GAIzJr3CPaljGIV+ldQIIZRSXBC6v0ccOTho1GkD08JyqKIJmqH/2uunPE+EBq6YtV1KMgjGzIDkStxUerkVGeMXbCC6jmqWCBuMP+6/wdtO6eM4Na404A/1+8SYJdaOksh1JgyG9rdXiH953RziRjCWOstBaP65KM4VhhQXYeC+NIKDGjnCuJHuVsyHzDAOLrKKC+HrU/w/addrlNTo6W718GgSRxltoi20gyjaR4foBDVRC3F0je7QA3r0br1778l7/mwteZOZdfQD3ss7XsqWVg==</latexit><latexit sha1_base64="pK5qOUbPCACHd7t76TIsia/bXAE=">AAAB/3icdVBNSwMxEM3Wr1q/VgUvXoJF8FSSIlpvohePFWwrtMuSTbNtMJtdklmlVA/+FS8eFPHq3/DmvzGrFVT0wcDjvRlm5kWZkhYIefNKU9Mzs3Pl+crC4tLyir+61rZpbrho8VSl5jxiViipRQskKHGeGcGSSIlOdHFc+J1LYaxM9RmMMhEkbKBlLDkDJ4X+hgo57hk5GAIzJr3CPaljGIV+ldQIIZRSXBC6v0ccOTho1GkD08JyqKIJmqH/2uunPE+EBq6YtV1KMgjGzIDkStxUerkVGeMXbCC6jmqWCBuMP+6/wdtO6eM4Na404A/1+8SYJdaOksh1JgyG9rdXiH953RziRjCWOstBaP65KM4VhhQXYeC+NIKDGjnCuJHuVsyHzDAOLrKKC+HrU/w/addrlNTo6W718GgSRxltoi20gyjaR4foBDVRC3F0je7QA3r0br1778l7/mwteZOZdfQD3ss7XsqWVg==</latexit><latexit sha1_base64="pK5qOUbPCACHd7t76TIsia/bXAE=">AAAB/3icdVBNSwMxEM3Wr1q/VgUvXoJF8FSSIlpvohePFWwrtMuSTbNtMJtdklmlVA/+FS8eFPHq3/DmvzGrFVT0wcDjvRlm5kWZkhYIefNKU9Mzs3Pl+crC4tLyir+61rZpbrho8VSl5jxiViipRQskKHGeGcGSSIlOdHFc+J1LYaxM9RmMMhEkbKBlLDkDJ4X+hgo57hk5GAIzJr3CPaljGIV+ldQIIZRSXBC6v0ccOTho1GkD08JyqKIJmqH/2uunPE+EBq6YtV1KMgjGzIDkStxUerkVGeMXbCC6jmqWCBuMP+6/wdtO6eM4Na404A/1+8SYJdaOksh1JgyG9rdXiH953RziRjCWOstBaP65KM4VhhQXYeC+NIKDGjnCuJHuVsyHzDAOLrKKC+HrU/w/addrlNTo6W718GgSRxltoi20gyjaR4foBDVRC3F0je7QA3r0br1778l7/mwteZOZdfQD3ss7XsqWVg==</latexit><latexit sha1_base64="pK5qOUbPCACHd7t76TIsia/bXAE=">AAAB/3icdVBNSwMxEM3Wr1q/VgUvXoJF8FSSIlpvohePFWwrtMuSTbNtMJtdklmlVA/+FS8eFPHq3/DmvzGrFVT0wcDjvRlm5kWZkhYIefNKU9Mzs3Pl+crC4tLyir+61rZpbrho8VSl5jxiViipRQskKHGeGcGSSIlOdHFc+J1LYaxM9RmMMhEkbKBlLDkDJ4X+hgo57hk5GAIzJr3CPaljGIV+ldQIIZRSXBC6v0ccOTho1GkD08JyqKIJmqH/2uunPE+EBq6YtV1KMgjGzIDkStxUerkVGeMXbCC6jmqWCBuMP+6/wdtO6eM4Na404A/1+8SYJdaOksh1JgyG9rdXiH953RziRjCWOstBaP65KM4VhhQXYeC+NIKDGjnCuJHuVsyHzDAOLrKKC+HrU/w/addrlNTo6W718GgSRxltoi20gyjaR4foBDVRC3F0je7QA3r0br1778l7/mwteZOZdfQD3ss7XsqWVg==</latexit>

Contribution from double scattering:
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Coherent scattering

!61

In the laboratory frame where nuclear target is at rest the lifetime of a 
hadronic fluctuation of a photon with a given virtuality Q2 can be estimated 
from uncertainty principle and the Lorentz dilation in this frame

Lifetime increases when x decreases

For the hadronic fluctuation to interact with the nucleus as a whole the 
lifetime must be such that the length exceeds the nuclear radius R

⌧ > RA
<latexit sha1_base64="Xy21/6nujMSQeQkHYYytyfwzYq0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JNUvXisYj+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20OWn0w8Hhvhpl5QSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU/91iPXRsTqHscJ9yM6UCIUjKKVHrpIU3JB7nqXvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unpAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieO5nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUsiF4iy//Jc2TqudWvdvTSu0qj6MIB3AIx+DBGdTgBurQAAYKnuAFXh3jPDtvzvu8teDkM/vwC87HNzmTj/Q=</latexit><latexit sha1_base64="Xy21/6nujMSQeQkHYYytyfwzYq0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JNUvXisYj+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20OWn0w8Hhvhpl5QSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU/91iPXRsTqHscJ9yM6UCIUjKKVHrpIU3JB7nqXvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unpAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieO5nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUsiF4iy//Jc2TqudWvdvTSu0qj6MIB3AIx+DBGdTgBurQAAYKnuAFXh3jPDtvzvu8teDkM/vwC87HNzmTj/Q=</latexit><latexit sha1_base64="Xy21/6nujMSQeQkHYYytyfwzYq0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JNUvXisYj+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20OWn0w8Hhvhpl5QSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU/91iPXRsTqHscJ9yM6UCIUjKKVHrpIU3JB7nqXvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unpAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieO5nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUsiF4iy//Jc2TqudWvdvTSu0qj6MIB3AIx+DBGdTgBurQAAYKnuAFXh3jPDtvzvu8teDkM/vwC87HNzmTj/Q=</latexit><latexit sha1_base64="Xy21/6nujMSQeQkHYYytyfwzYq0=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0JNUvXisYj+wDWWz3bRLN5uwOxFK6L/w4kERr/4bb/4bt20OWn0w8Hhvhpl5QSKFQdf9cgpLyyura8X10sbm1vZOeXevaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsYXU/91iPXRsTqHscJ9yM6UCIUjKKVHrpIU3JB7nqXvXLFrbozkL/Ey0kFctR75c9uP2ZpxBUySY3peG6CfkY1Cib5pNRNDU8oG9EB71iqaMSNn80unpAjq/RJGGtbCslM/TmR0ciYcRTYzoji0Cx6U/E/r5NieO5nQiUpcsXmi8JUEozJ9H3SF5ozlGNLKNPC3krYkGrK0IZUsiF4iy//Jc2TqudWvdvTSu0qj6MIB3AIx+DBGdTgBurQAAYKnuAFXh3jPDtvzvu8teDkM/vwC87HNzmTj/Q=</latexit>

x  1

2mRA<latexit sha1_base64="tk4w7V2U6YPyadUOB6mijUrJXdo=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5IUQY9VLx6r2A9oQtlsJ+3SzSbsbsQSAv4VLx4U8erv8Oa/cdvmoK0PBh7vzTAzL0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lRSaNOax7AREAWcCmpppDp1EAokCDu1gdD3x2w8gFYvFvR4n4EdkIFjIKNFG6tmHj9jjgL1QEpq5eVaL7nqXec+uOFVnCrxI3IJUUIFGz/7y+jFNIxCacqJU13US7WdEakY55GUvVZAQOiID6BoqSATKz6bn5/jEKH0cxtKU0Hiq/p7ISKTUOApMZ0T0UM17E/E/r5vq8MLPmEhSDYLOFoUpxzrGkyxwn0mgmo8NIVQycyumQ2KS0CaxsgnBnX95kbRqVdepurdnlfpVEUcJHaFjdIpcdI7q6AY1UBNRlKFn9IrerCfrxXq3PmatS1Yxc4D+wPr8AUunlQw=</latexit><latexit sha1_base64="tk4w7V2U6YPyadUOB6mijUrJXdo=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5IUQY9VLx6r2A9oQtlsJ+3SzSbsbsQSAv4VLx4U8erv8Oa/cdvmoK0PBh7vzTAzL0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lRSaNOax7AREAWcCmpppDp1EAokCDu1gdD3x2w8gFYvFvR4n4EdkIFjIKNFG6tmHj9jjgL1QEpq5eVaL7nqXec+uOFVnCrxI3IJUUIFGz/7y+jFNIxCacqJU13US7WdEakY55GUvVZAQOiID6BoqSATKz6bn5/jEKH0cxtKU0Hiq/p7ISKTUOApMZ0T0UM17E/E/r5vq8MLPmEhSDYLOFoUpxzrGkyxwn0mgmo8NIVQycyumQ2KS0CaxsgnBnX95kbRqVdepurdnlfpVEUcJHaFjdIpcdI7q6AY1UBNRlKFn9IrerCfrxXq3PmatS1Yxc4D+wPr8AUunlQw=</latexit><latexit sha1_base64="tk4w7V2U6YPyadUOB6mijUrJXdo=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5IUQY9VLx6r2A9oQtlsJ+3SzSbsbsQSAv4VLx4U8erv8Oa/cdvmoK0PBh7vzTAzL0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lRSaNOax7AREAWcCmpppDp1EAokCDu1gdD3x2w8gFYvFvR4n4EdkIFjIKNFG6tmHj9jjgL1QEpq5eVaL7nqXec+uOFVnCrxI3IJUUIFGz/7y+jFNIxCacqJU13US7WdEakY55GUvVZAQOiID6BoqSATKz6bn5/jEKH0cxtKU0Hiq/p7ISKTUOApMZ0T0UM17E/E/r5vq8MLPmEhSDYLOFoUpxzrGkyxwn0mgmo8NIVQycyumQ2KS0CaxsgnBnX95kbRqVdepurdnlfpVEUcJHaFjdIpcdI7q6AY1UBNRlKFn9IrerCfrxXq3PmatS1Yxc4D+wPr8AUunlQw=</latexit><latexit sha1_base64="tk4w7V2U6YPyadUOB6mijUrJXdo=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5IUQY9VLx6r2A9oQtlsJ+3SzSbsbsQSAv4VLx4U8erv8Oa/cdvmoK0PBh7vzTAzL0g4U9pxvq2l5ZXVtfXSRnlza3tn197bb6k4lRSaNOax7AREAWcCmpppDp1EAokCDu1gdD3x2w8gFYvFvR4n4EdkIFjIKNFG6tmHj9jjgL1QEpq5eVaL7nqXec+uOFVnCrxI3IJUUIFGz/7y+jFNIxCacqJU13US7WdEakY55GUvVZAQOiID6BoqSATKz6bn5/jEKH0cxtKU0Hiq/p7ISKTUOApMZ0T0UM17E/E/r5vq8MLPmEhSDYLOFoUpxzrGkyxwn0mgmo8NIVQycyumQ2KS0CaxsgnBnX95kbRqVdepurdnlfpVEUcJHaFjdIpcdI7q6AY1UBNRlKFn9IrerCfrxXq3PmatS1Yxc4D+wPr8AUunlQw=</latexit>

RA ⇠ A1/3 fm
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Roughly it gives the result that coherent 
scattering takes place when x is smaller than

x < 0.1A�1/3
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Glauber-Gribov scattering - dipole picture
Usually realized in the ‘dipole picture’ of deep inelastic high - energy scattering

Dipole picture: virtual photon fluctuates into 
a quark-antiquark pair-a dipole-of a given 
size which subsequently interacts with a 
target (nucleon or nucleus). High - energy 
or low x limit.

Standard DIS picture: virtual photon 
‘probes’ the structure of the target - 
proton or a nucleus
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Glauber-Gribov scattering - dipole picture
Usually realized in the ‘dipole picture’ of deep inelastic high - energy scattering

γ* γ*
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Dipole picture: virtual photon fluctuates into 
a quark-antiquark pair-a dipole-of a given 
size which subsequently interacts with a 
target (nucleon or nucleus). High - energy 
or low x limit.

Eikonal approximation: the dipole size is 
unchanged after the interaction.

Standard DIS picture: virtual photon 
‘probes’ the structure of the target - 
proton or a nucleus
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Glauber-Gribov scattering - dipole picture
Usually realized in the ‘dipole picture’ of deep inelastic high - energy scattering

γ* γ*

p

z

1-z
r

p

 

Dipole picture: virtual photon fluctuates into 
a quark-antiquark pair-a dipole-of a given 
size which subsequently interacts with a 
target (nucleon or nucleus). High - energy 
or low x limit.

Eikonal approximation: the dipole size is 
unchanged after the interaction.

Standard DIS picture: virtual photon 
‘probes’ the structure of the target - 
proton or a nucleus

Dipole factorization

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by

Aγ∗p→Ep
T,L (x, Q, ∆) =

∫

d2r

∫ 1

0

dz

4π
(Ψ∗

EΨ)T,L Aqq̄(x, r, ∆) (9)

= i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−ib·∆ 2[1 − S(x, r, b)], (10)

4

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by

Aγ∗p→Ep
T,L (x, Q, ∆) =

∫

d2r

∫ 1

0

dz

4π
(Ψ∗

EΨ)T,L Aqq̄(x, r, ∆) (9)

= i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−ib·∆ 2[1 − S(x, r, b)], (10)
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Glauber-Gribov scattering - dipole picture
Usually realized in the ‘dipole picture’ of deep inelastic high - energy scattering

γ* γ*

p

z

1-z
r

p

 

Dipole picture: virtual photon fluctuates into 
a quark-antiquark pair-a dipole-of a given 
size which subsequently interacts with a 
target (nucleon or nucleus). High - energy 
or low x limit.

Eikonal approximation: the dipole size is 
unchanged after the interaction.

Standard DIS picture: virtual photon 
‘probes’ the structure of the target - 
proton or a nucleus

Dipole factorization

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
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Glauber-Gribov scattering - dipole picture
Usually realized in the ‘dipole picture’ of deep inelastic high - energy scattering

γ* γ*

p

z

1-z
r

p

 

Dipole picture: virtual photon fluctuates into 
a quark-antiquark pair-a dipole-of a given 
size which subsequently interacts with a 
target (nucleon or nucleus). High - energy 
or low x limit.

Eikonal approximation: the dipole size is 
unchanged after the interaction.

Standard DIS picture: virtual photon 
‘probes’ the structure of the target - 
proton or a nucleus

Dipole factorization
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Dipole picture in high energy limit

Relation to the standard gluon density in 
perturbative region

Dipole cross section can be extended to the large dipole size 
region: parametrization of the non-perturbative effects.

and for the transverse photon polarisations (λ = ±1) by

Ψhh̄,λ=±1(r, z, Q) = ±efe
√

2Nc

{

ie±iθr [zδh,±δh̄,∓ − (1 − z)δh,∓δh̄,±]∂r + mfδh,±δh̄,±

} K0(ϵr)

2π
,

(14)
where e =

√
4παem, the subscripts h and h̄ are the helicities of the quark and the antiquark

respectively and θr is the azimuthal angle between the vector r and the x-axis in the transverse
plane. K0 is a modified Bessel function of the second kind, ϵ2 ≡ z(1− z)Q2 +m2

f and Nc = 3 is

the number of colours. The flavour f dependence enters through the values of the quark charge
ef and mass mf , and ∂rK0(ϵr) = −ϵK1(ϵr).

2.1.1 Total DIS cross sections

In the case of the total DIS cross section σγ∗p, which is obtained from the elastic γ∗p → γ∗p

amplitude via the optical theorem, the squared photon wave functions summed over the quark
helicities for a given photon polarisation and quark flavour are given by the tree-level QED

expressions:

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄=± 1
2

λ=±1

Ψ∗
hh̄,λΨhh̄,λ =

2Nc

π
αeme2

f

{[

z2 + (1 − z)2
]

ϵ2K2
1(ϵr) + m2

fK
2
0 (ϵr)

}

, (15)

(Ψ∗Ψ)f
L ≡

∑

h,h̄=± 1
2

Ψ∗
hh̄,λ=0Ψhh̄,λ=0 =

8Nc

π
αeme2

fQ
2z2(1 − z)2K2

0 (ϵr). (16)

At small dipole sizes these expressions are well motivated since they can be derived from the

LO kt-factorisation formulae. At large dipole sizes the wave functions are suppressed, since
for large values of the argument the modified Bessel functions behave as K0(ϵr), K1(ϵr) ∼
√

π/(2ϵr) exp(−ϵr). At larger Q2 values the wave functions are suppressed for large r unless
z is close to the end-point values of zero or one.1 Near the end-points or at small Q2 the wave

functions are sensitive to the non-zero quark masses mf , which prevent the integrals over r of
the modified Bessel functions from diverging. Of course, near the end-points or at small Q2 the
expressions (15) and (16) should be considered as a model in which the value of the light quark

masses provides a cut-off scale which should be related to the physical cut-off scale generated
by confinement effects. It is therefore customary in dipole models to identify the light quark

masses with the pion mass.

2.1.2 Deeply virtual Compton scattering

In addition to the total DIS cross section σγ∗p, the photon wave functions determine also
the DVCS process, γ∗p → γp. Here the outgoing photon is real and therefore the process is

directly observed at HERA. For real photons, only the transversely polarised overlap function
1This is the origin of the statement that the transverse cross section is more inherently non-perturbative

than the longitudinal cross section, since the contribution from the end-points is suppressed for the longitudinal
but not the transverse case, see (15) and (16).
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Photon wave function: can be calculated in perturbative QCD in given orders of perturbation theory

Transverse photon polarization

Longitudinal photon polarization

Dipole cross section: includes the information about the hadronic interaction of the quark-antiquark pair 
with the target. It is  non-perturbative, cannot be calculated from first principles (lattice?). It can be 
parametrized, or its evolution can be calculated perturbatively (BFKL-BK equations).
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FIG. 4: The gluon structure function for various dipole sizes.
The dipole size determines the evolution scale µ2. The dashed
lines shows the GRV results [21].
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FIG. 5: The logarithmic rate of rise of the gluon structure

function as a function x, λeff = d log(xg(x,µ2))
d log(1/x) . λeff is a

measure of the strength of the gluon emission process.

FIG. 6: The integrated dipole cross section as a function of
the dipole size. The solid and dashed curves trace the dipole
cross-section in the IP Saturation model and the saturation
model of Ref. [2] respectively.

where R0 denotes the saturation radius and σ0 is a con-
stant. The saturation radius is x dependent

R2
0 =

1

GeV2

(

x

x0

)λGBW

. (24)

The parameters σ0 = 23 mb, λGBW = 0.29 and x0 =
3 · 10−4 were determined from a fit to the data. The
saturation radius R0 is analogous to the gluon distribu-
tion and determines the growth of the total and diffrac-
tive cross sections with decreasing x. For large size
dipoles σGBW

qq saturates by approaching a constant value
σ0 which is independent of the exponent λGBW .

Once the impact parameter is included saturation be-
comes b dependent. For small values of b, the cross-
section grows rapidly with r until it reaches the satura-
tion plateau seen in Fig. 2, dσqq/d2b = 2. The extension
of the plateau bS can be estimated from the condition

π2

2 NC
r2αs(µ2)xg(x, µ2)T (bS) = 1. Using the Gaussian

form of T (b) and approximating xg(x, µ2) ∼ (x0/x)λeff

we obtain

b2
S = 2BG log

(

π

4 NCBG
r2αs(µ

2)(x0/x)λeff

)

. (25)

Thus, the integrated dipole cross-section σqq increases
logarithmically for large r and small x due to the growth
of the plateau region. The logarithmic growth of the
cross-section at small x is determined by λeff and BG.
This behavior should be compared to the GBW cross
section which becomes a constant σ0 that is independent
of λGBW . The differences are illustrated in Fig. 6.
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Glauber-Gribov scattering
Generalized to the dipole-nucleus scattering, by resummation of multiple scatterings in the eikonal 

approximation:

Nuclear shadowing 8

offers an explanation for shadowing+. Furthermore, from this example it becomes

evident that shadowing increases with increasing σ and mass number A (and, if the

integration over xT is not performed, increasing centrality equivalent to decreasing

xT ). The cross section σ increases with increasing energy (equivalent to decreasing

x) or decreasing Q2 (equivalent to increasing size of the hadronic component of the

virtual photon, see the next Subsection). Most of these features, as indicated in the
Introduction, are seen in the experimental data. The differences between the models

mentioned at the beginning of this Section come both from the modeling of σ and to

the way in which multiple scattering is considered. Both aspects are the subject of the

following Subsections.

In the coherent limit the hadronic fluctuation of the virtual photon interacts with

the target as a whole. The kinematical region where this happens can be discussed
using a simple argument: In the laboratory frame where the nuclear target is at rest, the

lifetime of the hadronic fluctuation of a γ∗ with squared virtuality Q2 can be estimated

using the uncertainty principle and the Lorentz dilation in this frame,

τ ∼
1

Q
×

Elab

Q
≃

W 2

2mnucleonQ2
≃

1

2mnucleonx
, (10)

where I have used (2) for 2mnucleonElab ≃ W 2 ≫ Q2. This lifetime increases with

decreasing x or increasing energy. For the hadronic fluctuation to interact with the

nuclear target as a whole, the lifetime has to be greater than the nuclear radius,

τ > RA. This implies x ! 1/(2mnucleonRA). Using typical values RA ∼ A1/3 fm,
we get x ! 0.1A−1/3 which roughly coincides with the experimentally measured values

of x for which the transition from antishadowing to shadowing takes place.

2.1. Glauber-like rescatterings

Some models try to address the origin of nuclear shadowing through the Glauber-Gribov

formalism in the totally coherent limit [39, 41, 63]. A proper treatment of coherence

effects requires the consideration of the mass spectrum of intermediate fluctuations and
will be discussed in detail in the next Subsection, though some models [40] include

coherence in an effective way.

The Glauber-Gribov theory [57, 58, 59] considers the multiple scattering of the

hadronic component of the virtual photon with a nucleus made of nucleons whose binding

energy is neglected. This hadronic component keeps a fixed size during the scattering

process - the eikonal approximation, and is usually limited to its lowest-order Fock state,
a qq̄ pair - the so-called dipole model [36, 65, 66]. Then the total dipole-nucleus cross

section reads

σdipole−A(x, r) =

∫

d2b 2

[

1 − exp

(

−
1

2
ATA(b)σdipole−nucleon(x, r)

)]

, (11)

+ Multiple scattering plays a key role in many physical processes. For example, coherence effects in
multiple scattering are widely discussed in the context of medium-induced radiation both in Quantum
Electrodynamics and in QCD (see e.g. [61] and [62] respectively, and references therein), or in heavy
flavour production on nuclear targets [63, 64].
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b: impact parameter of the center of dipole relative to the center of nucleus
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offers an explanation for shadowing+. Furthermore, from this example it becomes

evident that shadowing increases with increasing σ and mass number A (and, if the

integration over xT is not performed, increasing centrality equivalent to decreasing

xT ). The cross section σ increases with increasing energy (equivalent to decreasing

x) or decreasing Q2 (equivalent to increasing size of the hadronic component of the

virtual photon, see the next Subsection). Most of these features, as indicated in the
Introduction, are seen in the experimental data. The differences between the models

mentioned at the beginning of this Section come both from the modeling of σ and to

the way in which multiple scattering is considered. Both aspects are the subject of the

following Subsections.

In the coherent limit the hadronic fluctuation of the virtual photon interacts with

the target as a whole. The kinematical region where this happens can be discussed
using a simple argument: In the laboratory frame where the nuclear target is at rest, the

lifetime of the hadronic fluctuation of a γ∗ with squared virtuality Q2 can be estimated

using the uncertainty principle and the Lorentz dilation in this frame,

τ ∼
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Q
×

Elab

Q
≃

W 2

2mnucleonQ2
≃

1

2mnucleonx
, (10)

where I have used (2) for 2mnucleonElab ≃ W 2 ≫ Q2. This lifetime increases with

decreasing x or increasing energy. For the hadronic fluctuation to interact with the

nuclear target as a whole, the lifetime has to be greater than the nuclear radius,

τ > RA. This implies x ! 1/(2mnucleonRA). Using typical values RA ∼ A1/3 fm,
we get x ! 0.1A−1/3 which roughly coincides with the experimentally measured values

of x for which the transition from antishadowing to shadowing takes place.

2.1. Glauber-like rescatterings

Some models try to address the origin of nuclear shadowing through the Glauber-Gribov

formalism in the totally coherent limit [39, 41, 63]. A proper treatment of coherence

effects requires the consideration of the mass spectrum of intermediate fluctuations and
will be discussed in detail in the next Subsection, though some models [40] include

coherence in an effective way.

The Glauber-Gribov theory [57, 58, 59] considers the multiple scattering of the

hadronic component of the virtual photon with a nucleus made of nucleons whose binding

energy is neglected. This hadronic component keeps a fixed size during the scattering

process - the eikonal approximation, and is usually limited to its lowest-order Fock state,
a qq̄ pair - the so-called dipole model [36, 65, 66]. Then the total dipole-nucleus cross

section reads

σdipole−A(x, r) =

∫

d2b 2

[

1 − exp

(

−
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2
ATA(b)σdipole−nucleon(x, r)

)]

, (11)

+ Multiple scattering plays a key role in many physical processes. For example, coherence effects in
multiple scattering are widely discussed in the context of medium-induced radiation both in Quantum
Electrodynamics and in QCD (see e.g. [61] and [62] respectively, and references therein), or in heavy
flavour production on nuclear targets [63, 64].

r: dipole size

b: impact parameter of the center of dipole relative to the center of nucleus

Double scattering
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A(b) +O(�3
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Expansion:

Single scattering

Such model provides with unitarization of the dipole cross section for fixed impact parameter.

Unitarity limit: the scattering amplitude for fixed impact parameter is less than unity. 
Conservation of probability.
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decreasing x or increasing energy. For the hadronic fluctuation to interact with the

nuclear target as a whole, the lifetime has to be greater than the nuclear radius,

τ > RA. This implies x ! 1/(2mnucleonRA). Using typical values RA ∼ A1/3 fm,
we get x ! 0.1A−1/3 which roughly coincides with the experimentally measured values

of x for which the transition from antishadowing to shadowing takes place.
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Some models try to address the origin of nuclear shadowing through the Glauber-Gribov

formalism in the totally coherent limit [39, 41, 63]. A proper treatment of coherence

effects requires the consideration of the mass spectrum of intermediate fluctuations and
will be discussed in detail in the next Subsection, though some models [40] include

coherence in an effective way.

The Glauber-Gribov theory [57, 58, 59] considers the multiple scattering of the

hadronic component of the virtual photon with a nucleus made of nucleons whose binding

energy is neglected. This hadronic component keeps a fixed size during the scattering

process - the eikonal approximation, and is usually limited to its lowest-order Fock state,
a qq̄ pair - the so-called dipole model [36, 65, 66]. Then the total dipole-nucleus cross

section reads
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∫
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+ Multiple scattering plays a key role in many physical processes. For example, coherence effects in
multiple scattering are widely discussed in the context of medium-induced radiation both in Quantum
Electrodynamics and in QCD (see e.g. [61] and [62] respectively, and references therein), or in heavy
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Expansion:

Single scattering

Such model provides with unitarization of the dipole cross section for fixed impact parameter.

Unitarity limit: the scattering amplitude for fixed impact parameter is less than unity. 
Conservation of probability.
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offers an explanation for shadowing+. Furthermore, from this example it becomes

evident that shadowing increases with increasing σ and mass number A (and, if the

integration over xT is not performed, increasing centrality equivalent to decreasing

xT ). The cross section σ increases with increasing energy (equivalent to decreasing

x) or decreasing Q2 (equivalent to increasing size of the hadronic component of the

virtual photon, see the next Subsection). Most of these features, as indicated in the
Introduction, are seen in the experimental data. The differences between the models

mentioned at the beginning of this Section come both from the modeling of σ and to

the way in which multiple scattering is considered. Both aspects are the subject of the

following Subsections.

In the coherent limit the hadronic fluctuation of the virtual photon interacts with

the target as a whole. The kinematical region where this happens can be discussed
using a simple argument: In the laboratory frame where the nuclear target is at rest, the

lifetime of the hadronic fluctuation of a γ∗ with squared virtuality Q2 can be estimated

using the uncertainty principle and the Lorentz dilation in this frame,

τ ∼
1

Q
×

Elab

Q
≃

W 2

2mnucleonQ2
≃

1

2mnucleonx
, (10)

where I have used (2) for 2mnucleonElab ≃ W 2 ≫ Q2. This lifetime increases with

decreasing x or increasing energy. For the hadronic fluctuation to interact with the

nuclear target as a whole, the lifetime has to be greater than the nuclear radius,

τ > RA. This implies x ! 1/(2mnucleonRA). Using typical values RA ∼ A1/3 fm,
we get x ! 0.1A−1/3 which roughly coincides with the experimentally measured values

of x for which the transition from antishadowing to shadowing takes place.

2.1. Glauber-like rescatterings

Some models try to address the origin of nuclear shadowing through the Glauber-Gribov

formalism in the totally coherent limit [39, 41, 63]. A proper treatment of coherence

effects requires the consideration of the mass spectrum of intermediate fluctuations and
will be discussed in detail in the next Subsection, though some models [40] include

coherence in an effective way.

The Glauber-Gribov theory [57, 58, 59] considers the multiple scattering of the

hadronic component of the virtual photon with a nucleus made of nucleons whose binding

energy is neglected. This hadronic component keeps a fixed size during the scattering

process - the eikonal approximation, and is usually limited to its lowest-order Fock state,
a qq̄ pair - the so-called dipole model [36, 65, 66]. Then the total dipole-nucleus cross

section reads

σdipole−A(x, r) =

∫

d2b 2

[

1 − exp

(

−
1

2
ATA(b)σdipole−nucleon(x, r)

)]

, (11)

+ Multiple scattering plays a key role in many physical processes. For example, coherence effects in
multiple scattering are widely discussed in the context of medium-induced radiation both in Quantum
Electrodynamics and in QCD (see e.g. [61] and [62] respectively, and references therein), or in heavy
flavour production on nuclear targets [63, 64].

r: dipole size

b: impact parameter of the center of dipole relative to the center of nucleus

Double scattering
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Expansion:

Single scattering

Such model provides with unitarization of the dipole cross section for fixed impact parameter.

Unitarity limit: the scattering amplitude for fixed impact parameter is less than unity. 
Conservation of probability.
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d2bA(x, r, b)
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Figure 4: Dipole cross section at various impact parameters, as determined in the b-Sat model.

Model T (b) Q2/GeV2 mu,d,s/GeV mc/GeV µ2
0/GeV2 Ag λg χ2/d.o.f.

b-Sat Gaussian [0.25,650] 0.14 1.4 1.17 2.55 0.020 193.0/160 = 1.21
b-Sat Gaussian [0.25,650] 0.14 1.35 1.20 2.51 0.024 190.2/160 = 1.19

b-Sat Gaussian [0.25,650] 0.14 1.5 1.11 2.64 0.011 198.1/160 = 1.24
b-Sat Gaussian [0.25,650] 0.05 1.4 0.77 3.61 −0.118 144.7/160 = 0.90
b-Sat Step [0.25,650] 0.14 1.4 1.50 2.20 0.071 199.6/160 = 1.25

Table 3: Parameters of the initial gluon distribution (43) determined from fits to F2 data [22,23].

All predictions using the b-Sat model in this paper are evaluated with the set of parameters
given in the first line unless explicitly stated otherwise.
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Glauber-Gribov scattering

Nuclear shadowing 8

offers an explanation for shadowing+. Furthermore, from this example it becomes

evident that shadowing increases with increasing σ and mass number A (and, if the

integration over xT is not performed, increasing centrality equivalent to decreasing

xT ). The cross section σ increases with increasing energy (equivalent to decreasing

x) or decreasing Q2 (equivalent to increasing size of the hadronic component of the

virtual photon, see the next Subsection). Most of these features, as indicated in the
Introduction, are seen in the experimental data. The differences between the models

mentioned at the beginning of this Section come both from the modeling of σ and to

the way in which multiple scattering is considered. Both aspects are the subject of the

following Subsections.

In the coherent limit the hadronic fluctuation of the virtual photon interacts with

the target as a whole. The kinematical region where this happens can be discussed
using a simple argument: In the laboratory frame where the nuclear target is at rest, the

lifetime of the hadronic fluctuation of a γ∗ with squared virtuality Q2 can be estimated

using the uncertainty principle and the Lorentz dilation in this frame,

τ ∼
1

Q
×

Elab

Q
≃

W 2

2mnucleonQ2
≃

1

2mnucleonx
, (10)

where I have used (2) for 2mnucleonElab ≃ W 2 ≫ Q2. This lifetime increases with

decreasing x or increasing energy. For the hadronic fluctuation to interact with the

nuclear target as a whole, the lifetime has to be greater than the nuclear radius,

τ > RA. This implies x ! 1/(2mnucleonRA). Using typical values RA ∼ A1/3 fm,
we get x ! 0.1A−1/3 which roughly coincides with the experimentally measured values

of x for which the transition from antishadowing to shadowing takes place.

2.1. Glauber-like rescatterings

Some models try to address the origin of nuclear shadowing through the Glauber-Gribov

formalism in the totally coherent limit [39, 41, 63]. A proper treatment of coherence

effects requires the consideration of the mass spectrum of intermediate fluctuations and
will be discussed in detail in the next Subsection, though some models [40] include

coherence in an effective way.

The Glauber-Gribov theory [57, 58, 59] considers the multiple scattering of the

hadronic component of the virtual photon with a nucleus made of nucleons whose binding

energy is neglected. This hadronic component keeps a fixed size during the scattering

process - the eikonal approximation, and is usually limited to its lowest-order Fock state,
a qq̄ pair - the so-called dipole model [36, 65, 66]. Then the total dipole-nucleus cross

section reads

σdipole−A(x, r) =

∫

d2b 2

[

1 − exp

(

−
1

2
ATA(b)σdipole−nucleon(x, r)

)]

, (11)

+ Multiple scattering plays a key role in many physical processes. For example, coherence effects in
multiple scattering are widely discussed in the context of medium-induced radiation both in Quantum
Electrodynamics and in QCD (see e.g. [61] and [62] respectively, and references therein), or in heavy
flavour production on nuclear targets [63, 64].

Once the dipole-nucleon cross section is fixed through the fit to the proton data, the 
description of the nuclear data requires only the fit of the nuclear profile.

Kowalski, Lappi, Venugopalan

IPsat model: Gribov-Glauber 
model with DGLAP evolution

Good description of the Q,x and A 
dependence

��⇤A
T,L (x,Q) =

X

f

Z
d2r

Z
dz

4⇡
( ⇤ )fT,L �dipole�A(x, r)
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Gluon density at high energies
DIS in protons: 

Observation of large 
scaling violations.

Gluon density dominates

at small x!
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Figure 25: The parton distribution functions xuv, xdv, xS = 2x(Ū+ D̄) and xg of HERAPDF2.0
NLO at µ2f = 10GeV

2 compared to those of HERAPDF2.0 NNLO on logarithmic (top) and
linear (bottom) scales. The bands represent the total uncertainties.
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wave function (Color Glass Condensate, McLerran, 
Venugopalan,Kovner,Leonidov,Iancu,Jalilian-Marian,Weigert...).

• All these approaches have a common limit (after  several simplifications): 
Balitsky-Kovchegov equation.

• Both small x and large A (nuclear effects) can be in principle addressed in 
this formalism.
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color charge

Separation of scales
(ordering in energies)

Renormalized charge

The effect of the additional gluon emission is 
to renormalize the effective color charge.

One gluon emission

Radiation of gluons: Bremsstrahlung 

p+

p+

k+

k+ k+
p+
1

p+ � k+

p+ � p+
1 � k+

k+

⇢

⇢0

fast quark

probe(for example a quark-antiquark  
pair from the virtual photon in DIS)
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Fast  nucleus

p+

k+ k+

⇢
Single charge( source)

Many  charges (sources)

k+
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The same process in the dipole language
Now the nucleus is at rest. The photon develops a small x wave 

function in terms of many quark-antiquark dipoles

Generating functional for dipoles

Wavefunction with
n dipoles:

z1

1−z1

k

p−k 1

1

p

,

,

Φ(n)(x0,x1,x2, . . . ,xn+1) = Φ(0) δ

δu(x2)
δ

δu(x3)
. . .

δ

δu(xn+1)
Z(x0,x1, z1, u)|u=0

probability of finding n dipoles at positions xk, k = 2, . . . , n.
Generating functional: Z(b01,x01, z1, u = 1) = 1

dZ(b01,x01, y, u)
dy

=
∫

d2x2x2
01

x2
20x2

12

[
Z(b01 +

x12

2
,x20, y, u)Z(b01 −

x20

2
,x12, y, u) − Z(b01,x01, y, u)

]

b01 ≡ x0+x1
2 , x01 ≡ x0 − x1 Nonlinear evolution equations in QCD – p.18/50

Multiple scattering

Need to construct the amplitude for scattering of dipoles on target.
One scattering

pp

Linear evolution

Multiple scatterings

pp

Nonlinear evolution

Dipole number densities:

n1(x01,x,b− b0, Y ) =
δ

δu(b,x)
Z(b01,x01, Y, u)|u=1

Generally for k dipoles:

nk = Πk
i=1

δ

δu(bi,xi)
Z|u=1

Nonlinear evolution equations in QCD – p.19/50

nucleus

Multiple scatterings of different 
components of the small x photon wave 

function on the nucleus. 

Multiple scattering in rest frame of the nucleus is viewed as recombination of 
gluons in the frame in which the nucleus moves very fast.

p multicolor limit
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The evolution equation for the gluon density  becomes nonlinear.

��sNc

⇥
(fg(x, k2

T ))2dfg(x, k2
T )

d ln 1/x
=

↵sNc

⇡

Z
d2k0

TK(kT , k0
T ) fg(x, k0

T )

Balitsky-Kovchegov equation

dN(b01,x01, Y )
dY

= ᾱs

∫
d2x2 x2

01

x2
20 x2

12

[
N(b01+

x12

2
,x20, Y )+N(b01−

x20

2
,x12, Y )

− N(b01,x01, Y ) − N(b01 +
x12

2
,x20, Y )N(b01 −

x20

2
,x12, Y )

]

N(b01,x01, Y ) - amplitude for dipole-hadron scattering
Evolution in Y = ln 1/x rapidity
Need to specify initial conditions
N (0)(b01,x01, Y = 0) which depend on
the target.
αs fixed −→ LLx approximation
b01 impact parameter of dipole, x01

size of the dipole
→ (4 + 1) dimensions

x0

x

x

b
1

01

01

 

Nonlinear evolution equations in QCD – p.22/50

Gluon density at high energies

Evolution equation for the 
dipole-hadron(nucleus) 
scattering amplitude.

Dipole amplitude is related to 
the unintegrated gluon density 
(impact parameter neglected)

f(x, kT )N(b, r, Y = ln 1/x)
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The evolution equation for the gluon density  becomes nonlinear.

L.V.Gribov, E. Levin, M. Ryskin;
I.Balitsky,Y.Kovchegov; J.Jalilian-Marian, E.Iancu,L.McLerran,H.Weigert, Leonidov
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T )
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Nonlinear evolution equations in QCD – p.22/50
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Figure 1.3: Schematic view of the di�erent regions for the parton densities in the ln 1/x� lnA
plane, for fixed Q2. See the text for comments.

predicted. Ultimately, unitarity constraints become important and a ‘black body’ limit is ap-215

proached [8], in which the cross section reaches the geometrical bound given by the transverse216

proton size. When �s is small enough for quarks and gluons to be good degrees of freedom,217

“Parton saturation” e�ects are therefore expected to occur. In this limit, many striking observ-218

able e�ects are predicted, such as Q2 dependences which di�er fundamentally from the usual219

logarithmic variations and di�ractive cross sections approaching 50% of the total [31]. This220

fairly good phenomenological understanding of the onset of unitarity e�ects is, unfortunately,221

not very quantitative. In particular, the precise location of the saturation scale line in the DIS222

kinematic plane (figure 1.1) is to be determined experimentally. The search for unitarity e�ects223

has therefore been a major issue throughout the lifetime of the HERA project.224

Although no conclusive saturation signals have been observed in parton density fits to exist-225

ing HERA data, hints have been obtained, for example by studying the change in fit quality in226

the NNPDF NLO QCD PDF fit framework as low x and Q2 data are progressively omitted [?]227

(see section 1.1.2).228

A more common approach is to fit the data to dipole models [32–35], which are applicable229

at very low Q2 values, beyond the range in which quarks and gluons can be considered to be230

good degrees of freedom. The typical conclusion [35] is that HERA data in the perturbative231

regime do not exhibit any evidence for saturation. However, when data in the Q2 < 1 GeV2
232

region are included, only models which include saturation e�ects are successful.233

The ‘geometric scaling’ [36] feature of the HERA data (figure 1.4a) reveals that to good234

approximation the low x cross section is a function a single variable ⇥ = Q2/Q2
s(x), where235

Q2
s = Q2

0 x�� is the saturation scale, see Eq. (1.2). This parameterisation works well for236

scattering from both protons and heavy ions, as shown in figure 1.4 [?,37]. This feature supports237

For a nucleus there is an enhancement factor related to 
the nuclear size. The dense region is approached either 
by selecting larger nucleus and probing smaller impact 
parameters or by decreasing value of x.
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good degrees of freedom. The typical conclusion [35] is that HERA data in the perturbative231

regime do not exhibit any evidence for saturation. However, when data in the Q2 < 1 GeV2
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scattering from both protons and heavy ions, as shown in figure 1.4 [?,37]. This feature supports237

For a nucleus there is an enhancement factor related to 
the nuclear size. The dense region is approached either 
by selecting larger nucleus and probing smaller impact 
parameters or by decreasing value of x.

Saturation in perturbative QCD2316

The original approach to implement unitarity and rescattering e↵ects in high-energy hadron scattering was2317

developed by Gribov [56,192,215]. Models based on this non-perturbative Regge-Gribov framework are quite2318

successful in describing existing data on inclusive and di↵ractive ep and eA scattering (see e.g. [216,217] and2319

references therein). However, they lack solid theoretical foundations within QCD.2320

On the other hand, attempts have been going on for the last 30 years to implement parton rescattering2321

or recombination2 in perturbative QCD in order to describe its high-energy behaviour. In the pioneering2322

work in [195,218], a non-linear evolution equation in lnQ2 was proposed to provide the first correction to the2323

linear equations. A non-linear term appeared, which was proportional to the local density of color charges2324

seen by the probe (the virtual photon).2325

An alternative, independent approach was developed in [219], where the amplitudes for di↵ractive pro-2326

cesses in the triple Regge limit were calculated. This resulted in the extraction of the triple Pomeron vertex2327

in QCD at small x, which is responsible for the non-linear term in the evolution equations.2328

Later on these ideas were further developed to include all corrections enhanced by the local parton density,2329

to constitute what is called the Color Glass Condensate (CGC) [196–199,220–227] (see also the most recent2330

developments in [228–231]). The CGC provides a non-perturbative, but weak-coupling, realization of parton2331

saturation ideas within QCD. The linear limit of the basic CGC equation is the BFKL equation, which is2332

the linear evolution equation derived in the high-energy limit. As illustrated in Fig. 5.1, the evolution in the2333

lnQ2
� ln 1/x plane is driven by both linear equations: along lnQ2 for DGLAP and along ln 1/x for BFKL.2334

The basic framework in which saturation ideas are discussed is illustrated in Fig. 5.2. One is considering2335

the hadron wave function at high energy. Its partonic components can be separated into those partons with2336

a large momentum fraction x and those with small x. The large-x components form dilute systems and2337

provide color sources for the corresponding small-x components. Due to multiple splittings of the small-x2338

gluons, a dense system is eventually formed. One can then construct within this formalism an evolution2339

equation for the gluon correlators in the hadron wave function which is a renormalization group equation2340

with respect to the rapidity separating large- and small-x partons. This renormalization procedure assumes2341

perturbative gluon emissions from the large-x partons which imply a redefinition of the source at each step2342

in rapidity.2343

The mean field version of the CGC evolution equations, the Balitsky-Kovchegov (BK) equation [198,199],2344

provides a non-linear evolution equation for the so-called unintegrated gluon densities. These distributions,2345

unlike the standard integrated densities, contain the information about the transverse momenta of the2346

partons. They naturally appear in the theoretical formulations of small-x physics. A detailed description of2347

these distributions as well as the prospects of their precise determination at the LHeC through a variety of2348

processes are discussed in Subsec. 5.2.5.2349

It turns out that the BK approach results in a gluon density which, for a fixed resolution of the probe,2350

is saturated for small longitudinal momentum fractions x, whereas at large values of x, the non-linear2351

term is negligible. The separation between these two limits is given by a dynamically generated saturation2352

momentum Qs(x) which increases with decreasing x (c.f. Fig. 5.1), and therefore saturation is determined2353

by the condition Q < Qs(x). Then, for large energies or small x, the system is in a dense regime of high2354

gluon fields (thus non-perturbative) but the typical gluon momentum, ⇠ Qs, is large (thus the coupling2355

constant which determines gluon interactions is weak). The qualitative behaviour of the saturation scale2356

with energy and nuclear size can be argued as follows. The transition from a dilute to a dense regime occurs2357

when the packing factor (in this case, the product of the density of gluons per unit transverse area times the2358

gluon-gluon cross section) becomes of order unity i.e.2359

A⇥ xg(x,Q2
s)

⇡A2/3
⇥

↵s(Q2
s)

Q2
s

⇠ 1 =) Q2
s ⇠ A1/3Q2

0

✓
1
x

◆�

, (5.2)

where the growth of the gluon density at small x in the dilute system has been approximated by a power2360

law, xg(x,Q2) ⇠ x��, logarithms are neglected and the nucleus is considered a simple superposition of2361

2Note that the rescattering and recombination concepts correspond to the same physical mechanism viewed in the rest frame
and the infinite momentum frame of the hadron, respectively.
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BK equation: solution (no impact parameter dependence)
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Nuclear shadowing from BK equation

!76
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Figure 1:
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Armesto, Braun

Structure function for Pb Power  α as a function of x

virtual photon: z = q · p/(pl · p), where Ap is the momentum of the nucleus and pl that of
the lepton.

It is remarkable that both total and inclusive cross-sections for the heavy flavour produc-
tion are directly expressed via the gluon density (11) in our definition. This perfectly fits the
assumed photon-gluon fusion production mechanism and thus supports our definition of the
gluon density from a pragmatic point of view.

Performing part of the integrations and using Eqs. (10) and (11), we express the quark
density as

∂[xqf (x, l, b)]

∂2l∂2b
=

Q2Nc

8π4

∫

∞

0

dk

k
h(y, k, b)

∫ 1

0
dα
{[

α2 + (1− α)2
]

IT (ϵ, k) +
[

4Q2α2(1− α)2 +m2
f

]

IL(ϵ, k)
}

, (24)

where function h is defined by (10),

IT =
(

2ϵ2 + k2
)

χξ − ϵ2
(

ϵ2 + l2 + k2
)

χ3 − ϵ2ξ2 (25)

and
IL =

(

ϵ2 + l2 + k2
)

χ3 + ξ2 − 2χξ, (26)

with

ξ =
1

ϵ2 + l2
, χ =

1
√

(ϵ2 + (l + k)2) (ϵ2 + (l − k)2)
. (27)

These formulae allow to calculate the quark density both at Q2 = 0 and at finite Q2 once
the gluon density in the nucleus (i.e. function h up to a numerical factor factor) is known
from the solution of the evolution equation (7).

5 Numerical results

Starting from the initial function φ0 at x = 0.01 described in Section 3 we solved numerically
the evolution equation (7) for values of y up to ymax = y0 + 4.0, where y0 is the initial value
of y. We have taken αs = 0.2, so that y0 ≃ 0.88 and the minimal value of x is ∼ 10−11.
For the nuclear profile function we use the one corresponding to the nuclear density given
by a 3-parameter Fermi distribution, with the values of the parameters taken from [24]. We
have taken into account the contribution of charm but neglected that of bottom, which is
relatively small in the total structure function. The structure function of Pb in this interval
of x and for different values of Q2 between 10 and 105 (GeV/c)2 is shown in Fig. 1. One
observes that it grows roughly as ln2(1/x) with x, and as Q2 with Q2. Its A-dependence can
be well represented by a power behaviour

F2A(x,Q
2) = Aα(x,Q2)F (x,Q2). (28)

Power α results dependent both on x and Q2. It is presented in Fig. 2. One observes that
at relatively large values of x α is close to unity and depends on Q2 very weakly. However
at smaller x the power goes down up to values below 2/3 naively expected from the nuclear
screening. At a given x it rises with increasing Q2, however the general trend of going down
with 1/x persists at all Q2.

Our results for the total cross-section for the real and virtual photoproduction of charm
and bottom (with mb = 4.75 GeV) on various nuclei are presented in Figs. 3 and 4. The
cross-sections are shown as functions of the photon c.m. energy W with respect to a nucleon
in the nucleus. We assumed that

x =
4m2

f +Q2

W 2 +Q2
. (29)

6

FPb
2 ⇠ ln2 1/x
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At large x close to 1 and independent of Q.

At small x goes significantly below 1, strong saturation 
which leads to the suppression of the structure function for 
Pb with respect to the proton case



Diffraction

!77



Diffraction in ep and eA

!78

Term diffraction is derived from optics where it means the phenomena related to the 
passage  of light when it encounters a slit or an obstacle and its decomposition into 

the components with different frequencies.



Diffraction in ep and eA

!78

Term diffraction is derived from optics where it means the phenomena related to the 
passage  of light when it encounters a slit or an obstacle and its decomposition into 

the components with different frequencies.

In high energy physics the term originally referred to the small-angle elastic scattering 
of hadrons.



Diffraction in ep and eA

!78

Term diffraction is derived from optics where it means the phenomena related to the 
passage  of light when it encounters a slit or an obstacle and its decomposition into 

the components with different frequencies.

In high energy physics the term originally referred to the small-angle elastic scattering 
of hadrons.

However, more complicated phenomena can occur in hadronic (ep and pp) 
interactions: elastic,single diffractive, double diffractive, central exclusive….



Diffraction in ep and eA

!78

Term diffraction is derived from optics where it means the phenomena related to the 
passage  of light when it encounters a slit or an obstacle and its decomposition into 

the components with different frequencies.

In high energy physics the term originally referred to the small-angle elastic scattering 
of hadrons.

However, more complicated phenomena can occur in hadronic (ep and pp) 
interactions: elastic,single diffractive, double diffractive, central exclusive….

Diffractive processes are characterized by the rapidity gap: 

absence of any activity in part of the detector



Diffraction in ep and eA

!78

Term diffraction is derived from optics where it means the phenomena related to the 
passage  of light when it encounters a slit or an obstacle and its decomposition into 

the components with different frequencies.

In high energy physics the term originally referred to the small-angle elastic scattering 
of hadrons.

However, more complicated phenomena can occur in hadronic (ep and pp) 
interactions: elastic,single diffractive, double diffractive, central exclusive….

Diffractive processes are characterized by the rapidity gap: 

absence of any activity in part of the detector

DiÄractive Selection

Proton Spectrometer
• clean measurement - no
double dissociative
background

• low statistics

Large Rapidity Gap
• high statistics
• contains double dissociative
background

FCAL BCAL RCAL

η=−0.75η=1.1

electron

scattered electron

proton

Grzegorz Gach Recent Results on Diffraction at HERA 12

At HERA in electron-proton collisions: 

about 10% events diffractive

Diffractive event in ZEUS at HERA



Diffraction in ep and eA

!78

Term diffraction is derived from optics where it means the phenomena related to the 
passage  of light when it encounters a slit or an obstacle and its decomposition into 

the components with different frequencies.

In high energy physics the term originally referred to the small-angle elastic scattering 
of hadrons.

However, more complicated phenomena can occur in hadronic (ep and pp) 
interactions: elastic,single diffractive, double diffractive, central exclusive….

Diffractive processes are characterized by the rapidity gap: 

absence of any activity in part of the detector

DiÄractive Selection

Proton Spectrometer
• clean measurement - no
double dissociative
background

• low statistics

Large Rapidity Gap
• high statistics
• contains double dissociative
background

FCAL BCAL RCAL

η=−0.75η=1.1

electron

scattered electron

proton

Grzegorz Gach Recent Results on Diffraction at HERA 12

At HERA in electron-proton collisions: 

about 10% events diffractive

Diffractive event in ZEUS at HERA

Experimental methods: 
Rapidity gap


Proton tagging



Experimental evidence for 
diffraction in ep
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2.2 Fundamental observations

Rapidity gaps are expected even if in all DIS events a quark is knocked out of the
proton leaving a coloured remnant. The reason for this is the statistical distribution of
the produced hadrons, which results in a small yet finite probability for final states with
little activity in any specified detector region. However, the observations described below
are clearly inconsistent with this explanation of rapidity gap events.

The first analysis of rapidity gap events at HERA was performed by the ZEUS
collaboration [3]. More than 5% of DIS events were found to possess a rapidity gap.
The large excess of the event numbers compared to näıve parton model expectations was
soon confirmed by an H1 measurement [4]. The analyses are based on the pseudo-rapidity
η = − ln tan(θ/2), where θ is the angle of an outgoing particle relative to the beam axis.
Pseudo-rapidity and rapidity are identical for massless particles; the difference between
these two quantities is immaterial for the qualitative discussion below.

In the ZEUS analysis, a rapidity ηmax was defined as the maximum rapidity of a
calorimeter cluster in an event. A cluster was defined as an isolated set of adjacent cells
with summed energy higher than 400 MeV. The measured ηmax distribution is shown in
Fig. 2.3. (Note that the smallest detector angle corresponds to ηmax = 4.3; larger values
are an artifact of the clustering algorithm.)

Figure 2.3: Distribution of ηmax, the maximum rapidity of a calorimeter cluster in an
event, measured at HERA (figure from [3]).

To appreciate the striking qualitative signal of diffraction at HERA, the measured
ηmax distribution has to be compared with näıve expectations based on a purely partonic
picture of the proton. This is best done using a parton-model-based Monte Carlo event
generator. The corresponding ηmax distribution, which is also shown in Fig. 2.3, is strongly
suppressed at small ηmax. This qualitative behaviour is expected since the Monte Carlo
(for more details see [3] and refs. therein) starts from a partonic proton, calculates the
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Pseudorapidty

✦Angle of the outgoing particle relative to 
the beam axis


✦Pseudorapidity=rapidity if particles are 
massless

✦Defined as the maximum rapidity of 
calorimeter cluster in an event. 


✦Cluster is defined as an isolated set of 
adjacent cells with deposited energy 
larger than 400 MeV

⌘max
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Monte Carlo shows exponential 
suppression of large rapidity gaps

Data are in striking disagreement with 
the Monte Carlo : there are many 
events with large rapidity gaps!
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Fhm
LEI

PEI
rapidity gap

Elastic: proton stays intact

Fy
T
Te

I rapiditygap

PCP
proton dissociation

Diffractive dissociation: proton breaks up into system Y

Diffraction interpretation: usually explained in terms of the exchange of a 
colorless object with the quantum numbers of a vacuum - the Pomeron

Other explanations: soft color interaction model - color 
neutralization through the soft exchanges in the final state
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photoproduction
deep inelastic scattering

Q2 ⇠ 0
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Diffractive structure functions
d3�D

dxIP dx dQ2
=

2⇡↵2
em

xQ4
Y+ �D(3)

r (xIP , x,Q
2)

Y+ = 1 + (1� y)2

�D(3)
r = FD(3)

2 � y2

Y+
FD(3)
L

Reduced  diffractive cross section depends on two structure functions

For y not to close to unity we have: �D(3)
r ' FD(3)

2

FD(3)
T,L (x,Q2, xIP ) =

Z 0

�1
dtFD(4)

T,L (x,Q2, xIP , t)

Integrated vs unintegrated structure functions over t

FD(4)
2 = FD(4)

T + FD(4)
L �82



Collinear factorization in diffraction

Collinear factorization in diffractive DIS 

• Diffractive cross section can be factorized into the convolution of the perturbatively 
calculable partonic cross sections and diffractive parton distributions (DPDFs).


• Partonic cross sections are the same as for the inclusive DIS.


• The DPDFs represent the conditional probability distributions for partons i in the proton 
under the constraint that the proton is scattered into the system Y with a specified 4-
momentum.


• Factorization should be valid for sufficiently(?) large Q2 (and fixed t and xIP).


• Another way of asking the same question: what is value of Λ? Is it the same as for the 
inclusive case?

Collins

d�ep!eXY (x,Q2, xIP , t) =
X

i

fD
i (x,Q2, xIP , t)⌦ d�̂ei(x,Q2) +O(⇤2/Q2)
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Regge factorization
Ingelman-Schlein model:

fD
i (x,Q2, xIP , t) = fIP/p(xIP , t) fi(� = x/xIP , Q

2)

• It is usually assumed that Regge vertex factorization occurs. 


• This is in addition to collinear factorization. It is a different assumption.


• The  diffractive scattering occurs through the exchange of the Pomeron with the 
longitudinal momentum fraction xIP of the proton.


• The Pomeron couples to the proton through the ‘pomeron flux factor’ that determines 
probability of the coupling with particular value of xIP and t .


• Subsequent hard scattering of the photon on a partonic constituents of the Pomeron.  
The struck parton  carries fraction β of the longitudinal momentum of the Pomeron.

pomeron flux
parton distributions in the 

pomeron
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DPDF parametrization

fD
i (x,Q2, xIP , t) = fIP/p(xIP , t) fi(�, Q

2) + nIRfIR/p(xIP , t) f
IR
i (�, Q2)

For good description of the data usually subleading Reggeons are included

Subleading contributions important for large values of xIP>0.01

fk(z) = Akx
Bk(1� x)Ck

where k=g,d. Light quarks assumed to be equal u=d=s.

Standard choice of parametrization similar to the inclusive PDFs:
Example of parametrization by H1 and ZEUS:

fIP/p(xIP , t) = AIP
eBIP t

x2↵IP (t)�1

Reggeon parton distributions are constrained by the data on the pion structure functions.

Pomeron flux is parametrized as

Pomeron trajectory assumed to be linear:

↵IP (t) = ↵IP (0) + ↵0
IP t
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Diffractive fits

⇠ = xIP

Comparison of H1-2006B and ZEUS-SJ fits to the H1-LRG 2012 data

ZEUS-SJ fit seems to better describe the data in the low β region

Example of the DGLAP fit to the diffractive data
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Prospects for diffractive phenomena measurements at EIC/LHeC/FCC-eh

✦ Higher luminosity - > better statistics for rare processes like exclusive diffraction 
of vector mesons

✦ Extended kinematics (LHeC/FCC-eh) probing the diffraction in a new regime
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Prospects for diffractive phenomena measurements at EIC/LHeC/FCC-eh

✦ Higher luminosity - > better statistics for rare processes like exclusive diffraction 
of vector mesons

✦ Extended kinematics (LHeC/FCC-eh) probing the diffraction in a new regime
✦ New diffractive final states involving EW bosons, top
✦ Extended lever arm and higher precision allows for the more constraints on the 

diffractive parton distribution functions
✦ Test the limits of factorization in diffraction
✦ Explore the relation between the diffraction and shadowing
✦ Possibility of precise diffractive measurements in nuclei
✦ First extraction of the diffractive parton distributions in nuclei
✦ Possibility of nuclei tomography using the elastic diffractive vector meson 

production and virtual Compton scattering on nuclei



Phase space: HERA to LHeC to FCC-eh
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Phase space ―  HERA ! LHeC ! FCC-he

• CD = 7	TeV vs. HERA
– HIJK down by factor  ~20

– -ILM0 up by factor ~100

• CD = 50	TeV vs. 7	TeV
– HIJK down by factor  ~10

– -ILM0 up by factor ~10

2017-11-15 Wojtek Slominski - PDFs and Low x at LHeC/FCC-he WG  meeting 6

The grid shows suggested binning:
4 bins per order of magnitude

for each of 3, -0, 5

CO = 60	G1RCO = 60	G1R

p, e energies

⇠ =
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LHeC phase space: (β,Q2) fixed ξ
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LHeC phase space ― Ep = 7 TeV

V W X. Z[# bins for V W X. Z[
• no top

– 1589 for '( \ 1.3	GeV(
– 1229 for '( \ 5	GeV(

• with top quark
– 17 bins more

2017-11-15 Wojtek Slominski - PDFs and Low x at LHeC/FCC-he WG  meeting 7



FCC-eh phase space: (β,Q2) fixed ξ
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FCC-he phase space ― Ep = 50 TeV

2017-11-15 Wojtek Slominski - PDFs and Low x at LHeC/FCC-he WG  meeting 8

V W X. Z[# bins for V W X. Z[
• no top

– 2171 for '( \ 1.3	GeV(
– 1735 for '( \ 5	GeV(

• with top quark
– 275 (255) bins more



Data simulations

• Simulations based on extrapolation from ZEUS-SJ DPDFs


• VFNS scheme but  no top at HERA so top contribution 
neglected in the simulation


• Errors simulated with 5% Gaussian noise


• Reggeon contribution is included but hard to constrain at HERA, 
could lead to large uncertainty in the extrapolation at ξ>0.01


• Binning to assume negligible statistical errors
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Example of data: large ξ, LHeC
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Simulated data ― an example

2017-11-15 Wojtek Slominski - PDFs and Low x at LHeC/FCC-he WG  meeting 9

Extrapolations
and data 

simulated with
5% Gaussian noise



Example of data: large ξ, FCC-eh
σred   for   Ep = 50 TeV, Ee = 60 GeV

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

1×10-5 0.0001 0.001 0.01 0.1 1
β

ξ = 0.018

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

1×10-5 0.0001 0.001 0.01 0.1 1
β

ξ = 0.032

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

1×10-5 0.0001 0.001 0.01 0.1 1
β

ξ = 0.056

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0.35

 0.4

 0.45

1×10-5 0.0001 0.001 0.01 0.1 1
β

ξ = 0.1

Q2 =  1.8
Q2 =  3.2
Q2 =  5.6
Q2 =   10
Q2 =   18
Q2 =   32
Q2 =   56

Q2 =  100
Q2 =  180
Q2 =  320
Q2 =  560

Q2 = 1000
Q2 = 1800
Q2 = 3200
Q2 = 5600

Q2 = 10000
Q2 = 18000

!93



DPDFs from simulations
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DPDFs for LHeC
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DPDFs error bands
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DPDF accuracy improvement wrt. HERA
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Dependence on Qmin2 and Ep
Gluon DPDF error bands from the 5% simulations
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Improvement of accuracy 
of factor about 3 ÷ 5 for 
low Qmin2 

Low Q2 region sensitive to 
higher twists, saturation etc

especially in diffraction. 
DGLAP fits may not work/
be reliable in this region.
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Quark DPDF error bands from the 5% simulations
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Nuclear diffractive structure functions
Pb208 FGS-2018         F2 sig  NSuppr.   at Q2 = 10, Ep = 7
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• Model for nuclear shadowing: 
Frankfurt,Guzey,Strikman


• Two models: high and low 
shadowing


• Large discrepancies between two 
models


• Results for nuclear ratio:

Electron Ion Collider (EIC/LHeC/FCC-
eh) will be able to quickly pin down the 
nuclear diffractive structure functions
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Nuclear diffractive structure functions
e Pb         EPb/A = 2.76 TeV,    Ee = 60 GeV,    L = 2 fb-1
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Precision of the data limited by systematics 
5% error is conservative, could be as low as 2% 
This would allow for the extraction of the nuclear diffractive 
PDFs with the same precision as the proton PDFs.



Exclusive diffraction
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Elastic diffractive production of vector 
meson

spin=1

qq̄ valence component

p

V

J/ 

⇢

!

3 GeV

0.77 GeV

0.782 GeV

cross section from HERA and LHC�p ! J/⇥ p
Elastic production of meson V in the 

interaction of photon-proton

�
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Diffraction in opticsDiffrac3on$in$op3cs$

plane
wave

obstacle
or aperture

(detector)
screen

diffraction
pattern

(size = R)

k

distance d

Diffrac3on$paKern$contains$informa3on$about$the$size$R$of$the$obstacle$and$about$the$
op3cal$“blackness”$of$the$obstacle.$$By studying diffraction pattern one can learn about the 

size of the obstacle and its density
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Diffraction in optics and in hadron physics
Diffrac3on$in$op3cs$and$QCD$

•  In$op3cs,$diffrac3on$paKern$is$studied$as$a$func3on$of$the$angle$θ. 
"

•  In$high$energy$scaKering$the$diffrac3ve$cross$sec3ons$are$ploKed$as$a$func3on$of$the$$
Mandelstam$variable$$t$=$k$sin$θ.$

r⃗r⃗ − b⃗

k b⃗ z

z = d

z = 0
R

θ

In optics: diffraction is analyzed in terms of angle 

In particle physics: diffraction is analyzed in terms of 
Mandelstam invariant t : momentum transfer

✓
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Elastic diffractive production of vector 
meson

Dipole picture of VM production

t = ��2Momentum transfer

V

p
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Elastic diffractive production of vector 
meson

Dipole picture of VM production

t = ��2Momentum transfer

V

p

γ∗

p p

z

1 − z

r⃗

b⃗
x x

γ∗ γ∗ V = J/ψ,φ, ρ

p p′

z

1 − z

r⃗

b⃗

(1 − z)r⃗

x x′

Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0
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4π
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dσγ∗p→Ep
T,L

dt
=

1

16π

∣

∣

∣
Aγ∗p→Ep

T,L

∣

∣

∣

2
=

1

16π

∣

∣

∣

∣

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b

∣

∣

∣

∣

2

. (12)

This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(ϵr)

2π
, (13)
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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∫
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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Elastic diffractive production of vector 
meson

Dipole picture of VM production
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.
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formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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Amplitude

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑
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∫
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∫ 1
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dz
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with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as
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, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by
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Dipole amplitude with impact parameter dependence

= 2N(x, r, b)
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The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:
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∑
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∫ 1

0
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with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2
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h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:
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T,L defined as
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where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by
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Dipole amplitude with impact parameter dependence
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Dipole picture of VM production
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where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential
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The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),
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(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)
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T,L defined as
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L ≡
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where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by
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where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
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Dipole cross section
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(ϵr)

2π
, (13)
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(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real
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two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by

dσγ∗p→Ep
T,L

dt
=

1

16π

∣

∣

∣
Aγ∗p→Ep

T,L

∣

∣

∣

2
=

1

16π

∣

∣

∣

∣

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b

∣

∣

∣

∣

2

. (12)

This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(ϵr)

2π
, (13)

5

Amplitude

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by

Aγ∗p→Ep
T,L (x, Q, ∆) =

∫

d2r

∫ 1

0

dz

4π
(Ψ∗

EΨ)T,L Aqq̄(x, r, ∆) (9)

= i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−ib·∆ 2[1 − S(x, r, b)], (10)

4

Dipole amplitude with impact parameter dependence

= 2N(x, r, b)
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Exclusive diffraction
• Exclusive diffractive production of VM is an 

excellent process for extracting the dipole 
amplitude and GPDs


• Suitable process for estimating the ‘blackness’ 
of the interaction.


• t-dependence provides an information about the 
impact parameter b-profile of the amplitude.

Additional variable t gives access 
to impact parameter (b) 
dependent amplitudes 

Large t (small b) probes densest 
packed part of proton? 
c.f. inclusive scattering probes median 
b~2-3 GeV-1 

e.g. “b-Sat” Dipole model [Golec-Biernat, Wuesthoff, 

Bartels, Teaney, Kowalski, Motyka, Watt] … 
“eikonalised”: with impact-parameter 

   dependent saturation  
“1 Pomeron”: non-saturating 

•  Significant non-linear  
effects expected  
even for t-integrated  
cross section in LHeC  
kinematic range. 
•  Data shown are  
extrapolations of  
HERA power law fit  
for Ee = 150 GeV… 
    " Satn smoking gun? 

[Watt] 
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Figure 2.59: (a) The (imaginary part of the) dipole scattering amplitude, N (x, r, b), as a func-
tion of the impact parameter b, for r = 1 GeV�1 (typical for exclusive J/⌅ photoproduction)
and di⇥erent x values. (b) The (r-integrated) amplitude for exclusive J/⌅ photoproduction as
a function of b, for W = 300 GeV and |t| = 0, 1, 2, 3, 4 GeV2.

can clearly distinguish between the di⇥erent models. The di⇥erences are of course amplified
for larger t and large energies, where however the precise extraction of the t slope will be more
challenging.

Summarizing, it is clear that the precise measurements of large-|t| exclusive J/⌅ photopro-
duction at the LHeC would have significant sensitivity to unitarity e⇥ects.

Di�ractive Vector Meson Production from Nuclei This is still needed I think!!! PRN
Similar studies of elastic J/⌅ photoproduction in LHeC eA collisions have been proposed

as a direct means of extracting the nuclear gluon density [?].

DVCS and GPDs

Current DVCS Perspectives Text from Christian Weiss
Exclusive processes such as electroproduction of vector mesons and photons, �⇥N ⇥ V +N(V =
⇥0,⇤, �), or photoproduction of heavy quarkonia, �N ⇥ V + N(V = J/⌅, �), provide informa-
tion on nucleon structure and small-x dynamics complementary to that obtained in inclusive
or di⇥ractive measurements [128]. At su⌅ciently large Q2 the meson/photon is produced in
a configuration of transverse size much smaller than the typical hadronic size, r⇤ � Rhadron,
whose interaction with the target can be described using perturbative QCD [203]. A QCD
factorization theorem [204] states that the exclusive amplitudes in this regime can be factorized
into a pQCD scattering process and certain universal process-independent functions describ-
ing the emission and absorption of the active partons by the target, the generalized parton
distributions (or GPDs).
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Large momentum transfer t probes small impact parameter 
where the density of interaction region is most dense. 

t = ��2Momentum transfer

�104



Dipole amplitude with impact 
parameter dependence

!105

BK equation in principle can provide with the solution that includes b-dependence.

But non-perturbative parameters are needed.

Dipole cross section with impact parameter parametrized in the literature.

Dipole amplitude depends on x, dipole size r and impact parameter b

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by

Aγ∗p→Ep
T,L (x, Q, ∆) =

∫

d2r

∫ 1

0

dz

4π
(Ψ∗

EΨ)T,L Aqq̄(x, r, ∆) (9)

= i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−ib·∆ 2[1 − S(x, r, b)], (10)

4

= 2N(x, r, b)
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Dipole amplitude with impact 
parameter dependence
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BK equation in principle can provide with the solution that includes b-dependence.

But non-perturbative parameters are needed.

Dipole cross section with impact parameter parametrized in the literature.

Dipole amplitude depends on x, dipole size r and impact parameter b

The elementary elastic amplitude Aqq̄ is defined such that the elastic differential cross section
for the qq̄ pair scattering on the proton is

dσqq̄

dt
=

1

16π
|Aqq̄(x, r, ∆)|2 , (2)

where t = −∆2. It can be related to the S-matrix element S(x, r, b) for the scattering of a
dipole of size r at impact parameter b:

Aqq̄(x, r, ∆) =

∫

d2b e−ib·∆ Aqq̄(x, r, b) = i

∫

d2b e−ib·∆ 2 [1 − S(x, r, b)] . (3)

This corresponds to the intuitive notion of impact parameter when the dipole size is small
compared to the size of the proton. The optical theorem then connects the total cross section for

the qq̄ pair scattering on the proton to the imaginary part of the forward scattering amplitude:

σqq̄(x, r) = ImAqq̄(x, r, ∆ = 0) =

∫

d2b 2[1 − Re S(x, r, b)]. (4)

The integration over b of the S-matrix element motivates the definition of the qq̄–p differential

cross section as

dσqq̄

d2b
= 2[1 − Re S(x, r, b)]. (5)

The total cross section for γ∗p scattering, or equivalently F2, is obtained, using (1) and (4),

by integrating the dipole cross section with the photon wave functions:

σγ∗p
T,L(x, Q) = ImAγ∗p

T,L(x, Q, ∆ = 0) =
∑

f

∫

d2r

∫ 1

0

dz

4π
(Ψ∗Ψ)f

T,L σqq̄(x, r), (6)

with the overlap of the photon wave functions (Ψ∗Ψ)f
T,L defined as

(Ψ∗Ψ)f
T ≡ 1

2

∑

h,h̄

[

Ψ∗
hh̄,λ=+1Ψhh̄,λ=+1 + Ψ∗

hh̄,λ=−1Ψhh̄,λ=−1

]

, (7)

(Ψ∗Ψ)f
L ≡

∑

h,h̄

Ψ∗
hh̄,λ=0Ψhh̄,λ=0, (8)

where λ denotes the photon helicity and f the flavour of the qq̄ pair. The dependence on the

quark flavour f is specified below in Sect. 2.1. In the perturbative region, that is, for small
dipole sizes r, the dipole cross section corresponds to exchange of a gluon ladder; see Fig. 2

(left). The same diagram applies for exclusive final state production if the wave function of
the outgoing virtual photon is replaced by the wave function of a specific final state; see Fig. 2
(right).

The amplitude for production of an exclusive final state E, such as a vector meson (E = V )

or a real photon in DVCS (E = γ), is given by

Aγ∗p→Ep
T,L (x, Q, ∆) =

∫

d2r

∫ 1

0

dz

4π
(Ψ∗

EΨ)T,L Aqq̄(x, r, ∆) (9)

= i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−ib·∆ 2[1 − S(x, r, b)], (10)

4

= 2N(x, r, b)
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Here ρ(b, z) denotes density of the gluons within a proton
and is normalized to one

∫

d2b dz ρ(b, z) = 1 . (13)

Exponentiating this result, the probability that the
dipole suffers no inelastic interactions passing through
the entire proton is |S(b)|2

|S(b)|2 = exp

(

−
π2

Nc
r2αs(µ

2)xg(x, µ2)T (b)

)

. (14)

Here T (b) is the thickness function,

T (b) =

∫ ∞

−∞
dz ρ(b, z) . (15)

To obtain the total cross section at a given impact pa-
rameter we assume that the S-matrix element is predom-
inantly real. Then the cross section at a given impact
parameter b is given by 2(1 − ReS(b)) or

dσqq̄

d2b
= 2

[

1 − exp

(

−
π2

2 NC
r2αs(µ

2)xg(x, µ2)T (b)

)]

.

(16)
This expression is known as the Glauber-Mueller dipole

cross section [3] and can also be obtained within the
McLerran-Venugopalan model [13]. It provides a sim-
ple model for the interaction of a qq̄ probe with a dense
target. The function T (b) and xg(x, µ2) are determined
from the fits to the data. Figure 2 shows the dipole cross
section as a function of the impact parameter b for var-
ious dipole sizes at two distinct x-values. The proper-
ties of the dipole cross-section will be discussed below.
Similar dipole cross sections were found in the model of
Ref. [14]. The cross-section is evaluated for the largest
dipole sizes only to illustrate saturation in the Glauber-
Mueller approach. This dipole size is not contributing to
the observed cross-section.

The Glauber-Mueller dipole cross section is a simple
model which respects unitarity. As discussed below, in
the large Q2 region the model matches smoothly onto
DGLAP since we will evolve xg(x, µ2) with DGLAP.
In the small x region, the model evolution can be im-
proved. Indeed, evolution based upon the Balitsky-
Kochegov equation [15, 16] has been extensively studied
[6, 7] and provides a reasonable description of the to-
tal and total diffractive cross sections. Nevertheless, the
Glauber-Mueller dipole cross section provides a simple
model which exhibits saturation as a function of impact
parameter in a reasonably generic way and is therefore a
useful tool in exposing saturation effects in the data.

B. The Proton Shape T (b)

The impact parameter dependence of the dipole cross-
section determines the properties of the t−distributions

FIG. 2: The dipole cross-section as a function of the impact
parameter b for various dipole sizes evaluated at two x-values.

in elastic diffractive processes. Here the variable t de-
notes the squared four momentum transfer between the
incoming and outgoing proton in the diffractive process,
γ∗p → V p. The t−distribution is directly related to the
Fourier transform of T (b) via Eqs. 16 and 10. Presently,
the best data on diffractive t-distributions are available
for vector-meson production. HERA experiments re-
ported [17, 18, 19] that all diffractive vector-meson t-
distributions can be described by a single exponent B
for |t| < 1 GeV2

dσγ∗p
V M

dt
∝ exp(−B|t|) . (17)

Since the J/ψ wave-function is better known than the
ρ or φ wave-functions, we will concentrate on J/ψ pro-
duction. The value of the coefficient B for the J/ψ t-
distribution is around 4 GeV−2 and is only weakly de-
pendent W 2 and Q2. The exponential form in Eq. 17 is
the Fourier transform of

TG(b) =
1

2πBG
exp(−b2/2BG) . (18)

We therefore tried this form for T (b). To account for the
expected exponential behavior at large impact parame-
ters we also considered the form

TGY (b) ∝
∫

d2 b′ exp(−(b − b′)2/2BGY )K0(b
′/WGY ) .

(19)
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III. IMPACT-PARAMETER DEPENDENT DIPOLE MODELS

The common ingredient for the total (and reduced) cross-sections (i.e. for the proton structure functions in
DIS) and for exclusive diffractive vector meson production Eq. (1), is the universal qq̄ dipole-proton forward
scattering amplitude. Although the impact-parameter dependence of the dipole amplitude is less important for
inclusive processes, it is crucial for describing exclusive diffractive ones. Note that the impact-parameter profile
of the dipole amplitude entails intrinsically non-perturbative physics, which is beyond the QCD weak-coupling
approach to small-x physics [66–68]. Therefore, the impact-parameter dependence of the dipole amplitude,
unfortunately, can only be treated phenomenologically at this time. Supported by experimental data, it is
generally assumed a Gaussian profile for gluons where the width of the profile, as only free parameter, is fixed
via a fit to diffractive data at HERA. We use two well-known impact-parameter dependent saturation models, the
so-called IP-Sat [11, 13] and b-CGC [12, 15] models which both have been very successful in phenomenological
applications from HERA to RHIC and the LHC.

In the IP-Sat model [13], the proton-dipole forward scattering amplitude is given by

N (x, r, b) = 1− exp

(

−π
2r2

2Nc
αs

(

µ2
)

xg
(

x, µ2
)

TG(b)

)

, (16)

TG(b) =
1

2πBG
exp

(

−b2/2BG

)

, (17)

where TG(b) is the gluon impact-parameter profile and xg
(

x, µ2
)

is the gluon density, evolved with dipole
transverse size r up to the scale µ2 = 4/r2 + µ2

0 with LO DGLAP gluon evolution (neglecting its coupling to
quarks) with initial gluon distribution at the scale µ2

0

xg
(

x, µ2
0

)

= Ag x
−λg (1 − x)5.6. (18)

We take the corresponding one-loop running-coupling value of αs for four flavours, with ΛQCD = 0.156 GeV fixed
by the experimentally measured value of αs at the Z0 mass. The contribution from bottom quarks is neglected.
The IP-Sat dipole amplitude can be derived at the classical level in the CGC [2]. Through eikonalization
it explicitly maintains unitarity while matching smoothly the high Q2 perturbative QCD limit via DGLAP
evolution. The eikonalization of the gluon distribution in the IP-Sat model represents a resummation of higher
twist contributions which become important at small x. The first term of the expansion of the exponential in
Eq. (16) corresponds to the leading-order pQCD expansion for the dipole amplitude in the colour-transparency
region, as opposed to the saturation case, and it is here called the 1-Pomeron model.

In the b-CGC dipole model [15], the colour dipole-proton forward scattering amplitude is given by

N (x, r, b) =

⎧

⎪

⎨

⎪

⎩

N0

(

rQs

2

)2γeff

for rQs ≤ 2 ,

1 − exp
(

−A ln2 (BrQs)
)

for rQs > 2 ,

(19)

where the effective anomalous dimension γeff and the saturation scale Qs of the proton explicitly depend on
the impact parameter and are defined as

γeff = γs +
1

κλY
ln

(

2

rQs

)

,

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

exp

{

− b2

4γsBCGC

}

GeV, (20)

where Y = ln(1/x) and κ = χ′′(γs)/χ′(γs), with χ being the LO BFKL characteristic function. The parameters
A and B in Eq. (19) are determined uniquely from the matching of the dipole amplitude and its logarithmic
derivatives at rQs = 2. The b-CGC model is constructed by smoothly interpolating between two analytically
known limiting cases [69], namely the solution of the BFKL equation in the vicinity of the saturation line for
small dipole sizes, and the solution of the BK equation deep inside the saturation region for large dipole sizes
[70, 71].

Although both the b-CGC and the IP-Sat models include saturation effects and depend on impact-parameter,
the underlying dynamics of two models is quite different, namely saturation in the b-CGC and the IP-Sat

Example of dipole amplitude parametrization with impact parameter 
dependence (IP-sat model)

Gaussian impact parameter profile:

Gluon density from DGLAP evolution: xg(x, µ2)
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FIG. 3: The differential cross-section for exclusive diffractive
J/ψ production as a function of t for representative bins in
W [19]. The solid (dashed) lines show the results of the IP
saturation model assuming TGY (TG) for the proton shape.

Due to the asymptotic behavior of K0(x) ∼
√

π/2x exp(−x), TGY (b) falls off exponentially at large
impact parameters.

The parameters BG, BGY and WGY are only weakly
dependent on the other parameters in the model and
were determined iteratively. From the fit to the limited
t range, |t| < 0.7 GeV2, the following values were found:
BG = 4.25 GeV−2 for TG(b) and BGY = 3.25 GeV−2

and WGY = 0.66 GeV−1 for TGY (b). Figure 3 shows a
representative subset of data [19] together with the re-
sults of a fit to the data using both forms of T (b). The
slope of the data fixes the parameters BG and BGY and
WGY . The normalization of the curves in Figure 3 is a
determined by the underlying J/ψ light cone wave func-
tion and is therefore model dependent. We will use three
model wavefunctions which are discussed more fully in
Sect. III F and in the Appendix. The figure is for the
CORNELL wavefunction. Unless explicitly stated, the
profile function adopted throughout the rest of this work
is TGY (b) which for practical purposes is equivalent to
TG(b).

C. Gluon Structure Function and Dipole Evolution

The dipole cross-section (Eq. 16) requires the gluon
density xg(x, µ2) for all scales µ2. As in previous work [2],
the scale µ2 is related to the dipole size by

µ2 =
C

r2
+ µ2

0 . (20)

The gluon density is evolved to the scale µ2 with leading
order DGLAP without quarks for the gluon density. The
evolution of the gluon density is performed numerically
for every dipole size r during the integration of Eq. 5.
The initial gluon distribution is taken at the scale µ2

0 in
the form

xg(x, µ2
0) = Ag x−λg (1 − x)5.6 . (21)

The parameters of the model C, µ2
0, Ag, and λg are de-

termined from a fit to the DIS data. For light quarks the

gluon distribution is evaluated at x = xBJ = Q2

Q2+W 2 .
For the charm quark the gluon structure function is eval-
uated at x = (4m2

c + Q2)/(Q2 + W 2), where mc is the
charm quark mass [20]. This implies that the dipole cross
section is flavor dependent when performing the sum over
flavors in Eq. 5.

The present model has, in some sense, one less param-
eter than the model of Ref. [2]. The parameter σ0 which
previously determined the asymptotic size of the dipole
cross-section is now replaced by the parameter BG (or
BGY and WGY ) which is (are) fixed by the shape of the
diffractive t-distribution.

The gluon structure function obtained from the fit is
shown in Fig. 4 for various dipole sizes. The dipole size
determines the evolution scale µ2 through Eq. 20. QCD
evolution changes the rate of rise of the gluon structure
function xg(x, µ2). The rate of rise is usually quantified
by the exponent λeff ,

λeff =
d log(xg(x, µ2))

d log(1/x)
. (22)

The exponent λeff is a measure of the strength of gluon
emission process, see e.g. [22]. Figure 5 shows a rapid
increase of the exponent λeff with decreasing x for small
values of the dipole radius r.

D. Comparison with the GBW model

In the original GBW model [1] the dipole cross section
σqq̄(x, r) was independent of impact parameter and gave
a good description of the inclusive total γ∗p cross section.
It also described some diffractive processes [1, 2, 23] with-
out providing any information about the t-dependence.
In the GBW model the dipole cross-section σqq is given
by

σGBW
qq̄ = σ0

[

1 − exp

(

−
r2

R2
0

)]

, (23)
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Here ρ(b, z) denotes density of the gluons within a proton
and is normalized to one

∫

d2b dz ρ(b, z) = 1 . (13)

Exponentiating this result, the probability that the
dipole suffers no inelastic interactions passing through
the entire proton is |S(b)|2

|S(b)|2 = exp

(

−
π2

Nc
r2αs(µ

2)xg(x, µ2)T (b)

)

. (14)

Here T (b) is the thickness function,

T (b) =

∫ ∞

−∞
dz ρ(b, z) . (15)

To obtain the total cross section at a given impact pa-
rameter we assume that the S-matrix element is predom-
inantly real. Then the cross section at a given impact
parameter b is given by 2(1 − ReS(b)) or

dσqq̄

d2b
= 2

[

1 − exp

(

−
π2

2 NC
r2αs(µ

2)xg(x, µ2)T (b)

)]

.

(16)
This expression is known as the Glauber-Mueller dipole

cross section [3] and can also be obtained within the
McLerran-Venugopalan model [13]. It provides a sim-
ple model for the interaction of a qq̄ probe with a dense
target. The function T (b) and xg(x, µ2) are determined
from the fits to the data. Figure 2 shows the dipole cross
section as a function of the impact parameter b for var-
ious dipole sizes at two distinct x-values. The proper-
ties of the dipole cross-section will be discussed below.
Similar dipole cross sections were found in the model of
Ref. [14]. The cross-section is evaluated for the largest
dipole sizes only to illustrate saturation in the Glauber-
Mueller approach. This dipole size is not contributing to
the observed cross-section.

The Glauber-Mueller dipole cross section is a simple
model which respects unitarity. As discussed below, in
the large Q2 region the model matches smoothly onto
DGLAP since we will evolve xg(x, µ2) with DGLAP.
In the small x region, the model evolution can be im-
proved. Indeed, evolution based upon the Balitsky-
Kochegov equation [15, 16] has been extensively studied
[6, 7] and provides a reasonable description of the to-
tal and total diffractive cross sections. Nevertheless, the
Glauber-Mueller dipole cross section provides a simple
model which exhibits saturation as a function of impact
parameter in a reasonably generic way and is therefore a
useful tool in exposing saturation effects in the data.

B. The Proton Shape T (b)

The impact parameter dependence of the dipole cross-
section determines the properties of the t−distributions

FIG. 2: The dipole cross-section as a function of the impact
parameter b for various dipole sizes evaluated at two x-values.

in elastic diffractive processes. Here the variable t de-
notes the squared four momentum transfer between the
incoming and outgoing proton in the diffractive process,
γ∗p → V p. The t−distribution is directly related to the
Fourier transform of T (b) via Eqs. 16 and 10. Presently,
the best data on diffractive t-distributions are available
for vector-meson production. HERA experiments re-
ported [17, 18, 19] that all diffractive vector-meson t-
distributions can be described by a single exponent B
for |t| < 1 GeV2

dσγ∗p
V M

dt
∝ exp(−B|t|) . (17)

Since the J/ψ wave-function is better known than the
ρ or φ wave-functions, we will concentrate on J/ψ pro-
duction. The value of the coefficient B for the J/ψ t-
distribution is around 4 GeV−2 and is only weakly de-
pendent W 2 and Q2. The exponential form in Eq. 17 is
the Fourier transform of

TG(b) =
1

2πBG
exp(−b2/2BG) . (18)

We therefore tried this form for T (b). To account for the
expected exponential behavior at large impact parame-
ters we also considered the form

TGY (b) ∝
∫

d2 b′ exp(−(b − b′)2/2BGY )K0(b
′/WGY ) .

(19)
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Here ρ(b, z) denotes density of the gluons within a proton
and is normalized to one

∫

d2b dz ρ(b, z) = 1 . (13)

Exponentiating this result, the probability that the
dipole suffers no inelastic interactions passing through
the entire proton is |S(b)|2

|S(b)|2 = exp
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−
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)
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Here T (b) is the thickness function,

T (b) =
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−∞
dz ρ(b, z) . (15)

To obtain the total cross section at a given impact pa-
rameter we assume that the S-matrix element is predom-
inantly real. Then the cross section at a given impact
parameter b is given by 2(1 − ReS(b)) or
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d2b
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This expression is known as the Glauber-Mueller dipole

cross section [3] and can also be obtained within the
McLerran-Venugopalan model [13]. It provides a sim-
ple model for the interaction of a qq̄ probe with a dense
target. The function T (b) and xg(x, µ2) are determined
from the fits to the data. Figure 2 shows the dipole cross
section as a function of the impact parameter b for var-
ious dipole sizes at two distinct x-values. The proper-
ties of the dipole cross-section will be discussed below.
Similar dipole cross sections were found in the model of
Ref. [14]. The cross-section is evaluated for the largest
dipole sizes only to illustrate saturation in the Glauber-
Mueller approach. This dipole size is not contributing to
the observed cross-section.

The Glauber-Mueller dipole cross section is a simple
model which respects unitarity. As discussed below, in
the large Q2 region the model matches smoothly onto
DGLAP since we will evolve xg(x, µ2) with DGLAP.
In the small x region, the model evolution can be im-
proved. Indeed, evolution based upon the Balitsky-
Kochegov equation [15, 16] has been extensively studied
[6, 7] and provides a reasonable description of the to-
tal and total diffractive cross sections. Nevertheless, the
Glauber-Mueller dipole cross section provides a simple
model which exhibits saturation as a function of impact
parameter in a reasonably generic way and is therefore a
useful tool in exposing saturation effects in the data.

B. The Proton Shape T (b)

The impact parameter dependence of the dipole cross-
section determines the properties of the t−distributions

FIG. 2: The dipole cross-section as a function of the impact
parameter b for various dipole sizes evaluated at two x-values.

in elastic diffractive processes. Here the variable t de-
notes the squared four momentum transfer between the
incoming and outgoing proton in the diffractive process,
γ∗p → V p. The t−distribution is directly related to the
Fourier transform of T (b) via Eqs. 16 and 10. Presently,
the best data on diffractive t-distributions are available
for vector-meson production. HERA experiments re-
ported [17, 18, 19] that all diffractive vector-meson t-
distributions can be described by a single exponent B
for |t| < 1 GeV2

dσγ∗p
V M

dt
∝ exp(−B|t|) . (17)

Since the J/ψ wave-function is better known than the
ρ or φ wave-functions, we will concentrate on J/ψ pro-
duction. The value of the coefficient B for the J/ψ t-
distribution is around 4 GeV−2 and is only weakly de-
pendent W 2 and Q2. The exponential form in Eq. 17 is
the Fourier transform of

TG(b) =
1

2πBG
exp(−b2/2BG) . (18)

We therefore tried this form for T (b). To account for the
expected exponential behavior at large impact parame-
ters we also considered the form

TGY (b) ∝
∫

d2 b′ exp(−(b − b′)2/2BGY )K0(b
′/WGY ) .

(19)

With decreasing x and/or increasing dipole 
size r the amplitude grows

The amplitude saturates at central impact 
parametersAdditional variable t gives access 

to impact parameter (b) 
dependent amplitudes 

Large t (small b) probes densest 
packed part of proton? 
c.f. inclusive scattering probes median 
b~2-3 GeV-1 

6

III. IMPACT-PARAMETER DEPENDENT DIPOLE MODELS

The common ingredient for the total (and reduced) cross-sections (i.e. for the proton structure functions in
DIS) and for exclusive diffractive vector meson production Eq. (1), is the universal qq̄ dipole-proton forward
scattering amplitude. Although the impact-parameter dependence of the dipole amplitude is less important for
inclusive processes, it is crucial for describing exclusive diffractive ones. Note that the impact-parameter profile
of the dipole amplitude entails intrinsically non-perturbative physics, which is beyond the QCD weak-coupling
approach to small-x physics [66–68]. Therefore, the impact-parameter dependence of the dipole amplitude,
unfortunately, can only be treated phenomenologically at this time. Supported by experimental data, it is
generally assumed a Gaussian profile for gluons where the width of the profile, as only free parameter, is fixed
via a fit to diffractive data at HERA. We use two well-known impact-parameter dependent saturation models, the
so-called IP-Sat [11, 13] and b-CGC [12, 15] models which both have been very successful in phenomenological
applications from HERA to RHIC and the LHC.

In the IP-Sat model [13], the proton-dipole forward scattering amplitude is given by

N (x, r, b) = 1− exp

(

−π
2r2

2Nc
αs

(

µ2
)

xg
(

x, µ2
)

TG(b)

)

, (16)

TG(b) =
1

2πBG
exp

(

−b2/2BG

)

, (17)

where TG(b) is the gluon impact-parameter profile and xg
(

x, µ2
)

is the gluon density, evolved with dipole
transverse size r up to the scale µ2 = 4/r2 + µ2

0 with LO DGLAP gluon evolution (neglecting its coupling to
quarks) with initial gluon distribution at the scale µ2

0

xg
(

x, µ2
0

)

= Ag x
−λg (1 − x)5.6. (18)

We take the corresponding one-loop running-coupling value of αs for four flavours, with ΛQCD = 0.156 GeV fixed
by the experimentally measured value of αs at the Z0 mass. The contribution from bottom quarks is neglected.
The IP-Sat dipole amplitude can be derived at the classical level in the CGC [2]. Through eikonalization
it explicitly maintains unitarity while matching smoothly the high Q2 perturbative QCD limit via DGLAP
evolution. The eikonalization of the gluon distribution in the IP-Sat model represents a resummation of higher
twist contributions which become important at small x. The first term of the expansion of the exponential in
Eq. (16) corresponds to the leading-order pQCD expansion for the dipole amplitude in the colour-transparency
region, as opposed to the saturation case, and it is here called the 1-Pomeron model.

In the b-CGC dipole model [15], the colour dipole-proton forward scattering amplitude is given by

N (x, r, b) =

⎧

⎪

⎨

⎪

⎩

N0

(

rQs

2

)2γeff

for rQs ≤ 2 ,

1 − exp
(

−A ln2 (BrQs)
)

for rQs > 2 ,

(19)

where the effective anomalous dimension γeff and the saturation scale Qs of the proton explicitly depend on
the impact parameter and are defined as

γeff = γs +
1

κλY
ln

(

2

rQs

)

,

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

exp

{

− b2

4γsBCGC

}

GeV, (20)

where Y = ln(1/x) and κ = χ′′(γs)/χ′(γs), with χ being the LO BFKL characteristic function. The parameters
A and B in Eq. (19) are determined uniquely from the matching of the dipole amplitude and its logarithmic
derivatives at rQs = 2. The b-CGC model is constructed by smoothly interpolating between two analytically
known limiting cases [69], namely the solution of the BFKL equation in the vicinity of the saturation line for
small dipole sizes, and the solution of the BK equation deep inside the saturation region for large dipole sizes
[70, 71].

Although both the b-CGC and the IP-Sat models include saturation effects and depend on impact-parameter,
the underlying dynamics of two models is quite different, namely saturation in the b-CGC and the IP-Sat
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Figure 2.57: Exclusive J/⌅ photoproduction at the LHeC, as a function of the �p centre-of-mass
energy W , plotted on a (a) log–log scale and (b) linear–linear scale. The di⇥erence between
the solid and dashed curves indicates the size of unitarity corrections compared to pseudo-data
from an LHeC simulation.

and “1-Pomeron” predictions therefore indicates the importance of unitarity corrections, which
increase significantly with increasing �p centre-of-mass energy W . The maximum kinematic
limit accessible at the LHeC, W =

⇥
s, is indicated with di⇥erent options for electron beam en-

ergies (Ee) and not accounting for the angular acceptance of the detector. The precise HERA
data [197, 198] are overlaid, together with sample LHeC pseudo-data points with the errors
(statistical only) given by an LHeC simulation with Ee = 150 GeV. The central values of the
LHeC pseudo-data points were obtained from a Gaussian distribution with the mean given by
extrapolating a power-law fit to the HERA data [197,198] and the standard deviation given by
the statistical errors from the LHeC simulation. The plots in Fig. 2.57 show that the errors
on the LHeC pseudo-data are much smaller than the di⇥erence between the “eikonalised” and
“1-Pomeron” predictions. Therefore, exclusive J/⌅ photoproduction at the LHeC may be an
ideal observable for investigating unitarity corrections at a perturbative scale provided by the
charm-quark mass.

Similar plots for exclusive � photoproduction are shown in Fig. 2.58. Here, the unitarity
corrections are smaller than for J/⌅ production due to the larger scale provided by the bottom-
quark mass and therefore the smaller typical dipole sizes r being probed. The simulated LHeC
pseudo-data points also have larger statistical errors than for J/⌅ production due to the much
smaller cross sections. Note that only very sparse data are currently available on exclusive
� photoproduction at HERA [199–201] and that a factor �2 is required to bring the “b-Sat”
predictions into agreement with the HERA data for the purposes of extrapolation (a similar
factor is required for other calculations using the dipole model, see e.g. Ref. [202]).

For the analysis presented here we have concentrated on vector meson photoproduction
(Q2 = 0), where the HERA data are most precise due to the largest cross sections and where
unitarity e⇥ects are most important. Of course, studies are also possible in DIS (Q2 � 1 GeV2),
where the extra hard scale Q2 additionally allows a perturbative treatment of exclusive light
vector meson (e.g. ⇥, ⇤) production. Again, perturbative unitarity e⇥ects are expected to be
important for light vector meson production when Q2 � 1 GeV2 is not too large.
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FIG. 8: Left: Differential vector meson cross-sections for J/ψ, as a function of |t| within the IP-Sat, b-CGC and 1-
Pomeron models with a fixed mc = 1.27 GeV at HERA. Right: Results obtained from the IP-Sat and 1-Pomeron models
are compared for two values of the charm mass mc = 1.27, 1.4 GeV. The experimental data are from the H1 Collaboration
[43, 75].
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by

dσγ∗p→Ep
T,L

dt
=

1

16π

∣

∣

∣
Aγ∗p→Ep

T,L

∣

∣

∣

2
=

1

16π

∣

∣

∣

∣

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b

∣

∣

∣

∣

2

. (12)

This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(ϵr)

2π
, (13)
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
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, (13)
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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∫
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
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In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
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✦ Different models coincide at small values of t: fit the data
✦ Differ greatly for larger values of t
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes

✦ Differential cross section steeply falls off with the momentum transfer t
✦ Different models coincide at small values of t: fit the data
✦ Differ greatly for larger values of t
✦ Appearance of dips in t, though some models lack them

γ∗

p p

z

1 − z

r⃗

b⃗
x x

γ∗ γ∗ V = J/ψ,φ, ρ

p p′

z

1 − z

r⃗

b⃗

(1 − z)r⃗

x x′

Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√
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, (13)
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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✦ Different models coincide at small values of t: fit the data
✦ Differ greatly for larger values of t
✦ Appearance of dips in t, though some models lack them
✦ The position of the dips depend on the model, but within the single model they change with energy. 
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes

✦ Differential cross section steeply falls off with the momentum transfer t
✦ Different models coincide at small values of t: fit the data
✦ Differ greatly for larger values of t
✦ Appearance of dips in t, though some models lack them
✦ The position of the dips depend on the model, but within the single model they change with energy. 
✦ The larger the energy the position of the dip moves to lower values of t
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]
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These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by

dσγ∗p→Ep
T,L

dt
=

1

16π

∣

∣

∣
Aγ∗p→Ep

T,L

∣

∣

∣

2
=

1

16π

∣

∣

∣

∣

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b

∣

∣

∣

∣

2

. (12)
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formed in this paper.
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes

13

0 1 2 3 4
|t| [GeV2]

10-9

10-6

10-3

100

103

dσ
/d

t (
nb

/G
eV

2 )

H1: Wγp=100 GeV, Q2=0.05 GeV2

H1: 40<W
γp<110 GeV, <Q2>=0.1 GeV2

γ
∗ + p      J/ψ+p

IP-Sat (Saturation)
b-CGC (Saturation)
IP-Sat (1-Pomeron)

mc=1.27 GeV

0 1 2 3 4
|t| [GeV2]

10-9

10-6

10-3

100

103

dσ
/d

t (
nb

/G
eV

2 )

H1: Wγp=100 GeV, Q2=0.05 GeV2

H1: 40<W
γp<110 GeV, <Q2>=0.1 GeV2

γ
∗ + p      J/ψ+p

IP-Sat (Saturation)

IP-Sat (Saturation)

IP-Sat (1-Pomeron)

mc=1.27 GeV:

mc=1.4 GeV:

IP-Sat (1-Pomeron)

FIG. 8: Left: Differential vector meson cross-sections for J/ψ, as a function of |t| within the IP-Sat, b-CGC and 1-
Pomeron models with a fixed mc = 1.27 GeV at HERA. Right: Results obtained from the IP-Sat and 1-Pomeron models
are compared for two values of the charm mass mc = 1.27, 1.4 GeV. The experimental data are from the H1 Collaboration
[43, 75].

0 1 2 3 4
|t| [GeV2]

10-6

10-3

100

103

106

dσ
/d

t (
nb

/G
eV

2 )

Saturation, W
γp= 1 TeV, Q2= 10 GeV2

Saturation, W
γp = 1 TeV, Q = 0

Saturation, W
γp = 5 TeV, Q = 0

1-Pomeron, W
γp = 1 TeV, Q2=10 GeV2

1-Pomeron, W
γp = 1 TeV, Q = 0

1-Pomeron, W
γp= 5 TeV, Q = 0

FIG. 9: Differential J/ψ cross-section, as a function of |t| within the IP-Sat (saturation) and IP-Sat (1-Pomeron) models
with a fixed mc = 1.27 GeV at LHC/LHeC energies Wγp = 1, 5 TeV and Q2 = 0, 10GeV2.
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✦ Differ greatly for larger values of t
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
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In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
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✦ Differ greatly for larger values of t
✦ Appearance of dips in t, though some models lack them
✦ The position of the dips depend on the model, but within the single model they change with energy. 
✦ The larger the energy the position of the dip moves to lower values of t
✦ The position of the dip depends on the photon virtuality: the lower the virtuality the lower t for the dip
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EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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1-Pomeron models. In the saturation model, the dip shifts to smaller values of |t| for smaller Q and for higher
Wγp. Note that saturation effects are expected to become more important at low virtualities and high energies.

In Fig. 10, we compare the results obtained from the IP-Sat and b-CGC models with those from the 1-
Pomeron model, for the t-distribution of the elastic photoproduction of vector mesons6 J/ψ, ψ(2s), φ and ρ
off the proton at an energy accessible at the LHC/LHeC, Wγp = 1 TeV, for Q = 0. Drastic different patterns
for the diffractive t-distribution also emerge between saturation and non-saturation models for lighter vector
meson production such as ρ and φ, with the appearance of multiple dips. Note that the prospects at the LHeC
[4] indicate that access to values of |t| around 2 GeV2, required to observe the dips for J/ψ, is challenging.
On the other hand, the accuracy that can be expected at lower |t| should allow to observe the bending of the
distributions. And lower values of |t| for lighter vector mesons should be clearly accessible, probably even at
the EIC [3] but for smaller Wγp.

The emergence of a single or multiple dips in the t-distribution of the vector mesons in the saturation models
is directly related to the saturation (unitarity) features of the dipole scattering amplitude N at large dipole
sizes. In order to see more clearly this effect, let us define a t-distribution of the dipole amplitude in the following
way:
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where Λr is an upper bound on the dipole size. The above expression is in fact very similar to Eqs. (1), (2), see
also Ref. [13]. Note that in Eq. (1), the overlap of photon and vector meson wave functions gives the probability
for finding a colour dipole of transverse size r in the vector meson wave function and it naturally gives rise to
an implicit dynamical cutoff Λr which varies with kinematics and the mass of the vector meson. The cutoff
Λr is larger at lower virtualities and for lighter vector mesons. On the other hand, quantum evolution leads to
unitarity constrains on the amplitude at lower dipole sizes with decreasing values of x or increasing energies.

6 In the case of φ meson, we use boosted Gaussian wavefunction with parameters given in Ref.[14]. For other vector mesons, we
use parameters for the wavefunction given in table I.

Define the following integral:

 is a cutoff on the integral. Such cutoff is provided by the overlap between 
the photon and vector meson wave function
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
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1-Pomeron models. In the saturation model, the dip shifts to smaller values of |t| for smaller Q and for higher
Wγp. Note that saturation effects are expected to become more important at low virtualities and high energies.

In Fig. 10, we compare the results obtained from the IP-Sat and b-CGC models with those from the 1-
Pomeron model, for the t-distribution of the elastic photoproduction of vector mesons6 J/ψ, ψ(2s), φ and ρ
off the proton at an energy accessible at the LHC/LHeC, Wγp = 1 TeV, for Q = 0. Drastic different patterns
for the diffractive t-distribution also emerge between saturation and non-saturation models for lighter vector
meson production such as ρ and φ, with the appearance of multiple dips. Note that the prospects at the LHeC
[4] indicate that access to values of |t| around 2 GeV2, required to observe the dips for J/ψ, is challenging.
On the other hand, the accuracy that can be expected at lower |t| should allow to observe the bending of the
distributions. And lower values of |t| for lighter vector mesons should be clearly accessible, probably even at
the EIC [3] but for smaller Wγp.

The emergence of a single or multiple dips in the t-distribution of the vector mesons in the saturation models
is directly related to the saturation (unitarity) features of the dipole scattering amplitude N at large dipole
sizes. In order to see more clearly this effect, let us define a t-distribution of the dipole amplitude in the following
way:

dσdipole

dt
= 2π

∣

∣

∣

∫ Λr

0
rdr

∫

d2b e−ib·∆N (x, r, b)
∣

∣

∣

2
, (21)

where Λr is an upper bound on the dipole size. The above expression is in fact very similar to Eqs. (1), (2), see
also Ref. [13]. Note that in Eq. (1), the overlap of photon and vector meson wave functions gives the probability
for finding a colour dipole of transverse size r in the vector meson wave function and it naturally gives rise to
an implicit dynamical cutoff Λr which varies with kinematics and the mass of the vector meson. The cutoff
Λr is larger at lower virtualities and for lighter vector mesons. On the other hand, quantum evolution leads to
unitarity constrains on the amplitude at lower dipole sizes with decreasing values of x or increasing energies.

6 In the case of φ meson, we use boosted Gaussian wavefunction with parameters given in Ref.[14]. For other vector mesons, we
use parameters for the wavefunction given in table I.

Define the following integral:

 is a cutoff on the integral. Such cutoff is provided by the overlap between 
the photon and vector meson wave function
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The overlap gives the probability of finding the dipole with certain size r 

The cutoff is larger for smaller photon virtualities and smaller masses
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where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to
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This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]
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FIG. 7: Left: Total diffractive ρ cross-section as a function of Wγp at different virtualities Q2 = 0, 2.4, 3.3, 6, 13.5GeV2.
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diffractive ρ cross-section compared to results from the CGC/saturation and 1-Pomeron model with two different masses
mu,d,s = 0.01 and 0.14 GeV. The experimental data are from [79, 80].

1-Pomeron models. In the saturation model, the dip shifts to smaller values of |t| for smaller Q and for higher
Wγp. Note that saturation effects are expected to become more important at low virtualities and high energies.

In Fig. 10, we compare the results obtained from the IP-Sat and b-CGC models with those from the 1-
Pomeron model, for the t-distribution of the elastic photoproduction of vector mesons6 J/ψ, ψ(2s), φ and ρ
off the proton at an energy accessible at the LHC/LHeC, Wγp = 1 TeV, for Q = 0. Drastic different patterns
for the diffractive t-distribution also emerge between saturation and non-saturation models for lighter vector
meson production such as ρ and φ, with the appearance of multiple dips. Note that the prospects at the LHeC
[4] indicate that access to values of |t| around 2 GeV2, required to observe the dips for J/ψ, is challenging.
On the other hand, the accuracy that can be expected at lower |t| should allow to observe the bending of the
distributions. And lower values of |t| for lighter vector mesons should be clearly accessible, probably even at
the EIC [3] but for smaller Wγp.

The emergence of a single or multiple dips in the t-distribution of the vector mesons in the saturation models
is directly related to the saturation (unitarity) features of the dipole scattering amplitude N at large dipole
sizes. In order to see more clearly this effect, let us define a t-distribution of the dipole amplitude in the following
way:

dσdipole

dt
= 2π

∣

∣

∣

∫ Λr

0
rdr

∫

d2b e−ib·∆N (x, r, b)
∣

∣

∣

2
, (21)

where Λr is an upper bound on the dipole size. The above expression is in fact very similar to Eqs. (1), (2), see
also Ref. [13]. Note that in Eq. (1), the overlap of photon and vector meson wave functions gives the probability
for finding a colour dipole of transverse size r in the vector meson wave function and it naturally gives rise to
an implicit dynamical cutoff Λr which varies with kinematics and the mass of the vector meson. The cutoff
Λr is larger at lower virtualities and for lighter vector mesons. On the other hand, quantum evolution leads to
unitarity constrains on the amplitude at lower dipole sizes with decreasing values of x or increasing energies.

6 In the case of φ meson, we use boosted Gaussian wavefunction with parameters given in Ref.[14]. For other vector mesons, we
use parameters for the wavefunction given in table I.

Define the following integral:

 is a cutoff on the integral. Such cutoff is provided by the overlap between 
the photon and vector meson wave function
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The overlap gives the probability of finding the dipole with certain size r 

The cutoff is larger for smaller photon virtualities and smaller masses

Quantum evolution of the dipole amplitude leads to unitarity constraints 
for lower values of dipole sizes.

Depending on vector meson mass, virtuality, energy, different regions of 
the dipole amplitude are probed: color transparency or unitarity limit.

t = ��2
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Figure 2: The elastic scattering amplitude for inclusive DIS (left) and vector meson production
(right). For DVCS, the outgoing vector meson in the right-hand diagram is replaced by a real

photon.

where (Ψ∗
EΨ)T,L denotes the overlap of the photon and exclusive final state wave functions. For

DVCS, the amplitude involves a sum over quark flavours. This expression, used in the analysis

of exclusive J/ψ photoproduction by Kowalski and Teaney [1], is derived under the assumption
that the size of the quark–antiquark pair is much smaller than the size of the proton. The
explicit perturbative QCD calculation of Bartels, Golec-Biernat and Peters [40] shows that

the non-forward wave functions can be written as the usual forward wave functions multiplied
by exponential factors exp[±i(1 − z)r · ∆/2]. Effectively, the momentum transfer ∆ should

conjugate to b + (1 − z)r, the transverse distance from the centre of the proton to one of the
two quarks of the dipole, rather than to b, the transverse distance from the centre of the proton

to the centre-of-mass of the quark dipole; see the right-hand diagram of Fig. 2.

Assuming that the S-matrix element is predominantly real we may substitute 2[1−S(x, r, b)]

in (10) with dσqq̄/d2b.

These two changes lead to

Aγ∗p→Ep
T,L (x, Q, ∆) = i

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b
. (11)

The elastic diffractive cross section is then given by

dσγ∗p→Ep
T,L

dt
=

1

16π

∣

∣

∣
Aγ∗p→Ep

T,L

∣

∣

∣

2
=

1

16π

∣

∣

∣

∣

∫

d2r

∫ 1

0

dz

4π

∫

d2b (Ψ∗
EΨ)T,L e−i[b−(1−z)r]·∆ dσqq̄

d2b

∣

∣

∣

∣

2

. (12)

This is the basic equation for the simultaneous analysis of different exclusive processes per-

formed in this paper.

2.1 Forward photon wave functions

The forward photon wave functions were perturbatively calculated in QCD by many authors;
see, for example, Refs. [5,41]. The normalised photon wave function for the longitudinal photon

polarisation (λ = 0) is given by [9]

Ψhh̄,λ=0(r, z, Q) = efe
√

Nc δh,−h̄ 2Qz(1 − z)
K0(ϵr)

2π
, (13)

5

Large photon virtuality 
or large VM mass

Smaller photon virtuality 
or smaller VM mass

 

ii

1

Larger dipole sizes are 
probed

Smaller dipole sizes are 
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Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes
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Here ρ(b, z) denotes density of the gluons within a proton
and is normalized to one

∫

d2b dz ρ(b, z) = 1 . (13)

Exponentiating this result, the probability that the
dipole suffers no inelastic interactions passing through
the entire proton is |S(b)|2

|S(b)|2 = exp

(

−
π2

Nc
r2αs(µ

2)xg(x, µ2)T (b)

)

. (14)

Here T (b) is the thickness function,

T (b) =

∫ ∞

−∞
dz ρ(b, z) . (15)

To obtain the total cross section at a given impact pa-
rameter we assume that the S-matrix element is predom-
inantly real. Then the cross section at a given impact
parameter b is given by 2(1 − ReS(b)) or

dσqq̄

d2b
= 2

[

1 − exp

(

−
π2

2 NC
r2αs(µ

2)xg(x, µ2)T (b)

)]

.

(16)
This expression is known as the Glauber-Mueller dipole

cross section [3] and can also be obtained within the
McLerran-Venugopalan model [13]. It provides a sim-
ple model for the interaction of a qq̄ probe with a dense
target. The function T (b) and xg(x, µ2) are determined
from the fits to the data. Figure 2 shows the dipole cross
section as a function of the impact parameter b for var-
ious dipole sizes at two distinct x-values. The proper-
ties of the dipole cross-section will be discussed below.
Similar dipole cross sections were found in the model of
Ref. [14]. The cross-section is evaluated for the largest
dipole sizes only to illustrate saturation in the Glauber-
Mueller approach. This dipole size is not contributing to
the observed cross-section.

The Glauber-Mueller dipole cross section is a simple
model which respects unitarity. As discussed below, in
the large Q2 region the model matches smoothly onto
DGLAP since we will evolve xg(x, µ2) with DGLAP.
In the small x region, the model evolution can be im-
proved. Indeed, evolution based upon the Balitsky-
Kochegov equation [15, 16] has been extensively studied
[6, 7] and provides a reasonable description of the to-
tal and total diffractive cross sections. Nevertheless, the
Glauber-Mueller dipole cross section provides a simple
model which exhibits saturation as a function of impact
parameter in a reasonably generic way and is therefore a
useful tool in exposing saturation effects in the data.

B. The Proton Shape T (b)

The impact parameter dependence of the dipole cross-
section determines the properties of the t−distributions

FIG. 2: The dipole cross-section as a function of the impact
parameter b for various dipole sizes evaluated at two x-values.

in elastic diffractive processes. Here the variable t de-
notes the squared four momentum transfer between the
incoming and outgoing proton in the diffractive process,
γ∗p → V p. The t−distribution is directly related to the
Fourier transform of T (b) via Eqs. 16 and 10. Presently,
the best data on diffractive t-distributions are available
for vector-meson production. HERA experiments re-
ported [17, 18, 19] that all diffractive vector-meson t-
distributions can be described by a single exponent B
for |t| < 1 GeV2

dσγ∗p
V M

dt
∝ exp(−B|t|) . (17)

Since the J/ψ wave-function is better known than the
ρ or φ wave-functions, we will concentrate on J/ψ pro-
duction. The value of the coefficient B for the J/ψ t-
distribution is around 4 GeV−2 and is only weakly de-
pendent W 2 and Q2. The exponential form in Eq. 17 is
the Fourier transform of

TG(b) =
1

2πBG
exp(−b2/2BG) . (18)

We therefore tried this form for T (b). To account for the
expected exponential behavior at large impact parame-
ters we also considered the form

TGY (b) ∝
∫

d2 b′ exp(−(b − b′)2/2BGY )K0(b
′/WGY ) .

(19)

IP-sat model (with saturation)

IP-sat model (1-Pomeron) : expand the exponent and keep the first term
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III. IMPACT-PARAMETER DEPENDENT DIPOLE MODELS

The common ingredient for the total (and reduced) cross-sections (i.e. for the proton structure functions in
DIS) and for exclusive diffractive vector meson production Eq. (1), is the universal qq̄ dipole-proton forward
scattering amplitude. Although the impact-parameter dependence of the dipole amplitude is less important for
inclusive processes, it is crucial for describing exclusive diffractive ones. Note that the impact-parameter profile
of the dipole amplitude entails intrinsically non-perturbative physics, which is beyond the QCD weak-coupling
approach to small-x physics [66–68]. Therefore, the impact-parameter dependence of the dipole amplitude,
unfortunately, can only be treated phenomenologically at this time. Supported by experimental data, it is
generally assumed a Gaussian profile for gluons where the width of the profile, as only free parameter, is fixed
via a fit to diffractive data at HERA. We use two well-known impact-parameter dependent saturation models, the
so-called IP-Sat [11, 13] and b-CGC [12, 15] models which both have been very successful in phenomenological
applications from HERA to RHIC and the LHC.

In the IP-Sat model [13], the proton-dipole forward scattering amplitude is given by

N (x, r, b) = 1− exp

(

−π
2r2

2Nc
αs

(

µ2
)

xg
(

x, µ2
)

TG(b)

)

, (16)

TG(b) =
1

2πBG
exp

(

−b2/2BG

)

, (17)

where TG(b) is the gluon impact-parameter profile and xg
(

x, µ2
)

is the gluon density, evolved with dipole
transverse size r up to the scale µ2 = 4/r2 + µ2

0 with LO DGLAP gluon evolution (neglecting its coupling to
quarks) with initial gluon distribution at the scale µ2

0

xg
(

x, µ2
0

)

= Ag x
−λg (1 − x)5.6. (18)

We take the corresponding one-loop running-coupling value of αs for four flavours, with ΛQCD = 0.156 GeV fixed
by the experimentally measured value of αs at the Z0 mass. The contribution from bottom quarks is neglected.
The IP-Sat dipole amplitude can be derived at the classical level in the CGC [2]. Through eikonalization
it explicitly maintains unitarity while matching smoothly the high Q2 perturbative QCD limit via DGLAP
evolution. The eikonalization of the gluon distribution in the IP-Sat model represents a resummation of higher
twist contributions which become important at small x. The first term of the expansion of the exponential in
Eq. (16) corresponds to the leading-order pQCD expansion for the dipole amplitude in the colour-transparency
region, as opposed to the saturation case, and it is here called the 1-Pomeron model.

In the b-CGC dipole model [15], the colour dipole-proton forward scattering amplitude is given by

N (x, r, b) =

⎧

⎪

⎨

⎪

⎩

N0

(

rQs

2

)2γeff

for rQs ≤ 2 ,

1 − exp
(

−A ln2 (BrQs)
)

for rQs > 2 ,

(19)

where the effective anomalous dimension γeff and the saturation scale Qs of the proton explicitly depend on
the impact parameter and are defined as

γeff = γs +
1

κλY
ln

(

2

rQs

)

,

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

exp

{

− b2

4γsBCGC

}

GeV, (20)

where Y = ln(1/x) and κ = χ′′(γs)/χ′(γs), with χ being the LO BFKL characteristic function. The parameters
A and B in Eq. (19) are determined uniquely from the matching of the dipole amplitude and its logarithmic
derivatives at rQs = 2. The b-CGC model is constructed by smoothly interpolating between two analytically
known limiting cases [69], namely the solution of the BFKL equation in the vicinity of the saturation line for
small dipole sizes, and the solution of the BK equation deep inside the saturation region for large dipole sizes
[70, 71].

Although both the b-CGC and the IP-Sat models include saturation effects and depend on impact-parameter,
the underlying dynamics of two models is quite different, namely saturation in the b-CGC and the IP-Sat

The Fourier transform of the Gaussian 
in b is exponential in t


There are no dips in this case

No unitarity constraints in such case
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Here ρ(b, z) denotes density of the gluons within a proton
and is normalized to one

∫

d2b dz ρ(b, z) = 1 . (13)

Exponentiating this result, the probability that the
dipole suffers no inelastic interactions passing through
the entire proton is |S(b)|2

|S(b)|2 = exp

(

−
π2

Nc
r2αs(µ

2)xg(x, µ2)T (b)

)

. (14)

Here T (b) is the thickness function,

T (b) =

∫ ∞

−∞
dz ρ(b, z) . (15)

To obtain the total cross section at a given impact pa-
rameter we assume that the S-matrix element is predom-
inantly real. Then the cross section at a given impact
parameter b is given by 2(1 − ReS(b)) or

dσqq̄

d2b
= 2

[

1 − exp

(

−
π2

2 NC
r2αs(µ

2)xg(x, µ2)T (b)

)]

.

(16)
This expression is known as the Glauber-Mueller dipole

cross section [3] and can also be obtained within the
McLerran-Venugopalan model [13]. It provides a sim-
ple model for the interaction of a qq̄ probe with a dense
target. The function T (b) and xg(x, µ2) are determined
from the fits to the data. Figure 2 shows the dipole cross
section as a function of the impact parameter b for var-
ious dipole sizes at two distinct x-values. The proper-
ties of the dipole cross-section will be discussed below.
Similar dipole cross sections were found in the model of
Ref. [14]. The cross-section is evaluated for the largest
dipole sizes only to illustrate saturation in the Glauber-
Mueller approach. This dipole size is not contributing to
the observed cross-section.

The Glauber-Mueller dipole cross section is a simple
model which respects unitarity. As discussed below, in
the large Q2 region the model matches smoothly onto
DGLAP since we will evolve xg(x, µ2) with DGLAP.
In the small x region, the model evolution can be im-
proved. Indeed, evolution based upon the Balitsky-
Kochegov equation [15, 16] has been extensively studied
[6, 7] and provides a reasonable description of the to-
tal and total diffractive cross sections. Nevertheless, the
Glauber-Mueller dipole cross section provides a simple
model which exhibits saturation as a function of impact
parameter in a reasonably generic way and is therefore a
useful tool in exposing saturation effects in the data.

B. The Proton Shape T (b)

The impact parameter dependence of the dipole cross-
section determines the properties of the t−distributions

FIG. 2: The dipole cross-section as a function of the impact
parameter b for various dipole sizes evaluated at two x-values.

in elastic diffractive processes. Here the variable t de-
notes the squared four momentum transfer between the
incoming and outgoing proton in the diffractive process,
γ∗p → V p. The t−distribution is directly related to the
Fourier transform of T (b) via Eqs. 16 and 10. Presently,
the best data on diffractive t-distributions are available
for vector-meson production. HERA experiments re-
ported [17, 18, 19] that all diffractive vector-meson t-
distributions can be described by a single exponent B
for |t| < 1 GeV2

dσγ∗p
V M

dt
∝ exp(−B|t|) . (17)

Since the J/ψ wave-function is better known than the
ρ or φ wave-functions, we will concentrate on J/ψ pro-
duction. The value of the coefficient B for the J/ψ t-
distribution is around 4 GeV−2 and is only weakly de-
pendent W 2 and Q2. The exponential form in Eq. 17 is
the Fourier transform of

TG(b) =
1

2πBG
exp(−b2/2BG) . (18)

We therefore tried this form for T (b). To account for the
expected exponential behavior at large impact parame-
ters we also considered the form

TGY (b) ∝
∫

d2 b′ exp(−(b − b′)2/2BGY )K0(b
′/WGY ) .

(19)

IP-sat model (with saturation)

For large b the exponent is small so the amplitude can be approximated by linear term and b-
dependence is exponential. The result coincides with the IP-sat (1-Pomeron)

6

III. IMPACT-PARAMETER DEPENDENT DIPOLE MODELS

The common ingredient for the total (and reduced) cross-sections (i.e. for the proton structure functions in
DIS) and for exclusive diffractive vector meson production Eq. (1), is the universal qq̄ dipole-proton forward
scattering amplitude. Although the impact-parameter dependence of the dipole amplitude is less important for
inclusive processes, it is crucial for describing exclusive diffractive ones. Note that the impact-parameter profile
of the dipole amplitude entails intrinsically non-perturbative physics, which is beyond the QCD weak-coupling
approach to small-x physics [66–68]. Therefore, the impact-parameter dependence of the dipole amplitude,
unfortunately, can only be treated phenomenologically at this time. Supported by experimental data, it is
generally assumed a Gaussian profile for gluons where the width of the profile, as only free parameter, is fixed
via a fit to diffractive data at HERA. We use two well-known impact-parameter dependent saturation models, the
so-called IP-Sat [11, 13] and b-CGC [12, 15] models which both have been very successful in phenomenological
applications from HERA to RHIC and the LHC.

In the IP-Sat model [13], the proton-dipole forward scattering amplitude is given by

N (x, r, b) = 1− exp

(

−π
2r2

2Nc
αs

(

µ2
)

xg
(

x, µ2
)

TG(b)

)

, (16)

TG(b) =
1

2πBG
exp

(

−b2/2BG

)

, (17)

where TG(b) is the gluon impact-parameter profile and xg
(

x, µ2
)

is the gluon density, evolved with dipole
transverse size r up to the scale µ2 = 4/r2 + µ2

0 with LO DGLAP gluon evolution (neglecting its coupling to
quarks) with initial gluon distribution at the scale µ2

0

xg
(

x, µ2
0

)

= Ag x
−λg (1 − x)5.6. (18)

We take the corresponding one-loop running-coupling value of αs for four flavours, with ΛQCD = 0.156 GeV fixed
by the experimentally measured value of αs at the Z0 mass. The contribution from bottom quarks is neglected.
The IP-Sat dipole amplitude can be derived at the classical level in the CGC [2]. Through eikonalization
it explicitly maintains unitarity while matching smoothly the high Q2 perturbative QCD limit via DGLAP
evolution. The eikonalization of the gluon distribution in the IP-Sat model represents a resummation of higher
twist contributions which become important at small x. The first term of the expansion of the exponential in
Eq. (16) corresponds to the leading-order pQCD expansion for the dipole amplitude in the colour-transparency
region, as opposed to the saturation case, and it is here called the 1-Pomeron model.

In the b-CGC dipole model [15], the colour dipole-proton forward scattering amplitude is given by

N (x, r, b) =

⎧

⎪

⎨

⎪

⎩

N0

(

rQs

2

)2γeff

for rQs ≤ 2 ,

1 − exp
(

−A ln2 (BrQs)
)

for rQs > 2 ,

(19)

where the effective anomalous dimension γeff and the saturation scale Qs of the proton explicitly depend on
the impact parameter and are defined as

γeff = γs +
1

κλY
ln

(

2

rQs

)

,

Qs ≡ Qs(x, b) =
(x0

x

)
λ
2

exp

{

− b2

4γsBCGC

}

GeV, (20)

where Y = ln(1/x) and κ = χ′′(γs)/χ′(γs), with χ being the LO BFKL characteristic function. The parameters
A and B in Eq. (19) are determined uniquely from the matching of the dipole amplitude and its logarithmic
derivatives at rQs = 2. The b-CGC model is constructed by smoothly interpolating between two analytically
known limiting cases [69], namely the solution of the BFKL equation in the vicinity of the saturation line for
small dipole sizes, and the solution of the BK equation deep inside the saturation region for large dipole sizes
[70, 71].

Although both the b-CGC and the IP-Sat models include saturation effects and depend on impact-parameter,
the underlying dynamics of two models is quite different, namely saturation in the b-CGC and the IP-Sat
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FIG. 8: Left: Differential vector meson cross-sections for J/ψ, as a function of |t| within the IP-Sat, b-CGC and 1-
Pomeron models with a fixed mc = 1.27 GeV at HERA. Right: Results obtained from the IP-Sat and 1-Pomeron models
are compared for two values of the charm mass mc = 1.27, 1.4 GeV. The experimental data are from the H1 Collaboration
[43, 75].
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FIG. 9: Differential J/ψ cross-section, as a function of |t| within the IP-Sat (saturation) and IP-Sat (1-Pomeron) models
with a fixed mc = 1.27 GeV at LHC/LHeC energies Wγp = 1, 5 TeV and Q2 = 0, 10GeV2.

Thus, by varying the cutoff Λr, one probes different regimes of the dipole from colour transparency to the
saturation regime.

In the 1-Pomeron model, since the impact-parameter profile of the dipole amplitude is a Gaussian for all
values of r, its Fourier transform becomes exponential for all values of t irrespective of the value of the cut-off.
For low Λr, the integrand in Eq. (21) is in the colour transparency regime (or the 1-Pomeron limit of the
IP-Sat model), and the b-dependence of the amplitude is Gaussian and consequently its Fourier transform is
exponential for all values of t. However, in a case with a large cutoff Λr, the typical dipole size which contributes

For small b the exponent is large and there is 
large deviation from the exponential, when large 
dipole sizes are probed. This happens when the 
effective cutoff is large as well: i.e. for small 
masses and/or small virtualities



Dips in t-profile for VM production
Armesto-Rezaeian

• position of dips depends on energy and scale
• within the LHeC/FCC-eh sensitive t-range
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Dips in t-profile for VM production

Photoproduction of 

Dips in t move to lower values for lighter vector mesons.

J/ ,�, ⇢
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Diffraction in eA

coherent incoherent

Diffraction on nuclei: possible coherent (nucleus stays intact) or incoherent (nucleus breaks but 
still rapidity gap present)
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Possibility of using the same principle to learn about the gluon distribution in the nucleus. 
Possible nuclear resonances at small t?

t-dependence: for nuclei dips. Position depends on model (sat no sat)
Challenges: need to distinguish between coherent and incoherent 

diffraction. Need dedicated instrumentation, zero degree calorimeter.

Exclusive diffraction on nuclei
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Figure 3.23: d�/dt distributions for exclusive J/ (left) and � (right) production in coherent and
incoherent events in di↵ractive e+Au collisions. Predictions from saturation and non-saturation
models are shown.

[209], an e+A event generator specialized
for di↵ractive exclusive vector meson produc-
tion based on the bSat [208] dipole model.
We limit the calculation to 1 < Q

2
< 10

GeV2 and x < 0.01 to stay within the va-
lidity range of saturation and non-saturation
models. The produced events were passed
through an experimental filter and scaled to
reflect an integrated luminosity of 10 fb�1/A.
The basic experimental cuts are listed in the
legends of the panels in Fig. 3.22. As ex-
pected, the di↵erence between the satura-
tion and non-saturation curves is small for
the smaller-sized J/ (< 20%), which is less
sensitive to saturation e↵ects, but is substan-
tial for the larger �, which is more sensitive
to the saturation region. In both cases, the
di↵erence is larger than the statistical errors.
In fact, the small errors for di↵ractive � pro-
duction indicate that this measurement can
already provide substantial insight into the
saturation mechanism after a few weeks of
EIC running. Although this measurement
could be already feasible at an EIC with
low collision energies, the saturation e↵ects
would be less pronounced due to the larger
values of x. For large Q

2, the two ratios
asymptotically approach unity.

As explained earlier in Sec. 3.2.1, coher-

ent di↵ractive events allow one to learn about
the shape and the degree of “blackness” of
the black disk: this enables one to study the
spatial distribution of gluons in the nucleus.
Exclusive vector meson production in di↵rac-
tive e+A collisions is the cleanest such pro-
cess, due to the low number of particles in the
final state. This would not only provide us
with further insight into saturation physics
but also constitute a highly important con-
tribution to heavy-ion physics by providing a
quantitative understanding of the initial con-
ditions of a heavy ion collision as described
in Sec. 3.4.2. It might even shed some light
on the role of glue and thus QCD in the nu-
clear structure of light nuclei (see Sec. 3.3).
As described above, in di↵ractive DIS, the
virtual photon interacts with the nucleus via
a color-neutral exchange, which is dominated
by two gluons at the lowest order. It is pre-
cisely this two gluon exchange which yields a
di↵ractive measurement of the gluon density
in a nucleus.

Experimentally the key to the spatial
gluon distribution is the measurement of the
d�/dt distribution. As follows from the op-
tical analogy presented in Sec. 3.2.1, the
Fourier-transform of (the square root of) this
distribution is the source distribution of the

87

EIC: J/Ψ EIC: Φ LHeC: J/Ψ
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Possibility of using the same principle to learn about the gluon distribution in the nucleus. 
Possible nuclear resonances at small t?

t-dependence: characteristic dips.
Challenges: need to distinguish between coherent and 

incoherent diffraction. Need dedicated instrumentation, zero 
degree calorimeter.

Energy dependence for 
different targets.

Exclusive diffraction on nuclei
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Exclusive diffraction on nuclei
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Energy and scale dependence of the position of dips in |t|. Provides information about nuclear 
structure. Can perform similar measurements on proton target to estimate the saturation in 

proton vs nuclei. Challenging experimentally.
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Gribov inelastic shadowing
Gribov’s Reggeon calculus and AGK cutting rules.

Relation between diffraction and the nuclear shadowing with double scattering.  
Direct manifestation of the unitarity in strong interactions.

Nuclear shadowing 10

Figure 5. Plots on the left: Nuclear size dependence of the F2-ratios in the Glauber
model in [41] for two fixed values of x, compared with experimental data [6] (filled
points). Plots on the right: Q2-dependence of the nuclear F2-ratios for two fixed
values of x, compared with experimental data [7] (filled points). Open triangles and
circles in the plots on the left, and solid and dashed lines in the plots on the right,
correspond to different models for the dipole-nucleon cross section. In the experimental
points, inner error bars correspond to statistical errors, and the outer ones to statistical
plus systematic errors added in quadrature. [Figures taken from [41].]

=

2

2M

Figure 6. Diagrams relating diffraction with the two-scattering contribution to the
total cross section.

frame and in the rest frame of the nucleon. From Fig. 6 it becomes clear that the square

of such contribution is equivalent to a double exchange with a cut between the exchanged

amplitudes, a so-called diffractive cut. To compute the first contribution to nuclear

shadowing σ2
A which comes from these two exchanges, one needs its total contribution

to the γ∗-nucleon cross section. This contribution arises from cutting the two-exchange

Diffraction cross section related to 
the ‘diffractive’ cut of the double 
scattering diagram.

The contribution from the double cut which is responsible for the double scattering is related to 
the negative of the contribution of the diffractive cut. 

Nuclear shadowing 11

amplitude in all possible ways: between the amplitudes and the amplitudes themselves

in all possible manners. For purely imaginary amplitudes, it can be shown [72, 73] that

this total contribution is identical to minus the contribution from the diffractive cut.

Thus diffractive DIS is directly related to the first contribution to nuclear shadowing.

The final expression reads

σ2
A = −4πA(A − 1)

∫

d2b T 2
A(b)

∫ M2
max

M2
min

dM2 dσD
γ∗−p

dM2dt

∣

∣

∣

∣

∣

t=0

F 2
A(tmin), (13)

with M2 the mass of the diffractively produced system, M2
min ≃ 4m2

π and M2
max =

Q2 (xPmax/x − 1) with xPmax ∼ 0.1, see [48]. The usual variables for diffractive DIS:

Q2, x, M2 and t, or xP = x/β, β = Q2/(Q2+M2), are shown in Fig. 7. dσD
γ∗−p/dM2dt is

M2

M2
lepton

nucleon
p

k q=k−k’

x  , t=(p−p’)

β

P

p’

2

IMF Rest frame

k’

Figure 7. Diffractive dissociation in the infinite momentum frame (IMF), with the
corresponding kinematical variables, and in the rest frame of the hadron.

the differential cross section for diffractive dissociation of the virtual photon. Coherence

effects are taken into account through

FA(tmin) =

∫

d2b J0(b
√
−tmin)TA(b), (14)

with tmin = −m2
nucleonx

2
P . This function is equal to 1 at x → 0 and decreases with

increasing x due to the loss of coherence for x ! (2mnucleonRA)−1, see (10). Details can

be found in the corresponding references [42, 43, 44, 45, 46, 47, 48].

The differences between available realizations come from the consideration of real

parts in the pomeron amplitude [46, 47], or from the model or parametrization used for
the diffractive cross section: phenomenological models and parametrizations [45, 46, 47,

48] which reproduce the existing experimental data∗, or a model which considers the

evolution of a diffractive qq̄ state in [42, 43, 44] (see the method in [76]). Differences
∗ The use of such parametrizations can be justified at large enough Q2 by the factorization theorem
for diffractive hard scattering [75].

M2

d�D
�⇤p

dM2dt

Mass of the diffractive system

Differential cross section for the diffractive dissociation of the virtual photon.
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Gribov inelastic shadowing
• Close link between diffraction and 

shadowing. 

• Once the diffractive part is known the 
shadowing in the nuclear case is 
parameter free (except for the higher 
order rescatterings, see below).

• Impact parameter dependence of the 
nuclear shadowing is provided in these 
models.

• Scatterings with N>2 need to be 
modeled:

Armesto, Capella, Kaidalov, Albacete, Salgado

Nuclear shadowing 12

also come from the extension of the models to include higher order rescatterings. Such

extensions are model-dependent. Some models consider that all intermediate states in

the subsequent rescatterings have the same structure [45, 46, 47, 48], in the form of a

Schwimmer [77]

σSch
γ∗−A = σγ∗−nucleon

∫

d2b
ATA(b)

1 + (A − 1)f(x, Q2)TA(b)
(15)

or an eikonal unitarized cross section

σeik
γ∗−A = σγ∗−nucleon

∫

d2b
A {1 − exp [−2(A − 1)TA(b)f(x, Q2)]}

2(A − 1)f(x, Q2)
(16)

(with f(x, Q2) defined to get consistency with (13) when these equations are expanded

to second order). Other models take into account the possibility of different intermediate

states [42, 43, 44].

Several comments are in order. First, once the model or parametrization for the

diffractive cross section is provided, the extension to the nuclear case is parameter-free

- except for the modeling of higher order rescatterings (15) and (16). These models,
together with those in Subsection 2.1, provide an impact parameter dependence of

nuclear shadowing. In this way, this approach and the one presented in the previous

Subsection offer a link between the nucleon and nuclear cases. Second, these models

can be used as initial conditions for DGLAP evolution as done in [46, 47], see the next

Section. Third, both models for the diffractive cross section and their extension to the

nuclear case [45, 48] do not correspond to any definite order in a power expansion in 1/Q
but perform a re-summation of all powers♯. Finally, in these models the comparison with

experimental data, when such comparison is available, turns out to be reasonable, see

Fig. 8 - although the Q2-dependence of the nuclear ratios results too smooth compared

to data [7], which apparently indicates the need of additional DGLAP evolution.

2.3. High-density QCD

High-density QCD - the domain of large gluon densities - has become a very fashionable

subject in the last fifteen years. It deals with the behaviour of QCD at very large

energies. Regarding the contents of this review, it offers a definite theoretical framework

to compute shadowing corrections although the high-energy approximations involved

make its applicability to the present experimental situation a subject of intense debate.

The literature on this matter is vast and I will not cite but a few papers, referring the
reader to the contributions in [19] and to the recent reviews [78, 79, 80, 81] where all

the relevant references can be found.

♯ In [46, 47] the discrepancy between the data and the results of the model when evolved through
DGLAP to smaller values of Q2 from that, Q2

0 = 4 GeV2 which is taken as initial value for evolution
and where the parametrization of data is used, is considered as evidence of the existence of large power-
suppressed contributions. On the other hand, in other models for diffractive data [45, 48] the presence
of strong Q2-dependent terms is not required to describe the nuclear data at low Q2.

Nuclear shadowing 12

also come from the extension of the models to include higher order rescatterings. Such

extensions are model-dependent. Some models consider that all intermediate states in

the subsequent rescatterings have the same structure [45, 46, 47, 48], in the form of a

Schwimmer [77]

σSch
γ∗−A = σγ∗−nucleon

∫

d2b
ATA(b)

1 + (A − 1)f(x, Q2)TA(b)
(15)

or an eikonal unitarized cross section

σeik
γ∗−A = σγ∗−nucleon

∫

d2b
A {1 − exp [−2(A − 1)TA(b)f(x, Q2)]}

2(A − 1)f(x, Q2)
(16)

(with f(x, Q2) defined to get consistency with (13) when these equations are expanded

to second order). Other models take into account the possibility of different intermediate

states [42, 43, 44].

Several comments are in order. First, once the model or parametrization for the

diffractive cross section is provided, the extension to the nuclear case is parameter-free

- except for the modeling of higher order rescatterings (15) and (16). These models,
together with those in Subsection 2.1, provide an impact parameter dependence of

nuclear shadowing. In this way, this approach and the one presented in the previous

Subsection offer a link between the nucleon and nuclear cases. Second, these models

can be used as initial conditions for DGLAP evolution as done in [46, 47], see the next

Section. Third, both models for the diffractive cross section and their extension to the

nuclear case [45, 48] do not correspond to any definite order in a power expansion in 1/Q
but perform a re-summation of all powers♯. Finally, in these models the comparison with

experimental data, when such comparison is available, turns out to be reasonable, see

Fig. 8 - although the Q2-dependence of the nuclear ratios results too smooth compared

to data [7], which apparently indicates the need of additional DGLAP evolution.

2.3. High-density QCD

High-density QCD - the domain of large gluon densities - has become a very fashionable

subject in the last fifteen years. It deals with the behaviour of QCD at very large

energies. Regarding the contents of this review, it offers a definite theoretical framework

to compute shadowing corrections although the high-energy approximations involved

make its applicability to the present experimental situation a subject of intense debate.

The literature on this matter is vast and I will not cite but a few papers, referring the
reader to the contributions in [19] and to the recent reviews [78, 79, 80, 81] where all

the relevant references can be found.

♯ In [46, 47] the discrepancy between the data and the results of the model when evolved through
DGLAP to smaller values of Q2 from that, Q2

0 = 4 GeV2 which is taken as initial value for evolution
and where the parametrization of data is used, is considered as evidence of the existence of large power-
suppressed contributions. On the other hand, in other models for diffractive data [45, 48] the presence
of strong Q2-dependent terms is not required to describe the nuclear data at low Q2.

also used by Frankfurt, Guzey, Strikman 
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Resummation at small x
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DGLAP fits of F2 for proton
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QCD scaling and EW effects beautifully seen

@ low x

@ high x

@ high Q2

DGLAP based fits of the structure function for proton work very well

Bjorken 
scaling region

QCD scaling 
violations

�r,NC = F2 �
y2

Y+
FL
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Reduced cross section

Q2 ⌧ M2
Z
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Plot from Katarzyna Wichmann
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Question: what is the range of applicability of standard 
collinear formalism with  DGLAP evolution and the calculations 

with low x effects (including saturation)?

One possible answer: it depends on the process

Another possible answer: it depends on the accuracy of 
calculation in both cases. More specifically, it is possible to 
extend the region of validity of any of these approaches 

through the resummation.
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Are structure function data 
compatible with DGLAP evolution?
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NNPDF analysis

9

In order to assess the impact of small-x resummation for the description of the small-x and Q2 HERA data, 
compute the χ2 removing data points in the region where resummation effects are expected

Small-x resummation effects 
could be important here

Fixed-order theory
should work fine here

PDFs with small-x resummation 

Dcut=1.5

Dcut=2

Dcut=2.5

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

move the cutoff to 
include more data

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli

10

Using NNLO+NLLx theory, the NNLO instability of the χ2  disappears

Excellent fit quality to inclusive and charm HERA data achieved in the entire (x,Q2) region 

PDFs with small-x resummation 

NNLO worsens as we include 
more small-x data

NNLO+NLLx best description everywhere

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

✦ The idea: introduce the cutoff and cut the small x - small Q2 data

✦ Move the cutoff to exclude more data

✦ Observe variation of quality of fit

✦ Strong variation can indicate the problems with the fit

✦ Analysis indicated variation of the NNLO fit

✦ Resummation of small x effects improves the situation 



DGLAP vs BFKL evolution
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DGLAP

BFKL

BK/JIMWLK
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✦Schematically we know what should happen

✦But what are the exact regions of applicability and convergence of the both expansions?

✦How ‘small’ should ‘small x’ be for BFKL and BK to be applicable?



Collinear-DGLAP approach

Q2 � k21? � k22? � k23? · · · � k2n?

Strong ordering in transverse momenta

Z Q2

µ2
0

dk21?
k21?

g2
Z k2

1?

µ2
0

dk22?
k22?

g2
Z k2

2?

µ2
0

dk23?
k23?

g2· · ·
Z k2

n�1?

µ2
0

dk2n?
k2n?

g2 '
✓
g2 log

Q2

µ2
0

◆n

Q2 ! 1 s

Resummation of large logarithms

Large parameter

total energy is fixed

s

Q2

kn?

kn�1?

k2?

k3?

Probing small distances

�⇤N as a template
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Collinear-DGLAP approach
@fi(x,Q2)

@ log(Q2)
=

X

j

Z 1

x

dz

z
Pj!i(z)fj(

x

z
,Q2)

Pj!i(z) = ↵sP
(LO)
j!i

(z) + ↵2
s
P (NLO)
j!i

(z) + ↵3
s
P (NNLO)
j!i

(z) + . . .

DGLAP evolution equation for parton densities

Splitting functions calculated perturbatively

Parton densities: distributions in 

longitudinal momenta at a given scale

fi(x,Q
2)

s
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Collinear-DGLAP approach
@fi(x,Q2)

@ log(Q2)
=

X
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Z 1
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dz
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,Q2)

Pj!i(z) = ↵sP
(LO)
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P (NLO)
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P (NNLO)
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DGLAP evolution equation for parton densities

Splitting functions calculated perturbatively

Parton densities: distributions in 

longitudinal momenta at a given scale

fi(x,Q
2)

s

Q2

kn?

kn�1?

k2?

k3?

0.2

0.4

0.6

0.8

1

-410 -310 -210 -110 1

0.2

0.4

0.6

0.8

1

 HERAPDF1.0 
 exp. uncert.

 model uncert.
 parametrization uncert.
 

x

xf 2 = 10 GeV2Q

vxu

vxd
 0.05)×xS (

 0.05)×xg (

                H1 and ZEUS

0.2

0.4

0.6

0.8

1

Collinear factorization of the cross section

d�(x,Q2) =
X

i

fi ⌦ d�̂i + O(⇤2/Q2)

d�̂i partonic cross section, calculable perturbatively !127



High energy limit-BFKL
s ! 1 s � Q2 � ⇤2

Q2

Large parameter

fixed, perturbative

Strong ordering in longitudinal momenta
x ⌧ x1 ⌧ x2 ⌧ · · · ⌧ xn

k+i = xip
+p+ = p0 + pz

Light cone proton momentum

High energy or Regge limit

s

Q2

x

x1

x2

x3

xn
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High energy limit-BFKL
s ! 1 s � Q2 � ⇤2

Q2

Large parameter

fixed, perturbative

Strong ordering in longitudinal momenta
x ⌧ x1 ⌧ x2 ⌧ · · · ⌧ xn

k+i = xip
+p+ = p0 + pz

Light cone proton momentum

↵̄s ⌧ 1 ln
1

x
' ln

s

Q2
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Perturbative coupling but large logarithm

High energy or Regge limit
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High energy limit-BFKL
s ! 1 s � Q2 � ⇤2

Q2

Large parameter

fixed, perturbative

Strong ordering in longitudinal momenta
x ⌧ x1 ⌧ x2 ⌧ · · · ⌧ xn

k+i = xip
+p+ = p0 + pz

Light cone proton momentum

↵̄s ⌧ 1 ln
1

x
' ln

s

Q2
� 1

Perturbative coupling but large logarithm

High energy or Regge limit
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Large logarithms Leading logarithmic resummation
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Resummation performed by Bethe-Salpeter type equation
BFKL evolution equation

High energy limit-BFKL

s

Q2

x
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x2

x3

xn

@Fg(x, kT )

@ ln 1/x
=

Z
d2k0T K(kT , k

0
T )Fg(x, k

0
T )
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Resummation performed by Bethe-Salpeter type equation
BFKL evolution equation

K = ↵̄sKLLx + ↵̄2
sKNLLx + ↵̄3

sKNNLLx + . . .

Branching kernel (perturbative expansion)

QCD N=4 SYM

High energy limit-BFKL
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Resummation performed by Bethe-Salpeter type equation
BFKL evolution equation

K = ↵̄sKLLx + ↵̄2
sKNLLx + ↵̄3

sKNNLLx + . . .

Branching kernel (perturbative expansion)

QCD N=4 SYM

High energy limit-BFKL
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xn

Unintegrated, (transverse momentum 
dependent) gluon density Fg(x, kT )

@Fg(x, kT )

@ ln 1/x
=

Z
d2k0T K(kT , k

0
T )Fg(x, k

0
T )
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Resummation performed by Bethe-Salpeter type equation
BFKL evolution equation

K = ↵̄sKLLx + ↵̄2
sKNLLx + ↵̄3

sKNNLLx + . . .

Branching kernel (perturbative expansion)

QCD N=4 SYM

High energy limit-BFKL

s

Q2

x

x1

x2

x3

xn

@fi(x,Q2)

@ log(Q2)
=

X

j

Z 1

x

dz

z
Pj!i(z)fj(

x

z
,Q2)compare with DGLAP-

collinear approach

Unintegrated, (transverse momentum 
dependent) gluon density Fg(x, kT )

@Fg(x, kT )

@ ln 1/x
=

Z
d2k0T K(kT , k

0
T )Fg(x, k

0
T )
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High energy limit
Random walk in transverse momenta

|kT |

Y

transverse momentum

ra
pi
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Y =
1

2
ln
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p�
Diffusion of transverse momenta towards IR and UV. 

For large energies momenta can diffuse to low scales even when 
starting from large scales.
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High energy limit
Effects of running coupling: 


‘pull’ towards the infrared region

|kT |

Y

transverse momentum

ra
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di
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p� Large non-perturbative effects for large energies.
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High energy limit
Effects of running coupling: 


‘pull’ towards the infrared region

|kT |

Y

transverse momentum

ra
pi

di
ty

Y =
1

2
ln
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p� Large non-perturbative effects for large energies.

arbitrary scale
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BFKL solution

�132

LL: Balitsky,Fadin,Kuraev,Lipatov 
NLL: Fadin, Lipatov; Camici,Ciafaloni
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BFKL solution

Matrix BFKL+DGLAP, G. Salam (p. 5)

Introduction NLL Green function solution

If DGLAP contaminates BFKL does it matter? Can we not just take the
perturbative expansion? Try LL, then NLL BFKL.
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Matrix BFKL+DGLAP, G. Salam (p. 5)
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Why NLLx is so large in BFKL?

• Strong coupling constant is not a naturally small parameter in the 
Regge limit:

• Regge limit is inherently nonperturbative. 

• Compare DGLAP (collinear approach):

• No momentum sum rule, since the evolution is local in x. In 
DGLAP: momentum sum rule satisfied at each order due to the 
initial assumption of the collinearity of the partons and the non-
locality of the evolution in x.

• Approximations in the phase space (multi-Regge kinematics, quasi 
multi-Regge kinematics, etc..) cannot be recovered  by the (fixed 
number of) the higher orders of expansion in the coupling 
constant.

s� |t|,�2
QCD but �s(µ2), µ2 �= s

Q2 � �2 and �s(Q2)� 1
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Low x resummation
Ciafaloni, Colferai, Salam, AS

logarithms of scale (related to 
transverse momentum)
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 Altarelli,  Ball, Forte;  Thorne; Thorne, White

Combine the information from both expansions
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Resummation
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Resummation
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linear case

�136



General setup for resummation

• Kinematical constraints: impose constraints coming 
from the kinematics by the analysis of individual 
diagrams.


• DGLAP  splitting function recovered at fixed order 
of large logarithms of scale.


• LLx and NLLx BFKL terms are included.


• Subtraction procedure in order to avoid the double 
counting.


• Momentum sum rule for the resummed splitting 
function must be satisfied.


• Running coupling in the BFKL evolution.

s

Q2
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LLx BFKL
Representation of the kernel

Mellin variables: � � ln k2
T � � ln 1/x
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LLx BFKL
Representation of the kernel

Mellin variables: � � ln k2
T � � ln 1/x
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LLx BFKL
Representation of the kernel

Mellin variables: � � ln k2
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LLx BFKL
Representation of the kernel

Mellin variables: � � ln k2
T � � ln 1/x
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LLx kernel in Mellin space
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Solution to BFKL equation

!139

Solution to the algebraic equation in Mellin space

The asymptotic behavior in x space will be determined by the position of the singularity

F̃(!, �) =
F̃ (0)(!, �)

1� ↵̄s
! �(�)

<latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit><latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit><latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit><latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit>

!(�) = ↵̄s�(�)
<latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit>



Solution to BFKL equation
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Solution to the algebraic equation in Mellin space

The asymptotic behavior in x space will be determined by the position of the singularity
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Solution to the algebraic equation in Mellin space

The asymptotic behavior in x space will be determined by the position of the singularity
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Solution to the algebraic equation in Mellin space

The asymptotic behavior in x space will be determined by the position of the singularity

F(x, kT ) =
1

2⇡i

Z c+i1

c�i1
d�(k2T )

�R(�)x�!(�)

<latexit sha1_base64="h9CWAhkBTOx3E6hxlE8L0U8Wlt4="></latexit><latexit sha1_base64="h9CWAhkBTOx3E6hxlE8L0U8Wlt4="></latexit><latexit sha1_base64="h9CWAhkBTOx3E6hxlE8L0U8Wlt4="></latexit><latexit sha1_base64="h9CWAhkBTOx3E6hxlE8L0U8Wlt4="></latexit>

The solution R(�)
<latexit sha1_base64="HeOZmjSi1uB4I8I0LYU/QzfeyKQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMV+yFtKJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrF8MOOEBgIHkkWMoLHS432lO0Ah8KxXKntVbwZ3mfg5KUOOeq/01e3HJBVUGsJR647vJSbIUBlGOJ0Uu6mmCZIRDmjHUomC6iCbHTxxT63Sd6NY2ZLGnam/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTv93u0zRYnhY0uQKGZvdckQFRJjMyraEPzFl5dJ87zqe1X/7qJcu87jKMAxnEAFfLiEGtxCHRpAQMAzvMKbo5wX5935mLeuOPnMEfyB8/kD8t2P1g==</latexit><latexit sha1_base64="HeOZmjSi1uB4I8I0LYU/QzfeyKQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMV+yFtKJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrF8MOOEBgIHkkWMoLHS432lO0Ah8KxXKntVbwZ3mfg5KUOOeq/01e3HJBVUGsJR647vJSbIUBlGOJ0Uu6mmCZIRDmjHUomC6iCbHTxxT63Sd6NY2ZLGnam/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTv93u0zRYnhY0uQKGZvdckQFRJjMyraEPzFl5dJ87zqe1X/7qJcu87jKMAxnEAFfLiEGtxCHRpAQMAzvMKbo5wX5935mLeuOPnMEfyB8/kD8t2P1g==</latexit><latexit sha1_base64="HeOZmjSi1uB4I8I0LYU/QzfeyKQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMV+yFtKJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrF8MOOEBgIHkkWMoLHS432lO0Ah8KxXKntVbwZ3mfg5KUOOeq/01e3HJBVUGsJR647vJSbIUBlGOJ0Uu6mmCZIRDmjHUomC6iCbHTxxT63Sd6NY2ZLGnam/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTv93u0zRYnhY0uQKGZvdckQFRJjMyraEPzFl5dJ87zqe1X/7qJcu87jKMAxnEAFfLiEGtxCHRpAQMAzvMKbo5wX5935mLeuOPnMEfyB8/kD8t2P1g==</latexit><latexit sha1_base64="HeOZmjSi1uB4I8I0LYU/QzfeyKQ=">AAAB8HicbVBNS8NAEJ34WetX1aOXYBHqpSQi6LHoxWMV+yFtKJPtpl26uwm7G6GE/govHhTx6s/x5r9x2+agrQ8GHu/NMDMvTDjTxvO+nZXVtfWNzcJWcXtnd2+/dHDY1HGqCG2QmMeqHaKmnEnaMMxw2k4URRFy2gpHN1O/9USVZrF8MOOEBgIHkkWMoLHS432lO0Ah8KxXKntVbwZ3mfg5KUOOeq/01e3HJBVUGsJR647vJSbIUBlGOJ0Uu6mmCZIRDmjHUomC6iCbHTxxT63Sd6NY2ZLGnam/JzIUWo9FaDsFmqFe9Kbif14nNdFVkDGZpIZKMl8Updw1sTv93u0zRYnhY0uQKGZvdckQFRJjMyraEPzFl5dJ87zqe1X/7qJcu87jKMAxnEAFfLiEGtxCHRpAQMAzvMKbo5wX5935mLeuOPnMEfyB8/kD8t2P1g==</latexit>

The residue

F̃(!, �) =
F̃ (0)(!, �)

1� ↵̄s
! �(�)

<latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit><latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit><latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit><latexit sha1_base64="x+5TAB68cMlqUsB9JPpBqgZ6kpU="></latexit>

!(�) = ↵̄s�(�)
<latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit>

-1.5 -1.0 -0.5 0.5 1.0 1.5

-2

-1

1

2

3

-1 1 2

-20

-10

10

20

�0(�) = 2 (1)�  (�)�  (1� �)Plots of 

Real axis Imaginary axis at c=1/2

Saddle 
point



Solution to BFKL equation

!139

Solution to the algebraic equation in Mellin space

The asymptotic behavior in x space will be determined by the position of the singularity
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The residue

F̃(!, �) =
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1� ↵̄s
! �(�)
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Small x behavior given by !IP = ↵̄s�0(1/2) = ↵̄s4 ln 2
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Collinear approximation:

Single poles only at Llx level.
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Collinear approximation:

Single poles only at Llx level.

Physical interpretation:  BFKL does not have ordering in transverse 
momenta. Contains thus (among) others two extreme cases
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Single poles only at Llx level.
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Consider scattering of two virtual photons (could be realized in electron-positron collider)
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Representation of the kernel
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LLx kernel in Mellin space

BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Strictly speaking at NLLx this is not an eigenvalue. Still, one can consider Mellin transform of the kernel.

NLLx kernel in Mellin space

running coupling
triple poles
double poles
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Collinear poles at NLL

But Ku
ω and Kl

ω are related to Kω by the ω-dependent similarity transformations (9a,9b),
so that the latter must have the following collinear structure

Kω(k, k′) ≃ ᾱs(k
2)

⎡

⎣ 1

k2

(
k′

k

)ω ( ᾱs(k2)

ᾱs(k′2)

)−
A1(ω)

b

Θ(k − k′) +

+
1

k′2

(
k

k′

)ω ( ᾱs(k2)

ᾱs(k′2)

)A1(ω)
b

−1

Θ(k′ − k)

⎤

⎦ . (15)

In this expression one can see that the ω-dependence provided by
(

k<

k>

)ω
is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
into account the full one-loop anomalous dimension.

By expanding in bᾱs the renormalisation group logarithms present in the collinear behav-
ior of Eqs. (14,15), we obtain the leading collinear singularities of the coefficient kernels Kω

n

in Eq. (10). This implies that, in γ-space, the corresponding eigenvalues have the following
structure

χω
n(γ) =

1·A1(A1 + b) · · · [A1 + (n − 1)b]

(γ + ω
2 )n+1

+
1·(A1 − b)A1 · · · [A1 − nb]

(1 − γ + ω
2 )n+1

, (16)

where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
poles is shifted by −ω

2 (+ω
2 ) for the kernel (15) with symmetrical scale choice ν0 = kk0.

Through this shift one is able to resum [9] the higher order γ-poles of the kernel that are due
to scale changing effects.

In fact, the leading and next-to-leading eigenvalues corresponding to this symmetrical
choice of scale have the collinear behavior

χω
0 (γ) ≃

1

γ + ω
2

+
1

1 − γ + ω
2

,

χω
1 (γ) ≃

A1(ω)

(γ + ω
2 )2

+
A1(ω) − b

(1 − γ + ω
2 )2

. (17)

Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
in ω the term χω

0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the

χω=0
1 terms. The result for the NLL eigenvalue in the collinear approximation then reads

χcoll
1 (γ) =

[
ᾱsχ

ω
0 (γ)

∂χω
0

∂ω
+ χω

1

]

ω=0

= −
1

2γ3
−

1

2(1 − γ)3
+

A1(0)

γ2
+

A1(0) − b

(1 − γ)2
+ . . . . (18)

We note that the ω-dependent shift has generated cubic poles 1
γ3 , 1

(1−γ)3 which seem to imply

double logs log2 k2
<

k2
>

, but are actually needed with the choice of scale kk0 in order to recover

the correct Bjorken variable k2
>/s. The collinear terms with A1(ω) have instead generated

double poles 1
γ2 , 1

(1−γ)2 which correspond to single logs, log
k2

<

k2
>

.

The double and cubic poles at γ = 0 and γ = 1 so obtained are precisely those of the full
NLL BFKL kernel eigenvalue. In fact Eq. (18) is a collinear approximation to the full NLL
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ᾱs(k′2)

)A1(ω)
b

−1

Θ(k′ − k)

⎤

⎦ . (15)

In this expression one can see that the ω-dependence provided by
(

k<

k>

)ω
is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
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where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
poles is shifted by −ω

2 (+ω
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Through this shift one is able to resum [9] the higher order γ-poles of the kernel that are due
to scale changing effects.
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Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
in ω the term χω

0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the
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ᾱsχ

ω
0 (γ)

∂χω
0

∂ω
+ χω

1

]

ω=0

= −
1

2γ3
−

1

2(1 − γ)3
+

A1(0)

γ2
+

A1(0) − b

(1 − γ)2
+ . . . . (18)

We note that the ω-dependent shift has generated cubic poles 1
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(1−γ)3 which seem to imply

double logs log2 k2
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, but are actually needed with the choice of scale kk0 in order to recover

the correct Bjorken variable k2
>/s. The collinear terms with A1(ω) have instead generated

double poles 1
γ2 , 1

(1−γ)2 which correspond to single logs, log
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The double and cubic poles at γ = 0 and γ = 1 so obtained are precisely those of the full
NLL BFKL kernel eigenvalue. In fact Eq. (18) is a collinear approximation to the full NLL
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Collinear poles at NLL
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In this expression one can see that the ω-dependence provided by
(

k<

k>
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is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
into account the full one-loop anomalous dimension.

By expanding in bᾱs the renormalisation group logarithms present in the collinear behav-
ior of Eqs. (14,15), we obtain the leading collinear singularities of the coefficient kernels Kω
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in Eq. (10). This implies that, in γ-space, the corresponding eigenvalues have the following
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+
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, (16)

where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
poles is shifted by −ω

2 (+ω
2 ) for the kernel (15) with symmetrical scale choice ν0 = kk0.

Through this shift one is able to resum [9] the higher order γ-poles of the kernel that are due
to scale changing effects.

In fact, the leading and next-to-leading eigenvalues corresponding to this symmetrical
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Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
in ω the term χω

0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the
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We note that the ω-dependent shift has generated cubic poles 1
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the correct Bjorken variable k2
>/s. The collinear terms with A1(ω) have instead generated
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γ2 , 1

(1−γ)2 which correspond to single logs, log
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.

The double and cubic poles at γ = 0 and γ = 1 so obtained are precisely those of the full
NLL BFKL kernel eigenvalue. In fact Eq. (18) is a collinear approximation to the full NLL
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In this expression one can see that the ω-dependence provided by
(

k<

k>

)ω
is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
into account the full one-loop anomalous dimension.

By expanding in bᾱs the renormalisation group logarithms present in the collinear behav-
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where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
poles is shifted by −ω

2 (+ω
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Through this shift one is able to resum [9] the higher order γ-poles of the kernel that are due
to scale changing effects.
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Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
in ω the term χω

0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the
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NLL BFKL kernel eigenvalue. In fact Eq. (18) is a collinear approximation to the full NLL
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Collinear poles at NLL

But Ku
ω and Kl

ω are related to Kω by the ω-dependent similarity transformations (9a,9b),
so that the latter must have the following collinear structure

Kω(k, k′) ≃ ᾱs(k
2)

⎡

⎣ 1

k2

(
k′

k

)ω ( ᾱs(k2)

ᾱs(k′2)
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A1(ω)

b
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(
k

k′

)ω ( ᾱs(k2)

ᾱs(k′2)

)A1(ω)
b
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Θ(k′ − k)

⎤

⎦ . (15)

In this expression one can see that the ω-dependence provided by
(

k<

k>

)ω
is essential, because

k>/k< can be a large parameter. We also keep the ω-dependence in A1(ω), in order to take
into account the full one-loop anomalous dimension.

By expanding in bᾱs the renormalisation group logarithms present in the collinear behav-
ior of Eqs. (14,15), we obtain the leading collinear singularities of the coefficient kernels Kω

n

in Eq. (10). This implies that, in γ-space, the corresponding eigenvalues have the following
structure
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(γ + ω
2 )n+1

+
1·(A1 − b)A1 · · · [A1 − nb]

(1 − γ + ω
2 )n+1

, (16)

where the ω dependence of A1 is left implicit. Therefore the position of the γ → 0 (γ → 1)
poles is shifted by −ω

2 (+ω
2 ) for the kernel (15) with symmetrical scale choice ν0 = kk0.

Through this shift one is able to resum [9] the higher order γ-poles of the kernel that are due
to scale changing effects.

In fact, the leading and next-to-leading eigenvalues corresponding to this symmetrical
choice of scale have the collinear behavior

χω
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1 − γ + ω
2

,

χω
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(γ + ω
2 )2
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2 )2

. (17)

Now, in order to obtain the NLL coefficient [11] in the ᾱs expansion one has to expand
in ω the term χω

0 (γ) to first order with subsequent identification ω → ᾱsχω=0
0 , and add the

χω=0
1 terms. The result for the NLL eigenvalue in the collinear approximation then reads
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ᾱsχ

ω
0 (γ)

∂χω
0

∂ω
+ χω

1

]

ω=0

= −
1

2γ3
−

1

2(1 − γ)3
+

A1(0)

γ2
+

A1(0) − b

(1 − γ)2
+ . . . . (18)

We note that the ω-dependent shift has generated cubic poles 1
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2)

⎡

⎣ 1

k2

(
k′

k

)ω ( ᾱs(k2)
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Origin of poles at NLL

!143

What is the origin of the double and triple collinear poles at NLL?

✦ Triple collinear poles: kinematical constraint which limits the transverse 
momenta of the exchanged gluons. 


✦ Triple collinear poles: related to the scale choice in the BFKL equation.


✦ Double collinear poles: terms which originate from the non-singular in z 
parts of the DGLAP splitting function which appear at this order. 


✦ Double collinear poles with coefficient equal to beta function: terms from 
the running coupling (recall that Llx BFKL has fixed coupling)



Kinematical constraint

!144

Consider BFKL equation

F(x, kT ) = F (0)(x, kT ) +

Z 1

x

dz

z

Z
d2k0T K(kT , k

0
T )F(

x

z
, k0T )
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2
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Z
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Explicit form:

Real Virtual

Unlimited integral over transverse momentum
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Explicit form:

Real Virtual

x(1z � z), qT

x, kT

x
z , k

0
T

Figure 1: Schematic diagram representing gluon emission in the BFKL chain. x and x/z are
the longitudinal momentum fractions of the target’s momentum carried by the exchanged gluon.
kT ,k0

T and qT denote the two-dimensional transverse momenta of the exchanged gluons and the
emitted gluon respectively.

2 Kinematical constraints

In this section we shall review the origin and di↵erent forms of the kinematical constraints that
appear in the literature. The kinematical constraint in the initial state cascade at low x was
first considered in works [17, 41, 18].

We shall follow here closely the derivation presented in [19], where the kinematical constraint
was implemented both in BFKL and the CCFM equations [17, 41, 42, 43, 44]. The latter
evolution equation is based on the idea of coherence [45] that leads to the angular ordering of
the emissions in the cascade. The BFKL equation for the unintegrated gluon density in the
leading logarithmic approximation [10, 9, 8] can be written as

F(x, k2T ) = F
(0)(x, k2T )

+ ↵̄s

Z 1

x

dz

z

Z
d
2qT

⇡q2T

h
F

⇣
x

z
, |kT + qT |

2
⌘
�⇥(k2T � q

2
T )F

⇣
x

z
, k

2
T

⌘i
, (1)

where function F(x, k2T ) is the small x unintegrated gluon density, kT and k0
T = kT + qT are the

transverse momenta of the exchanged gluons and qT is the transverse momentum of the gluon
emitted. The longitudinal momentum fractions of the exchanged gluons are x and x

z respectively.
The flow of the momenta in the BFKL cascade is illustrated in diagram Fig. 1. We will also
use the notation k

2
T ⌘ k2

T for the squared transverse momenta for the rest of the paper. The
rescaled coupling constant is defined as ↵̄s ⌘

↵sNc
⇡ . In the leading logarithmic approximation

the integration over qT in the Eq. (1), is not constrained by an upper limit thus violating the
energy-momentum conservation. Thus for example in the context of the DIS process in principle
there should be a limit on the integration over the transverse momentum

Q
2
/x ⇠ W

2
, (2)

where Q
2 is the hard scale of the DIS process, x is the Bjorken variable and W

2 is the c.m.s
energy squared of the photon-proton system in DIS.

3

Rung in the BFKL cascade: High energy approximation:

Virtualities of the exchanged gluons are dominated 
by their transverse momenta

There is a stronger constraint arising however from the requirement that in the low x for-
malism the exchanged gluons have o↵-shellness dominated by the transverse components, i.e.
one keeps terms that obey |k

2
| ' k

2
T . The derivation of the kinematical constraint here follows

[19].
The gluon four momentum is as usual decomposed into light cone and transverse components

k = (k+, k�,kT ) , (3)

where k
± = k

0
± k

3. Now the exchanged gluon virtuality in these variables is equal to

k
2 = k

+
k
�
� k

2
T . (4)

The condition |k
2
| ' k

2
T translates approximately to

k
2
T > k

+
k
�
. (5)

The emitted gluon is on-shell q2 = q
+
q
�
� q

2
T = 0, and therefore we can express this fact as

q
� = q

2
T/q

+
. (6)

On the other hand in the multi-Regge kinematics there is a strong ordering of longitudinal
momenta so

k
� = k

0�
� q

�
' q

�
. (7)

Using the condition (6) and inserting it into (5) one finally obtains

k
2
T > k

+ q
2
T

q+
=

z

1� z
q
2
T , (8)

or as limit on q
2
T integration

q
2
T <

1� z

z
k
2
T . (9)

Now there are several approximations that can be made to this constraint. In the small z limit
(9) can be approximated to

q
2
T <

k
2
T

z
. (10)

This form of the approximation was used in [17] and also studied in the context of small x
approximation to the CCFM evolution in [19]. The lower bound on z, i.e. z > x results in the
upper bound on q

2
T < k

2
T/x providing local condition for energy-momentum conservation.

Finally, (9) can be further rewritten as a condition on the transverse momentum of the
exchanged gluon k

0
T . For a given value of kT a high value of k0T means also high value of qT .

Rewriting it as

k
02
T � 2k0T · kT + k

2
T <

1� z

z
k
2
T , (11)

and averaging over angle between kT and k
0
T and taking large k

0
T limit we get:

k
02
T <

k
2
T

z
. (12)

This form of the constraint was used for example in [18] and in [20, 46, 29, 47, 48]. The nice
feature of (12) is the fact that the kernel with kinematical constraint has a Mellin representation
which results in a simple shift of poles in the Mellin space. In the rest of the paper we shall
analyze in detail all the forms of the constraints and quantify the di↵erences between them both
in Mellin space and through direct numerical solution ot the BFKL equation in momentum
space.
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BFKL with kinematical constraint
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F(x, k) = F (0)(x, k) + ↵̄sk
2

Z 1

x

dz

z

Z
dk02

k02
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Kinematical constraint

In real part
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3 Comparison of improved kernel with results in N = 4 sYM

Since the works of [18, 19] it is known that the kinematical constraint provides very important
contribution to the NLL order and beyond in BFKL. Even though formally of subleading or-
der, numerically this correction is very large and leads to the strong reduction of the intercept,
aligning the BFKL equation more with phenomenology, for selected early works which imple-
ment kinematical corrections in BFKL see for example [20, 49, 50, 51]. At the NLL order the
kinematical constraint, when viewed as a correction in the Mellin space gives rise to the cubic
poles in the Mellin conjugated variable to the transverse momentum in the BFKL eigenvalue.
The N = 4 sYM eigenvalue at LL is identical to the QCD case, and at NLL the same leading
cubic poles appear in both theories [52]. Since the constraint is originating from the kinematics
specific to the Regge limit of the cascade, one could expect it to be universal in both theories.
It is useful to explore whether or not the kinematical constraint correctly reproduces the terms
in the higher order NNLL known only in the supersymmetric case [14, 15, 16] and what are the
di↵erences between the di↵erent forms of the kinematical constraint discussed in the literature.

In this section we shall perform a detailed comparison of leading and subleading poles in the
Mellin space originating from the kinematical constraint with the results in N = 4 sYM case up
to NNLL. First, we shall perform the comparison on the example of the constraint (12). Later
on, in Sec. 4, we shall check that the results are consistent for di↵erent forms of the kinematical
constraints up to certain order of poles, and we shall identify this order. In that way we can
quantify the level of di↵erences between di↵erent forms of the constraints.

3.1 NLL and NNLL of N=4 sYM and ! expansion

Let us begin with recalling the definition of the BFKL eigenvalue and the Mellin transform.
The Mellin transformation into the ! space is defined as

F(!, k2T ) =

Z 1

0

dz

z
z
!
F(z, k2T ) , (13)

and into the � space as

F̃(!, �) =

Z 1

0
dk

2
T

�
k
02
T

���
F(!, k2T ) , (14)

Applying it to the BFKL equation we get the algebraic form of the BFKL equation

F̃(!, �) = F̃
(0)(!, �) +

↵̄s

!
�(�,!)F̃(!, �) , (15)

where �(�,!) is the kernel transformed to the double Mellin space. The ! dependence stems
from the z dependence of the kernel K due to the kinematical constraint. Of course the fixed
order LL and NLL kernels do not have the ! dependence, it is only the resummed kernel, in
this case the kernel with the kinematical constraint that obtains this additional dependence. As
is well known, see for example [19, 20, 21, 46, 29], such dependence in turn generates the series
in ↵s and therefore resums the contributions from all orders in the strong coupling. The result
with the constraint (12) is well known [18]

�(�,!) = 2 (1)�  (�)�  (1� � + !) . (16)

where  is a polygamma function. When ! = 0 the above result coincides with the LL BFKL
eigenvalue in QCD and in N=4 sYM

�0(�) = 2 (1)�  (�)�  (1� �) . (17)
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Kernel in Mellin space

Contains shift of the pole by other Mellin variable: all order correction



Scale choices

2 Renormalisation Group improved approach

The size of subleading corrections [4, 5] to the BFKL kernel K(k,k′) and the ensuing insta-
bilities [6, 7, 8] make it mandatory to understand the physical origin of the large terms and
possibly resum them. In a series of papers [9,10,11] (for a review see [35]) it was argued that
most of the large corrections were due to collinear contributions, so as to achieve consistency
of high-energy factorization [27] at subleading level [28] with the renormalisation group. This
requires resummation [9] of both the energy scale-dependent terms of the kernel [5] and of
the leading-log collinear logarithms [10] for both Q ≫ Q0 and Q ≪ Q0, with Q, Q0 being
the hard scales of the process. In the following we summarize the approach of [11], which
incorporates both the renormalisation group requirements and the known exact forms of the
leading [1] and next-to-leading [4, 5] BFKL kernel. A resummation for anomalous dimen-
sions within a single collinear regime Q ≫ Q0 has been proposed in [12], and alternative
resummations in [13,14,15].

2.1 k-factorization and high-energy exponents

We consider a general process of scattering of two hard probes A and B with scales Q and
Q0 at high center-of-mass energy

√
s. We assume that the cross section can be written in the

following k-factorized form [27]:

σAB(s;Q,Q0) =

∫
dω

2πi

d2k

k2

d2k0

k2
0

(
s

QQ0

)ω

hA
ω (Q,k) Gω(k,k0) hB

ω (Q0,k0) (1)

where hA and hB are dimensionless impact factors which characterize the probes and ensure
that |k| (|k0|) is of order Q (Q0), and the gluon Green’s function is defined by

Gω(k,k0) = ⟨k|[ω −Kω]−1|k0⟩ . (2)

The function Kω is the kernel of the small-x equation of the general form

ωGω(k,k0) = δ2(k − k0) +

∫
d2k′

π
Kω(k,k′) Gω(k′,k0) . (3)

The factorization formula (1) involving two-(Regge)gluon exchange, has been justified up to
NL log s level in Refs. [28] for initial partons and in [29, 30] for physical probes. At further
subleading levels, many (Regge)gluon Green’s functions contribute to the cross section as
well, due to the s-channel iteration. However, our purpose here is to incorporate leading-
twist collinear behavior, and at that level the two-gluon contribution is dominant, so that we
shall consider only the contribution (1) in the following.

While k-factorization is supposed to be valid for αs ! ω ≪ 1, we shall sometimes extra-
polate Eq. (1) to sizable values of ω = O(1) and moderate values of s, encouraged by the
stability of our resummation, and by the possibility of incorporating phase space thresholds
in Eq. (1) (cfr. Sec. 6). It should be kept in mind that such a region lies outside the validity
range of Eq. (1), so that the extrapolated Green’s function loses — most probably — its
original meaning as two-(Regge)gluon propagator.

In writing Eq. (1), we have performed the choice of energy scale s0 = QQ0, in terms of
which the high energy kinematics shows a simpler phase space, as explained in more detail
in Sec. 6. Actually, for intermediate subenergies it is more convenient to introduce as energy
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HE factorization for the cross section

BFKL equation for the gluon Green’s 
function

Different possible scale choices:

⌫0 = kk0

⌫0 = k2

⌫0 = k20

symmetric (ex. two jets)

DIS type configuration

k ⇠ k0

k � k0

k ⌧ k0
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Here we see that the choice of the energy scale is symmetric ⌫/kTkT0, but it could also be
asymmetric ⌫/k2T or ⌫/k2T0. This will imply that

G! ! G!

✓
k>

k<

◆
, (30)

where k> = max(kT , kT0) and k< = min(kT , kT0). For example:

Z
d!

2⇡i

✓
⌫

kTkT0

◆!

G!(kT ,kT0) =

Z
d!

2⇡i

✓
⌫

k2T

◆! ✓
kT

kT0

◆!

G!(kT ,kT0) . (31)

This means that depending on the scale choice the kernel will undergo a scale changing trans-
formations as well.

K
s0=k2T
! (kT ,kT0) = K

s0=kT kT0
! (kT ,kT0)

⇣
kT
kT0

⌘!
, (32)

K
s0=k2T0
! (kT ,kT0) = K

s0=kT kT0
! (kT ,kT0)

⇣
kT0
kT

⌘!
. (33)

In the Mellin space this will imply the shift of poles in � by ! for the function �!(�). This can
be expressed as [13]

�
S(�0) = �

S
⇣
� �

!

2

⌘
= �

A(�) . (34)

So for example in the case of kernel with kinematic constraint k
02

< k
2
/z, we have in the

asymmetric case
�
!,A(�) = 2 (1)�  (�)�  (1� � + !) , (35)

and in the symmetric case,

�
!,S(�) = 2 (1)�  

⇣
� +

!

2

⌘
�  

⇣
1� � +

!

2

⌘
. (36)

Let us now recall how the scale changing works at NLL before proceeding to NNLL. We
suppose that in the following an additional dependence on ! might be present in the � function.
Going from symmetric case to an asymmetric case we have at this order

�0

⇣
� �

!

2

⌘
+ ↵̄s�1

⇣
� �

!

2

⌘
. (37)

Expanding in ! and keeping terms up to NLL we get

�0(�)�
!

2

@�0

@�
+ ↵̄s�1(�) . (38)

The scale changing part is given by

T
NLL(�) = �

!

2

@�0

@�
, (39)

and at this order we need to take ! = ↵̄s�0(�), therefore scale changing part is

T
NLL(�) = �

1

2
↵̄s�0(�)

@�0

@�
, (40)
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Shift of poles

Shift of poles (symmetric case): suitable for the two scale process

Shifts  are equivalent to the kinematical constraints imposed  on the transverse 
momenta in the ladder

�147

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]

�
sY M
1 = �

1

2�3
� 1.79 +O(�) , (19)

�
sY M
2 =

1

2�5
�
⇣(2)

�3
�

9⇣(3)

4�2
�

29⇣(4)

8�
+O(1) . (20)

Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) = �0 + �

(1)!

2
+

1

2!
�
(2)

⇣
!

2

⌘2
+ . . . , (21)

where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order

�1(�) =
1

2
�
(1)
�0 =

1

2

h
 
(1)(�) +  

(1)(1� �)
i
[2 (1)�  (�)�  (1� �)] . (23)

Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)
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Shift of poles (asymmetric case): suitable for DIS case

3 Comparison of improved kernel with results in N = 4 sYM

Since the works of [18, 19] it is known that the kinematical constraint provides very important
contribution to the NLL order and beyond in BFKL. Even though formally of subleading or-
der, numerically this correction is very large and leads to the strong reduction of the intercept,
aligning the BFKL equation more with phenomenology, for selected early works which imple-
ment kinematical corrections in BFKL see for example [20, 49, 50, 51]. At the NLL order the
kinematical constraint, when viewed as a correction in the Mellin space gives rise to the cubic
poles in the Mellin conjugated variable to the transverse momentum in the BFKL eigenvalue.
The N = 4 sYM eigenvalue at LL is identical to the QCD case, and at NLL the same leading
cubic poles appear in both theories [52]. Since the constraint is originating from the kinematics
specific to the Regge limit of the cascade, one could expect it to be universal in both theories.
It is useful to explore whether or not the kinematical constraint correctly reproduces the terms
in the higher order NNLL known only in the supersymmetric case [14, 15, 16] and what are the
di↵erences between the di↵erent forms of the kinematical constraint discussed in the literature.

In this section we shall perform a detailed comparison of leading and subleading poles in the
Mellin space originating from the kinematical constraint with the results in N = 4 sYM case up
to NNLL. First, we shall perform the comparison on the example of the constraint (12). Later
on, in Sec. 4, we shall check that the results are consistent for di↵erent forms of the kinematical
constraints up to certain order of poles, and we shall identify this order. In that way we can
quantify the level of di↵erences between di↵erent forms of the constraints.

3.1 NLL and NNLL of N=4 sYM and ! expansion

Let us begin with recalling the definition of the BFKL eigenvalue and the Mellin transform.
The Mellin transformation into the ! space is defined as

F(!, k2T ) =

Z 1

0

dz

z
z
!
F(z, k2T ) , (13)

and into the � space as

F̃(!, �) =

Z 1

0
dk

2
T

�
k
02
T

���
F(!, k2T ) , (14)

Applying it to the BFKL equation we get the algebraic form of the BFKL equation

F̃(!, �) = F̃
(0)(!, �) +

↵̄s

!
�(�,!)F̃(!, �) , (15)

where �(�,!) is the kernel transformed to the double Mellin space. The ! dependence stems
from the z dependence of the kernel K due to the kinematical constraint. Of course the fixed
order LL and NLL kernels do not have the ! dependence, it is only the resummed kernel, in
this case the kernel with the kinematical constraint that obtains this additional dependence. As
is well known, see for example [19, 20, 21, 46, 29], such dependence in turn generates the series
in ↵s and therefore resums the contributions from all orders in the strong coupling. The result
with the constraint (12) is well known [18]

�(�,!) = 2 (1)�  (�)�  (1� � + !) . (16)

where  is a polygamma function. When ! = 0 the above result coincides with the LL BFKL
eigenvalue in QCD and in N=4 sYM

�0(�) = 2 (1)�  (�)�  (1� �) . (17)
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where k> = max(k, k0) and k< = min(k, k0). The transformation (8) implies the following
change of kernel Kω

Kω(k, k′) → Ku
ω(k, k′) = Kω(k, k′)

(
k

k′

)ω

, ν0 = k2 , (9a)

Kω(k, k′) → Kl
ω(k, k′) = Kω(k, k′)

(
k′

k

)ω

, ν0 = k′2 , (9b)

where now Ku
ω (Kl

ω) means the kernel for the upper-k2 (lower-k′2) energy scale choice.
Our goal is to find a resummed prescription for Kω(k, k′) which takes into account the

large Y terms and is consistent with renormalisation group equations. The kernel Kω(k, k′)
is not scale invariant, and it can be expanded in powers of the coupling constant as follows

Kω(k, k′) =
∞∑

n=0

[ᾱs(k
2)]n+1 Kω

n(k, k′) . (10)

where

ᾱs(k
2) =

1

b log(k2/Λ2)
, b =

11

12
−

Nf

6Nc
, (11)

and the coefficient kernels Kω
n(k, k′) are now scale invariant, and additionally carry some

ω-dependence. We shall now see how the renormalisation group constraints on Ku
ω and Kl

ω

determine the collinear behavior of Kω .

2.3 Renormalisation group constraints and shift of γ poles

It is important to notice that the ω-dependence of the scale invariant kernels Kω
n , present in

Eq. (10), is not negligible (even for the small ω values being considered) and follows from the
requirement that collinear singularities have to be single logarithmic in both regimes k ≫ k0

and k0 ≫ k. If k ≫ k0, it is simplest to discuss the kernel in its form Ku
ω, Eq. (9a). A

leading-log k2 analysis for k ≫ k′ shows that its collinear singularities are determined by the
non-singular part (in ω space), A1(ω), of the gluon anomalous dimension,

ᾱsA1(ω) = γgg(ω) −
ᾱs

ω
, (12)

and

A1(ω) = −
11

12
+ O(ω), (Nf = 0) , (13)

In contrast the singular part ᾱs/ω is accounted for by the iteration of the BFKL equation
itself.

To be precise, one has

Ku
ω(k, k′) ≃

ᾱs(k2)

k2
exp

∫ t

t′
d(log κ2) A1(ω)ᾱs(κ

2) =
ᾱs(k2)

k2

(
1 − bᾱs(k

2) log
k2

k′2

)−
A1(ω)

b

,

(14)
where t = log k2/Λ2

QCD, indeed showing single logarithmic scaling violations. A similar

reasoning, yields the collinear behavior of Kl
ω from Eq. (9b) with the opposite strong ordering

behavior k′ ≫ k, which is relevant in the regime k0 ≫ k.

6

variables the scalar products of type ν = 2kµkµ
0 , which have |k||k0| as threshold, so that

|k||k0|/ν is a good Mellin variable. Correspondingly, the energy dependence of the Green’s
function and of the impact factors is defined by (k ≡ |k|, k0 ≡ |k0|)

G(ν,k,k0) =

∫
dω

2πi

(
ν

kk0

)ω

Gω(k,k0) (4)

≡
1

kk0
G(Y ; t, t0) ,

(
Y ≡ log

ν

kk0
, t ≡ log

k2

Λ2

)

and

h(ν, Q,k) =

∫
dω

2πi

(
ν

Qk

)ω

hω(Q,k) . (5)

In this paper, we are mostly interested in the properties of the two-scale Green’s function
and of its high-energy exponents. It was pointed out in [11] that, in the improved approach
with running coupling, the high energy limits of the Green’s function and of the collinear
splitting functions are regulated by different indices, which both originate from the frozen
coupling hard Pomeron exponent. We shall define the index ωs(t) by (cfr. Sec. 4.4)

G(Y ; t, t0) ≃
1√

2πᾱsχ′′Y
exp[ωs(

t + t0
2

)Y + diffusion corrections] , ᾱs ≡ αs
Nc

π
(6)

in the limit ωs(t)Y ≫ 1 and t ≃ t0 ≫ 1, and the index ωc(t) by

xP (ᾱs(k
2), x)

x→0−→ x−ωc(t)p(ᾱs) , (7)

where P (ᾱs(k2), x) is the resummed gluon-gluon splitting function (Sec. 5). The exponent
ωs in Eq. (6) used to be defined as the location of the anomalous dimension singularity in the
saddle point approximation. It is now understood [11], see also [13], that this singularity is
actually an artefact of the saddle point approximation, and that the true anomalous dimension
singularity, located at ω = ωc(t), causes the power behavior of the effective splitting function.
This result has then been confirmed in the alternative resummation procedures of [36,37,13].

Even the definition in Eq. (6) is not free of ambiguities, due to the occurrence of diffusion
corrections to the exponent [24,25,8,26] which rapidly increase with Y , and to the contamina-
tion of the non-perturbative Pomeron, which dominates above some critical rapidity [22,23].

In the following, both regimes t ≃ t0 and t ≫ t0 will be discussed in detail in the RG-
improved approach, by emphasizing our perturbative predictions and their range of validity.

2.2 Scale changing transformations

Let us note that the symmetrical scale choice ν0 = kk0 performed in Eq. (4) is not the only
possible one, and is physically justified only in the case k ∼ k0. This configuration occurs for
example in the process of γ∗γ∗ scattering at high energy with comparable virtualities of both
photons [20], forward jet/π0 production in DIS [38] or production of 2 hard jets at hadron
colliders [19]. However, in the typical deep inelastic situation, when one of the scales is much
larger, k ≫ k0 (k0 ≫ k) the correct Bjorken variable is rather k2/s (k2

0/s). In order to switch
to this asymmetric case one should perform a similarity transformation on the gluon Green’s
function of the form

Gω →
(

k>

k<

)ω

Gω , (8)

5
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Change of scales
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
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!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
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2
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
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2
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

� � ln k2
T � � ln 1/x

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]

�
sY M
1 = �

1

2�3
� 1.79 +O(�) , (19)

�
sY M
2 =

1

2�5
�
⇣(2)

�3
�

9⇣(3)

4�2
�

29⇣(4)

8�
+O(1) . (20)

Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
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2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
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!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
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) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

� � ln k2
T � � ln 1/x

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

 Need to take it at LL order to get NLL terms:

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

Contribution at NLL is:



Triple poles from shifts

!148

LL case with shifts

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

Expand :

Use the solution: !(�) = ↵̄s�(�)
<latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit><latexit sha1_base64="AUZbWxbFzxR1+/sfenKrdT9mDwo=">AAACF3icbVBNS8NAEN34WetX1KOXxSLUS0lE0ItQ9OKxgv2AJpTJdpsu3U3C7kYoIf/Ci3/FiwdFvOrNf+O2jaCtDwYe780wMy9IOFPacb6speWV1bX10kZ5c2t7Z9fe22+pOJWENknMY9kJQFHOItrUTHPaSSQFEXDaDkbXE799T6VicXSnxwn1BYQRGzAC2kg9u+bFgoZQ9UIQAk7wJfYCkJkHPBlC3lM488iQ5T9+z644NWcKvEjcglRQgUbP/vT6MUkFjTThoFTXdRLtZyA1I5zmZS9VNAEygpB2DY1AUOVn079yfGyUPh7E0lSk8VT9PZGBUGosAtMpQA/VvDcR//O6qR5c+BmLklTTiMwWDVKOdYwnIeE+k5RoPjYEiGTmVkyGIIFoE2XZhODOv7xIWqc116m5t2eV+lURRwkdoiNURS46R3V0gxqoiQh6QE/oBb1aj9az9Wa9z1qXrGLmAP2B9fEN4oefHg==</latexit>

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q
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/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure
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Most leading poles are cubic poles:
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2�3
� 1

2(1� �)3
<latexit sha1_base64="5pbGbrZx2aOxhxc1TtJHbcCXIQ8=">AAACLHicbVDLSgMxFM3UV62vqks3wSLURcukCrosduOygn1Apw6ZNNOGJjNjkhHKMB/kxl8RxIVF3Podpu0stPVA4HDOPdzc40WcKW3bUyu3tr6xuZXfLuzs7u0fFA+P2iqMJaEtEvJQdj2sKGcBbWmmOe1GkmLhcdrxxo2Z33miUrEwuNeTiPYFHgbMZwRrI7nFhkNGzEVlZ4iFwOfQUUzQR1hxfIlJgtKktnAeLtLfYhlVsoQx3GLJrtpzwFWCMlICGZpu8c0ZhCQWNNCEY6V6yI50P8FSM8JpWnBiRSNMxnhIe4YGWFDVT+bHpvDMKAPoh9K8QMO5+juRYKHURHhmUmA9UsveTPzP68Xav+4nLIhiTQOyWOTHHOoQzpqDAyYp0XxiCCaSmb9CMsKmEW36LZgS0PLJq6RdqyK7iu4uS/WbrI48OAGnoAwQuAJ1cAuaoAUIeAav4ANMrRfr3fq0vhajOSvLHIM/sL5/AGK5pnM=</latexit><latexit sha1_base64="5pbGbrZx2aOxhxc1TtJHbcCXIQ8=">AAACLHicbVDLSgMxFM3UV62vqks3wSLURcukCrosduOygn1Apw6ZNNOGJjNjkhHKMB/kxl8RxIVF3Podpu0stPVA4HDOPdzc40WcKW3bUyu3tr6xuZXfLuzs7u0fFA+P2iqMJaEtEvJQdj2sKGcBbWmmOe1GkmLhcdrxxo2Z33miUrEwuNeTiPYFHgbMZwRrI7nFhkNGzEVlZ4iFwOfQUUzQR1hxfIlJgtKktnAeLtLfYhlVsoQx3GLJrtpzwFWCMlICGZpu8c0ZhCQWNNCEY6V6yI50P8FSM8JpWnBiRSNMxnhIe4YGWFDVT+bHpvDMKAPoh9K8QMO5+juRYKHURHhmUmA9UsveTPzP68Xav+4nLIhiTQOyWOTHHOoQzpqDAyYp0XxiCCaSmb9CMsKmEW36LZgS0PLJq6RdqyK7iu4uS/WbrI48OAGnoAwQuAJ1cAuaoAUIeAav4ANMrRfr3fq0vhajOSvLHIM/sL5/AGK5pnM=</latexit><latexit sha1_base64="5pbGbrZx2aOxhxc1TtJHbcCXIQ8=">AAACLHicbVDLSgMxFM3UV62vqks3wSLURcukCrosduOygn1Apw6ZNNOGJjNjkhHKMB/kxl8RxIVF3Podpu0stPVA4HDOPdzc40WcKW3bUyu3tr6xuZXfLuzs7u0fFA+P2iqMJaEtEvJQdj2sKGcBbWmmOe1GkmLhcdrxxo2Z33miUrEwuNeTiPYFHgbMZwRrI7nFhkNGzEVlZ4iFwOfQUUzQR1hxfIlJgtKktnAeLtLfYhlVsoQx3GLJrtpzwFWCMlICGZpu8c0ZhCQWNNCEY6V6yI50P8FSM8JpWnBiRSNMxnhIe4YGWFDVT+bHpvDMKAPoh9K8QMO5+juRYKHURHhmUmA9UsveTPzP68Xav+4nLIhiTQOyWOTHHOoQzpqDAyYp0XxiCCaSmb9CMsKmEW36LZgS0PLJq6RdqyK7iu4uS/WbrI48OAGnoAwQuAJ1cAuaoAUIeAav4ANMrRfr3fq0vhajOSvLHIM/sL5/AGK5pnM=</latexit><latexit sha1_base64="5pbGbrZx2aOxhxc1TtJHbcCXIQ8=">AAACLHicbVDLSgMxFM3UV62vqks3wSLURcukCrosduOygn1Apw6ZNNOGJjNjkhHKMB/kxl8RxIVF3Podpu0stPVA4HDOPdzc40WcKW3bUyu3tr6xuZXfLuzs7u0fFA+P2iqMJaEtEvJQdj2sKGcBbWmmOe1GkmLhcdrxxo2Z33miUrEwuNeTiPYFHgbMZwRrI7nFhkNGzEVlZ4iFwOfQUUzQR1hxfIlJgtKktnAeLtLfYhlVsoQx3GLJrtpzwFWCMlICGZpu8c0ZhCQWNNCEY6V6yI50P8FSM8JpWnBiRSNMxnhIe4YGWFDVT+bHpvDMKAPoh9K8QMO5+juRYKHURHhmUmA9UsveTPzP68Xav+4nLIhiTQOyWOTHHOoQzpqDAyYp0XxiCCaSmb9CMsKmEW36LZgS0PLJq6RdqyK7iu4uS/WbrI48OAGnoAwQuAJ1cAuaoAUIeAav4ANMrRfr3fq0vhajOSvLHIM/sL5/AGK5pnM=</latexit>
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DGLAP splitting function at LO (collinear)
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<latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit>

Nf = 0
<latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit>
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<latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit>
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<latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit>

Nf = 0
<latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit>
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<latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit>

DGLAP splitting function in Mellin space - anomalous dimension:
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<latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit>

Most singular part is also present in LL BFKL:

P (z) = ↵̄s
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z
<latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit><latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit><latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit><latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit>
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!
<latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit><latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit><latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit><latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit>
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<latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit>
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DGLAP splitting function at LO (collinear)
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<latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit><latexit sha1_base64="rFzavak1hlkUx6pXHp54APSu2Bo="></latexit>

DGLAP splitting function in Mellin space - anomalous dimension:
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<latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit><latexit sha1_base64="4onDunXZaP2drtBP++crvLnqCpo="></latexit>

Most singular part is also present in LL BFKL:

P (z) = ↵̄s
1

z
<latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit><latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit><latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit><latexit sha1_base64="Y7iYDcCFIkk+S1wonJjjWiFuowk=">AAACCnicbVDLSsNAFJ34rPUVdelmtAh1UxIRdCMU3bisYB/QhHAznbRDJw9mJkIbsnbjr7hxoYhbv8Cdf+O0zUJbD1w4nHMv997jJ5xJZVnfxtLyyuraemmjvLm1vbNr7u23ZJwKQpsk5rHo+CApZxFtKqY47SSCQuhz2vaHNxO//UCFZHF0r0YJdUPoRyxgBJSWPPOoUR2f4ivs+CAyB3gygNyT2AkEkMzOs3HumRWrZk2BF4ldkAoq0PDML6cXkzSkkSIcpOzaVqLcDIRihNO87KSSJkCG0KddTSMIqXSz6Ss5PtFKDwex0BUpPFV/T2QQSjkKfd0ZghrIeW8i/ud1UxVcuhmLklTRiMwWBSnHKsaTXHCPCUoUH2kCRDB9KyYD0CkonV5Zh2DPv7xIWmc126rZd+eV+nURRwkdomNURTa6QHV0ixqoiQh6RM/oFb0ZT8aL8W58zFqXjGLmAP2B8fkDN7KZ/Q==</latexit>
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<latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit><latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit><latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit><latexit sha1_base64="8IyU5b6o3ZpEsvxMGHG3JBNdxY0=">AAACFXicbVDLSsNAFJ34rPUVdelmsAgVpCQi6EYounFZwT6gCeVmOmmHziRhZiKUkJ9w46+4caGIW8Gdf+O0zUJbDwwczjmXO/cECWdKO863tbS8srq2Xtoob25t7+zae/stFaeS0CaJeSw7ASjKWUSbmmlOO4mkIAJO28HoZuK3H6hULI7u9TihvoBBxEJGQBupZ582ql4s6ABO8BX2ApCZBzwZQt5TGHuhBJK5eTaL5D274tScKfAicQtSQQUaPfvL68ckFTTShINSXddJtJ+B1Ixwmpe9VNEEyAgGtGtoBIIqP5teleNjo/RxGEvzIo2n6u+JDIRSYxGYpAA9VPPeRPzP66Y6vPQzFiWpphGZLQpTjnWMJxXhPpOUaD42BIhk5q+YDMFUoU2RZVOCO3/yImmd1Vyn5t6dV+rXRR0ldIiOUBW56ALV0S1qoCYi6BE9o1f0Zj1ZL9a79TGLLlnFzAH6A+vzB2lqnmE=</latexit>

The first term in expansion in ω appears at NLL BFKL
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<latexit sha1_base64="VhwbLv3ajCyhhEZFCJMUbvCE0uE="></latexit><latexit sha1_base64="VhwbLv3ajCyhhEZFCJMUbvCE0uE="></latexit><latexit sha1_base64="VhwbLv3ajCyhhEZFCJMUbvCE0uE="></latexit><latexit sha1_base64="VhwbLv3ajCyhhEZFCJMUbvCE0uE="></latexit>

Nf = 0
<latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit><latexit sha1_base64="1Cwx3n4Zlv4dFwv5RBBdFz1dArA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ItQ9OJJKhhbaEPZbDft0s0m7E6EEvobvHhQxKs/yJv/xm2bg7Y+GHi8N8PMvDCVwqDrfjulldW19Y3yZmVre2d3r7p/8GiSTDPus0Qmuh1Sw6VQ3EeBkrdTzWkcSt4KRzdTv/XEtRGJesBxyoOYDpSIBKNoJf+uF125vWrNrbszkGXiFaQGBZq96le3n7As5gqZpMZ0PDfFIKcaBZN8UulmhqeUjeiAdyxVNOYmyGfHTsiJVfokSrQthWSm/p7IaWzMOA5tZ0xxaBa9qfif18kwugxyodIMuWLzRVEmCSZk+jnpC80ZyrEllGlhbyVsSDVlaPOp2BC8xZeXyeNZ3XPr3v15rXFdxFGGIziGU/DgAhpwC03wgYGAZ3iFN0c5L8678zFvLTnFzCH8gfP5Aw2Ajiw=</latexit>
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BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b
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[χ2
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4
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)2 cos πγ
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)

+

(
67
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12

)
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3

2
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π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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NLLx kernel in Mellin space
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Double poles from DGLAP 
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Double poles!

By combining the BFKL LL and LO non-singular splitting function from DGLAP 
one can resum the large contributions from NLL BFKL.


Need DGLAP collinear + anti-collinear terms
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Resumming DGLAP in BFKL
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Double poles!

By combining the BFKL LL and LO non-singular splitting function from DGLAP 
one can resum the large contributions from NLL BFKL.


Need DGLAP collinear + anti-collinear terms

The remaining double poles stem from running of the coupling:BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.
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Resummed kernel

In fact, the resolvent of the latter is given by

G̃ω ≡ [ω − K̃ω]−1 ≃ (1 − ᾱsK
ω
c )−1

[
ω − ᾱsK

ω
0 (1 − ᾱsK

ω
c )−1

]−1
, (30)

and is then proportional to the Green’s function of the resummed kernel (28).
In other words, leading-log collinear singularities are equivalently incorporated by a string

of subleading kernels (as in Eq. (28)), or by a NL contribution of order ᾱsω (as in Eq. (29)) —
apart from a redefinition of the impact factors. In the realistic case with running coupling it is
straightforward to check that b-dependence only remains in the first term of the ω-expansion
(26)

χω(γ) ≃ χω
0 + ω

(
A1

γ + ω
2

+
A1 − b

1 − γ + ω
2

)
+ . . . , (31)

whereas it cancels out in all remaining subleading terms. Therefore, in order to incorporate
the leading log collinear behavior in the form (31) we can set, for instance,

K̃ω = ᾱs(q
2)Kω

0 + ωᾱs(k
2
>)Kω

c + NLL , (32)

as an improved leading kernel. Here we assume that the scale for ᾱs in the leading BFKL part
is provided by the momentum of the emitted gluon q = k−k′, as suggested by the b-dependent

part of the NLL eigenvalue in Eq. (19), which corresponds to the kernel b 1
q2 log q2

k2

∣∣
Reg

(see [5]),

and — via ω-expansion — to the b-term in Eq. (31). A simplified version of Eq. (32) without
the NLL term and with one collinear term (for γ → 0) was used in [43] for a phenomenological
analysis of the structure functions.

Note that, if we take literally the ω-expansion (26) with the choice of NLL term (22),
then χω

1 /χω
0 would coincide with χω

c close to the collinear poles, but would be different in
detail away from them, and would actually contain spurious poles at complex values of γ due
to the zeroes of χω

0 (γ). Such poles cancel out if the full ω-expansion series (26) is summed
up, but are present at any finite truncation of the series, thus implying poor convergence of
the solution whenever γ-values close to the spurious poles become important. For this reason
in this paper we prefer to resum collinear singularities by the improved kernel (32), which
contains only collinear poles. Furthermore, the NLL term needed to complete Eq. (32) —
to be detailed in the next section — turns out to have only simple (leading) collinear poles,
because the running coupling terms have been already included in the q2-scale dependence
of the running coupling. Therefore, the full kernel has the same virtues as Eq. (26) in the
collinear limit and, lacking spurious poles, is more suitable for numerical iteration.

3 Form of the resummed kernel

3.1 Next-to-leading coefficient kernel

We have still to incorporate in our improved kernel the exact form of the NLL result [4, 5]
in the scheme of the ᾱs expansion, i.e. (32). We choose to start from the leading kernel in
Eq. (32) which incorporates both the collinear resummation and the running coupling effects
due to the choice of scale q2. The full improved kernel then has the form

K̃ω = ᾱs(q
2)Kω

0 + ωᾱs(k
2
>)Kω

c + ᾱ2
s(k

2
>)K̃ω

1 , (33)

where k> = max(k, k′), k< = min(k, k′), and K̃ω
1 is determined below.

10
LL with shifts non-singular DGLAP

NLL with subtractions

We recall that the Mellin transform of the collinear part Kω
c , defined by

χω
c (γ) =

A1(ω)

γ + ω
2

+
A1(ω)

1 − γ + ω
2

, (34)

leads to the expression

Kω
c (k, k′) =

A1(ω)

k2
>

(
k<

k>

)ω

. (35)

One can match the above prescription to the standard kernel at NLL order by expanding in
ω and in bᾱs to first order

K̃ω ≃ ᾱs(k
2)(K0

0 + ωK1
0 + ωK0

c ) + ᾱ2
s(K̃

0
1 + Krun

0 ), (36)

where we have defined

K0
c ≡ Kω=0

c , K0
j ≡ Kω=0

j , K1
j ≡

∂Kω
j

∂ω

∣∣∣∣
ω=0

, χrun
0 (γ) = −

b

2
(χ′

0 + χ2
0) , (37)

by noting that the running coupling term has the form [see Eqs. (88,89) and App. A]

Krun
0 (k, k′) = −b

[
log

q2

k2 K0(k,k′)

]

Reg

. (38)

By replacing the expression (36) into Eq. (1) we obtain the relationship with the customary
BFKL Green’s function

[ω − K̃ω]−1 =
(
1 − ᾱs(K

1
0 + K0

c )
)−1 [

ω − ᾱs
(
K0 + ᾱsK1 + O(ᾱ2

s)
)]−1

, (39)

where K0 and K1 are LL and NLL ω-independent kernels. The two expressions will match
provided we identify

K0 = K0
0

K̃0
1 = K1 − K0

0 (K1
0 + K0

c ) − Krun
0 , (40)

and we properly redefine the (so far unspecified) impact factors (see Sec. 6). Thus the term
K̃0

1 in (40) corresponds to the customary NLL expression (19) with subtractions.
In γ-space the subtracted NLL eigenvalue function which corresponds to the K̃ω

1 has the
following form:

χ̃1(γ) = χ1(γ) − χ0
0(γ)[χ

1
0(γ) + χ0

c(γ)] − χrun
0 (γ)

= χ1(γ) +
1

2
χ0(γ)

π2

sin2(πγ)
− χ0(γ)

A1(0)

γ(1 − γ)
+

b

2
(χ′

0 + χ2
0) . (41)

The subtractions cancel the triple poles (due to change of energy scales) and the double poles
(from the non-singular part of the anomalous dimension). Therefore the resulting kernel χ̃1

contains at most single poles at γ = 0, 1. Eq. (32) together with the eigenvalues (21), (34)
and (41) gives a complete prescription for the resummed model. This new formulation is
identical to the previous ω-expansion [10, 11] near the collinear poles. It has the advantage
that it can be easily transformed into the (x, k2) space (it is free of ratios in γ-space, such as
χ1/χ0) and avoids the spurious poles that were present in (26).

11

BFKL kernel eigenvalue [4, 5] which has the following form

χ1(γ) = −
b

2
[χ2

0(γ) + χ′
0(γ)] −

1

4
χ′′

0(γ) −
1

4

(
π

sinπγ

)2 cos πγ

3(1 − 2γ)

(
11 +

γ(1 − γ)

(1 + 2γ)(3 − 2γ)

)

+

(
67

36
−
π2

12

)
χ0(γ) +

3

2
ζ(3) +

π3

4 sin πγ

−
∞∑

n=0

(−1)n
[
ψ(n + 1 + γ) − ψ(1)

(n + γ)2
+
ψ(n + 2 − γ) − ψ(1)

(n + 1 − γ)2

]
. (19)

It turns out that the collinear approximation (18) above reproduces the exact eigenvalue
(19) up to 7% [11,35] accuracy when γ ∈]0, 1[. This suggests that the collinear terms are the
dominant contributions in the NLL kernel.

In the following, we shall normally incorporate the shift of γ-poles in the form

χω
n(γ) = χω

nL(γ + ω
2 ) + χω

nR(1 − γ + ω
2 ) , (20)

where χω
nL (χω

nR) have only γ → −ω
2 (γ → 1+ ω

2 ) singularities of the type in Eq. (16). In this
way the collinear singularities are single logarithmic in both limits k ≫ k0 and k0 ≫ k, and
the energy scale dependent terms are automatically resummed. The modified leading-order
eigenvalue that we adopt has the following structure (compare (17)):

χω
0 = 2ψ(1) − ψ(γ + ω

2 ) − ψ(1 − γ + ω
2 ) , (21)

in the case of symmetric choice of energy scale ν0 = kk0. This form of the kernel was
considered previously in [39, 40]. It is obtained from the leading order BFKL kernel by
imposing the so-called kinematical (or consistency) constraint [41, 42, 43] which limits the
virtualities of the transverse momenta of the gluons in the real emission part of the kernel. The
origin of this constraint is the requirement that in the multi-Regge kinematics the virtualities
of the exchanged gluons be dominated by their transverse parts. The NLL contribution of
the resummed kernel, χω

1 was then [11] constructed by the requirement that the collinear
limit in Eq. (17) should be correctly reproduced, and the exact form of the NL kernel (19)
should be obtained also.

The final NLL eigenvalue function proposed in [10,11] reads

χω
1 (γ) = χ1(γ) +

1

2
χ0(γ)

π2

sin2 πγ

−A1(0)ψ
′(γ) − [A1(0) − b]ψ′(1 − γ)

+A1(ω)ψ′(γ + ω
2 ) + [A1(ω) − b]ψ′(1 − γ + ω

2 )

−
π2

6
[χ0(γ) − χω

0 (γ)] . (22)

The first line is the original NLL term χ1(γ) with the subtraction of the cubic poles which
come from the changes of the energy scale and which are resummed by the leading order
ω-dependent kernel (21). The second and third lines contain shifted collinear double poles,
and finally the last line contains the shifted single poles which additionally appear as an
artefact of the resummation procedure.

8

We recall that the Mellin transform of the collinear part Kω
c , defined by

χω
c (γ) =

A1(ω)

γ + ω
2

+
A1(ω)

1 − γ + ω
2

, (34)

leads to the expression

Kω
c (k, k′) =

A1(ω)

k2
>

(
k<

k>

)ω

. (35)

One can match the above prescription to the standard kernel at NLL order by expanding in
ω and in bᾱs to first order

K̃ω ≃ ᾱs(k
2)(K0

0 + ωK1
0 + ωK0

c ) + ᾱ2
s(K̃

0
1 + Krun

0 ), (36)

where we have defined

K0
c ≡ Kω=0

c , K0
j ≡ Kω=0

j , K1
j ≡

∂Kω
j

∂ω

∣∣∣∣
ω=0

, χrun
0 (γ) = −

b

2
(χ′

0 + χ2
0) , (37)

by noting that the running coupling term has the form [see Eqs. (88,89) and App. A]

Krun
0 (k, k′) = −b

[
log

q2

k2 K0(k,k′)

]

Reg

. (38)

By replacing the expression (36) into Eq. (1) we obtain the relationship with the customary
BFKL Green’s function

[ω − K̃ω]−1 =
(
1 − ᾱs(K

1
0 + K0

c )
)−1 [

ω − ᾱs
(
K0 + ᾱsK1 + O(ᾱ2

s)
)]−1

, (39)

where K0 and K1 are LL and NLL ω-independent kernels. The two expressions will match
provided we identify

K0 = K0
0

K̃0
1 = K1 − K0

0 (K1
0 + K0

c ) − Krun
0 , (40)

and we properly redefine the (so far unspecified) impact factors (see Sec. 6). Thus the term
K̃0

1 in (40) corresponds to the customary NLL expression (19) with subtractions.
In γ-space the subtracted NLL eigenvalue function which corresponds to the K̃ω

1 has the
following form:

χ̃1(γ) = χ1(γ) − χ0
0(γ)[χ

1
0(γ) + χ0

c(γ)] − χrun
0 (γ)

= χ1(γ) +
1

2
χ0(γ)

π2

sin2(πγ)
− χ0(γ)

A1(0)

γ(1 − γ)
+

b

2
(χ′

0 + χ2
0) . (41)

The subtractions cancel the triple poles (due to change of energy scales) and the double poles
(from the non-singular part of the anomalous dimension). Therefore the resulting kernel χ̃1

contains at most single poles at γ = 0, 1. Eq. (32) together with the eigenvalues (21), (34)
and (41) gives a complete prescription for the resummed model. This new formulation is
identical to the previous ω-expansion [10, 11] near the collinear poles. It has the advantage
that it can be easily transformed into the (x, k2) space (it is free of ratios in γ-space, such as
χ1/χ0) and avoids the spurious poles that were present in (26).
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Additional subtraction needed to satisfy the momentum sum rule.
All the calculations are actually done in momentum space

NLL Subtraction of 
cubic poles

Subtraction of double 
poles from DGLAP

Subtraction of double 
poles from r.c.

Running coupling
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Resummed kernel in x,kT

Note that the choice of scale in ᾱs in the first term in Eq. (33) is determined by the form
of the NLL part. Any change of scale in this term would correspond to the change of NLL
terms proportional to b. The scale for the collinear parts is chosen to match the standard
DGLAP formulation whereas in the NLL part is purely conventional, and its change would
be of the NNLL order. In the following, in order to study the dependence on renormalisation
scale uncertainties, we introduce the quantity xµ and generalize eq. (33) as follows

Kω =
(
ᾱs(x

2
µq2) + bᾱ2

s log x2
µ

)
Kω

0 + ω
(
ᾱs(x

2
µk2

>) + bᾱ2
s log x2

µ

)
Kω

c + ᾱ2
s(x

2
µk2

>)K̃ω
1 . (42)

3.2 Form of the kernel in (x, k2) space

We define the resummed kernel in (x, k2) space as the (integrated) inverse Mellin transform
of K̃ω:

K̃(z; k, k′) ≡
∫

dω

2πi
z−ω 1

ω
K̃ω(k, k′) (43)

where the real variable z can assume values between x and 1.
The subtractions of (41) are translated into (x, k2) space to give

1

2
χ0(γ)

π2

sin2(πγ)
→

1

4|k2 − k′2|

[
log2 k′2

k2
+ 4Li2

(
1 −

k2
<

k2
>

)]

−χ0(γ)
A1(0)

γ(1 − γ)
→ −A1(0) sign(k2 − k′2)

[
1

k2
log

|k2 − k′2|
k′2

−
1

k′2
log

|k′2 − k2|
k2

]

1

2
[χ2

0(γ) + χ′
0(γ)] →

[
1

q2
log

q2

k2

]

Reg

, (44)

where the dilogarithm function is defined to be

Li2(w) := −
∫ w

0

dt

t
log(1 − t) , Li2(1) =

π2

6
. (45)

In (x, k2) space the symmetric shift is translated into the symmetric kinematical constraint
which has to be imposed onto the real emission part of the BFKL and also into the collinear
non-singular DGLAP terms:

kz < k′ <
k

z
(46)

(in the following we denote the imposition of the kinematical constraint onto the appropriate
parts of the kernel by the superscript (kc), i.e. Kkc

0 (k, k′)).
The final resummed kernel K̃(z; k, k′) is the sum of three contributions:

∫ 1

x

dz

z

∫
dk′2 K̃(z; k, k′)f(

x

z
, k′)

=

∫ 1

x

dz

z

∫
dk′2

[
ᾱs(q

2)Kkc
0 (z;k,k′) + ᾱs(k

2
>)Kkc

c (z; k, k′) + ᾱ2
s(k

2
>)K̃1(k, k′)

]
f(

x

z
, k′) .

(47)

12

The different terms are as follows:
• LO BFKL with running coupling and consistency constraint (q = k − k′)

∫ 1

x

dz

z

∫
dk′2

[
ᾱs(q

2)Kkc
0 (z;k,k′)

]
f(

x

z
, k′)

=

∫ 1

x

dz

z

∫
d2q

πq2
ᾱs(q

2)

[
f(

x

z
, |k + q|)Θ(

k

z
− k′)Θ(k′ − kz) − Θ(k − q)f(

x

z
, k)

]
, (48)

• non-singular DGLAP terms with consistency constraint

∫ 1

x

dz

z

∫
dk′2 ᾱs(k

2
>)Kkc

c (z; k, k′)f(
x

z
, k′)

=

∫ 1

x

dz

z

∫ k2

(kz)2

dk′2

k2
ᾱs(k

2)z
k

k′
P̃gg(z

k

k′
)f(

x

z
, k′)

+

∫ 1

x

dz

z

∫ (k/z)2

k2

dk′2

k′2
ᾱs(k

′2)z
k′

k
P̃gg(z

k′

k
)f(

x

z
, k′) , (49)

• NLL part of the BFKL with subtractions included

∫ 1

x

dz

z

∫
dk′2 ᾱ2

s(k
2
>)K̃1(k, k′)f(

x

z
, k′)

=
1

4

∫ 1

x

dz

z

∫
dk′2 ᾱ2

s(k
2
>)

{

(
67

9
−
π2

3

)
1

|k′2 − k2|

[
f(

x

z
, k′2) −

2k2
<

(k′2 + k2)
f(

x

z
, k2)

]
+

[
−

1

32

(
2

k′2
+

2

k2
+

(
1

k′2
−

1

k2

)
log

(
k2

k′2

))
+

4Li2(1 − k2
</k2

>)

|k′2 − k2|

−4A1(0)sgn(k2 − k′2)

(
1

k2
log

|k′2 − k2|
k′2

−
1

k′2
log

|k′2 − k2|
k2

)

−

(

3 +

(
3

4
−

(k′2 + k2)2

32k′2k2

))∫ ∞

0

dy

k2 + y2k′2
log |

1 + y

1 − y
|

+
1

k′2 + k2

(
π2

3
+ 4Li2(

k2
<

k2
>

)

)]
f(

x

z
, k′)

}

+
1

4
6ζ(3)

∫ 1

x

dz

z
ᾱ2

s(k
2)f(

x

z
, k) . (50)

The non-singular splitting function in the DGLAP terms is defined as follows:

P̃gg = Pgg −
1

z
, (51)

where we take

Pgg =
1 − z

z
+ z(1 − z) +

z

(1 − z)+
+

11

12
δ(1 − z) , (52)

(we only consider purely gluonic channel, nf = 0). Also we note that the argument of the
splitting function P̃ has to be shifted in (49) in order to reproduce the correct collinear limit
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The different terms are as follows:
• LO BFKL with running coupling and consistency constraint (q = k − k′)

∫ 1

x

dz

z

∫
dk′2

[
ᾱs(q

2)Kkc
0 (z;k,k′)

]
f(

x

z
, k′)

=

∫ 1

x

dz

z

∫
d2q

πq2
ᾱs(q

2)

[
f(

x

z
, |k + q|)Θ(

k

z
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• non-singular DGLAP terms with consistency constraint

∫ 1

x

dz

z

∫
dk′2 ᾱs(k
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• NLL part of the BFKL with subtractions included
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The non-singular splitting function in the DGLAP terms is defined as follows:

P̃gg = Pgg −
1

z
, (51)

where we take

Pgg =
1 − z

z
+ z(1 − z) +

z

(1 − z)+
+

11

12
δ(1 − z) , (52)

(we only consider purely gluonic channel, nf = 0). Also we note that the argument of the
splitting function P̃ has to be shifted in (49) in order to reproduce the correct collinear limit
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Resummed kernel in x,kT
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s(k
2
>)

{

(
67

9
−
π2

3

)
1

|k′2 − k2|

[
f(

x

z
, k′2) −

2k2
<

(k′2 + k2)
f(

x

z
, k2)

]
+

[
−

1

32

(
2

k′2
+

2

k2
+

(
1

k′2
−

1

k2

)
log

(
k2

k′2

))
+

4Li2(1 − k2
</k2

>)

|k′2 − k2|

−4A1(0)sgn(k2 − k′2)

(
1

k2
log

|k′2 − k2|
k′2

−
1

k′2
log

|k′2 − k2|
k2

)

−

(

3 +

(
3

4
−

(k′2 + k2)2

32k′2k2

))∫ ∞

0

dy

k2 + y2k′2
log |

1 + y

1 − y
|

+
1

k′2 + k2

(
π2

3
+ 4Li2(

k2
<

k2
>

)

)]
f(

x

z
, k′)

}

+
1

4
6ζ(3)

∫ 1

x

dz

z
ᾱ2
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+additional subtractions to satisfy momentum sum rule
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Resummation: results

where the process dependent coefficient Cs is constant or at most logarithmic in s, and the
growth exponent ωs is determined by the conditions (5.2,5.4).

We can recast eq. (5.4) into an equivalent relation for the function ∂γηl. In fact, by taking
the total γ-derivative of eq. (5.2) we can express

dω̄

dγ
= −

∂γη

∂ωη
(5.6)

thus obtaining the following conditions for the hard Pomeron exponent:

η+(γs, ωs) = 1 (5.7a)

∂γη+(γs, ωs) = 0 . (5.7b)

The above conditions in turn can be translated into analogous conditions for the determinant
of the operator 1 − K. In fact, from the relations

det(1 − K) = (1 − η+)(1 − η−) (5.8a)

∂γ det(1 − K) = −[(1 − η+)∂γη− + (1 − η−)∂γη+] (5.8b)

eqs. (5.7) are equivalent to

det[1 − K(γs, ω̄i)] = 0 (5.9a)

∂γ det[1 − K(γs, ω̄i)] = 0 . (5.9b)
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NLx-LO  , nf = 0

1-channel B

Figure 2: Hard Pomeron exponent ωs obtained in the NLx-NLO matrix formulation with nf = 4
(solid blue) and nf = 0 (dotted blue). The one-channel results [11] are also shown (red squares)
and compared to those of the matrix model in NLx-LO approximation with nf = 0 (solid green).
The calculation is done in the fixed coupling case.

We have numerically solved the implicit equations (5.9) in our matrix formulation in a range
of αs up to 0.4, both at NLx-NLO and NLx-LO accuracy, for two values of nf = 0 and 4. The

21

�s

Stable result


��⇤p ⇠ s!IP

Fg(x, kT ) ⇠ x�!IP

!IP

!IP

!IP ⇠ 0.2� 0.3

Significant reduction with respect to LLx
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Frozen coupling features
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Figure 2: ᾱsχeff(γ, ᾱs) as a function of γ in different schemes for different values of αs:
αs = 0.1 (dash-dotted line), αs = 0.2 (solid line), αs = 0.3 (dashed line). The calculation is
done in the fixed coupling case.

give quite similar answers. The value of the second derivative will influence the diffusion
corrections to the hard Pomeron, as we shall see in Sec. 4.4, and also the transition of the
solution to the non-perturbative regime.

4.2 Numerical methods for solution

In this section we are going to investigate in detail the shape of the solutions to the integral
equation4 with the resummed kernel given in sections 3.2 and 3.3. To this aim we solve
numerically the following integral equation5

G(Y ; k, k0) = G(0)(k, k0)Θ(Y ) +

∫ Y

0
dy

∫ kmax

kmin

dk′2 K(Y − y; k, k′)G(y; k′, k0) (70)

4An interesting iterative method of solution to the NLL BFKL equation has been recently proposed [45].
By using this method it is possible to solve the equation directly in (x, k) space and keep the full angular
dependence.

5Here we change slightly the notation in the first argument of K, writing log 1
z

= Y − y instead of z.
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4 Characteristic features of the resummed Green’s function

We shall first investigate the features of the two-scale Green’s function2 G(Y ; k2, k2
0) based on

the form of the resummed kernel just proposed. In the perturbative regime k2, k2
0 ≫ Λ2

QCD

with ωs(k2)Y large we have both perturbative contributions, leading to the hard Pomeron
exponent, and non-perturbative ones, due to the asymptotic Pomeron, which is sensitive
to the strong coupling region. It was noticed in [21, 22] that the hard Pomeron dominates
for energies below a certain threshold ᾱs(k2)Y < 1/bωP beyond which there is a tunneling
transition to the non-perturbative regime. It has also been noticed [23], that in the formal
limit b → 0 with ᾱs(k2) fixed the Pomeron is suppressed as exp(−1/bᾱs), so that one can
define a purely perturbative Green’s functions and investigate the diffusion corrections to the
hard Pomeron exponent. In the following, we use the b-expansion up to second order, so as to
obtain the exponent ωs(t) and the additional parameters occurring in the diffusion corrections
predicted by our improved small-x equation. Furthermore, we analyze the perturbative non-
perturbative interface numerically so as to estimate, as a function of log Q2, the critical
rapidity beyond which the non-perturbative Pomeron takes over.

Since the perturbative rapidity range turns out to be considerably extended with respect
to LL expectations, we shall be able to extract numerically the full perturbative Green’s
function and among other things its high-energy exponent and diffusion corrections to it.

4.1 Frozen coupling features

Let us first consider the features of G(Y ; t1, t2) in the limit of frozen coupling ᾱs = ᾱs(k2
0),

i.e. b = 0. In such a case the kernel Kω becomes scale invariant, but the solution to Eq. (3)
is still non-trivial, due to the ω-dependence which complicates the Y -evolution, it no longer
being purely diffusive. In fact, the characteristic function becomes

ᾱsχω(γ, ᾱs) = ᾱs(χ
ω
0 + ωχω

c ) + ᾱ2
sχ̃

ω
1 , (65)

and the important ω values, corresponding to the pole of the resolvent, are defined by

ω = ᾱsχω(γ, ᾱs) , (66)

whose solution at fixed γ we denote by

ω = ᾱsχ
(0)
eff (γ, ᾱs) , (67)

the superscript (0) referring to the b = 0 limit. The effective characteristic function (67)
so defined has the interpretation of a BFKL-type eigenvalue reproducing the pole (66). As
such, it can be compared, at least for frozen coupling, to the analogous quantity defined in the
“duality” approach of Ref. [12]. It provides information about the hard Pomeron exponent
and the diffusion coefficient D = χ′′

m/2χm. In Fig. 1 we compare the results for the exponent
ωs as a function of αs calculated in the case of fixed coupling for schemes A,B and the original
ω-expansion method presented in [10, 11]. The critical exponent is obtained by evaluating
the effective kernel eigenvalue at the minimum

ω(0)
s = ᾱsχ

(0)
eff (γm, ᾱs) . (68)

2In Secs. 4 and 5 we remove for simplicity the ˜ symbols used before to denote RGI quantities in our
present scheme.
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eff (γm, ᾱs) . (68)

2In Secs. 4 and 5 we remove for simplicity the ˜ symbols used before to denote RGI quantities in our
present scheme.

16

Fixed point 
(independent of the 

coupling).
 Energy momentum 

conservation

Effective characteristic function:
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Solution to the BFKL equation (gluon Green’s function). Single channel: gluons only.

Gluon Green’s function
G(Y ; k1?, k2?) = �(2)(k1? � k2?) +

Z Y

0
dy

Z
d2k0? K(k1?, k

0
?)G(Y ; k0?, k2?)

Q2
1

Q2
2

k1T

k2T

Y

Suitable for the two scale process : Mueller - Navelet jets, γ*γ* scattering
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Gluon Green’s function
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0
dy
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Y

Y
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) 2
,k 1
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=0.1sαresum 
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=0.1sαLO vs resum fixed 

Y
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,k 1

G
(Y
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1
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310 =0.2sαresum 
=0.2sαLO 

=0.2sαLO vs resum fixed 

Large suppression  of the solution in the resummed case as compared to LLx


Suitable for the two scale process : Mueller - Navelet jets, γ*γ* scattering
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Gluon Green’s function

Y
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G(Y ; k1?, k2?) = �(2)(k1? � k2?) +

Z Y

0
dy

Z
d2k0? K(k1?, k

0
?)G(Y ; k0?, k2?)

Resummation not only causes the decrease of the intercept, how fast the cross section 
grows, but also delays the onset of the rise. 

Large preasymptotic effects


Different scale choices


Q2
1

Q2
2

k1T

k2T

Y

(k1T = k2T ⌘ kT0)

onset of increase

Frankfurt, Strikman, AS
 Ciafaloni,  Colferai,  Salam, AS
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Resummed splitting function

• Deconvolution of the integral equation.

• Calculate the integrated density:

• Solve numerically for the splitting function:

xg(x,Q2) =
� Q2

dk2
T G(s0=k2

T )(x; kT , k0T )

dg(x,Q2)
d log Q2

=
�

dz

z
Pe�(z, Q2) g(

x

z
, Q2)

At large values of          the results should be independent of the 
regularization of the coupling and the choice of        .

Q2

k0

Factorization in        of the non-perturbative 
and perturbative contributions.

Q2
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Resummed splitting functionHigher-order corrections at small x (29/46)

Splitting functions Perturbative structure of Pgg

! Small-x gluon splitting
function has logarithmic
enhancements:

xPgg (x) =
∑

n=1

αn
s lnn−1 1

x

+
∑

n=2

αn
s lnn−2 1

x
+ . . .

! NNLO (α3
s ): first small-x

enhancement in gluon splitting
function.

Understanding small-x

becomes unavoidable

x 
P

g
g
(x

)

x

LO
NLO
NNLO

 0

 0.1

 0.2

 0.3

 0.4

 0.5

10-10 10-8 10-6 10-4 10-2 100

αs(Q
2) = 0.225

1/2 < µ2/Q2 < 2

Moch, Vermaseren & Vogt

xPgg(x) =
X

n=1

an↵n
s lnn�1 1

x
+

X

n=2

bn↵n
s lnn�2 1

x
+ . . .

Gluon-gluon splitting function has logarithmic 
enhancements at small x

First small x logarithmic term which belongs to 
NLLx hierarchy recovered at NNLO 

�1.54↵̄3
s ln 1/x

LLx NLLx

Resummation at small x is inevitable.
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Resummed splitting function
Higher-order corrections at small x (33/46)

Splitting functions Full Pgg(z) splitting fn
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P(

z)

z
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α−s(Q

2) = 0.215

LL (fixed α−s)
LL (α−s(q

2))
NLLB

LO DGLAP

Higher-order corrections at small x (33/46)

Splitting functions Full Pgg(z) splitting fn

ω-expansion (1999)
NLLB (2003)
LO DGLAP
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Dependence on the renormalization scale

• Small x growth delayed to much smaller values of x (beyond HERA)


• Interesting feature: a dip seen at around 


• Is this universal feature ?


• The same feature seen in other schemes of resummation (Altarelli,Ball,Forte; Thorne).


• Need to understand the origin of the dip.

x ' 10�3
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Where the dip comes from?
Higher-order corrections at small x (34/46)

Splitting functions

Dip
Phenomenology: dip dominates Pgg

! Rapid rise in Pgg is not for
today’s energies!

! Main feature is a dip at x ∼ 10−3

Questions:

! Various ‘dips’ have been seen
Thorne ’99, ’01 (running αs, NLLx)

ABF ’99–’03 (fits, running αs)

CCSS ’01,’03 (running αs, NLLB)

Is it always the same dip?

! Is the dip a rigorous prediction?

! What is its origin?
Running αs, mom. sum rule. . . ?

NNLO DGLAP gives a clue. . .

−1.54 ᾱ3
s ln 1

x

z P
gg

(z)

z

ω-expansion (1999)
NLLB (2003)
LO DGLAP

NNLO DGLAP
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α−s(Q

2) = 0.215
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�1.54↵̄3
s ln 1/x

Initial decrease seems to be consistent 
with the small x NNLO term.
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Resummed splitting function

8 Marco Bonvini, et al.: Small-x resummation from HELL
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Figure 1. The resummed and matched splitting functions at LO+LL (dashed green) and NLO+NLL (solid purple) accuracy:
Pgg (upper left), Pgq (upper right), Pqg (lower left) and Pqq (lower right). The fixed-order results at LO (dashed) NLO (solid)
and NNLO (dot-dot-dashed) are also shown (in black). The NLO+NLL result also includes an uncertainty band, as described
in the text. The plots are for –s = 0.2 and nf = 4 in the Q0MS scheme.

We circumvent the above di�culties by computing
“(N)LO+(N)LL

+
(N, –s) only along the contour for Mellin in-

version, which we parametrize, in the upper plane ImN >
0 (in the lower plane we use the complex conjugate path),
as N = c + t exp i3fi

2
, where t œ [0, Œ) is the integration

variable and c ≥ 1 is a parameter whose value is adjusted
for each value of –s to give optimal convergence proper-
ties for the Mellin inversion. For t = 0, N = c is real,
and we can therefore use robust bracketing root-finiding
algorithms which are guaranteed to converge. As we move
from N = c into the complex plane (t > 0), we resort
to the secant method, whose reliability entirely depends
on our ability to provide an accurate guess of the root
to be found. Our strategy here consists in proceeding by
small steps in t, using for initial guess at each step the
value of the function at the previous step. If the step is
fine enough and the function su�ciently well behaved, this
method works well and also avoids jumps across di�erent
branches. Very rarely, when this method fails, we can also

use a slower but more stable minimum-finding algorithm,
by turning the problem of finding a zero of a function into
the one of finding the minimum of the absolute value of
the function itself. As a consistency check, we verify that
at large |N | (large t) the resummed expression becomes
asymptotically close to the known fixed-order result.

Using this strategy, we construct tables of values of
∆“(N)LL

+
(N, –s) along the contour for a grid in –s, one

grid for each value of nf = 3, 4, 5, 6. The tables also con-
tain information about the leading singularities of “+,
namely the position of the leading poles and value of their
residues. We keep the code which produces the tables pri-
vate, and use the tables as primary ingredients for the
public code presented in this work.

The public code HELL reads the provided tables as in-
put files, and performs the remaining steps for the resum-
mation. In particular, it constructs the resummed quark
anomalous dimension ∆“NLL

qg (N, –s) according to the pro-
cedure described in Sect. 2.2, along the Mellin inversion
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The same feature visible in other schemes of resummation
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Comparison with HERA data 

Using NNLO+NLLx theory, improved 
description of the small-x NC cross-sections, 
in particular of the change of slope (related 
to differences in FL)

Also improved description of FL, which 
moreover remains markedly positive down 
to the smallest values of x and Q probed

Juan Rojo                                                                                                               LHeC small-x WG, CERN, 15/11/2017

Resummation impact on the DIS data

Resummation ( implemented  in ABF 
scheme) leads to the improvement the 
description of the structure function data F2 
for low x and Q.


Better than fixed order NLO, NNLO.


Better description of the longitudinal 
structure function FL.


Resummation cures the problem of the 
negative gluon density at low x which 
occurred at fixed NNLO order

Ball,Bertoni,Bonvini,Marzani,Rojo,Rottoli
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Figure 3 The up valence PDF xuv, the gluon PDF xg and the total singlet PDF xS for the final fits with (NNLO+NLLx) and without (NNLO)
ln(1/x) resummation.

showing a good stability of the fits for the variation of these
physical parameters.

Since the charm data are in a kinematic region in which
ln(1/x)-resummation corrections are important, this data set
will also be included in our final fits. The beauty measure-
ments mostly lie at higher x and Q

2 and thus are not expec-
ted to give a significant contribution in the region of interest.
Indeed, we have verified that including these data in the fit
does not change the PDFs in any appreciable way. Moreover,
the c2 of the beauty datasets computed from PDFs determ-
ined with and without those data are basically the same. This
is mostly due to the fact that these datasets contain only a
very small number of datapoints (29 in total) with large un-
certainties. While their inclusion in the fit does not impact
the PDF determination, we decided to retain them for our
main results.

4.2 Final results with full uncertainties and comparison

with data

The final fits that we are going to present use HERA in-
clusive, charm and beauty data with the new values of mc =
1.46 GeV, mb = 4.5 GeV and Q

2
0 = 2.56 GeV, and make

use of the FONLL-C scheme, with and without ln(1/x) re-
summation as implemented in HELL. An exploration of vari-
ous sources of the uncertainties has been performed, follow-
ing the HERAPDF2.0 prescription. In addition to the ex-
perimental uncertainty, which is evaluated using either the
Hessian (our default) or the Monte Carlo method, a num-
ber of model uncertainties are considered. Specifically, we
have varied the charm mass (Dmc = ±0.05 GeV), the bot-
tom mass (Dmb =±0.25 GeV), the strong coupling aS(m2

Z
)

(DaS = ±0.001), the fraction of strangeness (D fs = ±0.1),
the initial scale (Q2

0 = 2.88 GeV2), and the Q
2
min cut on the

data (Q2
min = 2.7 GeV2 and Q

2
min = 5 GeV2). Additionally,

parametrisation uncertainties have been explored by adding

Figure 4 The difference between the gluon distribution determined
in the fits at NNLO with and without NLLx resummation taking into
account the correlations between their uncertainties. The orange (red)
band indicates the full (experimental) uncertainty on the difference.

extra terms to the polynomials Pi(x) of Eq. (3). This can give
rise to different PDF shapes with only slightly different c2’s
from that of the main fit. In the present case, the only notice-
able difference comes from the inclusion of a linear term to
the polynomial Puv

(x) of the valence up quark PDF (this was
also found in the HERAPDF2.0 study). The largest differ-
ence on the uncertainty of the gluon distribution arises from
the variation of the Q

2
min cut to 5 GeV2. Interestingly, this

uncertainty decreases for the fit with ln(1/x) resummation
due to the reduced tensions with the data, see the discussion
below.

Fig. 3 shows a direct comparison of PDFs with and
without ln(1/x) resummation at Q

2 = 3 GeV2. This fig-
ure displays also the full uncertainty bands. Note, how-
ever, that since the data used in the two fits are the same,
the uncertainty bands are highly correlated. In order to
quantify the difference in the gluon shape taking into ac-

xFitter Developer’s team
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What happens at NNLL BFKL?

!167

Currently the NNLL in BFKL is known in N=4 sYM but not in QCD

Structure of poles

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]

�
sY M
1 = �

1

2�3
� 1.79 +O(�) , (19)

�
sY M
2 =

1

2�5
�
⇣(2)

�3
�

9⇣(3)

4�2
�

29⇣(4)

8�
+O(1) . (20)

Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) = �0 + �

(1)!

2
+

1

2!
�
(2)

⇣
!

2

⌘2
+ . . . , (21)

where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order

�1(�) =
1

2
�
(1)
�0 =

1

2

h
 
(1)(�) +  

(1)(1� �)
i
[2 (1)�  (�)�  (1� �)] . (23)

Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

+ symmetric structure for poles at 

Gromov, Levkovich-Maslyuk, Sizov, 
Velizhanin, 

Caron-Huot, Herranen
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Currently the NNLL in BFKL is known in N=4 sYM but not in QCD

Structure of poles

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure
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+ symmetric structure for poles at 

The highest pole in NLL coincides at N=4 sYM and in QCD, other poles are 
different. Notably there are no double and single poles in N=4 sYM theory

Compare with NLL for N=4 sYM

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure
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Currently the NNLL in BFKL is known in N=4 sYM but not in QCD

Structure of poles

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure
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+ symmetric structure for poles at 

The highest pole in NLL coincides at N=4 sYM and in QCD, other poles are 
different. Notably there are no double and single poles in N=4 sYM theory

Compare with NLL for N=4 sYM

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

Since the cubic poles occur due to the shifts of the poles in the kernel, can one 
generate the highest poles at NNLL from the shifts as well?

Gromov, Levkovich-Maslyuk, Sizov, 
Velizhanin, 

Caron-Huot, Herranen

� = 1
<latexit sha1_base64="IxcdeXn8W2EV+7MaCN6iZsBPckU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFus0mW7O6du3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYtyI0THDFGpZbwVqJZigjwR6i0c3Uf3hi2vBY3dtxwkKJA8X7nKJ1UqszQCnxKuiWK37Vn4EskyAnFchR75a/Or2YppIpSwUa0w78xIYZasupYJNSJzUsQTrCAWs7qlAyE2azeyfkxCk90o+1K2XJTP09kaE0Ziwj1ynRDs2iNxX/89qp7V+GGVdJapmi80X9VBAbk+nzpMc1o1aMHUGqubuV0CFqpNZFVHIhBIsvL5PmWTXwq8HdeaV2ncdRhCM4hlMI4AJqcAt1aAAFAc/wCm/eo/fivXsf89aCl88cwh94nz98i4+X</latexit><latexit sha1_base64="IxcdeXn8W2EV+7MaCN6iZsBPckU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFus0mW7O6du3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYtyI0THDFGpZbwVqJZigjwR6i0c3Uf3hi2vBY3dtxwkKJA8X7nKJ1UqszQCnxKuiWK37Vn4EskyAnFchR75a/Or2YppIpSwUa0w78xIYZasupYJNSJzUsQTrCAWs7qlAyE2azeyfkxCk90o+1K2XJTP09kaE0Ziwj1ynRDs2iNxX/89qp7V+GGVdJapmi80X9VBAbk+nzpMc1o1aMHUGqubuV0CFqpNZFVHIhBIsvL5PmWTXwq8HdeaV2ncdRhCM4hlMI4AJqcAt1aAAFAc/wCm/eo/fivXsf89aCl88cwh94nz98i4+X</latexit><latexit sha1_base64="IxcdeXn8W2EV+7MaCN6iZsBPckU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFus0mW7O6du3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYtyI0THDFGpZbwVqJZigjwR6i0c3Uf3hi2vBY3dtxwkKJA8X7nKJ1UqszQCnxKuiWK37Vn4EskyAnFchR75a/Or2YppIpSwUa0w78xIYZasupYJNSJzUsQTrCAWs7qlAyE2azeyfkxCk90o+1K2XJTP09kaE0Ziwj1ynRDs2iNxX/89qp7V+GGVdJapmi80X9VBAbk+nzpMc1o1aMHUGqubuV0CFqpNZFVHIhBIsvL5PmWTXwq8HdeaV2ncdRhCM4hlMI4AJqcAt1aAAFAc/wCm/eo/fivXsf89aCl88cwh94nz98i4+X</latexit><latexit sha1_base64="IxcdeXn8W2EV+7MaCN6iZsBPckU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFus0mW7O6du3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmiZONWUNGotYtyI0THDFGpZbwVqJZigjwR6i0c3Uf3hi2vBY3dtxwkKJA8X7nKJ1UqszQCnxKuiWK37Vn4EskyAnFchR75a/Or2YppIpSwUa0w78xIYZasupYJNSJzUsQTrCAWs7qlAyE2azeyfkxCk90o+1K2XJTP09kaE0Ziwj1ynRDs2iNxX/89qp7V+GGVdJapmi80X9VBAbk+nzpMc1o1aMHUGqubuV0CFqpNZFVHIhBIsvL5PmWTXwq8HdeaV2ncdRhCM4hlMI4AJqcAt1aAAFAc/wCm/eo/fivXsf89aCl88cwh94nz98i4+X</latexit>



Shifts at NNLL in N=4 sYM

!168

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

Similarly, we can derive the term contributing at NNLL level from the ! expansion to the
second order by taking2 !1 = ↵̄s�0 + ↵̄
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In this case the pole structure is
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We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
two scales Q,Q0
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Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
2kT0

kT0
2 G!(kT ,kT0)h(Q0,kT0) . (28)

In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is

G(Y ;kT ,kT 0) =

Z
d!

2⇡i
e
!Y

G!(kT ,kT 0) , (29)

where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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In this case the pole structure is
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We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
two scales Q,Q0

� =

Z
d!

2⇡i

Z
d
2kT

k2T

d
2kT0

kT0
2

✓
s

QQ0

◆!

h
A(Q,kT )G!(kT ,kT0)h

B(Q0,kT0) . (27)

Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
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kT0
2 G!(kT ,kT0)h(Q0,kT0) . (28)

In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is

G(Y ;kT ,kT 0) =

Z
d!

2⇡i
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G!(kT ,kT 0) , (29)

where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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Similarly, we can derive the term contributing at NNLL level from the ! expansion to the
second order by taking2 !1 = ↵̄s�0 + ↵̄
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In this case the pole structure is
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We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
two scales Q,Q0
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Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
2kT0

kT0
2 G!(kT ,kT0)h(Q0,kT0) . (28)

In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is

G(Y ;kT ,kT 0) =

Z
d!

2⇡i
e
!Y

G!(kT ,kT 0) , (29)

where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
two scales Q,Q0
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Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
2kT0

kT0
2 G!(kT ,kT0)h(Q0,kT0) . (28)

In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is

G(Y ;kT ,kT 0) =
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where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
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Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
2kT0

kT0
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In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is
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where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form
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The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains
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Expanding around � = 0 one obtains the following pole structure
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Similarly, we can derive the term contributing at NNLL level from the ! expansion to the
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We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
two scales Q,Q0
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Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
2kT0

kT0
2 G!(kT ,kT0)h(Q0,kT0) . (28)

In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is

G(Y ;kT ,kT 0) =

Z
d!

2⇡i
e
!Y

G!(kT ,kT 0) , (29)

where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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Compare with exact result:

We shall investigate Mellin forms of the kernels with other constraints (9) and (10) later on in
Sec.4. In order to compare the results with NLL and NNLL calculations one needs to specify
the correct scale choice. The above result leads to an asymmetric kernel which is valid in the
so-called asymmetric scale choice. That means it is valid when considering the DIS process,
in which the x Bjorken is defined as x = Q

2
/s with Q

2 the (minus) virtuality of the photon.
For the case of the di↵erent process, like for example Mueller-Navelet jets with comparable
transverse momenta, the appropriate variable would be QQ0/s, where Q ' Q0 are the scales of
the order of transverse momenta of the jets. The eigenvalue in this case would be di↵erent from
(16) as it should correspond to the symmetric choice of scales. Therefore one needs to perform
the scale changing transformation which generates terms starting at an appropriate order. Up
to NLL order this was discussed in [13, 12, 21]. We shall recall in detail the scale changing
transformation, and what terms it generates up to NNLL in the next subsection, here we shall
directly start from the symmetric counterpart of the eigenvalue (16) which has the following
form

�(�,!) = 2 (1)�  (� +
!

2
)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]

�
sY M
1 = �

1

2�3
� 1.79 +O(�) , (19)

�
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8�
+O(1) . (20)

Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)

�(�,!) = 2 (1)�  (� +
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2
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2
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+ . . . , (21)

where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order
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Expanding around � = 0 one obtains the following pole structure
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where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
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Similarly, we can derive the term contributing at NNLL level from the ! expansion to the
second order by taking2 !1 = ↵̄s�0 + ↵̄
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s�1, substituting again into (21) and extracting terms
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�2 =
1

2�5
+

⇣(2)

�3
+

2⇣(3)

�2
+O

✓
1

�

◆
. (26)

We observe that the leading poles �1/2�3 (24) and 1/2�5 (26) coincide with the exact result
at NLL in N = 4 SYM and in QCD and NNLL order in N = 4 SYM (20). This structure is
consistent with the principle of maximal transcendentality (complexity) [52] meaning that all
special functions at the NNLO correction contain only sums of the terms 1/�i (i= 3, 5). What
is also interesting is the absence of subleading poles, i.e. 1/�2 and 1/�4 at NLL and NNLL
respectively in the ! expansion of kinematical constraint which again coincides with the exact
results in N = 4 sYM (20). We shall see later in this Section that one expects this pattern is
expected to hold to all orders in ↵̄s from the kinematical constraint. Of course in the case of
QCD at NLL there are double poles 1/�2, but they originate from the non-singular parts of the
QCD DGLAP anomalous dimension and the running coupling [13, 12].

3.2 Scale changing transformation at NNLL

In this section we shall recall the scale changing transformation and compute it to NNLL order.
The scale changing transformations were discussed in [13], see also [46, 29].

Let us start with the general formula in the high energy factorization for the process with
two scales Q,Q0
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Here, hA and h
B are impact factors, that depend on the process in question and G!(kT ,kT0)

is the BFKL gluon Green’s function. The unintegrated gluon density introduced in the previous
section can be interpreted ad the convolution of the Green’s function with one of the impact
factors, i.e.

F̄(!,kT ) =

Z
d
2kT0

kT0
2 G!(kT ,kT0)h(Q0,kT0) . (28)

In Eq.(27) Q,Q0 are hard scales for this process. For example in Mueller-Navelet process of
production of two jets with comparable transverse momenta Q ⇡ Q0. On the other hand in DIS
Q � Q0. The equation for G as a function of rapidity is

G(Y ;kT ,kT 0) =

Z
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G!(kT ,kT 0) , (29)

where Y = ln(⌫/kTkT0), ⌫ is the energy available for the BFKL evolution in a given process.

2The subscript on ! indicates the order of expansion in which we are interested in.
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)�  (1� � +

!

2
) . (18)

The result for the NNLL eigenvalue in the case of the N = 4 sYM was derived originally in
[14, 15] for the symmetric case. It was later on rederived in [16] by exploiting the correspondence
between the soft-gluon wide-angle radiation in jet physics and the BFKL physics. To have direct
relation to these results we will focus below on the symmetric case. The poles around � = 0 of
NLL [52] and NNLL kernel in N=4 sYM are given by [14, 15, 16]
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Since it is symmetric case the coe�cients of the poles around � = 0 and � = 1 are identical.
For the purpose of simplification therefore we only focus on the expansion around � = 0. We
can retrieve the leading and the vanishing subleading poles of the N = 4 sYM case by doing !
expansion of the shifted eigenvalue (18)
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+ . . . , (21)

where the �(i) is the i-th derivative of �! with respect to !. The term lowest in order in ↵̄s

in the expansion is simply �0 which is the LL eigenvalue (17). In order to retrieve the term
contributing to the NLL order we use the solution to the equation for the intercept in the lowest
order of the coupling, i.e. !0 = ↵̄s�0, and substitute it into (21) and keep terms up to first
power in ↵̄s. One obtains

�(�) = �0 +
1

2
↵̄s�

(1)
�0 . (22)

This gives the contribution to the NLL order
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i
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Expanding around � = 0 one obtains the following pole structure

�1(�) = �
1

2�3
�
⇣(2)

�
+O(1) . (24)

6

Most singular terms coincide, also absence of quartic poles. The cubic poles are not 
reproduced.
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✦ Higher orders in the high energy expansion - BFKL physics - are very large 
and lead to unstable results

✦ Resummation is needed, dominant contributions come from the DGLAP 
anomalous dimension, improved kinematics and running coupling

✦ Resummation leads to stable results, slows down the evolution significantly

✦ This will slow down the approach to dense regime, delay the onset of 
saturation

✦ Structure function data seem to indicate the need for resummation; can 
have much bigger effects at higher energies. Cures the problem of the 
negative gluon

✦ N=4 sYM results suggest that the ansatz for resummation is correct, at least 
in this case as it reproduces the leading terms.


