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o CFT'’s and epsilon expansion

° CFT Handbook
© simple resuilts

° Fractional dimensions
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Simplest example of fixed point: A¢* interaction in 4 — ¢ dimensions

«O> «Fr <

DA



Simplest example of fixed point: A¢* interaction in 4 — ¢ dimensions

When ) ~ ¢ the operator ¢* becomes exactly marginal at quantum level = scale
invariance.

Scale invariance often a good bargain:

«0O>» «F» «

v
a

it

v

DA



Simplest example of fixed point: A¢* interaction in 4 — ¢ dimensions

When ) ~ ¢ the operator ¢* becomes exactly marginal at quantum level = scale
invariance.

Scale invariance often a good bargain:
@ in 2D: buy 1 get inf free!
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The Wilson-Fisher fixed point

Simplest example of fixed point: A¢* interaction in 4 — € dimensions

When ) ~ ¢ the operator ¢* becomes exactly marginal at quantum level = scale
invariance.

Scale invariance often a good bargain:
@ in 2D: buy 1 get inf free!
@ in higher D: buy 1 get D free!
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The Wilson-Fisher fixed point

Simplest example of fixed point: A¢* interaction in 4 — € dimensions

When ) ~ ¢ the operator ¢* becomes exactly marginal at quantum level = scale
invariance.

Scale invariance often a good bargain:
@ in 2D: buy 1 get inf free!
@ in higher D: buy 1 get D free!

Natural question: Is the Wilson-Fisher fixed point a CFT? If yes it doesn’t live in 4D:
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The Wilson-Fisher fixed point

Simplest example of fixed point: A¢* interaction in 4 — € dimensions

When ) ~ ¢ the operator ¢* becomes exactly marginal at quantum level = scale
invariance.

Scale invariance often a good bargain:
@ in 2D: buy 1 get inf free!
@ in higher D: buy 1 get D free!

Natural question: Is the Wilson-Fisher fixed point a CFT? If yes it doesn’t live in 4D:

Crossing+Unitarity+Conformal Invariance in 4D = v,> < 2 + 3.0067,
[Poland, Simmons-Duffin, AV]
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The Wilson-Fisher fixed point

Simplest example of fixed point: A¢* interaction in 4 — € dimensions

When ) ~ ¢ the operator ¢* becomes exactly marginal at quantum level = scale
invariance.

Scale invariance often a good bargain:
@ in 2D: buy 1 get inf free!
@ in higher D: buy 1 get D free!

Natural question: Is the Wilson-Fisher fixed point a CFT? If yes it doesn’t live in 4D:

Crossing+Unitarity+Conformal Invariance in 4D = v,> < 2 + 3.0067,
[Poland, Simmons-Duffin, AV]

However at Wilson-Fisher fixed point: Vo2 = /127



In D dimensions :

My Po, D Ky =~ SO(D2)
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In D dimensions :

My, Po, D, Ky = SO(D[2)

[D, Pu] = iPyu

[D. Ku] = —iK,

[Ku. Po] = 2i (D — Myy)

Mus, Kol = —i (nupKy — nupKy)
[D. My] = [P, P] = [Ku, K] = [D, D] = 0
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In D dimensions :

My . Py, D, Ky ~ SO(D|2)

[D: P u] = iPy

[D. Ku] = —iKu

[Ku, Po] = 2i (NuD — M)

[Muv, Ko] = =i (MoK — MupKu)

[’D, Mw/] = [Pu: Pu] = [Ku- K,,] = [D, D] =0
Irreducible representations of Conformal Algebra:

@ infinite towers of states (or operators) with increasing, equally spaced, dimensions.

«0O>» «F» «

it
v
a
it
v
it

DA



CFT’s and epsilon expansion CFT Handbook Simple results Fractional dimensions
o 0000000 00 0000

Conformal Algebra

In D dimensions : My, , Py, D, Ky >~ SO(D|2)
[D, Pﬂ] = iPu
[D, KM] = *"KLL

[Ku, Pv] = 2i (NuwD — Muy)
[Muv, Ko] = —i (MoK — MupKu)
[D. Muv] = [Pu, Pl = [Ku. K,] = [D, D] = 0

Irreducible representations of Conformal Algebra:
@ infinite towers of states (or operators) with increasing, equally spaced, dimensions.
@ Lower state is called Primary: K,|s >= 0.
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Conformal Algebra

In D dimensions : My, , Py, D, Ky >~ SO(D|2)
[D, Pﬂ] = iPu
[D, KM] = *"KLL

[Ku, Pv] = 2i (NuwD — Muy)
[Muv, Ko] = —i (MoK — MupKu)
[D. Muv] = [Pu, Pl = [Ku. K,] = [D, D] = 0

Irreducible representations of Conformal Algebra:
@ infinite towers of states (or operators) with increasing, equally spaced, dimensions.
@ Lower state is called Primary: K,|s >= 0.
@ Other states, called Descendants, obtained applying P,
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Conformal Algebra

In D dimensions : My, , Py, D, Ky >~ SO(D|2)
[D, P.] =iPy
[D, KM] = *"KLL

[Ku, Pv] = 2i (NuwD — Muy)
[Muv, Ko] = —i (MoK — MupKu)
[D. Muv] = [Pu, Pl = [Ku. K,] = [D, D] = 0

Irreducible representations of Conformal Algebra:
@ infinite towers of states (or operators) with increasing, equally spaced, dimensions.
@ Lower state is called Primary: K,|s >= 0.
@ Other states, called Descendants, obtained applying P,
@ representation totally characterized by scaling dimension and spin of the primary



O, (X) X Op,(y)

1

[x — y|A1+D82

Completeness of the Hilbert space of states < OPE:

Z Ci20Cuy ..y (. BU)OZLNM(}’)
(@]
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Completeness of the Hilbert space of states < OPE:

On, (X) X On, (¥) !

— TR > Ci20Cuy. (v, 8)OR" I (y)
X — y[Aiiae £

-~ 1

- |X_y|A1+A2

>~ Ci20 (Cuy..u (¥)OXT ! (y) + descendants)
o

fixed by conformal symmetry
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Completeness of the Hilbert space of states < OPE:

OA1 (X) X OAZ (y)

1
—y[A+A ZC1200M1---Ml(yvSU)OTWW(}’)
Ix — y|Bi+8e &
. 1
- |X_y|A1+A2

>~ Ci20 (Cuy..u (¥)OXT ! (y) + descendants)
o

fixed by conformal symmetry
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Two point function of primaries: completely fixed

5
(0i(x1)0)(%)) = —x

X12 = | X1 — Xo
12
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Two point function of primaries: completely fixed

5..
(0i(x1)0)(%)) = —x X12 = X1 — X2

12
Three point function of primaries: fixed modulo a constant
(O1(x1)02(x2) 05! (x3))

ZM ... ZK — traces

= Cr20 Ay +8x—Ag , —Ay+Rx+A3 \ A —DptAg
12 23

n w
uw_ X3 X3
zw — 3 723
X2, x2
13 X33
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The power of conformal invariance

Two point function of primaries: completely fixed

6,.
(Oi(x1)0j(x2)) = XTUA X12 = X1 — X2
12

Three point function of primaries: fixed modulo a constant

ZM ... ZH —traces
g -k —
<O1 (X1 )OZ(XZ)Og (X3)> - C120 XA1+A27A3X7A1+A2+A3XA17A2+A3
12 23 13
" p
uw_ X3 X3
=2
X X
13 23

Use OPE to reduce higher point functions to smaller ones

Fractional dimensions
0000




Recalling the OPE

O(x1) x Oxz) = >

O’X

Cor
294
12

(O, + descendants)
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Recalling the OPE

O() x O(xg) = 3~ 2

2d—A

(O, + descendants)
12
Then

o'

(O(x1)0(x%)O0(x3)O(xa)) =

—d

u 2

a2 Co  ((Oy,Oh ) + descendants)

(X33 %54) o
al function of u, v only by conformal symmetry

2 42 2
_ X12%34 _ X1a%3
T 2 2 T2 2

Xi3Xa4 X13%24
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Recalling the OPE

Cor
O(x1) x O(x2) = Y -2 (O}, + descendants)
o X2
Then
(O(x1)O(%2) O(x3) O(X4)) ue > C& ((Op,0),) + descendants)
1 2 3 4)) = T ogoodn o AIYAl
[ [ (x29x29) 5
al function of u, v only by conformal symmetry
2 2
_ Xi2X34 _ X4Xo3
T 32 42 — 2 .2
Xi3X24 X13%24
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Old idea (70’s) but none could use them for long time, until..

@ ('01: Dolan, Osborn): summed up all the contribution in a closed for for D=2,4
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More on Conformal Blocks

Old idea (70’s) but none could use them for long time, until..

@ ('01: Dolan, Osborn): summed up all the contribution in a closed for for D=2,4

@ ('03: Dolan, Osborn): solved a 2nd order differential equation the conformal blocks
satisfy:
((Muv))? — PuK® +2D?) ga 1(u, v) = Aa s 9a,(U, V)

solution only in even dimensions
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More on Conformal Blocks

Old idea (70’s) but none could use them for long time, until..

@ ('01: Dolan, Osborn): summed up all the contribution in a closed for for D=2,4
@ ('03: Dolan, Osborn): solved a 2nd order differential equation the conformal blocks
satisfy:
((Muw)? = PuK* +2D%) g (U, v) = Ans gai(U, v)
solution only in even dimensions

@ ('13: EI-Showk, Paulos, Poland, Rychkov, Simmons-Duffin, AV ): efficient method
to compute Taylor coefficients of conformal block in any dimension.
(See David Simmons-Duffin’s talk).



Which expansion is the right one?

(O(x1)0(x2)O0(x3)O(x4)) vs (O(x1)O(x2)O(x3)O(x4)
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Which expansion is the right one?

(O(x1)O(x2)O(x3)O(Xa))  vs (O(x1)O(x2)O(x3)O(Xs)
They must produce the same result:
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Which expansion is the right one?

They must produce the same result:

(O(x1)0(x2)O0(x3)O(x4)) vs (O(x1)O(x2)O(x3)O(x4)

«O> «Fr <

it

v
i
v

DA



CFT’s and epsilon expansion
(e}

CFT Handbook Simple results
00000800 00
The Bootstrap program

Fractional dimensions
0000
Which expansion is the right one?

(O(x1)O0(x2)0(x3)O0(xs))  vs  (O(x1)O(x2)O(x3)O(x4)
They must produce the same result:

o= <1 +>C49a.(u, v)) —yd (1 +>C&9a(v, u)) d=[0]
Al Al

2 V99a.(u, v) — u9ga,(v, u) _
>_Ci R =1
! uf —v
Al
Fa.n
[Rattazzi,Rychkov, Tonni, AV]

@ Fy4 A known functions

@ C2 , unknown coefficients



d.¢c

Al

2 Vigau(u,v) — u9ga(v. u) _
Al ud — yd -
Fa.ni
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d.¢c

> VIgn,(u. v) — u%ga (v, u) — 1
o ud - ve
Fa.n
@ All possible sums of vectors with
(Ar,lh)
(Anyln)
(A2,15)

positive coefficients define a cone
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d.¢c

2 / vigai(u, v) — u9ga,(v, u) _
2 =
Al

1
ud — yd

Fa,n1

@ All possible sums of vectors with
(A1 h)

positive coefficients define a cone

@ Crossing symmetry satisfied < 1 is
inside the cone
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Geometric interpretation

ch v gA/ u, V)_UdgA/(V u)
Al

ud — yd =1
Fa.n
@ All possible sums of vectors with
1 positive coefficients define a cone
(Bl) @ Crossing symmetry satisfied < 1 is

inside the cone
(B2,12) @ Restrictions on the spectrum make the

cone narrower
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Geometric interpretation

Z c2 VdQA,/(Uv v) — udgA,,(v, u) — 1
Al ud — yd

Fa.n

@ All possible sums of vectors with
positive coefficients define a cone

@ Crossing symmetry satisfied < 1 is
inside the cone

@ Restrictions on the spectrum make the
cone narrower

@ A cone too narrow can'’t satisfy
crossing symmetry: inconsistent
spectrum
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How can we distinguish feasible spectra from unfeasible ones?

VS
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1

How can we distinguish feasible spectra from unfeasible ones?

VS

For unfeasible spectra it exists a plane separating the cone and the vector.
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Geometric interpretation

How can we distinguish feasible spectra from unfeasible ones?

1 1

VS

For unfeasible spectra it exists a plane separating the cone and the vector.

Look for a Linear functional

Nmax

AFaal = Y Amnd "8 Fyn,

nm

such that
A[Fd,A,I] >0 and /\[1] <0

[Rattazzi,Rychkov, Tonni, AV] DENEd



Give me a spectrum and I'll tell you if it respects crossing symmetry
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Give me a spectrum and I'll tell you if it respects crossing symmetry
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Give me a spectrum and I'll tell you if it respects crossing symmetry
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CFT’s and epsilon expansion
(e}

CFT Handbook

00000000
Which spectrum?

Simple results
[ le]

Fractional dimensions

0000

Give me a spectrum and I'll tell you if it respects crossing symmetry

@ Take a scalar field ¢ with dimension d.

@ Assume the OPE ¢ x ¢ contains scalar operators with dimension larger than Ag.
@ Question: how large can Ag be?

When d < 1.6, no CFT exists without
relevant operator in ¢ x ¢

[Poland,Simmons-Duffin, AV]




Minimal models: family of 2D CFT’s completely solved:
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Minimal models: family of 2D CFT’s completely solved:

oxo~1+e+
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0.5+

Minimal models: family of 2D CFT’s completely solved

oxo~1+e+

Consider the plane Ay, A

000 a?f T
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Comparison with 2D

Simple results
oce

Fractional dimensions
0000

Minimal models: family of 2D CFT’s completely solved:

oxo~14+e+

Consider the plane Ay, Ac:

@ Other Virasoro primaries

@ Virasoro Descendants
1.5

@ Conformal descendants

10

Bound on maximal value of A
[Rychkov, AV]
0.5
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Comparison with 2D

Minimal models: family of 2D CFT’s completely solved:

oxo~ltedt .. @ Other Virasoro primaries
@ Virasoro Descendants
@ Conformal descendants

Consider the plane Ay, Ac:

1.5
Bound on maximal value of A,
10 [Rychkov, AV]
A kink signals the presence of the Ising
05 Model
0.0

000 0.05 0.10 0.15 020 025 030 035




Compare bounds on the anomalous dimensions for various D:

(b-2)
Yo =Ry~

Y2 = Dg2 — (D —2)
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A proliferation of kinks
Compare bounds on the anomalous dimensions for various D:

(b-2)
2

’Y¢:A¢— ’Y¢2:A¢2—(D—2)

Upper bound on first scalar operator dimension

100 v
0gl /
. 06l d i
P R
0.4/ =l o
—
02 / __— gesth
/ //}/ . T
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A proliferation of kinks
Compare bounds on the anomalous dimensions for various D:

(b-2)
2

’Y¢:A¢— ’Y¢2:A¢2—(D—2)

Upper bound on first scalar operator dimension

10

0.8/ —7
~ 0.6} // // -

S S
0.4} o] / S
_
02 /7 pes2br
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A proliferation of kinks
Compare bounds on the anomalous dimensions for various D:

(b-2)
2

’Y¢:A¢— ’Y¢2:A¢2—(D—2)

Upper bound on first scalar operator dimension

1.0 vl
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A proliferation of kinks
Compare bounds on the anomalous dimensions for various D:

(b-2)
2

’Y¢:A¢— ’Y¢2:A¢2—(D—2)

Upper bound on first scalar operator dimension

0.4 — ]
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0.000 0.005 0.010 0.015 0.020
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A family of CFT’s

Upper bound on first scalar operator dimension

@ Bounds smoothly interpolate from 4D to 2D
@ Kinks lie on a smooth curve
@ Kinks easy to identify for D > 3.2 and D < 2.5 (Ising 3D: the hardest..)
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Epsilon Expansion: D =4 —¢

(N+2)2  (N+2) (N2 — 56N — 272) €

= - O(e®
"= 4N+ 8) 16(N + 8)4 +0(€)
(N+2)e (N+2)(13N +44)e? 3
= (0]
W= Nys T antep T OE)
Comparison with epsilon—expansion at 1-2-3 loops
0.50
0.20 @ Our Kinks
= °
% e
=010 //’ @ 2-loop
= @ 3-loop
005
e

%9?10*42 x 104 5x104 0.001 0.002 0.005 0.010 0.020

Vo

Fractional dimensions
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Epsilon Expansion: D =4 —¢

(N+2)2  (N+2) (N2 — 56N — 272) €

— _ 3
"= 4N+ 87 16(N 1 8)7 +0(€)
(N+2)c  (N+2)(13N+44)2 .
= Nye T aNpep o)

Comparison with Borel resummed series

2.0 D=1,

@ - Our prediction

@ Borel resumed
series: central
values and errors
[Guillou,Zinn-Justin]

0.0 01 02 03 04 05
Yo

Simple results Fractional dimensions



3D and Free theory in 4D

@ Strong indications that there exists a families of CFT’s connecting Ising 2D, Ising

«O>r «Fr «

DA



3D and Free theory in 4D

@ Strong indications that there exists a families of CFT’s connecting Ising 2D, Ising

@ Each CFT satisfies Crossing Constraint in its space-time dimension
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3D and Free theory in 4D

@ Strong indications that there exists a families of CFT’s connecting Ising 2D, Ising

@ Each CFT satisfies Crossing Constraint in its space-time dimension
@ Understand the limit D — 1
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Conclusions and Future directions

@ Strong indications that there exists a families of CFT’s connecting Ising 2D, Ising
3D and Free theory in 4D

@ Each CFT satisfies Crossing Constraint in its space-time dimension
@ Understand the limit D — 1

@ Partially reconstruct the spectrum of those CFT’s
[El-Showk,Paulos,Poland,Simmons-Duffin,AV: in progress]
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Conclusions and Future directions

@ Strong indications that there exists a families of CFT’s connecting Ising 2D, Ising
3D and Free theory in 4D

@ Each CFT satisfies Crossing Constraint in its space-time dimension
@ Understand the limit D — 1

@ Partially reconstruct the spectrum of those CFT’s
[El-Showk,Paulos,Poland,Simmons-Duffin,AV: in progress]
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Conclusions and Future directions

@ Strong indications that there exists a families of CFT’s connecting Ising 2D, Ising
3D and Free theory in 4D

@ Each CFT satisfies Crossing Constraint in its space-time dimension
@ Understand the limit D — 1

@ Partially reconstruct the spectrum of those CFT’s
[El-Showk,Paulos,Poland,Simmons-Duffin,AV: in progress]

.. stay tuned for updates!
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