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•  Spin correlation in quark-pair production 
•  Individual quarks are un-polarized, but spins of quark-pair are 

correlated 
•  Not a special property of top quark! 

•  Top quark lifetime is short 
•  Decay (~10-25 s) << hadronization (1/ΛQCD~10-24 s) 
•  Spin information is transferred to decay products 

•  Angular distribution 

•  Motivation 
•  Precision test of SM 

•  Confirms that top quark is a spin ½ SM particle 
•  Sets upper limits on lifetime, thus lower bound on decay width 

•  Study of “bare” quarks free from long distance QCD effects 
•  Probe of physics beyond SM 

•  Neutral Higgs, stop, Z’ in production; Charged Higgs, b’ in decay 
 

- Christian Schwanenberger -    New Results for Winter 2012 Fermilab, W&C Seminar

Spin correlation strength

complementary between Tevatron and LHC

Tevatron

3S1

• dominated by qq annihilation
• tt pairs close to the threshold
• beam axis as spin quantisation axis
   NLO QCD: C = 0.78

• optimised “off-diagonal” basis

• dominated by gg fusion
• tt pairs far off the threshold
• helicity basis as spin quantisation axis
   NLO QCD: C = 0.32

• maximal basis

 

_
_ _

Bernreuther, Brandenburg, Si, Uwer, Nucl. Phys. B690, 81 (2004)
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Top Pair Production and Decay 
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Top Pair Branching Fractions

• Production via strong interaction 

• Decay via weak interaction 

Tevatron (~85%) LHC (~85%) 
σttbar = 7.2 pb @ mt=173 GeV 

Phys. Rev. Lett. 110, 252004 

In SM, BR(t→Wb) = ~100% 



901/10/03 Christian Schmitt, Wuppertal University

Top Decay
Relative Decay rate for particles observed in the rest 
frame of the top:

 is the angle between some direction of quantization 
and the direction of motion of th ith decay product

Spin Correlation 
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• Angular distribution of the decay product 
•  Top quark decays through V-A weak coupling 

•  θ: angle of the decay product w.r.t. the spin-quantization axis in the top 
rest frame 

•  α: analyzing power 
•  Top pair spin correlation connects the helicity angles on both sides 

of decay 

•  C: correlation strength 
•  Degree of spin correlation 
•  C = Aα1α2 
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Spin Correlation Strength 
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• Correlation coefficient A 
•  Fractional difference between like and unlike spin alignments 

•  Theoretical dependencies cancels to a large extent 
•  PDF, factorization, renormalization scales, and αs 

•  Experimental uncertainty (luminosity) cancels 

• Analyzing power of decay product, α 
•  Amount of spin information which a daughter particle carries from 

the parent top 
•  Charged leptons (dilepton) and down-type quarks (l+jets) 

A = N(!!)+ N(!!)" N(!#)" N(#!)
N(!!)+ N(!!)+ N(!#)+ N(#!)

l± d, s  u, c  b W± 

α (NLO) 1.00 0.93 -0.31 -0.39 0.39 
Phys.Lett. B539 235 (2002) 



Strength Dependency I 
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• Production mode 
•  qq annihilation (J=1 state): mainly likely aligned (tLtR and tRtL) 
•  gg fusion (J=0 state): unlikely aligned (tLtL and tRtR) 

• Collision energy 
•  Threshold for tt production 

•  spin(t) || spin (q) 
•  Large top quark momentum 

•  tRtL dominant for θ < 90 

• Complementary between Tevatron and LHC 

601/10/03 Christian Schmitt, Wuppertal University

Spin Basis

Number of unlike spin 
combinations of the ttbar 
pair depends on choice of 
the spin basis:

At Tevatron: Off-diagonal 
Basis is best choice
(92% of ttbar pairs have 
unlike Spin)

Spin Correlation 
•  Top quark pair production 

•  Top quarks are not polarized, but spins of top and anti-top quarks are 
correlated 

•  Top decays before hadronization (short lifetime) 
•  Spin information is preserved in decay products (angular distribution) 

•  Strength of measurement 
•  Depends on collision energy, production mode, and choice of 

quantization axis 
•  Complimentary between Tevatron and LHC  

•  Spin-quantization axis 
•  Helicity basis (top quark direction): LHC 
•  Beam basis (beam line): C=0.78+/-0.04 (Tev) 
•  Off-diagonal basis: energy dependent  

Seminar at Korea University SungWoo YOUN                               15 

- Christian Schwanenberger -Top Pair Spin Correlation at LHC Top 2011

Spin correlation strength

complementary between Tevatron and LHC

Tevatron

3S1

• dominated by qq annihilation
• tt pairs close to the threshold
• beam axis as spin quantisation axis
   NLO QCD: A = 0.78

• optimised “off-diagonal” basis

• dominated by gg fusion
• tt pairs far off the threshold
• helicity basis as spin quantisation axis
   NLO QCD: A = 0.32

• maximal basis
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Bernreuther, Brandenburg, Si, Uwer, Nucl. Phys. B690, 81 (2004)

g g

LHC

whereas the helicity basis is obtained by setting cos ξ = −1; in this basis

|A(qRq̄L → tRt̄R and tLt̄L)|2 = |A(qLq̄R → tRt̄R and tLt̄L)|2 ∼ γ−2 sin2 θ

|A(qRq̄L → tRt̄L or tLt̄R)|2 = |A(qLq̄R → tLt̄R or tRt̄L)|2 ∼ (1± cos θ)2. (13)

Clearly, for γ >> 1, the helicity basis and the Off-Diagonal basis become identical. As we
will see in the next section, the spin correlations for unlike-helicity gluons producing top
quark pairs are identical to those in quark-antiquark annihilation.
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FIG. 2: The spin configurations for the process qRq̄L → tt̄ are best described by the off-diagonal

basis which interpolates between the beamline basis at low β to helicity at very high β as given
by Eq. 12. (a) is the limit β → 0 where the top quark spins are aligned in the same direction as

the incoming quark spins whereas (b) is the limit β → 1 where the helicity state tRt̄L dominates
for scattering angles less than 90 degrees. The relative probability of tRt̄L to tLt̄R is given by
(1 + cos θ)2 : (1− cos θ)2.

III. A CLOSER LOOK AT gg → tt̄

The tree-level matrix element for gg → tt̄ can be factorized into two terms: one depending
on the color factors and t and u-channel propagators and the other depending on the the
spin of the gluons and top quarks, as follows

A(g1g2 → tt̄) = ig2s

{

[T a1T a2 ]ı̄i
(2t · p1)

+
[T a2T a1 ]ı̄i
(2t · p2)

}

M(g1g2 → tt̄). (14)

The reduced matrix element M(g1g2 → tt̄) is symmetric under the interchange of the two
gluon momenta but depends on the the helicity of the gluons and the spin of the top and
antitop quarks.

The square of the color-propogator factor, summed over the gluon and top quark colors,
is given by

∑

color

∣

∣

∣

∣

[T a1T a2 ]ı̄i
(2t · p1)

+
[T a2T a1 ]ı̄i
(2t · p2)

∣

∣

∣

∣

2

=
4

3

4(t · p1)2 + 4(t · p2)2 − (t · p1)(t · p2)
(t · p1)2(t · p2)2

. (15)

6

θ 
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Spin Basis

Number of unlike spin 
combinations of the ttbar 
pair depends on choice of 
the spin basis:

At Tevatron: Off-diagonal 
Basis is best choice
(92% of ttbar pairs have 
unlike Spin)

Strength Dependency II 
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• Spin quantization axis 
•  Helicity basis 

•  Top quark direction in tt rest frame 
•  Sensible for LHC 

•  Beam basis 
•  Beam line 
•  Optimal for tt produced at threshold 

•  Off-diagonal basis 
•  Energy dependent 
•  Optimal for tt production from qq annihilation 

• Correlation Strength (NLO) 
NLO Tevatron LHC (7 TeV) LHC (14 TeV) 

Helicity -0.352 0.270 0.347 
Beam 0.777 0.053 -0.051 

Off-diagonal 0.782 0.034 -0.076 

tan! =
" 2 sin# ! cos# !

1"" 2 sin2# !

Nucl. Phys. B 690,81 (2004) 



Measurements at Tevatron 
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approximately 0.23, corresponding to an uncertainty
for ! of 0.46, and is independent of the actual value of
FOH and !.

Additional contributions to the uncertainty result from
incomplete knowledge of the background size and shape,
of the exact detector response, and of the parton distribu-
tion functions (PDF) and are estimated by performing
the measurement in simulated samples with reasonable
variations in the model assumptions. These systematic

uncertainties are shown in Table I. The largest uncertainty,
generator dependence, results from small biases seen when
testing with simulated samples created using a range of
generation software packages, including HERWIG [21],
PYTHIA [23], ALPGEN [24], and MADEVENT [25]. Other
significant contributions come from the uncertainty of the
jet energy scale (JES) during event reconstruction and
uncertainty in the amount of initial and final state radiation
(ISR/FSR) in our observed t!t events. The small variation of
FOH with the assumed value of the top-quark mass is not
included in our systematic uncertainty; our measurement
assumes a mass of 172:5 GeV=c2 for the top quark.
The final result of our fit to the two-dimensional distri-

bution cos"l cos"d vs cos"l cos"b is shown in Fig. 2.
This figure shows one-dimensional distributions of both
variables, with our data being compared to the sum of the
background model, same-helicity model, and opposite-
helicity model, with the model normalizations deter-
mined by our fit result. Assuming the top-quark mass is
172:5 GeV=c2, we find an opposite-helicity fraction of

TABLE I. Systematic Uncertainties on FOH.

Systematic Uncertainty

Generator dependence 0.060
JES 0.042
ISR/FSR 0.030
Background shape 0.023
Color reconnection 0.009
PDF 0.007
Parton shower 0.006
Background size 0.002
Total uncertainty 0.083
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FIG. 1 (color online). Distributions of the cos"l cos"d and
cos"l cos"b variables, after detector simulation, event selection,
and reconstruction, in our same-helicity and opposite-helicity
simulated t!t samples.
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FIG. 2 (color online). Distribution of the cos"l cos"d and
cos"l cos"b variables in data compared to the sum of our
background model, the same-helicity model template, and the
opposite-helicity model template. The relative normalizations of
the model distributions are determined by our fit result.

T. AALTONEN et al. PHYSICAL REVIEW D 83, 031104(R) (2011)
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!! channels, muons produced in jets that fail to be re-
constructed can appear isolated. Table I summarizes the
yields for the signal and background contributions.

To distinguish the hypothesis H of correlated top quark
spins as predicted by the SM (H ¼ c) from the hypothesis
of uncorrelated top quark spins (H ¼ u), we calculate a
discriminant R [25] defined as

R ¼ PsgnðH ¼ cÞ
PsgnðH ¼ uÞ þ PsgnðH ¼ cÞ ; (1)

where we calculate per-event probability densities Psgn for
t!t signal events for both hypotheses constructed from the
LO MEs Mðy;HÞ [26]:

Psgnðx;HÞ ¼ 1

"obs

Z
fPDFðq1ÞfPDFðq2Þdq1dq2

% ð2#Þ
4jMðy;HÞj2
q1q2s

Wðx; yÞd"6: (2)

Here, "obs denotes the leading order cross section includ-
ing selection efficiency, q1 and q2 the energy fraction of the
incoming quarks from the proton and antiproton, respec-
tively, fPDF the parton distribution function, s the center-
of-mass energy squared, and d"6 the infinitesimal volume
element of the six-body phase space. The detector resolu-
tion is taken into account through a transfer function
Wðx; yÞ that describes the probability of a partonic final
state y to be measured as x ¼ ð~p1; . . . ; ~pnÞ, where ~pi

denotes the measured four-momenta of the final state
particles. For hypothesis H ¼ c we use the ME for the
full process q !q ! t!t ! WþbW& !b ! ‘þ$‘b‘

0& !$‘0
!b aver-

aged over the initial quarks’ color and spin and summed
over the final colors and spins [26]. For hypothesis H ¼ u,
we use the ME of the same process neglecting the spin
correlation between production and decay [26]. The t!t
production cross section "t!t does not depend on the hy-
pothesis H ¼ c or H ¼ u and is taken as identical for both
hypotheses. It is assumed that momentum directions for
jets, charged leptons, and the electron energy are well
measured, leading to a reduction of the number of integra-
tion dimensions. Furthermore, the known masses of the
final state particles are used as input, and it is assumed that
the t!t system has no transverse momentum resulting in a
six-dimensional phase space integration. More details of
the calculation of Psgn can be found in Ref. [27]. Figure 1
shows the discriminant R for generated partons for H ¼ c
and H ¼ u for t!t MC events.

To measure the fraction fmeas of events with SM spin
correlation, we build templates of R distributions for signal
MC samples with and without spin correlation as well as
for each source of background. The templates are com-
pared to the R distribution in the data, and the fraction of
events with SM spin correlation is extracted.
In Fig. 2, the measured discriminant R in the data is

compared to templates for t!t production with SM spin
correlation and without spin correlation including back-
ground for all dilepton channels combined. The separation
between H ¼ c and H ¼ u is decreased compared to the
parton level.
We perform a binned maximum likelihood fit to the R

distribution to extract fmeas by fitting

mðiÞ ¼ fmeasm
ðiÞ
c þ ð1& fmeasÞmðiÞ

u þ
X

j

mðiÞ
j ; (3)

wheremðiÞ
c is the predicted number of events in bin i for the

signal template including SM spin correlation, mðiÞ
u is the

TABLE I. Yields of selected events. The number of t!t events is
calculated by using the measured cross section of "t!t ¼ 8:3 pb
and the measured f ¼ 0:74. Uncertainties include statistical and
systematic contributions.

t!t Z=%' Diboson Instrumental Total Observed

341( 30 93( 15 19( 3 28( 5 481( 39 485
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FIG. 2 (color online). The predicted discriminant distribution
R for the combined dilepton event sample for the fitted "t!t and
fmeas compared to the data. The prediction with spin correlation
(f ¼ 1) and without spin correlation (f ¼ 0) is shown including
background. The first and last bins include also the contributions
from R < 0:29 and R> 0:63.
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FIG. 1 (color online). Comparison of the discriminant R be-
tween SM spin correlation H ¼ c and no spin correlation H ¼ u
at parton level. The first and last bins include also the contribu-
tions from R < 0:29 and R > 0:63.

PRL 107, 032001 (2011) P HY S I CA L R EV I EW LE T T E R S
week ending
15 JULY 2011

032001-5

f(beam) = 0.74 ± 0.41 / C = 0.57 ± 0.31 

PRL 107, 032001 

D0 Collaboration / Physics Letters B 702 (2011) 16–23 21

that instead of calculating a weight distribution as a function of
the hypothesized mt , we weight the distribution as a function of
cos θ1 cos θ2.

In the dilepton final state, the momenta of the two charged lep-
tons, two neutrinos, and two b-quark jets are specified by eighteen
components of momentum. We measure twelve of these from the
observed leptons and jets. Four additional constraints are provided
by requiring the two lepton–neutrino combinations to yield MW ,
and the two combinations of W bosons and b jets to yield mt
(which we assume to be 172.5 GeV for t and t̄). Two additional
quantities must be specified to fully reconstruct the event kine-
matics.

To obtain the two missing quantities, we use ten values for η1
and ten values for η2 from the neutrino pseudorapidity distribu-
tion in tt̄ MC. For each neutrino, the ten values of η are chosen
in steps of equal probability. The pseudorapidity distributions are
found to be independent of tt̄ spin correlation.

The measured value of the /ET is then used to assign a weight
w to each of the solutions for each assumed set of η values;
specifically, for a given η1 and η2, we calculate the /ET in the re-
constructed event and compare it to the measured /ET as follows:

w = exp
[
−

(/Ecalc
x − /Ex)

2 + (/Ecalc
y − /E y)

2

2σ 2
/ET

]
, (2)

where σ/ET is the resolution of the x component of the /ET (taken
to be the same as that on the y component) [36]. This assigns a
higher weight (w) to η1,2 pairs that are consistent with the ob-
served /ET .

Since it is not possible to unambiguously associate a jet to the
correct top quark, all combinations are tried. This increases the
possible number of solutions per event from four to eight. Events
with a sequential decay of a tau lepton to an electron or muon
contain additional neutrinos. This effect is taken into account as
the MC simulation includes these processes.

Detector resolutions are accommodated in the weight calcula-
tion as follows. For each configuration of a MC event, we sim-
ulate the effect of the detector resolution by repeating the cal-
culation 150 times with the measured jet and lepton momenta
smeared independently according to the detector response. The
resolutions in lepton energies are assumed to be Gaussian and the
resolution of the jets is modeled using the sum of two Gaussian
distributions [37]. The 150 resolution-smeared weights are aver-
aged, therefore smoothing the weight distribution of an event. This
number provides stable and smooth weight distributions, with ac-
ceptable computation times. For data, the number of smearings is
increased to 1000 to ensure that the result does not depend on
statistical fluctuations of the smearing. Events without any solution
are ignored in the analysis. The probabilities that the reconstruc-
tion of the full event kinematics provides a valid solution for tt̄

Table 1
Probability that the neutrino weighting procedure yields a valid solution for differ-
ent classes of events. The Z → ττ , Z → µµ and Z → ee backgrounds are shown
combined, as are the diboson and instrumental backgrounds. In the last column we
give the value observed in data. The statistical uncertainties are ≈ 1%.

tt̄ Z Diboson Instrumental Total Observed

0.96 0.82 0.90 0.82 0.92 0.91

and background events are given in Table 1. Table 2 summarizes
the predicted background and the observed number of events in
data, together with the number of expected tt̄ events using the
tt̄ cross section measured in this analysis. For each event with a
solution the w distribution is normalized to unity, and the mean
of the w distribution is used as estimator for the true value of
cos θ1 cos θ2. The correlation coefficient between our estimator and
the true value of cos θ1 cos θ2 is about 0.5.

7. Templates

Templates of the cos θ1 cos θ2 distributions are generated using
MC events for different values of C and then compared to data.
Fig. 2 shows the distribution for cos θ1 cos θ2 for background, tt̄ sig-
nal with NLO QCD spin correlation, and the prediction for tt̄ signal
without spin correlation. Different fractions of events without and
with SM spin correlation can be used to generate tt̄ samples of dif-
ferent true values of C . Templates are formed from the sum of tt̄
signals of different C values and contributions from backgrounds,
as a function of cos θ1 cos θ2. As the ratio of signal to background
is different in ee, eµ and µµ final states, we analyze each channel
separately. In each channel, we use eight bins of equal size over
the range [−0.4,0.4], and additionally one bin each for the range
[−1,−0.4] and [0.4,1]. The cos θ1 cos θ2 distributions in data are
compared with these templates to extract the best measured value
for C (Cmeas).

8. Fit to templates and systematic uncertainties

We perform a binned maximum likelihood fit to extract the
measured value Cmeas. We maximize the likelihood function

L =
∏

i

P(ni,mi) ×
K∏

k=1

G(νk;0,SDk), (3)

where P (n,m) represents the Poisson probability to observe
n events when m events are expected. The first product runs over
all the bins i of the templates of all channels. Systematic un-
certainties are taken into account by parameters νk , where each

Fig. 2. (Color online.) The distribution in cos θ1 cos θ2 for the entire dilepton event
sample. The summed tt̄ signal, including NLO QCD spin correlation (C = 0.78) (red)
and all backgrounds (blue) are compared to data. The open histogram is the tt̄
prediction without spin correlation (C = 0). The asymmetry in the cos θ1 cos θ2 dis-
tribution does not bias the measurement.

Table 2
Yields for events with a solution in the neutrino weighting procedure. The number of tt̄ events is calculated using σtt̄ = 7.9 pb as measured in this analysis. The Z → ττ ,
Z → µµ, and Z → ee backgrounds are shown combined, as are the different instrumental backgrounds. Uncertainties include statistical and systematic contributions.

tt̄ Z Diboson Instrumental Expected Observed

Number of events 324+28
−28 75+13

−13 17+3
−3 23+4

−4 439+36
−36 441

PLB 702, 16 

C(beam) = 0.10 ± 0.45 

PRD 83, 031104 

colors and spins [1]. For the hypothesis H ¼ u, we use the
ME for the same process, neglecting the spin correlation.
The total t!t production cross section !t!t and the selection
efficiency do not depend on spin correlation, thus the
normalization factor !obs can be omitted in Eq. (1). To
reduce the number of dimensions for the integrals, we
assume the directions of the momenta of jets and charged
leptons, and the electron energy are all well measured, and
that the t!t system has negligible transverse momentum. In
addition, we use the known masses of the final state
particles as constraints.

As we use only four jets when calculating Psgn, there are
24 possible jet-parton assignments. This further can be
reduced to four when identifying the jets originating
from b quarks. If more than two jets are b tagged, we
select only the two jets with the largest b-tag neural net-
work probability as the b jets, and assume other jets to be
light-flavor jets. Given the inability to distinguish the flavor
of the two quarks from the W decay, as required for the
definition of the spin correlation variable, both possible jet-
parton assignments have to be considered in the Psgn

calculation. Additional details of the Psgn calculation can
be found in Ref. [26].

To distinguish between correlated and uncorrelated top
quark spin hypotheses, we define, as in Ref. [9], a dis-
criminant R [27],

R ¼ Psgnðx;H ¼ cÞ
Psgnðx;H ¼ uÞ þ Psgnðx;H ¼ cÞ : (2)

To measure the ratio fmeas of events with correlated spins to
the total number of events, we form templates from dis-
tributions of R for t!t MC events with and without spin
correlation as well as background. Since the main sources
of background are from multijet and W þ jets events, Psgn

is only calculated for these two contributions. The smaller
backgrounds are modeled using the templates forW þ jets
production. The templates are compared to the distribution
of R in the data, and the fraction fmeas is extracted through
a binned maximum-likelihood fit. To minimize the depen-
dence of the result on absolute normalization, we calculate
the predicted number of events as a function of fmeas and
!t!t, and extract both simultaneously. Events used in the
templates are required to have at least two b-jet candidates;
nonetheless, events with fewer than two b-tagged jets are
included in the fit to constrain the signal and background
normalization. The fitting procedure and b-jet identifica-
tion criteria are the same as used in Ref. [28].

To enhance the sensitivity, we divide events into four
subsamples as a correct jet-to-parton assignment greatly
improves the discrimination power of R. The events are
divided into two groups of events with exactly four jets and
more than four jets to reduce the dilution from initial and
final state radiation. To reduce the contamination from
events in which a b quark jet is mistakenly taken to
come from a W boson decay, these two groups are again

separated according to whether the invariant mass of the
two light-flavor jets is within or outside of%25 GeV of the
W boson mass. The %25 GeV window is based on opti-
mization through pseudoexperiments. The main sensitivity
to spin correlation is obtained in the subsample with four
jets and a dijet invariant mass close to the W boson mass,
where the probability of selecting the correct jet combina-
tion is the highest. In Fig. 1, the measured discriminant R
for the most sensitive sample is compared for data and
templates of t!t production with SM spin correlation and
without spin correlation, including background.
We consider the same systematic uncertainties as used in

the measurement of the t!t production cross section [11] and
t!t spin correlation in dilepton events [9]. These are in-
cluded in the likelihood fit through free parameters, where
each independent source of systematic uncertainty is mod-
eled as a Gaussian probability density function with zero
mean and an rms corresponding to one SD in the uncer-
tainty on that parameter. Correlations among systematic
uncertainties for different channels are taken into account
by using a single parameter to represent the same source of
uncertainty.
We distinguish between systematic uncertainties that

affect the yield of the signal or background and those
that change the distribution of R. We consider the jet
energy scale, b-jet energy scale, jet energy resolution, jet
identification, b-tagging efficiency and b-jet misidentifica-
tion rate, choice of PDF, and the choice of mt in the
calculation of Psgn as the uncertainties that affect the

distribution of R. Systematic uncertainties on normaliza-
tions include those on lepton identification, trigger

FIG. 1 (color online). The distribution of the discriminant R
for ‘þ jets events with four jets and an invariant mass of the two
light-flavor jets within %25 GeV of the mass of the W boson.
The expectation (including background) for complete spin cor-
relation as predicted by the SM (f ¼ 1) and the case of no spin
correlation (f ¼ 0), as well as the t!t contribution for fmeas,
where fmeas was taken from the combined fit in the ‘þ jets
and dilepton final states, are shown. The first and last bins
include contributions from R< 0:37 and R > 0:60, respectively.
The bin width is chosen to minimize the statistical uncertainty.

PRL 108, 032004 (2012) P HY S I CA L R EV I EW LE T T E R S
week ending

20 JANUARY 2012

032004-5
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Z=!! þ jets and W þ jets events. In addition, m‘‘ must
differ by at least 10 GeV from the Z-boson mass (mZ ¼
91 GeV) to further suppress the Z=!! þ jets background.

(v) For the e$"% channel, no Emiss
T or m‘‘ cuts are

applied. In this case, the remaining background from
Z=!!ð! ##Þ þ jets production is further suppressed by
requiring that the scalar sum of the pT of all selected jets
and leptons is greater than 130 GeV.

The event selection rejects Z=!! þ jets events with low
invariant mass and those with invariant mass near the
Z-boson mass. However, Z=!! þ jets events with an
eþe( or "þ"( invariant mass outside of these regions
can enter the signal sample when there is large Emiss

T ,
typically from mismeasurement. These events are difficult
to properly model in simulations due to uncertainties on the
non-Gaussian tails of the Emiss

T distribution, on the cross
section for Z-boson production with multiple jets, and on
the lepton energy resolution. The Z=!! þ jets background
in dielectron and dimuon events is evaluated using a data-
driven (DD) technique in which the MC simulation yield of
Z=!! þ jets events is normalized to the data using a con-
trol region defined by a dilepton invariant mass within
10 GeVof the Z-boson mass [40].

The backgrounds from events with misidentified (fake)
leptons, primarily from W þ jets events, are evaluated
from data using a matrix method [43]. The matrix method
makes use of the efficiency of real lepton identification and
rate of lepton misidentification measured in several control
regions, which are chosen to be enhanced in different
sources of fake leptons [40]. Contributions from real lep-
tons due to W þ jets events in the fake lepton control
region are subtracted using MC simulation. Comparisons
of data and MC simulation in control regions are used to
tune the rates to the expected signal region composition.
The fake lepton yield is then estimated by weighting each
event in a sample containing one or two loosely identified
leptons.

The contributions from other electroweak background
processes with two real leptons, such as single top,
Z ! ##, WW, ZZ, and WZ production are determined
from MC simulations normalized to the theoretical predic-
tions. The expected numbers of signal and background
events are compared to data in Table I. The number of
observed events in each channel is: 477 for the eþe(

channel, 906 for the "þ"( channel, and 2930 for the
e$"% channel, which dominates the total yield due to
the looser selection criteria.

A binned log-likelihood fit is used to extract the spin
correlation from the !$ distribution in data. The fit in-
cludes a linear superposition of the distribution from SM t"t
MC simulation with coefficient fSM, and from the uncor-
related t"t MC simulation with coefficient (1( fSM). The
eþe(, "þ"(, and e$"% channels are fitted simulta-
neously with a common value of fSM, a t"t normalization
that is allowed to vary (per channel) and a fixed

background normalization. The fitted t"t normalizations
are in agreement with the theoretical prediction of the
production cross section [44]. Negative values of fSM

correspond to an anticorrelation of the top and antitop
quark spins. A value of fSM ¼ 0 implies that the spins
are uncorrelated and values of fSM > 1 indicate a larger
strength of the t"t spin correlation than predicted by the SM.
The extraction of fSM using the fitting procedure has
been verified over a wide range of possible values, (1 )
fSM ) 2, using MC simulation pseudoexperiments with
full detector simulation.
Figure 2 shows the reconstructed!$ distribution for the

sum of the three dilepton channels in data. SM and un-
correlated t"t MC samples are overlaid along with the
expected backgrounds.
Systematic uncertainties are evaluated by applying the

fit procedure to pseudoexperiments created from MC
samples modified to reflect the systematic variations. The
fit of fSM is repeated to determine the effect of each

TABLE I. Observed dilepton yield in data and the expected
signal and background composition from MC and DD samples.
Systematic uncertainties are included.

Z=!!ð! eþe(="þ"(Þ þ jets ðMCþ DDÞ 64þ11
(16

Z=!!ð! ##Þ þ jets ðMCÞ 175$ 29
Fake leptons (DD) 160þ140

(70

Single top (MC) 197$ 21
Diboson (MC) 148$ 20
Total (non-t"t) 740þ150

(80

t"t (MC) 3530þ280
(340

Total expected 4270þ320
(350

Observed 4313
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FIG. 2 (color online). Reconstructed charged lepton !$ dis-
tribution for the sum of the three dilepton channels. The inte-
grated number of events for both the SM and the uncorrelated t"t
samples is fixed to the value from the fit. MC background
samples are normalized using their predicted cross sections
and the DD method in the case of Z=!! þ jets. The fake lepton
background is evaluated from data.
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Figure 2: Result of the fit (solid line) performed on data (triangles) after the combination of

the three channels. The data are also compared to the ∆φl+ l− distribution of tt̄ events with and

without spin correlation. The background components are included in the plot.

tion is used to estimate the systematic uncertainty. The effects of the systematic sources on

the measurement of f are presented in Tab.1. The resulting measured value of f is 0.74 ±
0.08(stat.)±0.24(syst.).

uncertainty ∆ f absolute relative (%)

statistic uncertainty 0.08 11%

MC stat uncertainty 0.07 9%

experimental

Lepton selection 0.01 1%

Lepton energy scale 0.01 1%

JES/JER 0.02 3%

all backgrounds 0.07 9%

PU 0.02 3%

b-tagging 0.01 1%

tt̄ modelling

FastSim vs FullSim 0.06 8%

Fact. and renorm. scales 0.15 20%

τ decay 0.12 16%

top mass 0.02 3%

PDF 0.07 9%

Table 1: Uncertainty on the fraction of events with spin correlation ∆ f , as predicted by the fit.

Considering the top spin correlation used in the MC@NLO simulation, Asimu, the measured

spin correlation coefficient is f × Asimu. The spin correlation coefficient from MC@NLO tt̄

signal events, in the helicity basis, Asimu
hel , is estimated at matrix element level and is found to

be 0.33. This value of the spin correlation coefficient is close to the standard model prediction

(NLO calculation) of ASM
hel = 0.31 from Ref.[34], while the measurement yields a spin correlation

coefficient of Ameas
hel = 0.24 ± 0.02(stat.)±0.08(syst.).

PRL 108, 212001 

CMS PAS TOP-12-004 

A(hel.) = 0.24±0.02(stat.)±0.08(syst.) 

A(hel.) = 0.40+0.09
-0.08 (stat+syst) 

 
Excluded H(uncorrelated) @ 5.1 SD 

Δφ = |φ1 − φ2|  
Dilepton channels 



Tevatron 
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•  Fermilab, IL 
•  Unique p-pbar collider 

•  √s=1.96 TeV 
•  396 ns bunch crossing 

•  Two experiments 
•  D0 and CDF 

•  RunII operation 2001 ~ 2011 

• Delivered 11.9 fb-1 

•  Recorded 10.7 fb-1 

•  Analysis used 9.7 fb-1 
•  ~100,000 top quark events 

•  σ(mt=173 GeV) ~ 7.2 pb 



D0 Detector 
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• Solenoid 
•  2 T 

• Calorimetry 
•  Uranium / liquid-argon 

•  Tracking system 
•  Silicon Microstrip Tracker (SMT) 

•  Upgraded with L0 in 2006 
•  Central Fiber Tracker (CFT) 

• Muon system 
•  3 layers of scintillators / 

drift chambers 
•  Toroid (1.8 T) 



lepton+jets Final States 
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• W+→lv (l=e,µ) / W−→qq’ 

• Event characteristics 
•  One isolated lepton 
•  ≥ 4 jets (2 b quark + 2 light quark) 
•  Momentum imbalance 

• Advantages 
•  (Relatively) clear events – lepton 
•  Sizable statistics (BR > 30%) 

•  Including leptonic tau decays 
•  Top quarks can be fully reconstructed with minimal assumption 
•  Large analyzing power 

•  α(l) =1.00, α(d,s)=0.93 



Samples 
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• Data 
•  Full Tevatron dataset (9.7 fb-1) 

• Signal 
•  MC@NLO+HERWIG (mt=172.5 GeV, σttbar=7.48 pb, CTEQ6L1) 
•  Spin correlation vs. no spin correlation 

• Background 
•  Dilepton, signle top (tb, tqb) 
•  Diboson (WZ,WW,ZZ) 
•  W+jets, Z+jets 
•  Multijet – data driven 



Event Selection 
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• Event selection 
•  Lepton 

•  One isolated lepton with pТ > 20 GeV, |η(e)| < 1.1, |η(µ)| < 2.1 
•  Jets 

•  ≥ 4 jets with pТ > 20 GeV (leading jet pT > 40 GeV), |η| < 2.5 
•  ≥ 2 jets tagged by MVA b-tagger 

•  MET > 20 GeV 

Sample e+jets µ+jets l+jets 
Signal 647.9 ± 1.5 506.4 ± 1.2 1154.3 ± 1.9 

Background 

W+jets 55.8 ± 1.4 63.1 ± 1.5 118.9 ± 2.1 
Multijet 33.1 ± 2.5 4.1 ± 0.4 37.1 ± 2.5 
Others 38.6 ± 0.5  29.1 ± 0.4 67.8 ± 0.6 
Total 127.5 ± 2.9 96.3 ± 1.6 647.9 ± 3.2 

Expected 775.4 ± 3.3 602.8 ± 2.2 1378.2 ± 3.9 
Observed 820 731 1551 



Strategy 
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•  Matrix Element Method (next slide) 

•  Jet-parton assignment 
•  Only 4 jets considered 

•  Two b-tagged jets w/ highest MVA => b-jets 
•  Two additional jets w/ highest pT among the others => light jets 

•  4 permutations per event 

•  Binned maximum likelihood fit 
•  Returns fraction of spin correlation (fmeas) 

•  Sample splitting 
•  lepton flavor / jet multiplicity / mjj (|mjj – mW|, mW=80.4 GeV) 
•  Simultaneous fit over these 8 subsamples - enhances sensitivity 

•  Correlation strength C 
•  Cmeas = fmeas x CSM     (CSM = 0.777+ 0.027

-0.042) 
•  Assume ME calculation fully reflects spins in ttbar production and 

decay 



Matrix Element Method 
• Probability of each event being signal for a given 

hypothesis (H) of interest 
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FIG. 1: Schematic representation of the calculation of the likelihood to obtain a given observed lepton+jets event at a proton-
antiproton collider (similar figures apply to dilepton events and to other processes).

the momentum fractions of the colliding partons a1 and a2 (which are assumed to be massless) within the colliding
proton and antiproton3, and dΦnf

is an element of nf -body phase space.
To obtain the differential cross section dσP (pp̄ → y; "α) in pp̄ collisions, the differential cross section from Equation (3)

is convoluted with the parton density functions (PDF) and summed over all possible flavor compositions of the colliding
partons,

dσP (pp̄ → y; "α) =

∫

ξ1,ξ2

∑

a1,a2

dξ1dξ2 fa1

PDF(ξ1) f̄
a2

PDF(ξ2) dσP (a1a2 → y; "α) , (4)

where fa1

PDF(ξ1) and f̄a2

PDF(ξ2) denote the probability densities to find a parton of given flavor a1 and momentum
fraction ξ1 in the proton and one of flavor a2 and momentum fraction ξ2 in the antiproton, respectively. This equation
reflects QCD factorization [6].
The finite detector resolution is taken into account via a convolution with a transfer function W (x, y; "β) that

describes the probability to reconstruct a partonic final state y as x in the detector, given the values "β of the
parameters describing the detector response. The differential cross section to observe a given reconstructed event x
then becomes

dσP (pp̄ → x; "α, "β) =

∫

y

dσP (pp̄ → y; "α) W (x, y; "β) . (5)

Only events that are inside the detector acceptance and that pass the trigger conditions and offline event selection
are used in the measurement. To obtain a properly normalized likelihood, the overall cross section of events observable
in the detector,

σobs
P ("α, "β) =

∫

x,y

dσP (pp̄ → y; "α) W (x, y; "β) facc(x) dx , (6)

is used, where facc = 1 for selected events and facc = 0 otherwise. One then obtains

LP (x; "α, "β) dx =
dσP (x; "α, "β)

σobs
P ("α, "β)

(7)

as the (differential) likelihood that an event produced via process P has measured properties x (and not other
properties that would still lead to an event passing the event selection criteria).

3 This discussion is based on the situation at the Tevatron pp̄ collider as a concrete example but is equally valid for the LHC when the
antiproton is replaced with a proton and the appropriate PDF is used.

Psgn (x;H ) =
1
!

fPDF (q1) fPDF (q2 )dq1 dq2!
(2" )4 M (y,H ) 2

q1q2s
W (x, y)d"6

PDF  Parton / Reco. LO Matrix Element (H) 

Optimal use of kinematic information => improves sensitivity by ~30% 
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• Signal probabilities 
•  Two probabilities per event are calculated by ME under two hypotheses 
•  H=0 (spin uncorrelated) vs. H=1 (spin correlated as predicted in SM) 

• Discriminant R 

•  Templates 
•  Two templates (H=0 and H=1) are built from R distributions from 

signal and background 
•  Background distribution is commonly used for both templates 

•  Combined templates are constructed from 8 subsamples 

R =
Psgn (x;H =1)

Psgn (x;H = 0)+Psgn (x;H =1)



Combined Templates 
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e+jet, < 25 e+jet, > 25 µ+jet, < 25 µ+jet, > 25 

 
 
No spin correlation (H=0) 
 
Spin correlation (H=1) 
 
Background 

e+jets µ+jets 
4 jets >4 jets 4 jets >4 jets 

Δm<25 Δm>25 Δm<25 Δm>25 Δm<25 Δm>25 Δm<25 Δm>25 

e+jets 
4 jets 
Δm<25 

Δm = |mjj−mW| 

R = P[H=1] / (P[H=0]+P[H=1]) 



Binned Maximum Likelihood Fit 
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•  For bin i 

•  ni : # of events in bin i 
•  fH=1 : fraction of spin correlation (no constraint => Feldman-Cousins) 
•  σnorm : σttbar = σnorm x 7.48 pb 

ni =! norm ! fH=1 "nH=1
i + (1# fH=1)"nH=0

i$% &' + nbkg
i

•  Likelihood function 

•  P(m,n) : Poisson probability to 
observe m events when n 
events are expected 

•  N: # of bins 

•  LHF with systematics 

•  G(vk;0,SDk,i) : Gaussian PDF 
with zero mean and 1 SD width 
for systematic source k 
•  νk : nuisance parameter 

•  K: # of systematic sources 

L = P(mi,ni )
i

N

! L = P(mi,ni )
i

N

! G(! k;0;SDk,i )
k

K

!



Systematic Uncertainties 
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Type Source 

Normalization 

Lepton ID 
Trigger requirement 

Background normalization 
Multijet background 
Integrated luminosity 

Shape 
changing 

Jet energy resolution 
Jet ID 

Jet energy scale 
Flavor dependent correction 

b-tagging / fake rate 
Taggability 

PDF 
Top quark mass 
Signal modeling 

Template MC statistics 



Ensemble Test 
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• Calibrate fitter and estimate uncertainty 

• An ensemble consists of events randomly selected 
according to sample composition 

•  5 different signal composition between H=1 and H=0 
•  fH=1:fH=0 = 0.0:1.0 / 0.25:0.75 / 0.5:05 / 0.75:0.25 / 1.0:0.0 

•  1000 pseudo-experiments for each mixing fraction point 

• Pull distribution 
•  (fobs – <fobs>) / σobs per pseudo-experiment 
•  Non-bias sampling generates a Gaussian with zero mean and unity 

width 



Ensemble Test (Statistics only) 
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Fraction 
mean 

Fraction 
error 

Pull mean Pull width 

ftrue 

ftrue ftrue 

ftrue 



Results (Expected) 
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• Based on ensemble test (@ ftrue=1.0) 
  fmeas  = x.xx ± 0.28 (stat.) ± x.xx (syst.) 
  σttbar  = x.xx ± 0.26 (stat.) ± x.xx (syst.) 

  Cmeas = x.xx ± 0.22 (stat.) ± x.xx (syst.) 
•  “x.xx” will be filled soon 

• Previous measurement (5.4 fb-1) 
  fmeas  = 0.85 ± 0.39 (stat.) ± 0.21 (syst.) 
   (1.15 ± 0.43 (nuisance)) 
  σttbar  = 8.31 ± 0.32 (stat.) ± 0.86 (syst.) 
   (8.30 ± 0.87 (nuisance))  

• Statistically dominated 



Feldman Cousins C.L. 
2013 APS DPF SungWoo YOUN                               24 

• General approach to (classical) statistical analyses with 
small signals or physical boundary 
•  Construction of confidence belts using frequentist method 
•  Restrict measurements into physical region 

• Original (Neyman) way has some issues 
•  Flip-flopping (interval or limit?) based on data 
•  Under(over)coverage => serious flaw (too conservative) 

• Ordering principle 
•  Ranking strategy based on likelihood ratios 

   R = P(x|µ) / P(x|µbest) 
µ: parameter of interest, x: measured value of µ 

•  Natural transition from two-sided intervals to one-sided limits 
(unified approach) 

•  Appropriate coverage 



Confidence Limit (Expected) 
2013 APS DPF SungWoo YOUN                               25 

Feldman-Cousins Approach 

Exclusion of ftrue < 0.21 for fmeas = 1.0 @ 3 S.D. (Statistics only) 



Summary 
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•  Spin correlation measurement is a legacy at Tevatron and  
complementary to LHC 

•  Utilize Full RunII data (9.7 fb-1) to measure the fraction in l+jets 
final states 

•  Results (expected & statistics only) 
  fmeas  = x.xx ± 0.28 (stat.) ± x.xx (syst.) 
  σttbar  = x.xx ± 0.26 (stat.) ± x.xx (syst.) 
  Cmeas = x.xx ± 0.22 (stat.) ± x.xx (syst.) 

•  Exclusion of fH=1 < 0.21 @ 3 SD 
•  Statistically dominated 

•  Prospects 
•  Expect 3~4 SD with single channel 
•  Combination with dilepton channel expects ~5 SD 



Back-Up 
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Sample Splitting (l+jets) 
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• Capability of full reconstruction with minimal assumption 
•  Invariance mass of two non-tagged jets should be close to W mass 

•  Two subsamples 
•  |M(jj)| < Δm and |M(jj)| > Δm 

• Scanning over Δm for minimum sensitivity (combined) 
from ensemble tests 
•  Δm = 25 GeV 

•  Improves sensitivity 



Separation Power 
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S.P. =
µH=1 !µH=0

! H=1
2 +! H=0

2

e+jets µ+jets 
jets =4 >4 =4 >4 

|mjj-80.4| <25 >25 <25 >25 <25 >25 <25 >25 
Signal only 0.074 0.033 0.042 0.023 0.081 0.032 0.071 0.029 
Signal+Bkg 0.065 0.025 0.039 0.021 0.072 0.023 0.066 0.025 



Neyman vs. F-C 
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assume that the experiment is to search for transformations
between muon type neutrinos, �� , and electron type neutri-
nos, �e , and that the influence of other types of neutrinos can
be ignored. We hypothesize that the weak eigenstates ����
and ��e� are linear superpositions of two mass eigenstates
��1� and ��2� ,

��e����1�cos ����2�sin � �5.1�

and

�������2�cos ����1�sin � , �5.2�

and that the mass eigenvalues for ��1� and ��2� are m1 and
m2 , respectively. Quantum mechanics dictates that the prob-
ability of such a transformation is given by the formula
�2,16�

P���→�e��sin2�2��sin2� 1.27�m2L
E � , �5.3�

where P is the probability for a �� to transform into a �e , L
is the distance in km between the creation of the neutrino
from meson decay and its interaction in the detector, E is the
neutrino energy in GeV, and �m2��m1

2�m2
2� in (eV/c2)2.

The result of such an experiment is typically represented
as a two-dimensional confidence region in the plane of the
two unknown physical parameters, �, the rotation angle be-
tween the weak and mass eigenstates, and �m2, the �posi-
tive� difference between the squares of the neutrino masses.
Traditionally, sin2(2�) is plotted along the horizontal axis
and �m2 is plotted along the vertical axis. An example of
such a plot is shown in Fig. 11, based on a toy model that we
develop below. In this example, no evidence for oscillations
is seen and the confidence region is set as the area to the left
of the curve in this figure.

B. Proposed technique for determining confidence regions

The problem of setting the confidence region for a neu-
trino oscillation search experiment often shares all of the
difficulties discussed in the previous sections. The variable

sin2(2�) is clearly bounded by zero and one. Values outside
this region can have no possible interpretation within the
theoretical framework that defines the unknown physical pa-
rameters. Yet consider an experiment searching in a region
of �m2 in which oscillations either do not exist or are well
below the sensitivity of the experiment. Such an experiment
is typically searching for a small signal of excess �e interac-
tions in a potentially large background of �e interactions
from conventional sources and misidentified �� interactions.
Thus, it is equally likely to have a best fit to a negative value
of sin2(2�) as to a positive one, provided that the fit to Eq.
�5.3� is unconstrained.
Typically, the experimental measurement consists of

counting the number of events in an arbitrary number of bins
�17� in the observed energy of the neutrino and possibly
other measured variables, such as the location of the interac-
tion in the detector. Thus, the measured data consist of a set
N��ni�, together with an assumed known mean expected
background B��bi� and a calculated expected oscillation
contribution T��� i�sin2(2�),�m2�.
To construct the confidence region, the experimenter must

choose an ordering principle to decide which of the large
number of possible N sets should be included in the accep-
tance region for each point on the sin2(2�)-�m2 plane. We
suggest an ordering principle identical to the one suggested
in Sec. IV, namely the ratio of the probabilities,

R�
P�N�T �

P�N�Tbest�
, �5.4�

where Tbest„sin2(2�)best ,�mbest
2 … gives the highest probability

for P(N�T) for the physically allowed values of sin2(2�) and
�m2.
In the Gaussian regime, �2��2 ln(P), and so this ap-

proach is equivalent to using the difference in �2 between T
and Tbest , i.e.,

R����2��
i

� �ni�bi�� i�
2

� i
2 �

�ni�bi��besti�
2

� i
2 � ,

�5.5�

FIG. 10. Plot of our 90% confidence intervals for the mean of a
Gaussian, constrained to be non-negative, described in the text.

FIG. 11. Calculation of the confidence region for an example of
the toy model in which sin2(2�)�0. The 90% confidence region is
the area to the left of the curve.
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P(x ! [x1, x2 ] |µ) = 0.9

able x is simply the measured value of � in an experiment
with a Gaussian resolution function with known fixed rms
deviation �, set here to unity. I.e.,

P�x����
1

�2�
exp���x���2/2� . �3.1�

We consider the interesting case where only non-negative
values for � are physically allowed �for example, if � is a
mass�. Thus, the graph does not exist for ��0.
Although these are standard graphs, we believe that com-

mon use of them is not entirely proper. Figure 2, constructed
using Eq. �2.5�, is appropriate for experiments when it is
determined before performing the experiment that an upper
limit will be published. Figure 3, constructed using Eq. �2.6�,
is appropriate for experiments when it is determined before
performing the experiment that a central confidence interval
will be published. However, it may be deemed more sensible
to decide, based on the results of the experiment, whether to
publish an upper limit or a central confidence interval.
Let us suppose, for example, that physicist X takes the

following attitude in an experiment designed to measure a
small quantity: ‘‘If the result x is less then 3�, I will state an
upper limit from the standard tables. If the result is greater
than 3�, I will state a central confidence interval from the
standard tables.’’ We call this policy ‘‘flip-flopping’’ based
on the data. Furthermore, physicist X may say, ‘‘If my mea-
sured value of a physically positive quantity is negative, I
will pretend that I measured zero when quoting a confidence
interval,’’ which introduces some conservatism.
We can examine the effect of such a flip-flopping policy

by displaying it in confidence-belt form as shown in Fig. 4.
For each value of measured x , we draw at that x the vertical
segment ��1 ,�2� that physicist X will quote as a confidence
interval. Then we can examine this collection of vertical con-
fidence intervals to see what horizontal acceptance intervals

it implies. For example, for ��2.0, the acceptance interval
has x1�2�1.28 and x2�2�1.64. This interval only con-
tains 85% of the probability P(x��). Thus Eq. �2.4� is not
satisfied. Physicists X’s intervals undercover for a significant
range of �: they are not confidence intervals or conservative
confidence intervals.
Both Figs. 2 and 3 are confidence intervals when used

appropriately, i.e., without flip-flopping. However, the result
is unsatisfying when one measures, for example, x��1.8.
In that case, one draws the vertical line as directed and finds
that the confidence interval is the empty set. �An alternative
way of expressing this situation is to allow non-physical �’s
when constructing the confidence belt, and then to say that
the confidence interval is entirely in the non-physical region.
This requires knowing P(x��) for non-physical �, which
can raise conceptual difficulties.� When this situation arises,
one knows that one is in the ‘‘wrong’’ 10% of the ensemble
quoting 90% C.L. intervals. One can go ahead and quote the
wrong result, and the ensemble of intervals will have the
proper coverage. But this is not very comforting.
Both problems of the previous two paragraphs are solved

by the ordering principle which we give in Sec. IV.

B. Poisson process with background

Figures 5 and 6 show standard �13,14� confidence belts
for a Poisson process when the observable x is the total
number of observed events, n , consisting of signal events
with mean � and background events with known mean b .
I.e.,

P�n�������b �nexp�����b ��/n!. �3.2�

In these figures, we use for illustration the case where
b�3.0.
Since n is an integer, Eq. �2.3� can only be approximately

satisfied. By convention dating to the 1930s, one strictly
avoids undercoverage and replaces the equality in Eq. �2.3�
with ‘‘�.’’ Thus the intervals overcover, and are conserva-
tive.

FIG. 4. Plot of confidence belts implicitly used for 90% C.L.
confidence intervals �vertical intervals between the belts� quoted by
flip-flopping physicist X, described in the text. They are not valid
confidence belts, since they can cover the true value at a frequency
less than the stated confidence level. For 1.36���4.28, the cov-
erage �probability contained in the horizontal acceptance interval� is
85%.

FIG. 5. Standard confidence belt for 90% C.L. upper limits, for
unknown Poisson signal mean � in the presence of a Poisson back-
ground with known mean b�3.0. The second line in the belt is at
n��� .
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