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The	
  Standard	
  Model	
  Works!	
  

•  Is	
  the	
  EW	
  scale	
  fine	
  tuned?	
  	
  
•  Are	
  there	
  other	
  parFcles	
  below	
  at	
  few	
  TeV	
  ?	
  

•  Dark	
  maLer?	
  

•  Lots	
  of	
  problems	
  for	
  phenomenology.	
  	
  

	
  



Success	
  of	
  QFT	
  

•  Nature	
  is	
  well	
  described	
  by	
  QFT.	
  	
  
•  It	
  is	
  weakly	
  coupled	
  at	
  the	
  100’s	
  of	
  Gev’s	
  	
  and	
  
reasonably	
  understood.	
  	
  

•  What	
  is	
  leT	
  to	
  do?	
  	
  



Some	
  	
  problems	
  of	
  ``formal’’	
  QFT	
  
•  Develop	
  beLer	
  computaFonal	
  techniques.	
  	
  
•  Understand	
  QFT	
  in	
  general.	
  (MoFvaFon:	
  New	
  

fundamental	
  physics	
  and	
  condensed	
  maLer	
  theory.	
  
Condensed	
  maLer	
  can	
  give	
  us	
  lessons	
  à	
  recall	
  the	
  Higgs!)	
  

•  Strong	
  coupling	
  
•  Gauge	
  theories	
  and	
  strings.	
  	
  
•  Understand	
  CFT’s	
  (Fixed	
  points)	
  and	
  the	
  flows	
  
connecFng	
  them.	
  	
  

•  RelaFon	
  between	
  field	
  theory	
  and	
  quantum	
  
gravity	
  (AdS/CFT)	
  	
  

•  QFT	
  in	
  various	
  dimensions.	
  	
  
	
  



Beyond	
  QFT	
  

•  Quantum	
  gravity	
  and	
  string	
  theory.	
  
•  Quantum	
  aspects	
  of	
  black	
  holes.	
  	
  
•  Cosmology,	
  fundamentals	
  of	
  inflaFon,	
  
measure	
  problems,	
  iniFal	
  singularity,	
  quantum	
  
cosmology.	
  	
  



All	
  of	
  these	
  topics	
  have	
  mulFple	
  	
  
connecFons	
  with	
  each	
  other.	
  	
  



Supersymmetric	
  theories	
  
•  SFll	
  ?	
  
•  They	
  are	
  simpler	
  QFT’s,	
  and	
  more	
  solvable	
  (like	
  the	
  

mouse	
  is	
  a	
  model	
  for	
  a	
  human	
  in	
  biology).	
  	
  

•  We	
  can	
  do	
  exact	
  computaFons.	
  	
  

•  N=4	
  SYM.	
  	
  
•  N=2	
  SUSY	
  theories	
  
•  N=1	
  SUSY	
  theories	
  
•  N=0	
  …	
  	
  



Great	
  advances	
  in	
  calculaFonal	
  
techniques	
  	
  

•  Advances	
  in	
  compuFng	
  quanFFes	
  that	
  depend	
  on	
  the	
  
coupling.	
  	
  

•  1-­‐	
  Integrability	
  	
  (in	
  planar	
  N=4	
  SYM)	
  

•  2-­‐	
  Special	
  observables	
  in	
  SUSY	
  theories:	
  Sphere	
  parFFon	
  
funcFons,	
  circular	
  Wilson	
  loops,	
  etc.	
  	
  Full	
  path	
  integral	
  à	
  
finite	
  dimensional	
  integral	
  (localizaFon)	
  	
  

•  These	
  become	
  tools	
  to	
  explore	
  these	
  theories,	
  tesFng	
  
dualiFes,	
  etc.	
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Gromov,	
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N=4	
  SYM	
  

•  N=4	
  SYM	
  	
  =	
  Maximally	
  supersymmetric	
  
version	
  of	
  U(N)	
  QCD.	
  Gluons	
  +	
  fermions	
  +	
  
scalars	
  (all	
  in	
  the	
  adjoint).	
  

•  Planar	
  limit	
  	
  	
  	
  	
  N	
  à	
  ∞	
  ,	
  	
  	
  g2	
  N	
  =	
  fixed	
  .	
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1 Introduction

In this article we study some aspects of the cusp anomalous dimension of locally BPS Wilson

loops in N = 4 super Yang Mills. We consider the leading order expansion of Γcusp at small

angles,

Γcusp(φ) = −B(λ,N)φ2 + o(φ4) (1)

where we defined a function which we call the “Bremsstrahlung function”B. B is a function

of the coupling. We compute it exactly at all values of the coupling and for all N , by

relating it to a computation that uses supersymmetric localization [1–11]. We derive an

exact expression for B as

B = 1

2π2
λ∂λ log�W�� (2)

�W�� = 1

N
L1
N−1(− λ

4N
)e λ

8N , λ = g2YMN (3)

B = 1

4π2

√
λI2(√λ)
I1(√λ) + o(1�N

2) (4)

where L is the modified Laguerre polynomial and W� is the 1/2 BPS circular Wilson loop

computed in [1,10,11]. The last line gives the planar expression. The result is for the U(N)
theory. For SU(N) we simply subtract the U(1) contribution, BSU(N) = BU(N) − λ

16π2N2 .

2

λ = g2N

P = 2πBa2

Example:	
  	
  
	
  
Power	
  radiated	
  by	
  a	
  moving	
  quark	
  in	
  	
  N	
  =	
  4	
  SYM	
  	
  

Bessel	
  funcFons	
  



Large	
  N	
  gauge	
  theories	
  and	
  strings	
  
Gluon:	
  	
  	
  color	
  and	
  anF-­‐color	
  

	
  	
  
Closed	
  strings	
  	
  à	
  glueballs	
  
	
  

Take	
  N	
  colors	
  instead	
  of	
  3,	
  	
  SU(N)	
  

	
  	
  	
  Large	
  N	
  limit	
  
	
  t’	
  HooT	
  ‘74	
  

g2N	
  =	
  fixed,	
  	
  	
  	
  N	
  à	
  infinity	
  

String	
  coupling	
  ~	
  1/N	
  	
  



Integrability	
  in	
  the	
  gauge/string	
  theory	
  

•  Chains	
  of	
  gluons	
  à	
  strings	
  à	
  2d	
  theory	
  on	
  
the	
  string	
  is	
  integrable	
  (i.e.	
  solvable)	
  for	
  N=4	
  
SYM.	
  	
  

•  	
  (leads	
  to	
  interesFng	
  connecFons	
  to	
  previously	
  
studied	
  condensed	
  maLer	
  theories).	
  	
  

•  ComputaFon	
  of	
  anomalous	
  dimensions.	
  	
  

•  ComputaFon	
  of	
  scaLering	
  amplitudes	
  in	
  N=4	
  
SYM.	
  	
  



arXiv:0906.4240	
  

Gromov,	
  Kazakov,	
  Vieira.	
  	
  

O = Tr[φIφI ]

Simplest	
  lowest	
  dimensional	
  operator.	
  	
  (Twist	
  two	
  operator	
  at	
  weak	
  coupling	
  )	
  

strong	
  coupling	
  
Anomalous	
  
dimension	
  



The	
  gauge/gravity	
  duality	
  
•  Duality	
  between	
  strongly	
  coupled	
  field	
  theories	
  
and	
  gravity.	
  	
  

•  Gravity	
  in	
  AdS	
  of	
  other	
  spaceFmes	
  with	
  a	
  
boundary.	
  	
  

•  Field	
  theories	
  are	
  strongly	
  coupled	
  when	
  the	
  
gravity	
  approximaFon	
  is	
  correct.	
  	
  

•  Example:	
  	
  N=4	
  SYM	
  and	
  	
  	
  AdS5	
  x	
  S5	
  



Gauge/gravity	
  duality	
  and	
  strongly	
  
coupled	
  systems.	
  	
  

•  Using	
  the	
  duality	
  to	
  perform	
  computaFons	
  in	
  
strongly	
  coupled	
  systems.	
  	
  

•  Black	
  holes	
  and	
  thermal	
  systems	
  
•  Quark	
  gluon	
  plasma	
  	
  η/s	
  =	
  1/4π	
  
•  High	
  Tc	
  superconductors	
  
•  Cold	
  atoms.	
  	
  

•  Fermi	
  surfaces	
  and	
  black	
  holes	
  with	
  an	
  AdS2	
  
region.	
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  Greevy,	
  Vegh,	
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  Sachdev,…	
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  Kovtun,	
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Amplitudes	
  

•  BCFW	
  recursion	
  relaFons	
  à	
  fast	
  way	
  to	
  
compute	
  tree	
  amplitudes	
  	
  (and	
  loop	
  
integrands).	
  	
  

•  Amplitude/	
  Wilson	
  loop	
  connecFon.	
  	
  
•  Simpler	
  computaFon	
  of	
  amplitude.	
  	
  
•  Use	
  a	
  lot	
  of	
  fun	
  mathemaFcal	
  techniques,	
  
twistors,	
  algebraic	
  geometry,	
  etc.	
  	
  

WiLen,	
  BriLo,	
  	
  Cachazo,	
  
Feng,	
  	
  	
  
Arkani	
  Hamed,	
  et	
  al.	
  	
  …	
  	
  
	
  
Bern,	
  Dixon,	
  Kosower,	
  …	
  



k1k2

kn Momenta	
  define	
  a	
  polygon.	
  	
  
	
  
Can	
  define	
  a	
  Wilson	
  loop	
  with	
  this	
  contour	
  

6	
  point,	
  two	
  loop	
  amplitudes:	
  	
  	
  	
  	
  
	
  
	
  
	
  Very	
  complicated	
  computer	
  expression	
  	
  	
  
	
  
	
  	
  
AnalyFc	
  expression	
  (6	
  pages)	
  	
  
	
  
	
  
	
  
2	
  lines.	
  	
  

Amplitude/Wilson	
  loop	
  connecFon	
  

Symbology…	
  

Bern,	
  Dixon,	
  Kosower,	
  Roiban,	
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  Vergu,	
  Volovich	
  	
  

Drummond,	
  Henn,	
  Korchemsky,	
  Sokatchev	
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  Dhur,	
  Smirnov	
  

Goncharov,	
  Spardlin,	
  Vergu,	
  Volovich	
  



Figure 1: The polygon is specified at the AdS boundary by the positions of the cusps xi.
These positions are related to an ordered sequence of momenta ki by ki = xi−xi−1. The two
dimensional minimal surface streches in the AdS bulk and ends on the polygonal contour at
the boundary.

2 The classical sigma model and Hitchin equations

The classical AdS5 sigma model is integrable. This can be shown by exhibiting a one pa-
rameter family of flat connections. For our problem, it will be convenient to choose this
one parameter family in a special way which will simplify its asymptotic behavior on the
worldsheet. In fact, to make this choice we will make use of the Virasoro constraints of the
theory. This has been explained in detail in previous papers [18, 19, 20, 21, 22, 24]. Instead
of repeating the whole discussion, we will present a slightly more abstract and algebraic
version here.

2.1 General integrable theories and Hitchin equations

Let us assume that we have a coset space G/H. Let us assume that the Lie algebra G

has a Z2 symmetry that ensures integrability. In other words, imagine that the Lie algebra
has the decomposition G = H + K so that H is left invariant under the action of the Z2

generator while elements in K are sent to minus themselves. We then write the G invariant
currents J = g

−1
dg. This is a flat current dJ + J ∧ J = 0. We can decompose J in terms its

components along H and K as

J = g
−1
dg = H +K (1)

When we gauge the sigma model we add a gauge field along H, and we can do local H
gauge transformations. The equations of motion of the system can be written in terms of

5

Amplitudes	
  at	
  strong	
  coupling	
  à	
  Area	
  of	
  minimal	
  area	
  surfaces	
  in	
  AdS	
  

Alday,	
  JM	
  



Constraining	
  	
  renormalizaFon	
  group	
  	
  
flows	
  between	
  Conformal	
  Field	
  Theories	
  

CFT	
  

CFT	
  

CFT	
  



	
  c,	
  f,	
  a	
  	
  are	
  quanFFes	
  that	
  decrease	
  along	
  renormalizaFon	
  group	
  	
  
Flows	
  in	
  	
  	
  d=2,3,4	
  dimensions.	
  	
  
	
  
	
  

Tµ
µ = cR

Tµ
µ = aE = a(R2

µνρσ + · · · )

f = − logZS3

logZS2 ∼ c logΛ

logZS4 ∼ a logΛ



c,	
  a	
  and	
  f	
  theorems	
  
•  They	
  decrease	
  along	
  the	
  renormalizaFon	
  group	
  flow.	
  	
  
•  This	
  puts	
  some	
  order	
  in	
  the	
  space	
  of	
  QFT’s.	
  	
  
•  General	
  statements,	
  no	
  susy	
  required.	
  	
  

•  c	
  :	
  in	
  2d	
  	
  à	
  proof	
  using	
  stress	
  tensor	
  ward	
  idenFFes.	
  
Newer	
  proof	
  using	
  entanglement	
  entropy.	
  	
  

•  	
  a:	
  in	
  4d	
  à	
  proof	
  using	
  anomaly	
  matching	
  argument	
  
for	
  the	
  conformal	
  anomaly	
  +	
  unitarity.	
  	
  

•  f:	
  In	
  3d	
  à	
  argument	
  using	
  entanglement.	
  	
  

Komargodski,	
  Schwimmer	
  

Casini,	
  Huerta	
  

Zamolodchikov	
  
Casini,	
  Huerta	
  



Entanglement	
  

•  The	
  vacuum	
  in	
  QFT	
  is	
  highly	
  entangled.	
  	
  

|Ψ� ∼ |+�1|−�2 + |−�1|+�2

A	
  B	
  
ρA = TrHB [|0��0|]
SA = −Tr[ρA log ρA]

Bombelli,	
  Koul,	
  	
  Lee,	
  Sorkin	
  
Shredniki	
  

H = HA ×HB



	
  
•  Now:	
  	
  	
  In	
  3d:	
  Entanglement	
  of	
  a	
  circular	
  region	
  
=	
  sphere	
  parFFon	
  funcFon.	
  	
  

•  Theories	
  with	
  AdS	
  duals	
  à	
  Geometric	
  
computaFon	
  in	
  terms	
  of	
  a	
  minimal	
  surface	
  in	
  
the	
  bulk.	
  	
  

S =
R

�
+ Finite

In	
  2	
  +1	
  dimensions,	
  for	
  a	
  circular	
  region:	
  	
  

Casini,	
  Huerta,	
  Myers	
  

Ryu,	
  Takayanagi	
  

A	
  
Radial	
  AdS	
  direcFon	
  



Black	
  holes	
  

•  Precision	
  counFng	
  of	
  the	
  microstates	
  of	
  black	
  
holes.	
  ConnecFons	
  with	
  mathemaFcs.	
  Wall	
  
crossingà	
  bound	
  states	
  coming	
  in	
  an	
  out.	
  	
  	
  	
  

•  Black	
  hole	
  informaFon	
  problem.	
  	
  
•  	
  How	
  the	
  black	
  hole	
  interior	
  is	
  realized	
  ?	
  	
  

•  Black	
  holes	
  have	
  been	
  a	
  source	
  of	
  informaFon!!	
  
•  And	
  they	
  will	
  probably	
  conFnue	
  to	
  be…	
  	
  

Sen,	
  et	
  al	
  

Almeheri,	
  Marolf,	
  	
  
Polchinski,	
  Sully	
  



Conclusions	
  
•  Many	
  interesFng	
  direcFons	
  

•  Long	
  standing	
  problems	
  are	
  being	
  solved	
  

•  Great	
  increase	
  in	
  calculaFonal	
  ability	
  for	
  special	
  theories.	
  

•  Greater	
  understanding	
  of	
  various	
  dualiFes	
  and	
  relaFons	
  
between	
  theories.	
  	
  

•  InteresFng	
  interplay	
  between	
  gravity,	
  quantum	
  field	
  
theory,	
  quantum	
  informaFon,	
  etc.	
  	
  



Thank	
  you	
  


