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Figure 4: a) Lateral escape of e+, b) Cutoff energy of e+e- flow, (theory and simulations).

Figure 1: a) Setup: electron-laser scattering at 90 degrees produces an e+e- flow; b) Parallel momentum 
as a function of time for interaction with a plane wave and a focused laser: a0=600, g0=100.
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Motivation & setup

To study the self-consistent dynamics of electron-positron plasmas in the lab, one needs to 
create flows with approximately equal number of electrons and positrons. Here we propose a 
configuration that allows to both create and accelerate an electron-positron beam. 

How to obtain multi-GeV e+e- flows: 
๏  LWFA electrons collide with the laser at 90 deg; pairs are produced in the peak field region
๏  e+e- beam is accelerated by the laser in vacuum
๏  laser defocuses leaving some particles accelerated.

Figure 2: Correction to the plane wave acceleration 
energy as a function of the Rayleigh range. 

Theoretical model for energy cutoff

To estimate the effect of the defocusing on the maximum attainable particle energy, we have 
performed a series of test particle simulations for particles born exactly in the center of the 
laser.  We found that the energy correction due to defocusing depends on the ratio of the 
Rayleigh range and plane wave acceleration length.

plane wave

Figure 3: a) Positron 2D momentum space in the plane of initial e- propagation; b) Spectra of e+ and e-; 
c)  3D momentum space for a0=600;  d) Spatial distribution of e+ and e-. 

2D QED-PIC simulations Energy cutoff prediction agrees with 3D OSIRIS sim.

Conclusions

With the new generation of lasers, we can generate and accelerate e+e- beams
๏Vacuum laser acceleration is possible due to the pulse defocusing.
๏We can compute the expected beam energy cutoff analytically.
๏By applying an appropriate aperture,  one can collect a neutral e+e- flow.

For a 1 GeV initial e- beam, and w0=3 um, we can make nearly as many pairs as initial e- for a0=1000.
๏Longer laser duration yields a higher number of pairs. 
๏A 150 fs laser to be available at ELI Beamlines is less sensitive with respect to temporal synchronisation than 30 fs lasers. 

Eprint

1000
0

-1000
20000150001000050000

1000
0

-1000

1000
0

-1000

1000
0

-1000
1000

800

600

4003D cutoff

PW cutoff

 # of particles [arb. u.]
10-4 10-3 10-2 10-1 10 0

p || [ mc ]

p 
pe

rp
 [ 

m
c 

]

a 
0

0.0

1.0

100 101 102 103 10410-110-210-310-4

RL / lpwa

0.5

1.5

0.5

0.5 1.0
0.0

0.0
RL / lpwa

  /
   

 m
ax   /

   
 m

ax

W0 = 10 μm, no RR
W0 = 10 μm, RR
W0 = 5 μm, no RR
W0 = 5 μm, RR
W0 = 3 μm, no RR
W0 = 3 μm, RR

N
 ( 

e+
e-

 ) 
 / 

 N
0 (

 e
- )

1.0

0.8

0.6

0.4

0.2

0.0

Time [ω 0
-1]

250200150100500

0.20

0.15

0.10

0.05

0.00

Time [ ω 0
-1]

250200150100500

150 fs
  30 fs
  15 fs

in focus

4 μm away

N
 ( 

e+
e-

 ) 
 / 

 N
0 (

 e
- )

a0 = 600

a0 = 800

a0 = 1000

a0 = 400

a0 = 600

a) b)

C
ut

to
f e

ne
rg

y 
[ G

eV
 ]

30

20

10

0
12008004000

a
0
 

10000

3D, W
0
 = 10 μm 

3D, W
0
 = 5 μm 

3D, W
0
 = 3.2 μm 

p II [
 m

e c
]

12 000

10 000

8 000

6 000

4 000

2 000

0

t [ 1/ω 0 ]
2000150010005000

Plane wave, no RR
Focused laser pulse, no RR
Focused laser pulse, with RR

  #
 o

f p
ar

tic
le

s 
[ a

rb
. u

. ]

100

a0 = 600
a0 = 800

a0 = 1000

a0 = 400

10-6

10-1

10-5

10-4

10-3

10-2

e+

e-

    [ GeV ]
108520 1 3 4 6 7 9

a) b)

c)a) b)

a) b)

# 
of

 p
ar

tic
le

s 
[a

.u
.]

1.0

0.8

0.6

0.4

0.2

0.0
40200-20-40

x [ μm ]

b)

e+

e-

Figure 5: a) Number of pairs generated divided by the number of initial electrons; b) Effect of pulse 
duration and non-perfect spatiotemporal synchronisation on the number of generated e+e- pairs. 
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Figure 4: a) Lateral escape of e+, b) Cutoff energy of e+e- flow, (theory and simulations).

Figure 1: a) Setup: electron-laser scattering at 90 degrees produces an e+e- flow; b) Parallel momentum 
as a function of time for interaction with a plane wave and a focused laser: a0=600, g0=100.
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Theoretical model for energy cutoff

To estimate the effect of the defocusing on the maximum attainable particle energy, we have 
performed a series of test particle simulations for particles born exactly in the center of the 
laser.  We found that the energy correction due to defocusing depends on the ratio of the 
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plane wave

Figure 3: a) Positron 2D momentum space in the plane of initial e- propagation; b) Spectra of e+ and e-; 
c)  3D momentum space for a0=600;  d) Spatial distribution of e+ and e-. 

2D QED-PIC simulations Energy cutoff prediction agrees with 3D OSIRIS sim.

Conclusions

With the new generation of lasers, we can generate and accelerate e+e- beams
๏Vacuum laser acceleration is possible due to the pulse defocusing.
๏We can compute the expected beam energy cutoff analytically.
๏By applying an appropriate aperture,  one can collect a neutral e+e- flow.

For a 1 GeV initial e- beam, and w0=3 um, we can make nearly as many pairs as initial e- for a0=1000.
๏Longer laser duration yields a higher number of pairs. 
๏A 150 fs laser to be available at ELI Beamlines is less sensitive with respect to temporal synchronisation than 30 fs lasers. 
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Figure 5: a) Number of pairs generated divided by the number of initial electrons; b) Effect of pulse 
duration and non-perfect spatiotemporal synchronisation on the number of generated e+e- pairs. 
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Figure 4: a) Lateral escape of e+, b) Cutoff energy of e+e- flow, (theory and simulations).

Figure 1: a) Setup: electron-laser scattering at 90 degrees produces an e+e- flow; b) Parallel momentum 
as a function of time for interaction with a plane wave and a focused laser: a0=600, g0=100.
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Theoretical model for energy cutoff

To estimate the effect of the defocusing on the maximum attainable particle energy, we have 
performed a series of test particle simulations for particles born exactly in the center of the 
laser.  We found that the energy correction due to defocusing depends on the ratio of the 
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Figure 3: a) Positron 2D momentum space in the plane of initial e- propagation; b) Spectra of e+ and e-; 
c)  3D momentum space for a0=600;  d) Spatial distribution of e+ and e-. 

2D QED-PIC simulations Energy cutoff prediction agrees with 3D OSIRIS sim.

Conclusions

With the new generation of lasers, we can generate and accelerate e+e- beams
๏Vacuum laser acceleration is possible due to the pulse defocusing.
๏We can compute the expected beam energy cutoff analytically.
๏By applying an appropriate aperture,  one can collect a neutral e+e- flow.

For a 1 GeV initial e- beam, and w0=3 um, we can make nearly as many pairs as initial e- for a0=1000.
๏Longer laser duration yields a higher number of pairs. 
๏A 150 fs laser to be available at ELI Beamlines is less sensitive with respect to temporal synchronisation than 30 fs lasers. 
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Figure 5: a) Number of pairs generated divided by the number of initial electrons; b) Effect of pulse 
duration and non-perfect spatiotemporal synchronisation on the number of generated e+e- pairs. 
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 What happens in a plasma in the presence of extreme fields? 

Marija Vranic | 2019 ATF Science Planning Workshop | BNL, October 16, 2019 

‣ relativistic particles

‣ radiation reaction 

‣ hard photon emission

‣ radiative trapping

‣ e+e- pair production

‣ QED cascades 

‣ EM field depletion by self-created plasma



Facilities and orders of magnitude…

 Ultra intense Laser Facilities  Which intensity?

Apollon 2 lasers 
10 PW (150 J) 

1 PW (15 J)

ELI 
beamlines : 3 lasers

2 ×1 PW and 10 PW (1kJ)

NP: 10 PW and  𝛾-ray beam

CoReLS 
1 laser of 4 PW (100 J)

Pulse duration : 20-150 fs
Focal width ~ μm
Intensity ~1021 - 1024 W/cm2

Extreme acceleration regime

a0 =
eE0

m!c

a0 ⇠ 1 I ⇠ 1018W/cm2

a0 ⌧ 1 I ⌧ 1018W/cm2

a0 ⇠ 1000 I ⇠ 1024W/cm2

a0 ⇠ 10 I ⇠ 1020W/cm2

a0 ⇠
q

I[1018 W/cm2]�2
[µm]

‣ non relativistic 

‣ weakly nonlinear, relativistic 

‣ relativistic, nonlinear  

‣ quantum

classical nonlinear parameter 

a0 ⇠ 1 I ⇠ 1018W/cm2

a0 ⌧ 1 I ⌧ 1018W/cm2

a0 ⇠ 1000 I ⇠ 1024W/cm2

a0 ⇠ 10 I ⇠ 1020W/cm2

Marija Vranic | 2019 ATF Science Planning Workshop | BNL, October 16, 2019 



specifically, the layer comprised a core associated with the
highest plasma density where the original standing wave is
severely depleted and a surrounding area with near critical
density where portions of progressive and standing waves
(due to reflection) still exist. We show in Fig. 6 the momen-
tum phase space of the electrons around the absorption
zone for a0 ¼ 1000 and a0 ¼ 2000. One notices the strong

correlation between the typical pattern observed in the mo-
mentum phase space and in the radiation map which is due
to the beaming effect of the radiation coming from ultra
relativistic particles. The additional cross pattern seen in
Fig. 6 for a0 ¼ 2000 is the signature of the copious amount
of pairs quivering in the portions of progressive waves
which also lead to the emission of energetic photons. The

FIG. 5. Angular distribution of the emitted radiation. 3D photon radiation maps from 3D simulations for (a) a0 ¼ 1000 and (b) a0 ¼ 2000 at t ¼ 85 x"1
0 . The

radius from the centre of the box and colour are proportional to the amount of energy radiated per unit solid angle. (c)–(h) Polar radiation maps from 2D simu-
lations, all collected at t ¼ 90 x"1

0 . Radius is proportional to the amount of energy radiated per unit azimuthal angle. Dark blue line corresponds to the photons
above 2 MeV, while red is for the photons above 100 MeV.
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through Compton scattering. Recent milestone all-optical experiments scattered electrons with lasers at 180 
degrees, and demonstrated the potential of the state-of-the-art laser technology to generate x-rays and γ-rays23–27. 
A recent review on laser-wakefield acceleration-based light sources can be found in ref.28 and the most recent 
results on multiphoton Thompson scattering in ref.29. All these experiments were performed below the radiation 
reaction dominated regime, because the overall energy radiated by the interacting electrons was small compared 
with the initial electron energy. More recent experiments show first evidence of electron slowdown30,31 on the 
order consistent with the classical radiation reaction predictions for scattering an electron bunch and a laser 
pulse32. By using more intense laser pulses (I 10 W/cm22 2∼ ) or more energetic electron beams, we will soon be 
able to convert a large fraction of the electron energy into radiation and access the regime of quantum radiation 
reaction33–40. This is expected in the next few years, as 4 GeV electron beams have already been obtained using a 
16 J laser41 and the next generation of facilities is aiming to achieve laser intensities I > 1023 W/cm2. In such 
extreme conditions, the energetic photons produced in the scattering can decay into electron-positron pairs42.

Here we propose a configuration that allows to both create and accelerate an electron-positron beam. An 
intense laser interacts with a relativistic electron beam at 90 degrees of incidence (setup is illustrated in Fig. 1). 
The pair production efficiency here is slightly lower than in a head-on collision. However, in a head-on collision 
the energy cutoff of the electron-positron beam is limited to the initial energy of the interacting electrons, while 
at 90 degrees this is not the case. At 90 degrees of incidence, if generated with a low energy, new particles can 
be trapped and accelerated in the laser propagation direction. If the created particles are very energetic, they 
continue emitting hard photons to further feed the pair creation. Once their energy is low enough to be trapped, 
they rapidly develop a momentum component parallel to the laser propagation direction that supresses the quan-
tum interaction. The creation and the acceleration phase are therefore decoupled. Due to the laser defocusing, 
the trapped particles remain in the laser field only a fraction of a full oscillation cycle. This limits the maximum 
energy they can attain, but allows for a net energy transfer in vacuum that would otherwise be impossible. We 
have developed a predictive analytical model for the energy cutoff of the electron-positron flow generated in the 
electron-laser scattering. Our theory is supported by full-scale 2D and 3D particle-in-cell (PIC) simulations, 
where the quantum processes are modelled via an additional Monte-Carlo module. We show that this setup pro-
duces a neutral electron-positron flow that can reach multi-GeV energies. The flow has a divergence of about ~30 
mrad. A distinguishing aspect of this scheme is to produce at extreme intensities an equal number of electrons 
and positrons that can be separated from the initial electron beam. The original electrons are, in fact, reflected 
before entering the region of the highest laser intensity where most pairs are created. As a result, the pairs and the 
earlier reflected electrons move in slightly different directions and can be collected separately.

Results
Pair generation and quantum parameters. Laser intensity, electron energy and their relative angle of 
incidence determine whether classical or quantum processes dominate the laser-electron interaction. One way to 
quantitatively distinguish between the two regimes is through a Lorentz-invariant dimensionless parameter χe, 
that is formally defined as43

χ = µ
µνp F E mc( ) /( ) (1)e c

2

Here, Ec = m2c3/(ħc) is the critical field of electrodynamics that can perform a work of mc2 over the Compton 
length (and can spontaneously create electron-positron pairs in vacuum), Fµν is the electromagnetic tensor, m, pµ 

Figure 1. Setup. (a) Perpendicularly moving electron beam interacts with the laser at the focus and creates 
new pairs; (b) Some electrons and positrons obtain a momentum component parallel to the laser propagation 
direction and start getting accelerated; (c) The laser defocuses shutting down the interaction; this leaves the 
particles with the net energy gain from the laser. (d) A fraction of the accelerated electrons and positrons 
distributed within the momentum space.
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where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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FIG. 1. a) Illustration of a beam-beam collider for probing the fully nonperturbative QED regime. b) 3D OSIRIS-QED
simulation of the collision of two spherical 10 nm electron beams with 125GeV energy (blue). The fully nonperturbative QED
regime ↵�2/3 � 1 is experienced by 38% of the colliding particles (red). The interaction produces two dense gamma-ray beams
with 0.2 photons with E

�

� 2mc2 per primary electron (yellow).

tron/positron mass and thus the e↵ective QED critical
field. As a result, one expects that radiation and pair
production are attenuated with respect to the perturba-
tive predictions. Our simulations show that corrections
on the order of 20� 30% are to be expected (see below).
Correspondingly, nonperturbative e↵ects should be ob-
servable with a 100GeV-class particle collider.

The breakdown of perturbation theory in the regime
↵�2/3 & 1 has an intuitive explanation. In vacuum, the
characteristic scales of QED are determined by the elec-
tron/positron mass m. In the presence of a background
field, however, the fundamental properties of electrons,
positrons, and photons are modified by quantum fluctu-
ations (Fig. 2). Figuratively speaking, the quantum vac-
uum is not empty but filled with virtual electron-positron
pairs. A strong electromagnetic field polarizes/ionizes
the vacuum, which therefore behaves like an electron-
positron pair plasma. As a result, the “plasma frequency
of the vacuum” changes the photon dispersion relation,
implying that a photon acquires an e↵ective mass m

�

(�),
see Supplemental Material. The appearance of a photon
mass induces qualitatively new phenomena like vacuum
birefringence and dichroism [27–30]. Perturbation the-
ory is expected to break down in the regime m

�

(�) & m,
where modifications due to quantum fluctuations become
of the same order as the leading-order tree-level result
(Fig. 2).

In order to provide an intuitive understanding for the
scaling of m

�

(�), a photon with energy ~!
�

� mc2

is considered, which propagates through a perpendic-
ular electric field with magnitude E in the laboratory
frame. The � associated with this photon is � ⇠ �E/Ecr,
where � = ~!

�

/(mc2) can be interpreted as a gener-
alized Lorentz gamma factor. As the polarization of
the quantum vacuum requires at least two interactions
(Fig. 2), it is expected that m2

�

(�) ⇠ ↵M2 (the plasma
frequency of a medium exhibits the same scaling in ↵).
Here, M ⇠ eE�t/c denotes the characteristic mass scale
induced by the background field and �t represents the

P

m2
=

⇠↵�2/3

Narozhny
1968

+

⇠↵2�2/3log�
Morozov
1977

+

⇠↵3�log2�
Narozhny

1980

+

⇠↵n�(2n�3)/3

conjecture

+ · · ·

M

m
=

⇠↵�2/3

Ritus
1970

+

⇠↵2� log�
Ritus
1972

+

⇠↵3�5/3
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+ · · ·

FIG. 2. Dressed loop expansion of the polarization operator
P (top row) and mass operatorM (bottom row). Wiggly lines
denote photons and double lines dressed electron/positron
propagators [2]. According to the Ritus-Narozhny conjecture,
the diagrams shown represent the dominant contribution at
n-loop and ↵�2/3 is the true expansion parameter of strong-
field QED in the regime � � 1 [23–25].

characteristic lifetime of a virtual pair.

The scaling of �t is determined by the Heisenberg un-
certainty principle �t�✏ ⇠ ~, where �✏ = ✏�+ ✏+� ✏

�

quantifies energy non-conservation at the pair production
vertex. Here, ✏� ⇡ ✏+ =

p
(pc)2 +m2c4 + (eE�tc)2 ⇡

pc + (eE�tc)2/(2pc) are the electron/positron energies
and ✏

�

= p
�

c is the energy of the gamma photon (electron
and positron have the same initial momentum p = p

�

/2
at threshold). Assuming, � � 1 and thus eE�t � mc
(momentum acquired by the charges in the background
field E), we find �✏ ⇠ (eE�tc)2/(~!

�

)2. Notably, the
resulting field-induced mass scale M ⇠ eE�t/c ⇠ m�1/3

is independent of m (note that � ⇠ m�3). This sug-
gests a new regime of light-matter interaction, where
the characteristic scales of the theory are determined by
the background field (M � m). The scaling m2

�

(�) ⇠
↵M2 ⇠ ↵�2/3m2 in the regime � � 1 implies m

�

& m if
↵�2/3 & 1 and thus a breakdown of perturbation theory
at the conjectured scale [23–25]. The same scaling is also
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction    
‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Marija Vranic | 2019 ATF Science Planning Workshop | BNL, October 16, 2019 
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where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction    
‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Adding quantum processes

‣ Modelling the onset of QED, RR from quantum perspective

‣ Modelling e+e- pair production

‣ QED cascades, nonlinear regimes where many particles are created and 
collective plasma dynamics can alter the background fields

M. Vranic et al, NJP (2016);  T. Grismayer et al,  POP (2016); T. Grismayer et al, PRE (2017); 
J. L. Martins et al, PPCF (2016); M. Vranic et al, PPCF (2017); M. Vranic et al, SciRep (2018); 
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where ES ¼ m2c3=e!h and with ~u ¼ ~p=mc. It should be
emphasised that radiation reaction in intense fields modifies
the orbits of particles43 and can lead to anomalous radiative
trapping44 which we omit in our following analysis but
which is self-consistently included in our simulations.

Setup 1 (lp-lp) consists of two linearly polarised lasers
where the phase and polarisation are defined by

~a6 ¼ ð0;6a0 sinðk0x7x0tÞ; 0Þ; (2)

where the indices “þ” and “%,” respectively, denote a wave
propagating in the positive and in the negative x direction.
a0 ¼ eE0=mx0c is the Lorentz-invariant parameter, related

to the intensity I by a0 ¼ 0:85ðIk2
0=1018 W cm%2Þ1=2, and E0

is the peak electric field strength. This results in a standing
wave where Ey ¼ 2a0 cosðk0xÞ sinðx0tÞ;Bz ¼ %2a0 sinðk0xÞ
cosðx0tÞ and where the fields amplitude are expressed in
units of mx0c=e. The dynamics of the particles is determined
by the electric or magnetic field depending on the phase
within the temporal cycle.35,43 The electric field accelerates
the pairs in the y direction, while the magnetic field Bz can
rotate them and produce px ensuring a perpendicular momen-

tum component to both ~E and ~B. The rise in px gradually
increases ve until a photon is radiated. The most probable
locations to create pairs or hard photons are precisely k0=4
and 3k0=4.43 For a particle born at rest, ve oscillates approxi-
matively twice per laser period with a maximum on the order

of 2a2
0=aS, where aS ¼ mc2=!hx0 is the normalised Schwinger

field.7 The cascade develops mostly around the bunching loca-
tions and is characterised by a growth rate that possesses an
oscillating component at 2x0.

Setup 2 (cw-cp) is formed by a clockwise and a counter-
clockwise polarised laser

~a6 ¼ ð0; a0 cosðx0t6k0xÞ;6a0 sinðx0t6k0xÞÞ; (3)

where a0 ’ 0:6ðIk2
0=1018 W cm%2Þ1=2. The components Ey

and Bz are anew the same but Ez ¼ 2a0 sinðk0xÞ sinðx0tÞ;
By ¼ %2a0 cosðk0xÞ cosðx0tÞ. This setup consists of a rotat-

ing field structure, and the dynamics of the particles has been
already studied.18,22,31 The advantage lies in the direction of
the fields that is constantly changing, and the particles are

not required to move in x to enter a region where ~E and ~B
are perpendicular to their momentum. The particle accelera-
tion is stronger in the regions of high electric field, so the
highest electron momenta are obtained where the electric

field is maximum. This then leads to higher ve, and the cas-
cade develops in the region of strong electric field (precisely
in the node B¼ 018) producing a plasma wheel as shown in
Fig. 1. At this particular position, the parameter ve can reach

a maximal value of 2a2
0=aS.31

From the description of the two configurations, the setup
1 can produce the highest values of ve (ve > 2a2

0=aS) but
only for particles born in a specific phase of the standing
wave. The majority of the particles are sloshing back and
forth between the electric and magnetic zone which results
in lower average ve in comparison with setup 2. The effi-
ciency of the cascade setups can be more accurately assessed
by calculating its growth rate C.

B. Theoretical models

1. Circular polarization

The case of a uniform rotating electric field constitutes a
good approximation of the standing wave field produced in
the setup 2.18 The advantage of this setup is that the cascade
develops mostly in one spot x ¼ p=2, which allows us to
assume a time-dependent field. It has been shown41 that the
equation governing the time evolution of the number of pairs
growing in the cascade is

dnp

dt
¼ 2

ðt

0

dt0
ð

dvcnp t0ð Þ d2P

dt0dvc
Wpe%Wp t%t0ð Þ; (4)

where the pairs follow a fluid-like behaviour which can be
described through an average energy !c and an average quan-
tum parameter ve . The differential probability rate for photon

emission d2P=dt0dvc depends thus on !c; !ve, and vc. The pho-

ton decay rate (or the pair emission probability rate) can be
considered as constant which permits us to write Wp ¼ Wp

ðvc; !cÞ with !c ¼ !cvc=!ve. Eq. (4) can be solved using the

Laplace transform, and calculating the growth rate corre-
sponds to solving the zeros

s% 2

ðve

0

dvc

d2P

dt0dvc
Wp

sþWp
¼ 0: (5)

In the limit !ve & 1, the pair creation probability can be

approximated by11,27 Wp ’ ð3p=50Þða=scÞe%8=3vcvc=!c and

d2P=dtdvc ’
ffiffiffiffiffiffiffiffiffiffi
2=3p

p
ða=scÞe%d=ðd1=2!ve!c) with d ¼ 2vc=ð3!ve

ð!ve % vcÞÞ; sc ¼ !h=mc2 and a ¼ e2=!hc. We start from an

FIG. 1. Side view and front view of the
development of a QED cascade in 3D.
The magnitude of the electric field result-
ing from the beating of the two laser
pulses is represented by the coloured bar.
The curved lines with arrows represent
the electric field lines. The electrons,
positrons, and photons are, respectively,
displayed in red, green, and yellow. The
particles shown only represent a small
fraction of the particles of the simulation.

056706-3 Grismayer et al. Phys. Plasmas 23, 056706 (2016)
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy

M. Vranic et al., PRL (2014);  M. Vranic et al., CPC (2016); M. Vranic et al, PPCF (2018)

Adding classical radiation reaction    
‣ Modelling electron beam slowdown in scattering configurations

‣ Modelling other configurations where only a fraction of electrons may be 
subject to RR but where this can alter qualitative behaviour

Adding quantum processes

‣ Modelling the onset of QED, RR from quantum perspective

‣ Modelling e+e- pair production

‣ QED cascades, nonlinear regimes where many particles are created and 
collective plasma dynamics can alter the background fields

Adding performance improvements (particle merging, advanced 
load balancing schemes)

‣ Essential for all the projects with strong QED effects

M. Vranic et al, NJP (2016);  T. Grismayer et al,  POP (2016); T. Grismayer et al, PRE (2017); 
J. L. Martins et al, PPCF (2016); M. Vranic et al, PPCF (2017); M. Vranic et al, SciRep (2018); 

M. Vranic et al., CPC (2015)
Marija Vranic | 2019 ATF Science Planning Workshop | BNL, October 16, 2019 



Marija Vranic | SPIE Optics+Optoelectronics, Prague | April 14th, 2015 

QED PIC loop in OSIRIS

E.N Nerush et al. PRL (2011), C. P. Ridgers et al. , PRL. (2012), N.V. Elkina et al. PRSTAB (2011),  
A. Gonoskov et al., PRE (2015), T. Grismayer et al., POP (2016), T. Grismayer et al., PRE (2017)
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2  (for a laser with 1 μm wavelength, and 30 fs duration)  

M. Vranic et al., PRL 113, 134801 (2014)
M. Vranic et al., CPC 204, 141-157 (2016)
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All-optical acceleration and “optical wiggler"
~ 40% energy loss for a 1 GeV beam at 1021 W/cm2  (for a laser with 1 μm wavelength, and 30 fs duration)  

M. Vranic et al., PRL 113, 134801 (2014)
M. Vranic et al., CPC 204, 141-157 (2016)

Accelerated 
electrons

X-ray 
detector

LWFA in bubble 
regime

Second laser
I ~ 1021 W/cm2 

Setup
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Initial e- spectrum

I ~ 4x1021 W/cm2 

I ~ 1021 W/cm2 

The electrons lose energy in the emission
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How much energy can be converted to photons in a
laser - electron beam scattering?
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How much energy can be converted to photons in a
laser - electron beam scattering?
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How much energy can be converted to photons in a
laser - electron beam scattering?
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QED radiation and radiation reaction
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• Determine the evolution of single electron state in background field + radiation field
        
• How do we connect the physical picture of classical and QED RR?
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QED: probability of emitting a photon per unit of time per 

in strong field, particle emits QED synchrotron-like spectrum
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Emitted radiation with quantum corrections
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 Weakly quantum interaction between 5 GeV electrons and CO2 laser
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configuration, therefore, corresponds to the strongest radiation reac-
tion or losing a largest fraction of the electron energy. The energy con-
verted to photons is then approximately

nrad mc2½ " ’ kc20
1þ kc0

: (4)

Note that the electron beam energy bandwidth is bound to rise
due to stochasticity in the quantum regime ve ! 1.11,12 But the high-
energy electrons, on average, radiate more than low-energy electrons.
This tends to reduce the energy bandwidth, even in the quantum
regime of interaction. The electron distribution function either spreads
or shrinks depending on the local conditions. In the limit where the
scattering is still Thompson in the electron rest frame, one can derive
an expression for an instantaneous “turning point.”16 If the standard
deviation of the electron energy distribution function r is larger than
rT, then the electron distribution function shrinks. For r < rT, sto-
chasticity dominates and the bandwidth of the electron energy distri-
bution rises. The value of rT is given by16

rT mc2½ " ’ 1:4$ 10%2 c3=2T I1=422 ; (5)

where cT is the average value of the instantaneous electron Lorentz
factor. The validity of Eqs. (2) and (5) can be extended to the regime
where ve & 1 by adding a correction for the electron Gaunt factor.17,18

However, the final expression then becomes more complex, and our
aim here is to keep the scaling laws as simple as possible. The simplic-
ity allows us to estimate an asymptotic energy spread16 as a function
of the initial electron energy c0 and the laser intensity and duration

rF mc2½ " " 1:5$ 10%4I1=222 c30
1þ 6:1$ 10%5c0 I22 s0 fs½ "
! "3

 !1=2

: (6)

Equation (6) is useful for planning experiments because it allows for a
quick estimate of the expected final width of the electron energy

distribution function. One can also predict the final divergence of the
beam. Let us define the divergence as the average deflection angle hF
from the main axis of beam propagation. In this case, one can estimate
this value as

hF ’
ffiffiffi
2
p

r
a0
c2F

rF : (7)

Comparisons of Eq. (7) with QED-PIC simulations are given in Fig. 2.
The blue dashed line represents the hF obtained using values of cF and
rF, Eqs. (2) and (6). The red line represents the values obtained with
Eq. (7), but using rF and cF measured in the simulation. The electron
beam initial energy was 0.85GeV, and it interacted with a circularly
polarized laser of a0 ¼ 27. All other simulation parameters are given
in the Appendix.

FIG. 2. Electron beam divergence after the shutdown of the interaction with the
laser given in Eq. (7) and from simulations.

FIG. 1. Geometry of the interaction in lab-
oratory (left-hand side) and boosted
frames (right-hand side). (a) and (b)
Laser-electron head-on configuration; (c)
and (d) two laser standing wave, when
interacting particle instantaneous momen-
tum is perpendicular to the laser axis; (e)
and (f) two laser standing wave interacting
with a particle at an oblique angle.
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intense laser with normalized vector potential a0 acquires an addi-
tional transverse momentum on the order of !a0mc during the inter-
action, while the effect on the longitudinal momentum is small if a0"
c0. For circular polarization, the additional electron transverse
momentum is constant in magnitude but periodically changes the
direction revolving around the propagation axis, while for linear polar-
ization, the direction is fixed, but the magnitude changes periodically.
The second effect of the very intense field to the scattering process is
that the local field energy density is high, which means that there can
be many photons within the interaction volume. Such a photon den-
sity allows us to have frequent repeated scatterings as well as to absorb
more than one photon at a time in a single scattering.

The following paragraph illustrates intuitively, by comparing the
typical timescales of acceleration and emission, how the factor a20
between the classical and quantum photon absorption might arise. Let
us assume that a0# 1, and the particle emits a hard photon not more
than once during one full laser cycle. The photon formation time is sf
¼ lf/c, where c is the speed of light. The laser period is TL. As TL/sf
! a0, the total work of the laser electric field during one period on one
particle is a0 times larger than that during one emission event.
However, at relativistic intensities, an electron can take much more
energy from the wave, on the order of n ! a20mc2 (assuming that the
electron is initially at rest). This is because a relativistic electron can
have a longer effective interaction time, and one oscillation can last
longer than a simple laser period TL (for example, if an electron copro-
pagating with the wave). From there, we get that Teff ! a0TL and
Teff=sf ! a20. One should note that the value of Teff depends on the
initial particle energy and the scattering angle, but it is never smaller
than TL/2. If we have n emissions during one laser cycle, then the aver-
age time between two emissions is Teff/n. The relevant ratio then
becomes Teff=ðnsf Þ ! a20=n. If a particle is counter-propagating with a
wave, then most of the energy of the emitted photons is invested by
the electron. However, the laser has to invest a few photons (even if
not many) into the electron acceleration (classically) and also during
the actual emission event in order to facilitate it (quantum absorption).
One can show that the classical vs quantum absorption of the laser
photons scales as a20. As the quantum absorption is negligible for a0
# 1, it is not considered in the QED-PIC algorithms. However, the
classical absorption that occurs due to the laser interaction with the
plasma particles (i.e., particle acceleration) is intrinsically included in
the PIC algorithm.

B. Mapping photon emission in a QED cascade
produced by two colliding lasers with the photon
emission in laser-electron scattering

The ideas presented for a laser-electron scattering do not trivially
port to the standing wave configurations with multiple lasers. Particles
can be initially at rest. The particles first get accelerated, then lose
energy due to radiation emission, and then get re-accelerated65 by the
electric field in the standing wave. All the energy radiated to high-
frequencies comes from the laser field: either through accelerating the
electrons (classical absorption) or by providing photons for scattering
to occur (quantum absorption). The question is: which channel is
dominant?

We can make use of what we know about particle dynamics in a
standing wave to establish a connection between this setup and the
simple laser-electron scattering discussed in Sec. IIA. Electrons (and

positrons) gain momentum on the order of a0, that is, perpendicular
to the laser propagation axis.34,47,65 In the case of circular polarization,
leptons keep rotating, always remaining perpendicular to the laser
propagation. This allows for a simplified consideration as the laser-
photon scattering always occurs at the right angle.

If the particle scatters with photons from only one laser, the
situation is exactly the same as a scattering with one laser at 90'.
However, in principle, we could have a linear combination of m
photons from one wave and n photons for the other participating
in the scattering (not every combination is necessarily allowed, but
here we assume a most general case). As the particle Lorentz factor
is typically on the order of a0, the energy of an individual photon in
the particle rest frame is n0ph ! a0 nph, regardless of which laser the
photon belongs to. Furthermore, the photons of both waves practi-
cally copropagate in the electron rest frame as the Lorentz boost
gave them a momentum in the same direction. In other words, the
electron sees them almost as one wave, apart from the tiny differ-
ence in the momentum (!1 eV for optical photons) perpendicular
to the boost direction [see Fig. 1(d)].

Particle dynamics is slightly different when we have linearly
polarized laser pulses forming the standing wave. The electric field
is perpendicular to the laser propagation axis, but the magnetic field
then rotates the momentum, and the particles can be found
counter-propagating with one of the waves. In the electron rest
frame, counter-propagating photons are upshifted, while the pho-
tons of the copropagating laser are downshifted. The most energetic
photons in the electron rest frame are the counter-propagating
ones. We can then see the analogy with the laser-electron scattering
emerging naturally as one wave becomes more important than the
other. We note here that the normalized vector potential a0 is
Lorentz-invariant, which means that the wave with higher energy
individual photons in the electron instantaneous rest frame has a
higher energy density. There is a range of possible angles of inci-
dence, with two limiting cases: particles being perpendicular to the
laser propagation axis or counter-propagating with one of the lasers
[see Fig. 1(e)]. In general, any of these configurations can be
mapped to an electron-laser scattering.

We have not discussed a decay of a hard photon into a pair here
because the number of emission events in a QED cascade surpasses
the number of pair production events by orders of magnitude. They
contribute little to the overall energy balance. Nevertheless, it was
shown in Ref. 51 that the ratio between the classical and quantum laser
absorption for pair production is also !CL=!LQ ! a20.

III. SCALING LAWS FOR LASER-ELECTRON
SCATTERING

In a collision between an intense laser and an electron beam, the
final electron energy after the interaction can be estimated as10

cF ’
c0

1þ kc0
(2)

for k< 1. The coefficient k depends on the laser duration s0 at FWHM
and peak intensity I0 in the following way:

k ¼ 3:2) 10*5 I22 s0 fs½ , ð1* cos hÞ2; (3)

where I22 ¼ I0[10
22 W/cm2] and h represents the angle of interaction

(for counter-propagation, cos h ’ *1). The counter-propagating
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intense laser with normalized vector potential a0 acquires an addi-
tional transverse momentum on the order of !a0mc during the inter-
action, while the effect on the longitudinal momentum is small if a0"
c0. For circular polarization, the additional electron transverse
momentum is constant in magnitude but periodically changes the
direction revolving around the propagation axis, while for linear polar-
ization, the direction is fixed, but the magnitude changes periodically.
The second effect of the very intense field to the scattering process is
that the local field energy density is high, which means that there can
be many photons within the interaction volume. Such a photon den-
sity allows us to have frequent repeated scatterings as well as to absorb
more than one photon at a time in a single scattering.

The following paragraph illustrates intuitively, by comparing the
typical timescales of acceleration and emission, how the factor a20
between the classical and quantum photon absorption might arise. Let
us assume that a0# 1, and the particle emits a hard photon not more
than once during one full laser cycle. The photon formation time is sf
¼ lf/c, where c is the speed of light. The laser period is TL. As TL/sf
! a0, the total work of the laser electric field during one period on one
particle is a0 times larger than that during one emission event.
However, at relativistic intensities, an electron can take much more
energy from the wave, on the order of n ! a20mc2 (assuming that the
electron is initially at rest). This is because a relativistic electron can
have a longer effective interaction time, and one oscillation can last
longer than a simple laser period TL (for example, if an electron copro-
pagating with the wave). From there, we get that Teff ! a0TL and
Teff=sf ! a20. One should note that the value of Teff depends on the
initial particle energy and the scattering angle, but it is never smaller
than TL/2. If we have n emissions during one laser cycle, then the aver-
age time between two emissions is Teff/n. The relevant ratio then
becomes Teff=ðnsf Þ ! a20=n. If a particle is counter-propagating with a
wave, then most of the energy of the emitted photons is invested by
the electron. However, the laser has to invest a few photons (even if
not many) into the electron acceleration (classically) and also during
the actual emission event in order to facilitate it (quantum absorption).
One can show that the classical vs quantum absorption of the laser
photons scales as a20. As the quantum absorption is negligible for a0
# 1, it is not considered in the QED-PIC algorithms. However, the
classical absorption that occurs due to the laser interaction with the
plasma particles (i.e., particle acceleration) is intrinsically included in
the PIC algorithm.

B. Mapping photon emission in a QED cascade
produced by two colliding lasers with the photon
emission in laser-electron scattering

The ideas presented for a laser-electron scattering do not trivially
port to the standing wave configurations with multiple lasers. Particles
can be initially at rest. The particles first get accelerated, then lose
energy due to radiation emission, and then get re-accelerated65 by the
electric field in the standing wave. All the energy radiated to high-
frequencies comes from the laser field: either through accelerating the
electrons (classical absorption) or by providing photons for scattering
to occur (quantum absorption). The question is: which channel is
dominant?

We can make use of what we know about particle dynamics in a
standing wave to establish a connection between this setup and the
simple laser-electron scattering discussed in Sec. IIA. Electrons (and

positrons) gain momentum on the order of a0, that is, perpendicular
to the laser propagation axis.34,47,65 In the case of circular polarization,
leptons keep rotating, always remaining perpendicular to the laser
propagation. This allows for a simplified consideration as the laser-
photon scattering always occurs at the right angle.

If the particle scatters with photons from only one laser, the
situation is exactly the same as a scattering with one laser at 90'.
However, in principle, we could have a linear combination of m
photons from one wave and n photons for the other participating
in the scattering (not every combination is necessarily allowed, but
here we assume a most general case). As the particle Lorentz factor
is typically on the order of a0, the energy of an individual photon in
the particle rest frame is n0ph ! a0 nph, regardless of which laser the
photon belongs to. Furthermore, the photons of both waves practi-
cally copropagate in the electron rest frame as the Lorentz boost
gave them a momentum in the same direction. In other words, the
electron sees them almost as one wave, apart from the tiny differ-
ence in the momentum (!1 eV for optical photons) perpendicular
to the boost direction [see Fig. 1(d)].

Particle dynamics is slightly different when we have linearly
polarized laser pulses forming the standing wave. The electric field
is perpendicular to the laser propagation axis, but the magnetic field
then rotates the momentum, and the particles can be found
counter-propagating with one of the waves. In the electron rest
frame, counter-propagating photons are upshifted, while the pho-
tons of the copropagating laser are downshifted. The most energetic
photons in the electron rest frame are the counter-propagating
ones. We can then see the analogy with the laser-electron scattering
emerging naturally as one wave becomes more important than the
other. We note here that the normalized vector potential a0 is
Lorentz-invariant, which means that the wave with higher energy
individual photons in the electron instantaneous rest frame has a
higher energy density. There is a range of possible angles of inci-
dence, with two limiting cases: particles being perpendicular to the
laser propagation axis or counter-propagating with one of the lasers
[see Fig. 1(e)]. In general, any of these configurations can be
mapped to an electron-laser scattering.

We have not discussed a decay of a hard photon into a pair here
because the number of emission events in a QED cascade surpasses
the number of pair production events by orders of magnitude. They
contribute little to the overall energy balance. Nevertheless, it was
shown in Ref. 51 that the ratio between the classical and quantum laser
absorption for pair production is also !CL=!LQ ! a20.

III. SCALING LAWS FOR LASER-ELECTRON
SCATTERING

In a collision between an intense laser and an electron beam, the
final electron energy after the interaction can be estimated as10
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for k< 1. The coefficient k depends on the laser duration s0 at FWHM
and peak intensity I0 in the following way:

k ¼ 3:2) 10*5 I22 s0 fs½ , ð1* cos hÞ2; (3)

where I22 ¼ I0[10
22 W/cm2] and h represents the angle of interaction
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 For a 5 GeV beam + 2ps laser at a0=10 

intense laser with normalized vector potential a0 acquires an addi-
tional transverse momentum on the order of !a0mc during the inter-
action, while the effect on the longitudinal momentum is small if a0"
c0. For circular polarization, the additional electron transverse
momentum is constant in magnitude but periodically changes the
direction revolving around the propagation axis, while for linear polar-
ization, the direction is fixed, but the magnitude changes periodically.
The second effect of the very intense field to the scattering process is
that the local field energy density is high, which means that there can
be many photons within the interaction volume. Such a photon den-
sity allows us to have frequent repeated scatterings as well as to absorb
more than one photon at a time in a single scattering.

The following paragraph illustrates intuitively, by comparing the
typical timescales of acceleration and emission, how the factor a20
between the classical and quantum photon absorption might arise. Let
us assume that a0# 1, and the particle emits a hard photon not more
than once during one full laser cycle. The photon formation time is sf
¼ lf/c, where c is the speed of light. The laser period is TL. As TL/sf
! a0, the total work of the laser electric field during one period on one
particle is a0 times larger than that during one emission event.
However, at relativistic intensities, an electron can take much more
energy from the wave, on the order of n ! a20mc2 (assuming that the
electron is initially at rest). This is because a relativistic electron can
have a longer effective interaction time, and one oscillation can last
longer than a simple laser period TL (for example, if an electron copro-
pagating with the wave). From there, we get that Teff ! a0TL and
Teff=sf ! a20. One should note that the value of Teff depends on the
initial particle energy and the scattering angle, but it is never smaller
than TL/2. If we have n emissions during one laser cycle, then the aver-
age time between two emissions is Teff/n. The relevant ratio then
becomes Teff=ðnsf Þ ! a20=n. If a particle is counter-propagating with a
wave, then most of the energy of the emitted photons is invested by
the electron. However, the laser has to invest a few photons (even if
not many) into the electron acceleration (classically) and also during
the actual emission event in order to facilitate it (quantum absorption).
One can show that the classical vs quantum absorption of the laser
photons scales as a20. As the quantum absorption is negligible for a0
# 1, it is not considered in the QED-PIC algorithms. However, the
classical absorption that occurs due to the laser interaction with the
plasma particles (i.e., particle acceleration) is intrinsically included in
the PIC algorithm.

B. Mapping photon emission in a QED cascade
produced by two colliding lasers with the photon
emission in laser-electron scattering

The ideas presented for a laser-electron scattering do not trivially
port to the standing wave configurations with multiple lasers. Particles
can be initially at rest. The particles first get accelerated, then lose
energy due to radiation emission, and then get re-accelerated65 by the
electric field in the standing wave. All the energy radiated to high-
frequencies comes from the laser field: either through accelerating the
electrons (classical absorption) or by providing photons for scattering
to occur (quantum absorption). The question is: which channel is
dominant?

We can make use of what we know about particle dynamics in a
standing wave to establish a connection between this setup and the
simple laser-electron scattering discussed in Sec. IIA. Electrons (and

positrons) gain momentum on the order of a0, that is, perpendicular
to the laser propagation axis.34,47,65 In the case of circular polarization,
leptons keep rotating, always remaining perpendicular to the laser
propagation. This allows for a simplified consideration as the laser-
photon scattering always occurs at the right angle.

If the particle scatters with photons from only one laser, the
situation is exactly the same as a scattering with one laser at 90'.
However, in principle, we could have a linear combination of m
photons from one wave and n photons for the other participating
in the scattering (not every combination is necessarily allowed, but
here we assume a most general case). As the particle Lorentz factor
is typically on the order of a0, the energy of an individual photon in
the particle rest frame is n0ph ! a0 nph, regardless of which laser the
photon belongs to. Furthermore, the photons of both waves practi-
cally copropagate in the electron rest frame as the Lorentz boost
gave them a momentum in the same direction. In other words, the
electron sees them almost as one wave, apart from the tiny differ-
ence in the momentum (!1 eV for optical photons) perpendicular
to the boost direction [see Fig. 1(d)].

Particle dynamics is slightly different when we have linearly
polarized laser pulses forming the standing wave. The electric field
is perpendicular to the laser propagation axis, but the magnetic field
then rotates the momentum, and the particles can be found
counter-propagating with one of the waves. In the electron rest
frame, counter-propagating photons are upshifted, while the pho-
tons of the copropagating laser are downshifted. The most energetic
photons in the electron rest frame are the counter-propagating
ones. We can then see the analogy with the laser-electron scattering
emerging naturally as one wave becomes more important than the
other. We note here that the normalized vector potential a0 is
Lorentz-invariant, which means that the wave with higher energy
individual photons in the electron instantaneous rest frame has a
higher energy density. There is a range of possible angles of inci-
dence, with two limiting cases: particles being perpendicular to the
laser propagation axis or counter-propagating with one of the lasers
[see Fig. 1(e)]. In general, any of these configurations can be
mapped to an electron-laser scattering.

We have not discussed a decay of a hard photon into a pair here
because the number of emission events in a QED cascade surpasses
the number of pair production events by orders of magnitude. They
contribute little to the overall energy balance. Nevertheless, it was
shown in Ref. 51 that the ratio between the classical and quantum laser
absorption for pair production is also !CL=!LQ ! a20.

III. SCALING LAWS FOR LASER-ELECTRON
SCATTERING

In a collision between an intense laser and an electron beam, the
final electron energy after the interaction can be estimated as10
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for k< 1. The coefficient k depends on the laser duration s0 at FWHM
and peak intensity I0 in the following way:

k ¼ 3:2) 10*5 I22 s0 fs½ , ð1* cos hÞ2; (3)

where I22 ¼ I0[10
22 W/cm2] and h represents the angle of interaction
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Expected energy loss: 20%

Expected stochastic spreading of the electron 
distribution function: 10% 

Additional divergence due to stochasticity: 0.1 mrad

M. Vranic et al, POP 26, 053103 (2019)



 

Scattering of relativistic electrons with a CO2 laser will be in the nonlinear 
Thompson regime at 1<a0<10. 

Analytical theory covers QED and fully classical regime. There is an on-going 
discussion regarding what happens in the transition regime.

Conclusions

Marija Vranic | 2019 ATF Science Planning Workshop | BNL, October 16, 2019 

Scattering experiments using a CO2 laser may be able to provide valuable insight 
regarding the nonlinear, weakly quantum (or semi-classical) interaction. 


