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x-dependent hadron structure on lattice : Formalisms

Hadronic tensor  (Liu & Dong, PRL 1994)

Position-space correlators (Braun & Müller, EPJ 2008 )

Quasi-PDFs & LaMET(Ji [PRL 2013, Sci. China Phys 2014])

Pseudo-PDFs (Radyushkin, PLB 2017) 

“Good” Lattice Cross Sections (Ma & Qiu, 2014, PRL 2018)

Today’s talk

Lattice calculation: RSS, Egerer, Karpie, Ma, Qiu, et al (PRD 2019, 2020)
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On the lattice, calculate spatial correlation in coordinate space

2 I. Balitsky et al. / Physics Letters B 808 (2020) 135621

Next, we discuss one-loop corrections. In Section 3, we analyze 
the gauge-link self-energy contribution and specific properties of 
its ultraviolet and short-distance behavior. Our results for the ver-
tex corrections to the gluon link are given in Section 4 in the form 
that is valid both in forward and non-forward cases. The “box” di-
agram is discussed in Section 5. Since our results in this case are 
rather lengthy, we present just some of them, and in the forward 
case only. The gluon self-energy corrections are discussed in Sec-
tion 6.

The subject of Section 7 is the structure of perturbative evo-
lution of the gluon operators and matching conditions. Section 8
contains a summary of the paper.

2. Matrix elements

The nucleon spin-averaged matrix elements for operators com-
posed of two-gluon-fields (with all four indices non-contracted) 
are specified by

Mµα;λβ(z, p) ≡ ⟨p| Gµα(z) [z,0] Gλβ(0)|p⟩ , (2.1)

where [z, 0] is the standard straight-line gauge link in the gluon 
(adjoint) representation

[x, y] ≡ Pexp
{

ig

1∫

0

dt (x − y)µ Ãµ(tx + (1 − t)y)
}

. (2.2)

The tensor structures for a decomposition over invariant ampli-
tudes may be built from two available 4-vectors pα , zα and the 
metric tensor gαβ . Incorporating the antisymmetry of Gρσ with 
respect to its indices, we have

Mµα;λβ(z, p) =
(

gµλpα pβ − gµβ pα pλ − gαλpµpβ + gαβ pµpλ

)
Mpp

+
(

gµλzαzβ − gµβ zαzλ − gαλzµzβ + gαβ zµzλ

)
Mzz

+
(

gµλzα pβ − gµβ zα pλ − gαλzµpβ + gαβ zµpλ

)
Mzp

+
(

gµλpαzβ − gµβ pαzλ − gαλ pµzβ + gαβ pµzλ

)
Mpz

+
(

pµzα − pαzµ
) (

pλzβ − pβ zλ

)
Mppzz

+
(

gµλgαβ − gµβ gαλ

)
Mgg , (2.3)

where the amplitudes M are functions of the invariant interval z2

and the Ioffe time [28] (pz) ≡ −ν (the minus sign is introduced 
for further convenience).

Since the matrix element should be symmetric with respect to 
interchange of the fields (which amounts to {µα} ↔ {λβ} and z →
−z), the functions Mpp , Mzz , Mgg , Mppzz and Mpz − Mzp are 
even functions of ν , while Mpz + Mzp is odd in ν .

The usual light-cone gluon distribution is obtained from
gαβ M+α;β+(z, p), with z taken in the light-cone “minus” direc-
tion, z = z− . We have

gαβ M+α;β+(z−, p) = −2p2
+Mpp(ν,0) , (2.4)

i.e., the PDF is determined by the Mpp structure,

−Mpp(ν,0) = 1
2

1∫

−1

dx e−ixνxf g(x) . (2.5)

Thus, we should choose the operators with the sets {µα; λβ} that 
contain Mpp in their parametrization.

Note that it is the density of the momentum G(x) ≡ xf g(x) car-
ried by the gluons rather than their number density f g(x) that is 

a natural quantity in this definition of the gluon PDF. In the lo-
cal z− = 0 (or ν = 0) limit, the x-integral gives the fraction of the 
hadron’s plus momentum carried by the gluons. In the absence 
of gluon-quark transitions, this fraction is conserved, which puts 
a restriction on the gg-component of the Altarelli-Parisi [29] ker-
nel. Namely, it should have the plus-prescription property when 
applied to G(x).

Due to antisymmetry of Gρσ with respect to its indices, 
the values α = + and β = + are excluded from the summa-
tion in Eq. (2.4). Furthermore, since g−− = 0, the combination 
gαβ M+α;β+(z, p) includes only summation over transverse in-
dices i, j = 1, 2, i.e. reduces to gij M+i; j+(z, p) ≡ M+i;+i(z, p) (we 
switched here to Euclidean summation over i), for which we have

M+i;+i = M0i;0i + M3i;3i + (M0i;3i + M3i;0i) . (2.6)

In the local z3 = 0 limit, these three combinations are proportional 
to E2

⊥, B2
⊥ and the third component (E × B)3 of the Poynting vec-

tor, respectively.
The decomposition of these combinations (with summation 

over i) in the basis of the M structures is

M0i;i0 =2p2
0Mpp + 2Mgg , (2.7)

M3i;i3 =2p2
3Mpp + 2z2

3Mzz

+ 2z3 p3
(
Mzp + Mpz

)
− 2Mgg , (2.8)

M0i;i3 =2p0
(

p3Mpp + z3Mpz
)

, (2.9)

M3i;i0 =2p0
(

p3Mpp + z3Mzp
)

. (2.10)

All of them contain the Mpp function defining the gluon dis-
tribution, though with different kinematical factors. Unfortunately, 
none of them is just Mpp : they all contain contaminating terms. 
Moreover, the M3i;i3 matrix element (proposed originally [4] for 
extractions of the gluon PDF on the lattice) contains three contam-
inations, while the others have just one addition. In particular, the 
matrix element M0i;i0 has Mgg as a contaminating term. It is easy 
to see that

M ji;i j ≡ ⟨p| G ji(z)Gij(0) |p⟩ = −2Mgg , (2.11)

where the summation over both i and j is assumed. Hence, the 
combination

M0i;i0 + M ji;i j =2p2
0Mpp (2.12)

may be used for extraction of the twist-2 function Mpp .
Combining together matrix elements of different types, one 

should take into account that, off the light cone, these matrix el-
ements have extra ultraviolet divergences related to presence of 
the gauge link. Due to the local nature of ultraviolet divergences, 
each matrix element, for any set of its indices {µα; λβ}, is multi-
plicatively renormalizable with respect to these divergences [30]. 
However, choosing different sets of {µα; νβ}, we get, in general, 
different anomalous dimensions.

Thus, it is not evident a priori which linear combinations 
of these matrix elements are multiplicatively renormalizable. In 
Ref. [31], it was established that the combinations represented 
in Eq. (2.6), namely, M0i;i0, M3i;i3, M0i;i3 + M3i;i0 (and also 
M0i;i3 − M3i;i0), with summation over transverse indices i, are each 
multiplicatively renormalizable at the one-loop level.

Furthermore, the combination Gij Gij (with summation over 
transverse i, j) equals to 2G12G12, whose matrix elements are mul-
tiplicatively renormalizable. As we will see, it has the same one-
loop UV anomalous dimension as M0i;i0, hence the combination of 
Eq. (2.12) is multiplicatively renormalizable at the one-loop level. 

X. Ji [PRL 2013]

Extra linear UV divergence,                          from Wilson line

Multiplicative renormalizability (coordinate space)

z/a (a ! 0)

Ishikawa, Ma, Qiu, Yoshida [PRD 2017]

Gluon distribution in Pseudo-PDF approach

Radyushkin [PLB 2017]

   Pseudo-PDF : Based on QCD short-distance factorization

Ioffe time,                    (convention from                                    )Braun, et al [PRD 1995]

B. L. Ioffe [PLB 1969]

⌫ = pzz

P(x, z2) =

Z 1

�1
d⌫ e�ix⌫M(⌫, z2)

P(x, z2) ! f(x, µ2)
z2 = 0
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Gluon distribution in Pseudo-PDF approach

Renormalization: UV divergences have no      -dependence in  
leading log, and if                      is multiplicatively renormalizable,

Munpol(⌫, z2) =
Mpp(⌫, z2)

Mpp(0, z2)

⌫
M(⌫, z2)

z/a (a ! 0)Also eliminates                           UV divergences from Wilson line

See a recent publication arXiv: 2103.02965 (Huo, Su, Gui, Ji, et. al.) 

A. Radyushkin [PLB 2017]

To determine unpolarized gluon distribution

M0i;0i(⌫, z
2) +Mji;ij(⌫, z

2) = 2p20Mpp(⌫, z
2)

Balitsky, Morris, Radyushkin [PLB 2020]
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Gluon distribution in Pseudo-PDF approach

M(⌫, z2) =

✓
Mpp(⌫, z2)

Mpp(⌫, 0)|z=0

◆
/

✓
Mpp(0, z2)|p=0

Mpp(0, 0)|p=0,z=0

◆

For lattice QCD calculation, define  
reduced Ioffe time distribution  (rITD)

Cancels overall kinematic factors

Reduces correlated errors in LQCD matrix elements

Cancels multiplicative renormalization factors
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Lattice QCD calculation

MeV

fm

2+1 flavor clover Wilson fermions

a ⇡ 0.094

351 configurations

z = [0, 0.56] fm

Hadron boosted along z-direction,

Lattice spacing,

L⇥ T = 323 ⇥ 64

m⇡ = 358

Lattice size,

Pion mass, 

p =
2⇡n

La
= [0, 2.46] GeV
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Some features of this calculation
Gluonic operator using “Wilson flow”

Flow of gauge field, Bµ(⌧, xµ) so that Bµ|⌧=0 = Aµ

Diffusion length in      is   
p
8⌧x (⌧ ⇠ a2)

M. Luscher, JHEP 2010

Nucleon correlation function using “Distillation”

Perambulator
Baryon elemental

Peardon, et al [PRD 2009]

Basis of operators

Perambulators are independent of baryon elementals

Optimized operators reduce excited-state contaminations
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Some features of this calculation
Momentum smearing enhances  
overlap of the nucleon interpolating  
operators onto the lowest lying states  
of the boosted hadron

Bali, et al(PRD 2016)

2

Since Gaussian smearing functions may not be optimal
for creating, e.g., p-waves, even when adding derivatives
to the interpolator, iterative smearing was later-on com-
bined with displaced quark sources (fuzzing) in Ref. [23],
a generalization of which was suggested in Ref. [24]. Fi-
nally, in Ref. [25] “free form smearing”, folding Gaussian
smearing with an arbitrary function in a gauge covariant
way, was invented. Preceding and in parallel to gauge co-
variant iterative smearing functions, gauge fixed sources
have been utilized: wall sources for zero [26] and non-
zero momentum [27], box [28] sources, Gaussian “shell
sources” [29] and sources with nodes [30]. These gauge
fixed methods and free form smearing share the disadvan-
tage that smearing the sink requires all quark positions to
be summed over individually, turning this prohibitively
expensive. Having identical source and sink interpola-
tors, however, is very desirable as only this guarantees
the positivity of the coe�cients of the spectral decompo-
sition Eq. (1) and thus the convexity of two-point func-
tions. For completeness, we also mention the “distilla-
tion” (or Laplacian-Heaviside) method of Ref. [31] since
this is closely related to gauge covariant smearing.

Large momenta increase the energy of the state and
result in faster decaying two- and three-point functions
and, therefore, in inferior noise to signal ratios. More-
over, as we shall see, excited state suppression becomes
far less e↵ective when using conventional quark smearing
methods. Some attempts have been made [32, 33] to in-
troduce an anisotropy into Wuppertal smearing [17, 18],
aiming at Lorentz contracting the interpolating wave
function according to the boost factor 1/� = m/E(p),
along the direction of the spatial momentum p. How-
ever, this did not result in the ground state enhancement
that one would have hoped for. Here we will argue and
demonstrate that to achieve satisfactory results at high
momenta, additional phase factors need to be incorpo-
rated into quark smearing functions.

This article is organized as follows. First, in Sec. II,
we discuss the basic idea behind the new class of smear-
ing functions that we introduce. Then, in Sec. III we are
more specific, modifying Wuppertal smearing as a generic
example and suggest further improvements. In Sec. IV
we discuss our simulation parameters and expectations
for the nucleon and pion energies. After the stage is set,
in Sec. V we investigate the feasibility of the method in
a realistic numerical study, optimize the smearing pa-
rameters and pursue a comparison between the new and
the conventional method. Finally, we study the pion and
nucleon dispersion relations, before we conclude.

II. MOMENTUM SMEARING: THE BASIC
IDEA

As discussed above, quark smearing within hadronic
sources or sinks is essential in lattice simulations to in-
crease the overlap with the desired physical state, reflect-
ing the fact that hadrons are extended objects, rather
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FIG. 1. Conventional smearing versus momentum smearing
for the example of a Gaussian wave function in d = 1 spa-
tial dimensions. The momentum k shifts the centre of the
distribution in momentum space, resulting in an oscillatory
behaviour in position space.

than pointlike. A smearing operator F is diagonal in
time, trivial in spin and acts on the position and colour
indices of quark fields:

(Fq)x =
X

y2(aZ)d
fx�y Gxy qy , (2)

where f is a scalar function, G is a gauge covariant trans-
porter, which in the free case will be a unit matrix in
colour and position space, and d is the number of spatial
dimensions, usually d = 3. Note that the field qx is usu-
ally periodic in x on the lattice, whereas fx�y need not
be periodic in x � y. In the free case, the convolution
Eq. (2) becomes a product in Fourier space

X

x2(aZ)d
eip·x (Fq)x = f̃(p) q̃p . (3)

For the special case of a Gaussian,

fx�y = f0 exp

✓
�
|x� y|2

2�2

◆
, (4)

the Fourier transformed smearing kernel again is a Gaus-
sian:

f̃(p) ⌘
X

z2(aZ)d
eip·zfz = f̃(0) exp

✓
�
�2p2

2

◆
. (5)

Thus, the smeared quark operator has maximal overlap
with a quark at rest, p = 0. Non-zero velocities are
suppressed in accordance with the above Gaussian mo-
mentum distribution. Clearly, for hadrons carrying sig-
nificant spatial momenta, such a smearing may be coun-
terproductive.
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than pointlike. A smearing operator F is diagonal in
time, trivial in spin and acts on the position and colour
indices of quark fields:
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where f is a scalar function, G is a gauge covariant trans-
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colour and position space, and d is the number of spatial
dimensions, usually d = 3. Note that the field qx is usu-
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Thus, the smeared quark operator has maximal overlap
with a quark at rest, p = 0. Non-zero velocities are
suppressed in accordance with the above Gaussian mo-
mentum distribution. Clearly, for hadrons carrying sig-
nificant spatial momenta, such a smearing may be coun-
terproductive.

Correlation matrix analysis using variational technique
System of generalized eigenvalue equations for correlation matrix

C(t)vn(t) = �n(t)C(t0)v
n(t)

Orthogonality conditions on the eigenvectors of different states

vn
0†C(t0)v

n = �n,n0

Difficult to distinguish degenerate states by their time-dependence alone
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Results: Lattice QCD rITD as a function of flow time 

Flow time dependence is minimized in the double ratio
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Zero flow time extrapolation of rITD (examples)
For fixed                       fit forms:                  ,                                , etc.p & z, A+B⌧ A+B⌧ + C⌧2

p = 1, z = 1

p = 2, z = 6

p = 4, z = 6
p = 6, z = 1



Ioffe time pseudo-distribution in the zero flow time limit

This calculation
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FIG. 6. The reduced ITDs M (⌫, z2) functions of ⌫ and their extrapolation to the physical pion mass at Pz = 1⇥2⇡/L (left) and
Pz = 5⇥ 2⇡/L (right). The blue bands represent the fitted results of the reduced ITDs at physical pion mass M⇡ = 135 MeV.
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FIG. 7. The reduced ITDs M (⌫, z2) as functions of ⌫ at pion masses M⇡ = 690, 310 and 135 MeV from left to right, respectively.
The points of di↵erent colors represent the reduced ITDs M (⌫, z2) of di↵erent z2 and the red band represents the z-expansion
fit band.
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Fan, Zhang,  
Lin (2007.16113)

Most precise 
LQCD determination


to date 

(in preparation)

m⇡ = 310MeV
a = 0.12 fm
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I. INTRODUCTION
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From pseudo-distribution to light-cone distribution
One loop matching Balitsky, Morris, Radyushkin [PLB 2020]

Quark-gluon mixing not considered in this calculation for now

ITD provides a clear 
comparison between 

LQCD data and global fits

µ = 2GeV

Future precise LQCD  
data can be used as 
inputs in global fits 
[Ma & Qiu (2014)]
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Determination of unpolarized gluon distribution
Access to Quasi/Pseudo PDFs matrix elements are limited by  
available  z & p

Similar challenge in experiment comes from available kinematics

Fit-1

Fit-2

Ig(⌫) =
Z 1

0
dx cos(⌫x)N1x

↵(1� x)�

Ig(⌫) =
Z 1

0
dx cos(⌫x)N2x

↵(1� x)�(1 + �x)
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Ig(⌫, µ2) =

Z 1

0
dx cos(x⌫)xg(x)

RSS, Liu, Paul (PRD 2021)

This calculation

PRELIMINARY



↵ = 2.4(7.8)⇥ 10�5

� = 5.3(1.26)
� = �0.63(0.14)

Determination of unpolarized gluon distribution

↵ = 0.14(1.3)⇥ 10�3

� = 5.87(1.05)
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Summary & Outlook

We have presented the most precise LQCD determination of 
unpolarized gluon Ioffe time distribution

Near future calculation: A similar LQCD calculation with 2-3 
times  more statistics

Near future calculation: Quarks singlet distributions

Thank you!

The Big Picture
LQCD Community: Contribute to 3D imaging of the nucleon
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Polarized gluon distribution using Lattice Cross Sections 
and Pseudo-PDFs formalism 
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Motivation

Lattice calculations of parton distribution functions (PDFs) are now a subject of

considerable interest and e↵orts

PDFs not directly calculable on the lattice, z2 = 0 doesn’t work in Euclidean space

X. Ji’s ground-breaking proposal to consider equal-time versions of nonlocal

operators: quasi-PDFs [Ji, 2013]. Taking z = (0, 0, 0, z3):

q̃
�
x, µ2, P3

�
=

Z
dz
4⇡

e�ixzP3 hP |  ̄ (z) �3 exp

✓
�ig

Z z

0

dz0Az �z0
�◆

 (0) |P i (1)

PDFs are obtained from the large-momentum P3 ! 1 limit of quasi-PDFs

A. Radyushkin introduced a coordinate-space oriented approach [Radyushkin, 2017]

P
�
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=
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,

P (x, 0) = f (x) (2)

Io↵e-time distribution (ITD) M
�
⌫, z23

�
, with ⌫ = �(pz) = p3z3

PDFs are obtained from z3 ! 0 limit of psuedo-PDFs
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Pseudo-PDFs

At small z3, 1/z3 is analogous to the renormalization parameter µ of

scale-dependent PDFs f
�
x, µ2

�
of the standard OPE approach

But z23 dependence comes from evolution logarithms: log
�
z23µ

2
IR

�
and UV

logarithms: log
�
z23µ

2
UV

�

Since UV divergences have no ⌫ dependence at leading log, and if M
�
⌫, z23

�
is

multiplicatively renormalizable, can define reduced ITD:

M
�
⌫, z33

�
=

M
�
⌫, z23

�

M (0, z23)
(3)

This leads to the evolution equation:

d
d log z23

M
�
⌫, z33

�
= �

↵s

2⇡
C

Z 1

0

du B (u)M
�
u⌫, z33

�
(4)

Taking z3 ! 0 to extract light-cone PDF is singular, and one needs to use matching

relations to go from Euclidean lattice data to PDFs
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FIG. 5: 90% C.L. areas in the plane spanned by the truncated
moments of ∆g computed for 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤
0.05 at Q2 = 10GeV2. Results for DSSV, DSSV*, and our
new analysis, with the symbols corresponding the respective
values of each central fit, are shown.

very limited information on ∆g is also available from
scaling violations of the DIS structure function g1 which
is, of course, fully included in our global QCD analy-
sis. Overall, the constraints on ∆g(x) in, say, the regime
0.001 ≤ x ≤ 0.05 are much weaker than those in the
RHIC region, as can be inferred from Fig. 1. Very little
contribution to ∆G is expected to come from x > 0.2.

Figure 5 shows our estimates for the 90% C.L. area
in the plane spanned by the truncated moments of ∆g
calculated in 0.05 ≤ x ≤ 1 and 0.001 ≤ x ≤ 0.05
for Q2 = 10GeV2. Results are presented both for the
DSSV* and our new fit. The symbols in Fig. 5 denote
the actual values for the best fits in the DSSV, DSSV*,
and the present analyses. We note that for our new cen-
tral fit the combined integral

∫ 1

0.001
dx∆g(x,Q2) accounts

for over 90% of the full ∆G at Q2 = 10GeV2. Not sur-
prisingly, the main improvement in our new analysis is to
shrink the allowed area in the horizontal direction, corre-
sponding to the much better determination of ∆g(x) in
range 0.05 ≤ x ≤ 0.2 by the 2009 RHIC data. Evidently,
the uncertainty in the smaller-x range is still very signif-
icant, and better small-x probes are badly needed. Data
from the 2013 RHIC run at

√
s = 510GeV may help

here a bit. In the future, an Electron Ion Collider would
provide the missing information, thanks to its large kine-
matic reach in x and Q2 [19].

Conclusions and outlook.— We have presented a new
global analysis of helicity parton distributions, taking
into account new and updated experimental results. In
particular, we have investigated the impact of the new
data on ALL in jet and π0 production from RHIC’s 2009
run. For the first time, we find that the jet data clearly

imply a polarization of gluons in the proton at interme-
diate momentum scales, in the region of momentum frac-
tions accessible at RHIC. This constitutes a new ingre-
dient to our picture of the nucleon. While it is too early
to draw any reliable conclusions on the full gluon spin
contribution to the proton spin, our analysis clearly sug-
gests that gluons could contribute significantly after all.
This in turn also sheds a new light on the possible size of
orbital angular momenta of quarks and gluons. We hope
that future experimental studies, as well as lattice-QCD
computations that now appear feasible [20], will provide
further information on ∆g(x) and eventually clarify its
role for the proton spin. We plan to present a full new
global analysis with details on all polarized parton dis-
tributions once the 2009 RHIC data have become final
and additional information on the quark and antiquark
helicity distributions, in particular from final data on W
boson production at RHIC, has become available. Also,
on the theoretical side, a new study of pion and kaon
fragmentation functions should precede the next global
analysis of polarized parton distributions.
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Uncertainty in gluon distributions 
at large      is an avenue for 
LQCD to explore

Gluon contribution to proton spin 
unconstrained from experiment

Florian, et al PRL 2014
LQCD determination of gluon spin

Yang, RSS, et al (PRL 2017)
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RHIC cite. Yet precise determination of the magnitude
and sign of �G extracted from the experimental data
remains a big challenge to date. There have been sev-
eral global fits using di↵erent experimental data sets and
di↵erent types of parametrizations [7–10] to impose con-
straints on the �G. A recent extraction [11] with up-
dated data sets and PHENIX measurement of double
helicity asymmetry in inclusive ⇡0 production in polar-
ized p � p collision obtained �G = 0.2 with a constraint
of �0.7 < �G < 0.5 for the sampled gluon momen-
tum fraction x 2 [0.02, 0.3]. Excluding the x < 0.05

region, the value of �G =
R 0.2
0.05 dx �G = 0.23(6) [12] and

�G =
R 1
0.05 dx �G = 0.19(6) [13] were obtained. Future

experimental measurement of �g(x) in the x < 0.02 is
required to reduce the uncertainty in �G while we note
that �g(x) extracted mostly from the double longitudi-
nal spin asymmetry is always limited to some xmin no
matter how high the energy of the experimental set up
is and some theoretical calculations are required to con-
strain �g(x) at low x [14]. Fortunately, one of the ma-
jor goals of the upcoming EIC [3] is to precisely explore
�g(x) at low x and provide stringent constraints on the
gluon helicity distribution.

Since �G is not related to the local matrix element of
a gauge invariant operator, it could not be directly calcu-
lated in the lattice QCD (LQCD) calculations. However,
following the formalism proposed in [15], it has become
possible to obtain �G in terms of a local and gauge in-
variant operator in LQCD. Since then, there has only
been one direct LQCD calculation [16, 17] of gluon spin.
With leading-order matching using Ji’s large-momentum
e↵ective theory (LaMET) [18, 19], it was determined that
�G(µ2 = 10GeV2) = 0.251(47)(16), i.e. about 50% of
the proton spin comes from the gluons. However, a re-
fined study of the precise matching along with the conver-
gence of 1-loop matching, power corrections, and other
sources of systematics are warranted to obtain an unam-
biguous determination of �G in the future calculations.

Now, the PDFs of the quarks and gluons contain the
nonperturbative structure of hadrons, especially at the
low-resolution scale Q2

0. However, the possibility that
even at low Q2 one can obtain a reasonable shape and
distribution of the hadron structure functions by tran-
scribing our knowledge of the perturbative QCD (pQCD)
based counting rules [20] as x ! 1 and color coher-
ence of gluon couplings as x ! 0 has been shown to
provide promising outcomes in many theoretical calcula-
tions. For example, calculations of unpolarized and po-
larized quark and gluon PDFS in [21, 22], such as by ob-
taining PDFs in agreement with the analysis in [23] and
the momentum fraction carried by the gluon in the nu-
cleon hxig ⇡ 0.42 which is in remarkable agreement with
recent global analyses [24–26] showed practical applica-
tion of these limiting behaviors of PDFs. To emphasize
further, most of the earlier and present-day global anal-
yses [24, 25, 27, 28] use some functional forms similar
to x↵(1 � x)�

F(x) where the asymptotic behavior of the
PDFs at small x (x↵ behavior) is adopted from the ob-

served Regge behavior [29] in particle colliders and the
large-x behavior ((1 � x)� fall-o↵) based on the power
counting rules for hard scattering [20] with some interpo-
lating function F(ai, bi, · · · , x) with unknown parameters
ai, bi, · · · between these two limits that varies in di↵erent
parametrizations of PDFs at the initial scale. Once these
PDFs are determined at some initial scale Q0, their Q2-
evolution is well predicted in pQCD through the DGLAP
equation [30–32]. These PDFs determined at the low
initial scale are shown to be universal between di↵erent
reactions with their scale dependent modifications gov-
erned by pQCD evolution, have successfully described
various experimental data and therefore confirmed the
observation that these nonperturbative universal PDFs
can indeed be parametrized even at low Q2 by incorpo-
rating pQCD constraints at large x and Regge behavior
at small x. Remarkable agreement of the nucleon unpo-
larized PDFs and precise prediction of nucleon polarized
distributions from the unpolarized PDFs were also pos-
sible in recent calculations [33, 34] where the PDFs were
governed by these limiting behaviors. Similarly, recent
synergies between LQCD and phenomenological calcula-
tions have provided useful constraints in the study sea-
quark asymmetry in the nucleon with higher precision
than either theory or experiment alone can attain [35, 36].

In light of the above discussions, we revisit the calcu-
lations in [21, 22] which incorporated pQCD constraints
at large x and coherent correlations of partons at low
x to determine unpolarized and polarized gluon distri-
butions. These calculations [21, 22] demonstrated that
many properties of the exclusive reactions can be calcu-
lated by incorporating the knowledge of asymptotic free-
dom, power-law scaling, and helicity conservation rules
of pQCD and without explicit knowledge of the nonper-
turbative light-front wave function (LFWF). Moreover,
the scaling behavior of the exclusive amplitude modified
by the logarithmic dependence on Q2 can be determined
by QCD evolution.

The main goal of this article is to transcribe these
insights from the small and large x physics and compare
how adequate and compatible they are with the recent
determinations of gluon distributions. We first deter-
mine the unknown coe�cients in the parametrization
of helicity aligned G+(x) and anti-aligned G�(x) gluon
distributions using the global fits of unpolarized gluon
distribution and use those to predict the polarized
gluon distribution and �g(x)/g(x) which are not
well-constrained from experiments. We calculate the
corresponding Io↵e-time distributions (ITDs) [37–39] of
the unpolarized and polarized gluon PDFs and demon-
strate how these can provide valuable information and
important constraints in the determination of full-x de-
pendence of PDFs and also the higher moments of PDFs
in the future lattice QCD calculations. In particular,
we determine the analytic behavior of the unpolarized
and polarized gluon ITDs which are not accessible
within the reach of present LQCD calculations and can
provide complementary information to reconstruct full
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Figure 144: Comparison between the two solution of the QCD fit on the gluon helicity distribution
and direct measurements. The direct measurements of COMPASS [150, 151], HER-
MES [148] and SMC [149] obtained in leading order from high pT hadrons and from
open charm muoproduction at COMPASS [147] in next-to-leading order are shown.

7.6.4 Comparison with other global QCD fits

The results for the parton helicity distributions are compared to the result of other recent
QCD fits by AAC [152], BB [113] and LSS [119, 153] in Figure 145. Different inputs were
used for the various QCD fits. In the case of the 2014 version of LSS and the 2010 version
of BB only deep inelastic scattering data were used. For the 2010 version of LSS also
results from semi-inclusive deep inelastic scattering were used. The 2008 version of AAC
used in addition to the deep inelastic scattering data also results from RHIC. In addition,
different methods were used in order to perform the QCD fit.

For the up quark helicity distribution, all results agree well with one another. The res-
ults for the down quark helicity distribution agree with one another. A slightly more
negative down quark helicity distribution at x ⇠ 0.2 is obtained from the results of the
QCD fit presented in this thesis compared to the other QCD fits. For the strange quark
helicity distribution very large difference are found. One of the reasons is the inclusion
of semi-inclusive deep inelastic scattering data. Their effect on the strange quark heli-
city distributions is visible in the two results of LSS. The results from the 2008 version
includes semi-inclusive deep inelastic scattering data, whereas the 2014 version does not.
Without such data, the strange quark helicity distribution is determined mainly by the
SU(3) flavour symmetry, which fixes the first moment to a negative value. Including the
semi-inclusive deep inelastic scattering data, the QCD fits become sensitive to the parton
helicity distributions of the individual quark flavours. They also introduce a new depend-
ence on the fragmentation functions, which describe the hadronisation of a quark. The
results for the gluon helicity distribution shows a large spread between the various results.

x

Small-     gluon distributions 
from experiment (e.g. EIC) and  
large-       PDF from LQCD can 
be complementary     

x

x

COMPASS (PLB 2016)
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FIG. 7. Real (top) and imaginary (bottom) part of the
matched Io↵e time distributions (open circles; zmax/a = 8,
↵s/⇡ ⇡ 0.129, MS scheme at µ = 2 GeV) compared to
NNPDF distributions [112] at the same renormalization scale,
inverse-Fourier-transformed to ⌫-space.

the phenomenological curves, with a slight tendency of
the lattice ITDs to decay a bit faster than NNPDF for
the real part and the opposite tendency in the imagi-
nary part. Nevertheless, the agreement is at the level of
1-� to 2-� for ITDs at most Io↵e times. Overall, this
agreement between lattice and phenomenological ITDs
is reasonable, giving good prospects for the reconstruc-
tion of x-dependent distributions. However, there are in-
dications that various systematic e↵ects may be sizable.
Moreover, it is clear from the slow decay of NNPDF ITDs
that a robust and unambiguous reconstruction of the x-
dependence may only be achieved when the lattice cal-
culations can get to significantly larger Io↵e times, par-
ticularly for distributions involving the imaginary part.

C. Light-cone PDFs

We now present results for the unpolarized PDFs ob-
tained from matched ITDs discussed in the previous sub-
section.

Reconstruction of a PDF from ITDs requires, in prin-
ciple, the knowledge of the full Io↵e time dependence of
the ITDs, from ⌫ = 0 to ⌫ = 1. Obviously, with numer-
ical calculations of ITDs on the lattice, the upper limit,
⌫max, is necessarily finite. It is desirable to take ⌫max

as large as possible, ideally to observe that ITDs have
decayed to zero. However, as Fig. 5 suggests, this is di�-
cult with the currently attained nucleon boosts. The real
part of matched ITDs approaches zero at ⌫ ⇡ 7� 8, but
these Io↵e times are obtained with Wilson line lengths

of order 1 fm at the largest boost, which corresponds to
very low energy scales at which the matching procedure
is likely to fail. For the imaginary part of ITDs, non-
zero values are observed even at ⌫ = 8. It is, thus, clear
that a robust extraction of the full x-dependence requires
achieving even larger Io↵e times, especially for the imag-
inary part that yields the distribution qv2s. Since the
length of the Wilson line is limited by the reliability of
the matching procedure and HTE of O(z2⇤2

QCD), larger
Io↵e times need to be reached at larger nucleon boosts.
This is, however, di�cult for the lattice, which is due to
the decaying signal-to-noise ratio with increasing nucleon
momentum, as discussed in Ref. [45].

Meanwhile, we are in position to investigate what the
currently available range of Io↵e times implies for the x-
dependence. The key parameter to decide in reconstruct-
ing PDFs is the maximum Io↵e time, ⌫max. Below, we
provide reconstructed PDFs for various choices of ⌫max,
ranging from around 2.6 to 7.9. The former corresponds
to taking ITDs obtained from matrix elements with in-
sertions of the operator with Wilson line length up to
zmax/a = 4 lattice units (around 0.37 fm) and the latter
to 12 lattice units (1.12 fm). It is unclear, a priori, which
value of ⌫max ensures reliable matching and good control
over HTE. However, given the statistical uncertainties of
our data, we adopt a criterion that safe values of ⌫max

are those for which the matched ITDs obtained from dif-
ferent combinations (P3, z) corresponding to the same ⌫
are consistent with each other. This criterion leads to
maximum z of order 8-9 lattice units (approx. 0.8 fm), as
we have discussed in the context of Fig. 5. In this way,
the reached Io↵e times are of order 5-6. At these values
of ⌫, the real part of matched ITDs is already close to 0,
thus giving good hope for the reconstruction of the va-
lence distribution. In turn, the imaginary part of ITDs
is still rather far away from zero, which is expected to
bring significant uncertainties particularly into qv + 2q̄.

Before we investigate the zmax-dependence, we com-
pare PDFs at a selected value of zmax = 8a obtained
with di↵erent interpolation prescriptions to access re-
duced ITDs at continuous Io↵e times. This is illustrated
in Fig. 8, where we show the considered four types of
PDFs from linear interpolation between neighboring Io↵e
times as well as from polynomial interpolations of second
and third order. For the cases of PDFs that mix real
and imaginary parts of ITDs (q and qs), we also show a
mixed-order interpolation (second/third order for imagi-
nary/real part), motivated by the fact that second order
polynomials are enough to obtain good fits to the imag-
inary part at all values of z2. As anticipated from com-
parisons at the level of ITDs, all interpolation methods
give consistent PDFs. The approach of the linear inter-
polation between ITDs at neighboring Io↵e times leads
to largest errors and we follow it below as the most con-
servative choice.

In Figs. 9, 10 and 11, we show the reconstructed PDFs
with zmax/a = 4, 8 and 12, respectively (⌫max ⇡ 2.6, 5.2
and 7.9). The matrix elements used in the reconstruc-
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Ensemble fit Obs ndat �2 �2
tot

fine no cuts Re [M] 48 1.00 1.29

Im [M] 48 1.34

Table 4.1. Lattice data details

Figure 4.3. PDFs from the fits fine-stat and fine-sys.

respectively), both as absolute values (upper plots) and normalized to NNPDF31 (lower plots).
For reference we report also results from the fit 170-stat (purple curve), presented in Sec. 3,
which however does not include any systematic e↵ect. Looking at results from fine-sys, in the
case of both V3 and T3 the two distributions are compatible up to medium (⇠ 0.25 and ⇠ 0.45)
and for large values of x (> 0.8), showing a probable underestimation of the PDFs error for the
intermediate x ranges. Similar conclusions hold also for the fit 170-stat, with generally smaller
uncertainties due to the missing inclusion of systematic e↵ects. This is especially evident in the
large-x region of V3.

Figure 4.4. PDFs from the fits fine-sys and 170-stat compared with the corresponding distributions
from NNPDF31. In the lower plots results are normalized to NNPDF31 PDFs.

12

NNPDF fit from Joo, et al (PRL 2020) 
[Pseudo-PDF]

Figure 5.5. S2 vs. S5: S2 results are more conservative than the S5 ones, showing also a small shift
of the replica 0 towards the light-cone PDFs. Overall, S2 results are comptible with NNPDF31 nlo 0118

within 1-sigma level.

Figure 5.6. S3 vs. S6: S3 results are extremely conservative, while those for S6 do not show a qualitative
di↵erence with respect to S4 and S5.
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NNPDF fit from Alexandrou, et al (PRL 2018) 
[Quasi-PDF]

When NNPDF                 converted to Ioffe-time distributionqv(x)
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enables us to demonstrate the extraction of �m with
signal-to-noise ratio better than at other Q2 data points
on the 48I ensemble. We also present a similar ex-
ample on the 32I ensemble at m⇡ = 300 MeV and
at the largest Q2 where the excited-state contribution
is expected to be the largest. For example, we obtain
�m = 0.48(29), C0 = 0.0005(3) on the 48I ensemble
and �m = 0.38(20), C0 = 0.00018(4) on the 32I ensem-
ble in the Gc

E(Q2) fits.

m0.135 m0.150 m0.182 m0.207 m0.267 m0.331
48I (a = 0.11fm)

m0.251 m0.278 m0.315 m0.341 m0.382

24I (a = 0.11fm)

32I (a = 0.08fm)
m0.261 m0.293 m0.313 m0.349 m0.403

Figure 2: Gc
E,M(Q2) matrix elements obtained from the 48I, 32I, and

24I ensembles. Corresponding legends for di↵erent pion masses are
included in the lower panel of the figure. The numbers in the legends,
such as m139, m251 represent the data points corresponding to pion
mass 139 MeV and 251 MeV, respectively at di↵erent Q2-values. The
cyan band indicates Gc

E,M(Q2)|physical. The outer (lighter tinted) cyan
margins represent an estimate of systematic uncertainty. Matrix el-
ements at the same Q2-value but at di↵erent pion masses are shown
with small o↵sets for better visibility.

We present the matrix elements of Gc
E,M(Q2) ob-

tained from the fit Eq. (2) in the upper and lower pan-
els of Fig. 2. With the extracted 102 matrix elements
from three gauge ensembles (for each of Gc

E(Q2) and

Gc
M(Q2)) at di↵erent pion masses and Q2, we perform

a simultaneous correlated and model-independent z-
expansion fit [66, 67] to Gc

E,M(Q2) in the momentum
transfer range of 0  Q2

 1.4 GeV2 and perform chi-
ral, continuum (lattice spacing a! 0), and infinite vol-
ume limit (lattice spatial extent L ! 1) extrapolations
to obtain the form factors in the physical limit. For such
a fit to Gc

E(Q2), we adopt the following fit form

Gc
E(Q2,m⇡,m⇡,vs,mJ/ , a, L) =

kmaxX

k=0

�kzk
⇥

✓
1 + A1m2

⇡+

A2m2
⇡,vs + A3m2

J/ + A4a2 + A5
p

L e�m⇡L
◆
, (3)

where z =

p
tcut + Q2 �

p
tcutp

tcut + Q2 +
p

tcut
. (4)

In fit Eq. (3), m⇡,vs is the partially quenched pion mass
m2
⇡,vs = 1/2(m2

⇡ + m2
⇡,ss) with m⇡,ss the pion mass corre-

sponding to the sea quark mass. The mJ/ masses for
the lattice ensembles are obtained in [63] and extrapo-
lated to the physical value mJ/ = 3.097 GeV [68]. A4
includes the mixed-action parameter �mix [69]. The vol-
ume correction in fit (3) has been adopted from [70] to
best describe the data. We use tcut = m2

J/ , the pole of
cc̄ pair production. We note that this choice is di↵erent
from the fit to the strange quark form factor where the
tcut is chosen at 4m2

K , because the mass of two kaons is
less than the mass of �, while the mass of two D mesons
is greater than the mass of J/ . One may also consider
⌘c, which is a bit lighter, but J/ is more likely to be
produced from a vector current.

The inclusion of higher-order terms beyond kmax = 4
has no statistical significance and is not considered in
the z-expansion fit (3). We obtain �2/d.o.f. = 1.17
for the fit (3) and the fit parameters are �0 = 0,
�1 = 0.084(15), �2 = �2.38(60), �3 = 6.04(9.79),
�4 = �0.13(5.79), A1 = �1.05(52), A2 = �0.18(84),
A3 = 0.025(86), A4 = �0.24(60), A5 = �0.02(34).
Replacing the correction term A1m2

⇡ by A1m⇡ results in
negligible change in the final result. A faster decreasing
volume correction exp(�mD0 L) correction gives A5 =
0.008(21) which is a smaller correction compared to
exp(�m⇡L) as expected and they are in statistical agree-
ment. The significant increase of the uncertainty in the
physical value of Gc

E(Q2) at larger Q2 is due to the fact
that the data points on the 24I and 32I ensembles are at
much heavier pion mass compared to the matrix element
at the physical m⇡ = 139 MeV on the 48I ensemble and
there exist no LQCD data points at Q2

� 0.31 GeV2

on the 48I ensemble. We also see a similar feature for
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quark components, i.e., ⌧ = 5. The coe�cient c⌧ is de-
termined, through Eqs. (8) and (9) by the lattice results
of Gc

E(Q2) and Gc
M(Q2) at the physical limit. We per-

form a fit to the extracted results of Gc
E(Q2)|physical and

Gc
M(Q2)|physical, i.e., the bands in Figs. 2. Since the lat-

tice data from di↵erent ensembles are evaluated at dif-
ferent Q2 values, and have been utilized to determine the
quark mass, lattice spacing, and finite volume e↵ects,
the e↵ective number of data points in the physical limit
is 6 for Gc

E(Q2)|physical and 6 for Gc
M(Q2)|physical

1. To re-
ally capture the uncertainty, we create 200 replicas from
the extracted bands. Each replica is firstly generated by
randomly sampling 6 data points of Gc

E(Q2)|physical and
6 data points of Gc

M(Q2)|physical from the extracted bands
within 0 < Q2 < 1.4 GeV2, which are covered by the
lattice data. Then for each data point, the central value
is resampled with a Gaussian distribution according to
its uncertainty. In addition, we also randomly shift the
value of c within ±5% in each single fit of one replica to
incorporate the theoretical uncertainty. The coe�cient
determined from the fit is c⌧=5 = 0.018(3).

Having obtained the charm coe�cient c⌧=5 from the
lattice computation, we use Eq. (12), to obtain the asym-
metric charm-anticharm distribution function x[c(x) �
c̄(x)] shown in Fig. 3. The result from the fit is in agree-
ment with the qualitative analysis at the beginning of
this section, namely, that the charm quark tends to carry
larger momentum than the anticharm quark based on the
lattice results for the charm quark form factors. From
the x[c(x) � c̄(x)] distribution obtained by combining
LQCD results from Gc

E,M(Q2) and the LFHQCD formal-
ism, we can calculate the first moment of the di↵erence
of c(x) and c̄(x) PDFs to be

hxic�c̄ =

Z 1

0
dx x [c(x) � c̄(x)] = 0.00047(15), (15)

where the total uncertainty is obtained from the fitting
error in c⌧=5 and 5% variation in c. The [c(x) � c̄(x)]
distribution result is about 3 times smaller in magnitude
than the s(x) � s̄(x) distribution obtained with the same
formalism [48]. Although a small asymmetry could
be a result of the cancellation of two relatively large
c(x) and c̄(x) distributions, it is possible that the intrin-
sic charm and anticharm distributions are both small.
Furthermore, the charm and anticharm distributions at
high energy scales are dominated by the extrinsic sea

1For each ensemble we have data points at 6 di↵erent Q2. A si-
multaneous fit of the data from three ensembles (48I, 32I, 24I) with
di↵erent quark masses, lattice spacings, and volumes leads to the re-
sults in the physical limit.

Figure 3: The distribution function x[c(x) � c̄(x)] obtained from the
LFHQCD formalism using the lattice QCD input of charm electro-
magnetic form factors Gc

E,M(Q2). The outer (lighter tinted) cyan mar-
gins represent an estimate of systematic uncertainty in the x[c(x) �
c̄(x)] distribution obtained from a variation of the hadron scale c by
5%.

from perturbative radiation. The experimental observa-
tion and isolation of the intrinsic charm e↵ect are ex-
tremely challenging in such cases. Thus it is not sur-
prising that the recent measurement of J/ and D0 pro-
ductions by the LHCb collaboration [15] found no in-
trinsic charm e↵ect. An ideal place to investigate intrin-
sic charm would be the J/ or open charm productions
at relatively low energies, e.g., at JLab, although it is
also possible to see intrinsic charm e↵ects in very ac-
curate measurements of high energy reactions. In addi-
tion, lepton-nucleon scattering may provide a cleaner
probe than nucleon-nucleon scattering to help reduce
backgrounds and increase the chance to observe the in-
trinsic charm e↵ect, and therefore the future EIC will
provide such opportunities.

The nonzero value of Gc
E(Q2) can also originate

from the interference of the q ! gq ! cc̄q and
q ! ggq ! cc̄q sub-processes, without the exis-
tence of IC. However, as mentioned earlier, this extrin-
sic [c(x) � c̄(x)] asymmetry which arises at the next-to-
next-to-leading order level is negligible [40]. Moreover,
according to [40], this extrinsic asymmetry would re-
sult in a much smaller and negative value of the first
moment of [c(x) � c̄(x)] distribution hxic�c̄ compared to
hxic�c̄ = 0.00047(15) obtained in this calculation. A
negative value for hxic�c̄ would also result in a positive
[c(x) � c̄(x)] distribution at small x and a negative dis-
tribution at large x, in contrast to the [c(x)� c̄(x)] distri-
bution we have obtained here. But the evidence based
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Figure 3 – Left: comparison of the NNPDF3.1 and NNPDF4.0 predictions for the light anti-quark PDF
ratio d̄/ū at Q = 10 GeV with the SeaQuest results. Right: the charm PDF at Q = 1.65 GeV in the
NNPDF4.0 fits with perturbative charm and with fitted charm (with and without EMC charm data)
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“This comparison highlights how 
 current data favours a valence-like 
 structure for the charm PDF at  
 low-scales, which in turn is consistent 
 with the hypothesis of an intrinsic charm  
 component in the proton wave function.”
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