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Unveiling a partonic picture

Transverse spin sum rules of 
the proton and twist-3 GPDs 
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• Proton spin overview 

• Twist-2 Transverse Spin Sum Rule 

• Twist-3 Transverse Spin Sum Rule 

• Measuring AM contributions in the proton

Overview
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Proton spin structure

• Has been an unsolved problem for over 30 years
X. Ji, F. Yuan & Y. Zhao Nat. Rev. Phys. 3 (2021) 1, 27

• First-principles calculations can been done but challenging

• Solving this has led to the study of “spin sum rules”

• Efforts for measuring different spin sum rule components (SIDIS, p-p collisions, DVCS) at RHIC, 
HERMES, COMPASS, JLab 6GeV

X. Ji, PRL 78 (1997) 610

R. Jaffe & A. Manohar Nuc Phys B 337 (1990) 163

• Sum rule contributions to the proton can be expressed in terms of Generalized Parton Distributions (GPDs)
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Alexandrou, C. et al. , PRD101, 094513, (2020)  
Yang, Y.-B. et al. , PRL 118, 102001,  (2017)  

 



Longitudinally Polarized Proton:
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[Jz,Kz] = 0

• This means that  is independent of Jz Pz
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• We know that  is independent of , but are ?⟨Jz⟩ Pz ⟨Jz
i ⟩

Yes, so long as they obey the proper transformation properties!
X. Ji, X. Xiong, and F. Yuan, PLB 717, 214 (2012)  

QCD spin sum rule

• Longitudinal AM inherently a twist-3 quantity

      4



<latexit sha1_base64="n+kGkqXbTb4ZGGjGPTdNehfUhxY="></latexit>

1
2�q + lzq +�G+ lzg = ~

2

Quark canonical  
OAM

Gluon spin Gluon canonical  
OAM

• Last 3 terms are gauge-dependent 
• Used in infinite momentum frame (IMF) in light 

cone gauge  connected to observables 
• All terms possess a partonic density 

⇒

Jaffe & Manohar 1990:
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• Each term is gauge-independent 
• Frame-independent 
• Not all terms have a partonic density in 

the IMF 

Quark spin Quark kinetic OAM Gluon total AM

Ji 1995:
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~JQCD
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SPIN SUM RULE

Longitudinal Spin SUM RULES
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Transversely Polarized Proton:
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[Jx,y,Kz] 6= 0

• This means that  is  (frame)-dependentJx Pz

• Less studied than Longitudinal case because: 

1. It is frame-dependent with non-trivial boost properties  

2. A key issue is separating intrinsic contributions from CM ones 

• This has led to some controversy in previous works
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Tw-2 Tw-4
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J↵� ⇠ P↵, P� ) ✏µ↵��P{↵,�}P� = 0

Separating CM contributions:

• We need a systematic way of only keeping the intrinsic contributions to AM

• The Pauli-Lubanski vector is an intrinsic relativistic spin operator

•  reduced to the usual spin operator in the rest frameWμ

• However, it tells us that:

If any  terms found in  are CM contributionsPα, Pλ Jαλ

• Key point: this does not require one to actually define the CM!

X. Ji and F. Yuan, PLB 810,  135786 (2020)  
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�WµSµ|P, Si =
~
2
|P, Si

J.K. Lubanski, Physica 9 (3), 310 (1942)
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Transverse AM from EMT Form Factors:

• The matrix elements of the EMT can be expressed in terms of 4 gravitational for factors, :A, B, C, C̃

⇒

CM contribution

• We want transverse AM expectation value — attainable from spacial moments of the 
Energy Momentum Tensor (EMT):

<latexit sha1_base64="8EUI8VBk6RBP9c9h1lWsUtnQVHc=">AAACFHicbZDLSsNAFIYn9VbrLerSzWArVColyUJd1rpxWcFeoA1lMp20Q2eSODMRSshDuPFV3LhQxK0Ld76N0zaIVn8Y+PjPOZw5vxcxKpVlfRq5peWV1bX8emFjc2t7x9zda8kwFpg0cchC0fGQJIwGpKmoYqQTCYK4x0jbG19O6+07IiQNgxs1iYjL0TCgPsVIaatvVkqlni8QTnpDxDlKEyftXvST25NhWraOK/VvdEulvlm0qtZM8C/YGRRBpkbf/OgNQhxzEijMkJRd24qUmyChKGYkLfRiSSKEx2hIuhoDxIl0k9lRKTzSzgD6odAvUHDm/pxIEJdywj3dyZEaycXa1Pyv1o2Vf+4mNIhiRQI8X+THDKoQThOCAyoIVmyiAWFB9V8hHiGdkdI5FnQI9uLJf6HlVO3TqnPtFGv1LI48OACHoAxscAZq4Ao0QBNgcA8ewTN4MR6MJ+PVeJu35oxsZh/8kvH+BXPInIU=</latexit>�

2
[Aq,g(0) +Bq,g(0)]=

<latexit sha1_base64="C+dVftyJAUu3zbJhNzB6lIQKz9c=">AAAB9HicbVBNT8JAEJ36ifiFevSykZp4MKTloB6JXownTOQjgUq2yxY2bLdld0skDb/DiweN8eqP8ea/cYEeFHzJJC/vzWRmnh9zprTjfFsrq2vrG5u5rfz2zu7efuHgsK6iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNf3Az9RsjKhWLxIMex9QLcU+wgBGsjeTZ9l0nHZ73Jo9Ptt0pFJ2SMwNaJm5GipCh2il8tbsRSUIqNOFYqZbrxNpLsdSMcDrJtxNFY0wGuEdbhgocUuWls6Mn6NQoXRRE0pTQaKb+nkhxqNQ49E1niHVfLXpT8T+vlejgykuZiBNNBZkvChKOdISmCaAuk5RoPjYEE8nMrYj0scREm5zyJgR38eVlUi+X3ItS+b5crFxnceTgGE7gDFy4hArcQhVqQGAIz/AKb9bIerHerY9564qVzRzBH1ifPyXukQw=</latexit>

Jx
q,g

Total Intrinsic transverse AM

⇒

<latexit sha1_base64="B8W7TN7CpsM66snpU974ytYEyVA="></latexit>

hJxi = h
Z

⇠yT 0zd3⇠i � h
Z

⇠zT 0yd3⇠i

X.Ji, PRL 78, 610 (1997)

True in any frame
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Note: equal in rest frame by rotational symmetry

2 Sum Rules:
<latexit sha1_base64="xtW3hRMlz4DtxA59JaDX9TUq6eA="></latexit>

Jx(2)
q + Jx(2)

g =
~
2
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Jx(3)
q + Jx(3)

g =
~
2

Transverse Polarization Sum Rules:

• Let’s look again at transverse AM, but split in terms of its 2 contributions:

Twist-2 Ji Sum Rule Novel Twist-3 Sum Rule

<latexit sha1_base64="9kv3d5RpeRPgpy7vMFzb9Lwz6Hc=">AAAB/nicbVC7TsMwFL3hWcorgJhYLBqkslRJB2CsYGEsUl9Sm1aO67ZWnYdsBxGiSvwKCwMIsfIdbPwNbpsBWo50peNz7pXvPV7EmVS2/W2srK6tb2zmtvLbO7t7++bBYUOGsSC0TkIeipaHJeUsoHXFFKetSFDse5w2vfHN1G/eUyFZGNRUElHXx8OADRjBSks989iyOg+sm6BaN7UfJ0X9OLesnlmwS/YMaJk4GSlAhmrP/Or0QxL7NFCEYynbjh0pN8VCMcLpJN+JJY0wGeMhbWsaYJ9KN52tP0FnWumjQSh0BQrN1N8TKfalTHxPd/pYjeSiNxX/89qxGly5KQuiWNGAzD8axBypEE2zQH0mKFE80QQTwfSuiIywwETpxPI6BGfx5GXSKJeci1L5rlyoXGdx5OAETqEIDlxCBW6hCnUgkMIzvMKb8WS8GO/Gx7x1xchmjuAPjM8f5lWUKA==</latexit>

⇠yT 0z(⇠)
<latexit sha1_base64="UkYQXEVcQEspg3VuoBtnUgBH1x8=">AAAB/nicbVC7TsMwFL3hWcorgJhYLBqkslRJB2CsYGEsUl9Sm1aO67ZWnYdsBxGiSvwKCwMIsfIdbPwNbpsBWo50peNz7pXvPV7EmVS2/W2srK6tb2zmtvLbO7t7++bBYUOGsSC0TkIeipaHJeUsoHXFFKetSFDse5w2vfHN1G/eUyFZGNRUElHXx8OADRjBSks989iyOg+s+4hq3dROJkX9OLesnlmwS/YMaJk4GSlAhmrP/Or0QxL7NFCEYynbjh0pN8VCMcLpJN+JJY0wGeMhbWsaYJ9KN52tP0FnWumjQSh0BQrN1N8TKfalTHxPd/pYjeSiNxX/89qxGly5KQuiWNGAzD8axBypEE2zQH0mKFE80QQTwfSuiIywwETpxPI6BGfx5GXSKJeci1L5rlyoXGdx5OAETqEIDlxCBW6hCnUgkMIzvMKb8WS8GO/Gx7x1xchmjuAPjM8f5luUKA==</latexit>

⇠zT 0y(⇠)

Spin sum rules are 
-independent!γ• Solution: Twist-2

Twist-3

 &  ~ proton matrix elements of  and  fieldsJx(2) Jx(3) q g
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Twist-2 Contribution

• Readily expressed in terms of partonic density in IMF:

• Relate LF operator to twist-2 GPDs 

<latexit sha1_base64="xtW3hRMlz4DtxA59JaDX9TUq6eA="></latexit>

Jx(2)
q + Jx(2)

g =
~
2

Twist-2 Sum Rule involves 4 twist-2 GPDs

X. Ji, PRL 78 (1997) 610

Twist-2 Sum Rule:

X. Ji, X. Xiong, and F. Yuan, PLB 717, 214 (2012)  
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J
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2

✓
Hg(x) + Eg(x)

◆
 = parton momentum fractionxPz
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Twist-3 Contribution

• In order to get a partonic picture, now we need to decompose  into spin and canonical OAM contributionsJx

Transverse quark spin  ΔqT = ∫ dxgT(x)

• Quark transverse AM partonic density:

In principle measurable and calculable on lattice!

~ 3 field twist-3 GPDs

The Quarks:

<latexit sha1_base64="vvcbymbO6unHHER3tAaJuZPA6rg="></latexit>

Jx(3)
q ! lx(3)q +

1

2
�qT

X. Ji, Y. Guo & K. Shiells 2101.05243 (2021)

There is also a “potential” term

<latexit sha1_base64="J90Jpkrpo/BJ4lD1/hRiHJNRrt8="></latexit>

gT (x) =
1

2M

Z
d�

2⇡
ei�xhPS?| †

+(0)�0�
?�5 �(�n) +  †

�(0)�0�
?�5 +(�n)|PS?i

R. Jaffe & X. Ji Nuc.Phys.B 375, 527 (1992)

k+ = xPz → xP+
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• Again, we decompose into canonical OAM + potential + spin:

• Gluon transversity (spin) distribution

More difficult to measure, but well-known

• Gluon transverse AM partonic density:

• Rotational symmetry                        

•

⇒
<latexit sha1_base64="OQ2PQ4vUM9L1JFGE8UG97VUckiM="></latexit>Z

lzg(x)dx =

Z
lx(3)g dx

~ 3 field twist-3 GPDs

The Gluons:

<latexit sha1_base64="egCA7TvnS9D6QhsA73QoTheVu0o="></latexit>

Jx(3)
g ! lx(3)g +

1

2
�GT

The “potential” term cancels that in quark AM!

X. Ji, PLB 289, 137 (1992)
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Twist-3 Transverse Partonic Spin Sum Rule

• Transverse Polarization: • Twist-3 
• Our 2021 result

•  Requires the decomposition   (OAM + spin) 

• Parton densities depicts a physical picture of the spin structure inside the nucleon 

• Rotated version of the Jaffe Manohar Longitudinal spin sum rule

J = L + S

Involve measurable PDFs in DIS and correspond to spin

Involve twist-3 GPDs and correspond to canonical OAM

NEW

<latexit sha1_base64="UZFvsL3hTy+HiE5OqaXMN4bUn4o=">AAACCXicdVC7SgNBFJ2NrxhfUUubwaxgIWEnRR7YBBW0jJAXZMMyO5lNhsw+nJkVwpLWxl+xsVDE1j+w82+cTSKo6IELh3Pu5d573IgzqSzrw8gsLa+srmXXcxubW9s7+d29tgxjQWiLhDwUXRdLyllAW4opTruRoNh3Oe244/PU79xSIVkYNNUkon0fDwPmMYKVlpw8NE37gnKF4Y3ThPYpPNG1UC6dpmk6+YJVtCwLIQRTgiplS5NarVpCVYhSS6MAFmg4+Xd7EJLYp4EiHEvZQ1ak+gkWihFOpzk7ljTCZIyHtKdpgH0q+8nskyk80soAeqHQFSg4U79PJNiXcuK7utPHaiR/e6n4l9eLlVftJyyIYkUDMl/kxRyqEKaxwAETlCg+0QQTwfStkIywwETp8HI6hK9P4f+kXSqicrF0XSrUzxZxZMEBOATHAIEKqIMr0AAtQMAdeABP4Nm4Nx6NF+N13poxFjP74AeMt0/40pda</latexit>

�qT , �GT

<latexit sha1_base64="Wd5FAIZJSs+c9vhz3QWx5Bg7abY="></latexit>

lx(3)q , lx(3)g

X. Ji, Y. Guo & K. Shiells 2101.05243 (2021)
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Longitudinal Transverse

Frame-independent  
sum rule:

IMF sum rule:
<latexit sha1_base64="wyMZSSCNgbyw0++WusHVpo6Wt+o="></latexit>

1
2�q + lzq +�G+ lzg = ~

2

Experimental testing spin sum rules

14

<latexit sha1_base64="vWMUfjVoJ7f8HSa6U15bI6ejzG4="></latexit>

1

2
�q + Li

q + J i
g =

~
2

<latexit sha1_base64="XSHS28dNPbTGH9tg7jjw7PjpJBQ="></latexit>

Jx
q + Jx

g =
~
2

  moments of:∼ ∫ dxx

4 twist-2 GPDs extractable from  
DVCS & DVMP!

Quark helicity 
distributions 

probed in SIDIS

Gluon helicity 
distribution 

probed in p-p  
collisions at RHIC

<latexit sha1_base64="rlKDT/hIAmYy/IsuzQU75l96TDk="></latexit>Z
dxdyF (3)

GPD(x, y)

<latexit sha1_base64="gUzAlXg5Dz01fbdRI61ufm2v1ZI="></latexit>Z
dx�G(x)

<latexit sha1_base64="Bke1zeFdckF6zHk5M/KTeuypedc="></latexit>Z
dxg1(x)

Twist-3 OAM quark and 
Gluon GPDs extractable  
From DVCS & DVMP

Less experimental constraints

<latexit sha1_base64="w2xo0nqp5ostbbx43ijIHpRgU84="></latexit>

Hq,g(x), Eq,g(x)

<latexit sha1_base64="OWp7oRpkRmuhM2IUYw7pNEuiBmA="></latexit>

1

2
�qT + lxq +�GT + lxg =

~
2

GPDs



• We need an extensive DVCS (& DVMP) observable measurement program

• Includes a full set of polarization combinations: beam and target 
• Together with angular dependence allows one to isolate different combinations 

of twist-2 and twist-3 CFFs
15

DVCS:

DVCS Measurements of GPDs

<latexit sha1_base64="4crOhtxkJ5YjcXsZW4OsAoboC9w="></latexit>

�Pb,Pt = �Pb,Pt

�
{kin. scalars},ReF , ImF

�

<latexit sha1_base64="TYDTcWn24SJzb19wC+uGYBL+dLE="></latexit>

F = H, E , · · · GPDs

Cross section asymmetries: UU, UT, UL, LU, LL, LT

Compton Form Factors (CFFs)

Determines spin contributions 
of the proton

K. Shiells



Twist-3 GPDs and Angular Momentum 

Longitudinal Jaffe & 
Manohar Sum rule:

Twist-3 quark OAM density: Twist-3 OAM GPD:

Ideal beam and target polarizations 
to extract quark OAM GPD!B. Kriesten et al., Phys Rev D 101 (2020) 054021

16
K. Shiells
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1
2�q + lzq +�G+ lzg = ~

2

<latexit sha1_base64="PGXozpniVV/OwmxRUjHP8XV1YHA="></latexit>

lzq(x) =

Z
dyGq,D,3(x, y) +

Z
dyP 1

y � x
Gq,F,3(x, y)
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lzq =

Z
dxlzq(x)

<latexit sha1_base64="4M72Y+rEoPzValORW8jD8pV/JwY="></latexit>

Ẽ2T = �
Z 1

x

dy

y
(H + E)�

 Z 1

x

dy

y2
H̃ � H̃

x

�
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S

S. Liuti et al PRD (2016,2018):

Connection under investigation!

X. Ji, Y. Guo & K. Shiells 2101.05243 (2021):



Closing Remarks

• Alternatively, there is a simpler twist-2 sum rule involves twist-2 GPDs (Ji sum rule), which are also partonic 

• Measurement of the involved PDFs and the twist-2 GPDs potentially within reach (JLab 12 GeV) 

• Possible measurement of the twist-3 OAM GPDs involved is now being investigated

• We have derived a clear partonic twist-3 spin sum rule for a transversely-polarized nucleon 

• Correctly deriving the sum rule requires a removal of the CM contributions — systematically achieved via the PL vector 

• The sum rule involves well-known PDFs and well-defined twist-3 GPDs 

• It is a rotated version of the Jaffe & Manohar sum rule from 1990, true in the IMF in the light cone gauge
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