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@ Review of high-energy OPE

@ High-energy evolution equation in the shock-wave background
o High-energy OPE with sub-eikonal corrections

@ Evolution equations of sub-eikonal corrections

@ Conclusions and Outlook

Based on:
G.A.C. JHEP 01 (2019) 118 arXiv: 1807.11435 [hep-ph]
G.A.C. arXiv: 2101.12744 [hep-ph] (under review for JHEP publication)
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DIS structure functions

DIS differential cross-section
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Leading Log Approximation in scatt. process at high energy

electron-proton/nucleus Deep Inelastic Scattering (DIS) s=(q+P)?

(PITj* ()" ()|P)

< b
.

energy suppressed

@ BFKL resum (asln %qz)n

@ Dynamics is linear and it describes proliferation of gluons
= Violation of Unitarity
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remind: High-energy OPE for DIS

Y <n

factorization scale: rapidity n
Rapidity Y > n - coefficient function (“impact factor”)

Rapidity Y < n - matrix elements of (light-like) Wilson lines with rapidity
divergence cut by n

o0
U} = Pexp{ig/ dx+Al(x+,xl)]
—00
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remind: High-energy OPE for DIS

The high-energy operator product expansion is

T, (), ()} = /d2 @23 T2y, 20, x, ) Te{ U7 U1}

372

+ [ @adads T @2 ) e U101 e(02017) - Nar( 03017
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DIS at Leading Log Approximation at high-energy

T 0} = [Pands T,z ) T 017}

e Calculate LO Imapct factor: Z-0(z1, 22, x,y)
e Calculate evolution of matrix element Tr{ /7 717} : BK/JIMWLK equation
@ Solve the evolution equation with initial condition: GBW/MV model

@ Convolute the solution of the evolution equation with the impact factor
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Symmetries of the Impact factors

T{, (X)), ()} = / d*21d%z T (21,22, %, ) Te{ U2 U1}

Electromagnetic gauge invariance
AT =0 = 8,T"(xyz2,2) =0
SL(2, C) Mébius invariance (inversion x* — ;)

/d221d2221”V(X,)’; 21,22) ' /d211d212 M (x,y:21,22)

At NLO conformal invariance is restored through the composite
conformal Wilson-line operators  (I. Balitsky and G.A.C. 2010)

G. A. Chirilli (University of Regensburg) High-energy OPE for polarized DIS zoom@UCLA - 12 May 2021 7136




Leading order evolution equation

d . . -
%tr{UxU;} = Kpotr{ U, U} + ... =

d PN oA
% <tr{ Ux U; })shockwave = <KLOtr{ Ux U; })shockwave
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Non-linear evolution equation

(xy) = 1 - 060 (1))

U(x.2) +U(zy) —Uxy) — U UG ) |

o LLA for DIS in pQCD = BFKL
» (LLA: oy < 1, a4m ~ 1): Ladder type of diagrams: proliferation of gluons.

@ LLA for DIS in semi-classical-QCD = BK/JIMWLK eqgn
» background field method: describes recombination process.
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Quark propagator with sub-eikonal corrections

T —> + ™ + F;

Quark propagator for g; structure function

2
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Quark propagator with sub-eikonal corrections

_,_/—_>_ — + +""" + + F;

Quark propagator for g, structure function

2
0 s =53 [rae (35 +X0)

x{i;ﬁzU(: %( —poy Flz1) +nQ(u)v,,)}(§y*¢1 + YL)

o Eikonal interaction
@ Sub-eikonal interaction
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Quark propagator with sub-eikonal corrections

2
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+oo B
]—'(ZJ_) =1 2 / dz, [OOPhZ*]z GUFij(Z*,ZlJ_)[Z*a _OOpl]z .

Y Y~ b=V b=V
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Quark propagator with sub-eikonal corrections

xJ_ _g/ / dZ* Oophz*}xt ¢ (Z*7XJ_)[Z*7Z*]abd)ﬁ(zwxl.)tb[z*v_Oopl] )

ij

2 1 . _
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Impact Factor with sub-eikonal corrections: quark operator

Z

i)(h 221 )7, Yoy Vi Xy Koy ¥ (2, 221 )
§
S

V(o 201) i1 (2, 22 )" (X, 52005 2210 )
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; V(2 2 )V P10 (2, 2 ) (X yas 211,221 ) + O
X#:%x*p‘f—i—xi‘j_ Xﬁ_:xi—zﬁ_ i=1,2

xe= /3T, xe= /5 b=\, b=Vt
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Impact Factor with sub-eikonal corrections: quark operator

(2, 2207y Yoy Vi Xy X0y ¥ (2s, 220
p

8 - .
= —1p(Z, 220 ) i1 (ze, 220 )V (X yu3 2105 220 )
S

8
;w(z*,Zu)V Pr(ze, 220 )IE (%, ye5 211,200 ) + ONT)

v 1 0? x—y)?
I (xyiz,2) = 5 *y*a s <ZIZZ_Z%“(xy)>

* )k

I (x,y;21,22) = (3.0 — pb) (008 = p5) [(V1 x o)X - X — (X x Xa) Y)Y

L2yl oo
Xp =snpy +X, X =x -z i=12
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Impact Factor with F;; operator

tw{Xip2 Y17 Yopb20 X0y }
= Siﬁaﬂ (x*afj —pg) (y*a;’ —pg) [(X'] X 5(’2)Y1 . Yz — (Y] X Yz)X] -Xz]

_ i af quv
=8ie Iy

1Y = -1t
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OPE with sub-eikonal corrections

Z, z,

T{D )LD D)}
/ddezILo 201,2215X,) [Tf{Uzl ULy + %(Tr{ Q1o )+ TH{U, lez )}

1 ) N i
+ /dzmdzZzI? (z11,2215%,) [Tf{(QSzz +F,) UL+ Tr{(Q;z +F1)0. }}

+0(a) + O(A7?)
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Sub-eikonal Impact Factors

Z, 1 I (x,y;21,22)
THV . _ Z2quv _ 1 5 Y31
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Symmetry of the sub-eikonal Impact Factors

Sub-eikonal Impact Factors are electromagnetic gauge invariant

DIV (x,y121,22) =0
Tt (x,y121,22) = 0

and SL(2, C) Mébius invariant (inv. x* — )

/ Fod I (x,y;21,22) & / dod 5 I (x,y;21,22)

/ d*od* I (x,y;21,22) = / d*nd 2 I (x,y;21,22)
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High-Energy OPE with sub-eikonal corrections
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Fierz identity
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High-Energy OPE with sub-eikonal corrections
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Parametrization of the forward matrix elements

Quark distributions

Al = (x—y)

[Ead@0ue.si o) L)+ ac] IP.5) = 5 (0 0+ 25 Fan(d )

[ead@0ups|[ 1(ie00l} +ac]Ip8) = 3 (@080 + 2 Fan @ )

(S,4)

Jad 0P8l 05t THUU]} + 0] 1P.5) = 5 (Mase 8 3) = S5 g5 )

(S, k)

/ PA AR (P, S| [Tr{Qs(xJ_)UyT} + a.c} P, S)) = %(AqSL(ki,x) -2 lzm(ki,x))

G. A. Chirilli (University of Regensburg) High-energy OPE for polarized DIS zoom@UCLA - 12 May 2021 21/36



Parametrization of the forward matrix elements

Gluon distributions

S~ Apr g gt AR = (x—y)t
/der<Akh<<P S| Tr{f(xl)UT}—i—ac] P, S)) = %[)\ lGL(k o+ & )lGT(k )]

G. A. Chirilli (University of Regensburg) High-energy OPE for polarized DIS zoom@UCLA - 12 May 2021 22/36



Evolution equation of sub-eikonal corrections

2
Z;{ “““ Dl r*'zu
Z]_J_
Diagrams at one loop: quantum quark field
z, XLz,
X

Figure : Diagrams with Oy, and Os, quantum.
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Evolution equation of sub-eikonal corrections

(Tr{UTU }0L) = ) /+ da/ d* Tr{Uy )2} [TI{U;Uz} Qi1 — NLCTY{U;QIZ}]

and

toog T UU
(Tr{U} U} Qs,) = 4772/ a/ d* it Ui

X—Z

X [TI‘{U;UZ} QSZ - ﬁTr{U;{ (QSZ - ZNC}-Z) }:|

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

L

Z; { ..... eecen }Z* , ZZJ_

Z1,

Diagrams at one loop: classical quark field (BK diagrams)

&) T2 do (x - )’)2
Ry A L

x [Tr{ UUIYTH{U.U} — N.Tr{ UxU;f}} 01

It gives automatically Leading-Log resummation contribution.
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Evolution equation of sub-eikonal corrections

2

Z; * {Z* t
ZlJ_
Diagrams at one loop: quantum quark field
Z, zZ, Z Z,
----- Pecees cessepecaace ------»------\\ //------»-----
Z) Zy X
“ Yo “ Yo
a) b)

Figure : Diagrams with O\, and Qs, quantum.
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Evolution equation of sub-eikonal corrections

Yo Yo

i1y = O [TVda [ d i = Dot
(T{Ujon}) = .5 /O - / Py [Tr{UyUZ}le NCTr{Ulez}]

and

B +o00 da d2Z
TeL Ut T / = =
< r{ Uy QSX}) 471_2 0 a (x _ Z)i

x [0 U0, — - Te{Uf (0. — 2N )

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

ij 22

¥

H
‘711

Diagrams with F;; quantum

) d)
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Evolution equation of sub-eikonal corrections

Fij 1221

Diagrams with F; quantum
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

(Tr{F Uf}) = —%Tr{Uxt“U;tb} / m%"‘ / d*z
X[(f—axv (ot o)

(x—230—27
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91

21w _
Qab ZJ_ —g/ dzl*/ dZZ*q/}(Zl*aZJ_)’ysﬁl [Zl*yoopl]ztaUztb [_OOP17Z2*]1¢(ZZ*,ZJ_)
0o

P
Q% (z1) —g/ dm/ A2 (214,21 ) iP1 (210, 00p1 ] UL 17 [—00p1, 224 (224, 21
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

ood—a d*z

(Te{FUf})

e

1 - - . -
+ ﬁ (Tr{ UnyT QIZUZT }+ Tr{U U UI 012} — Tr{UUS U0} — Te{U] UXQ{ZUZ})
X—2,7— 1

-znz-y) }

=210 -23% (x—27

N2 Tr{UTU}(Q le)} —%[
x [Tr{ Ui (0s. — 2F.)}Tr{Ul UL} + To{U, (0L, — 2F))yTe{UfU.}

1 . . . B
- (Tr{UxU;f U.0L} + Te{U} UL U} + Te{U, Ul 0s,UT} + Tr{U} U, U Q5Z}>
C

1
TNz Tr{UfU} (05 + Q;)} }
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Evolution equation of sub-eikonal corrections

z . 3 .z
TR o z 5 e

7, : z

Diagrams with F;; or 0, (and Qs) classical: BK-type diagrams

+ self-energy diagrams
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Evolution equation of sub-eikonal corrections

Diagrams with F;; or 0, (and Qs) classical: BK-type diagrams

- +too g
(Tr{Q1 Ul}) = =

272 Jo (x—230—23%

X [Tr{Ulex}Tr{U; U.} — N, Tr{U;QIX}]

- as  [T®da (x —y)?
ey = 55 [T [P
% [Tr{UZT 05} TH{U} U} — N, Tr{U] QSx}]
+°°da (x — y)l
(k=230 -1
x {Tr{UZT}'x} Tr{UU,} — N, Tr{U;f]-"x}}

(Te{F. U]}) =

271'2
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Evolution equation of sub-eikonal corrections

2

z { ..... PR }Z* 2y,

Z1,

quark-to-gluon diagrams
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Evolution equation of sub-eikonal corrections

22,
Z*{ """ e r*'zu
ZlJ_
quark-to-gluon diagrams
Xy X1

i e ——

Yy
a) b)
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Evolution equation of sub-eikonal corrections

ay [T®da [ , 1 :
(Tr{UxU;}Q1x> = 47?2/0 Z/d Z{(X—Z)i [TF{UXU;UZXIU}

(x—z,2—y)1

1
FT{UUUXD Y + — Te{U U (7—[‘ +H+) NI AR LA /5
r{ Uy lxz} N. r{ y} 1xz 1zx (y_z)i(x_z)i

1
x [Tr{ VUIUAL Y + T {UUfUX] ) + - T (A, + H;;xﬂ
c

(f_ Z) X (y_ Z) 1 _
+m Tr{UxUJUzXJU} —Tr {UZU;UXX;Z} - ﬁcTr{UnyT}@SXZ — H;u) )
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Evolution equation of sub-eikonal corrections

T W

da

(Tr{U, Ut }st =

47r2

{ {Tr{U viv.xl}

(r—zz—y)1
O-aik-27%
x [Tr{UxU;UZXSTU} + T {UUlUXL ) — —Tr{U Ul (M, + M )}

+Tr{UUlUXS )~ FTr{U; Uy} (H;xz + H;u)} +
c

F-)x G2
-

{T (vuivxf ) - uuival )+ —Tr{U UT}( Hm)} } .
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Evolution equation of sub-eikonal corrections

Ca o
21y
quark-to-gluon diagrams
2% Zs Xoer X1 P2 Z«

Yo YL
a) b)
Xsr X | 72 Z« z;. Zx
Wz Wiz
v XYL
c) d)
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Evolution equation of sub-eikonal corrections

da e

<Tr{ UT Q lx}

47r2

1 - 1
X{(xz)i {Tr{UZUyT (Hﬁz—k’;’{lu) - IVCTr{U;(XIXZ—t-Xlu)}}

(x—z2-Y) 1
W{TI{UZUT}< Lxz +Hlu> ETI‘{U;(XIXZ-FXIU) }:l
F-)x(G-2) 1

+m {T {U, UT}<H5u HSH) + NCTr{U (Xsyr — Xm)}}}
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Evolution equation of sub-eikonal corrections

da e

<Tr{ UT QSX}

47r2

x{ﬁ {Tr{UZUyT}( 5xz+H5u> - iTr{ny(&xﬁxm)}]

= = LU R R CICREED)
+% {T {U, UT}( e H(u) + NicTr{U; (X — Xm)}} }
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+o0 _
Xi(xr,y1) =—g  dudwap(ze,y1 )z, —oopily iy [oopr, wilxth(wi, x1 )
+oo _
XlT(xJ_,yJ_) = 82 Az dwy YWy, X1 ) [y, 00p1 |5 i P1 [—Oopl,z*]ylﬂ(z*,n)

+oo
XS(XJ_,)’J_ 82 dz*dw*w(z*,n)[z*, —OOPI]y'V ﬁl [oopl,w*]xd)(w*,xl)
—00
i 2 [T
Xi(x1,y1)=—g dzdwab(ws, x 1) [we, 00p1 ] V1 [—00p1, 26y (24, ¥ 1)
—00
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X-dipole operators

T{Ui X} or  To{U]Xs.}

Xy
{.......».......

z

f"'"'"’"“"J—
L

[ A

sssesscscssssccscccegeecscssossscsscscses
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+oo
H (xL,y1) = gz/ dz.dw, w*,yj_)[w*,oopl] ip1 [oop1; za)x (24, X 1)
o0
H(x,y1) = 82/ dz.dw (Wi, Y1 ) (Wi, 00p1]y YP1 [00p1, 265t (24, X1)
2 o0
Hy (xJ.7YJ. g/ dzidw, 3 w*,yj_)[w*, Oopl]yiﬁjl [—OOp1,Z*]x1/J(Z*,XJ_)

o0

H (x1,y1) = —& / dzdw, Y (we, 1 ) [ws, —oopi]y VB1 [—oop1, ze)eth(zs, x 1)

TMD operators that usually appear in SIDIS and Drell-Yan processes.
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Conclusions

@ New Impact factors have been derived;

@ New evolution equations which describe the high-energy spin
dynamics;

@ New quark and gluon distributions;
@ TMD type of operators appeared in DIS process.

@ Outlook

» Disentangle the double from the single log of energy and compare
with Bartels-Ermolaev-Ryskin (and the extension obtained by
Boussarie, Hatta, and Yuan (2019));

» Compare with NNLO calculation by Moch, Vermaseren and Vogt
(2014);

» Compare with results obtained by Kovchegov’s group
(20015-2021);

» Include NLO and running coupling corrections.
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Lesson from Unpolarized case

o Consider twist-two local operators
» actually the full supermultiplet of multiplicatively renorm. operators

Oes) = [ du ity % (up -+ x2)

Ol\(x1) = /duij\fxvj—_l/\fx(upl +x1)

Ol(xy) = / du FeH N 2R (upy + x))
supermultiplet of local operators

. 1 . 1 .
:OQ+ZO’——(’)’¢

i . ]+1 .
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Lesson from Unpolarized case

@ Construct the analytic continuation to complex spin-j of light-ray operators

o0
F(x1) :/ duu' 7 Fupy +x1),
0

Aj(XJ_) :/ duu_jA(um +x1),
0

(I)i(xJ_) :/ duuil*ji’(upl +XJ_)
0

with

F(upy,x1) = /dvF‘H'H(upl +vpr +x)u+v, v]ﬁbeﬂ‘(vpl +x1),

i _
W) = 5 [ = -+ v +x0)u+ vl +x1)

X401+ X0 )+ VLN (upy v +x1))

Bi(u,x1) = / dv 3 (ups +vp1 + x0) [+ v, V]2 B (vp1 +x1)
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Lesson from Unpolarized case

Analytic continuation of the multiplicatively renormalizable light-ray operators to
non-integer j

. . i—1 . 1._.
= F LN - 1)

sngf—%AfH(’ng)qﬂ',
sész—’gzzv‘— (’“)2(’”)@'.

Note: coefficients are different from the ones in the system of locall
multiplicatively renom. operators
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Unpolarized case

Consider the 4-point function

o perform the high-energy limit in coord. space
xXp = A, x = A, x;r — Xx;'
x; = Nxf  with AN — oo

o DGLAP limit x2, = 0

Balitsky (2013, 2019), Balitsky, Kazhakov, Sobko (20013-2018) Wilson frame
G.A.C. Quark and Gluon quasi-pdf at low-x (in preparation) quasi-pdf fram

x* AT " X
Wilson frame ““‘quasi-pdf-frame’’
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