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Transverse Momentum Dependent pdfs at LHC
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conventional collinear factorization: TM in final 
state  from higher order perturbative corrections  
→ slows down convergence of perturbative series 
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Figure 2: The parton shower correction factor to jet transverse momentum distributions, obtained from Eq. (2)
using Powheg for |y| < 0.5 and 2 < |y| < 2.5. Left: R = 0.5; Right: R = 0.7.

algorithm is applied, and complete final states are generated including additional QCD radiation
from the initial and final parton cascades. As a result of QCD showering, the momenta kj are
no longer exactly collinear. Their transverse momentum is to be compensated by a change in
the kinematics of the hard scattering subprocess. By energy-momentum conservation, however,
this implies a reshuffling, event by event, in the fractions xj of longitudinal momentum carried
by the partons scattering off each other in the hard subprocess.

The size of the shift is illustrated in Fig. 34 for the case of jets produced at different rapidities,
by comparing the distribution in the parton longitudinal momentum fraction x before parton
showering and after parton showering. We see that the longitudinal shift is negligible for central
rapidities but becomes significant for y > 1.5. It characterizes the highly asymmetric parton
kinematics 11 which becomes important for the first time at the LHC in significant regions
of phase space. Although Fig. 3 is obtained using a particular NLO-shower matching scheme
(Powheg), the effect is common to any calculation matching NLO with collinear showers. On
the other hand, this is avoided in shower algorithms using transverse momentum dependent
parton distributions 12,13,14,15 from the beginning, as for instance in 16,17.

In summary, the nonperturbative correction factorKNP introduced from NLO-MC in Eq. (1)

gives non-negligible differences compared to the LO-MC contribution 5,6 at low to intermediate
jet pT , while the showering correction factor KPS of Eq. (2) gives significant effects over the
whole pT range and is largest at large jet rapidities y. Because of this y and pT dependence,
taking properly into account NP and showering correction factors changes the shape of jet
distributions, and may thus influence the comparison of theory predictions with experimental
data. Besides jets, longitudinal momentum shifts as in Fig. 3 also affect massive final states 4

such as Drell-Yan Z/W production. We anticipate that the showering correction factors will
be relevant in particular in fits for parton distribution functions using inclusive jet and vector
boson data.
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Parton Branching method

3

KRjCq�jCRN

fg/P1(x1,k?,1, µ2
F )

fg/P2(x2,k?,2, µ2
F )

P1

P2

h

�̂gg(x1,2,k?,1,2, Q2, µ2
F )

௄ +RIICN3�a 8�,jRaCy�jCRN Cc ,RLLRNIw nc30 jR
03c,aC$3 @�a0 UaR0n,jCRN UaR,3cc3c �j H?+௄ bRL3 ,I�cc3c R8 UaR,3cc3c a3\nCa3 LRa3
<3N3a�I c,@3L3௄ 7�,jRaCy�jCRN CN U�ajRNC, ,aRccAc3,jCRN �N0
ja�Ncq3ac3 LRL3NjnL 03U3N03Nj T/7c
ViK/cW௄ iK/c Ln,@ I3cc GNRsN j@�N T/7c �j Ua3c3Nj ݂ 8njna3 3uU3aCL3Nj�I UaR<a�Lc௄ iK/c 8aRL T�ajRN #a�N,@CN< VT#W L3j@R0- +�N $3 nc30 CN KRNj3 +�aIR 3q3Njc <3N3a�jRac݂ rC03Iw �UUIC,�$I3

lgSl

underlying idea: 
- keep track of transverse momenta along the DGLAP 

evolution chain → TMD PDF (or unintegrated pdf) 
→ MC formulation of DGLAP evolution 

-  real splitting kernels: prob. that parton splits 
- Sudakov form factor: prob. that parton does not split 
- both closely related through momentum sum rules

PR
ab(z)

• can be formulate at LO, NLO, NNLO 
• implemented in Xfitter framework 
• particularly useful for MC studies 
• available through https://

tmdlib.hepforge.org/, see also 
[2103.0974] 

• also implemented in Cascade MC 
[Baranov et. al.; 2101.10221]

phenomenology: Z-boson 
production  
[Bermudez Martinez et. al. 
1906.00919]
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Figure 5: Transverse momentum pT spectrum of Z-bosons as measured by [3] at
p
s = 8 TeV com-

pared to the prediction from MC@NLO with PB-TMD NLO 2018 [40]. Left: uncertainties from the
PB-TMD and uncertainties coming from changing the width of the intrinsic gauss distribution by a
factor of two. Right: with uncertainties from the TMDs and scale variation combined.

pcutT [GeV] n Set1 Set2
20 10 10.5 1.7
30 14 7.7 1.5
40 17 6.3 1.3
50 21 5.2 1.2
60 24 4.8 1.8

Table 1: Values of �2
/n as a function of the upper limit ot the Z transverse momentum p

cut
T .

In Table 1 we show a quantitative comparison of our predictions with the measured
pT distribution. We calculate �2/n between the n measurement points and the prediction
taking into account the experimental uncertainties (statistical, systematic and luminosity
uncertainty, added in quadrature) and the theoretical uncertainties (uncertainties from the
TMD determination and scale uncertainties, as shown in Fig. 5, added in quadrature). The
agreement between the measurement and the prediction using Set 2 is very good for pcutT <
50 GeV, although no parameters are fitted. The better �2 obtained with Set 2 compared to
Set 1 supports the use of transverse momentum (instead of the evolution scale), correspond-
ing to the angular-ordering approach, as the argument of ↵s.

In Fig. 6 we show a comparison of the calculation with the �⇤ distribution as measured
in [3].
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Open questions (personal list)

4

• precise relation to TMD QCD operator definition (→underway, but not topic of this talk) 
• high energy/low  limit: QCD amplitudes are naturally factorized into TMD unintegrated 

gluon distribution 
x

- high energy factorization in the dilute limit (no high density 
effects) 

- BFKL evolution [Kuraev, Lipatov, Fadin; SPJ (1977)], [Balitsky, Lipatov; 
SJNP (1978)] and unintegrated gluon density 

- -factorization: matching to collinear factorization → analytic 
continuation of partonic cross-section
kT

related to the formulation of TMD splitting kernels. In Sec. 3 the basic elements of
the standard PB evolution equation with collinear splitting functions are presented. In
Sec. 4 we discuss two alternative implementations of TMD splitting kernels into the PB
method, using collinear and TMD Sudakov form factors. In Sec. 5 we provide details
about the TMD Sudakov factor and its relation with the momentum sum rule. Section 6
presents numerical results of the two models and the impact of the non-perturbative
inputs on the obtained distributions. Finally, in Sec. 7 we give our conclusions and
outline for future work. Additionally, we include a couple of appendices collecting
extra information. Appendix A presents explicit formulas for TMD splitting functions
expressed in variables suited for PB implementation, whereas in appendix B we provide
technical details on the PB implementation with TMD kernels. Finally, appendix C
presents additional results related to the non-perturbative elements of the PB method.

2 TMD splitting functions

In the following we provide a brief summary of the essential concepts underlying the
TMD splitting kernels; additional details can be found in [22–24,27,28].

2.1 The gluonic channel and low x resummation

The starting point for our discussion is the following factorized expression for the total
cross-section of a hard process, such as heavy quark pair photo-production as used for
the discussion in [27]:

4M2
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Z
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◆
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Here the mass M � ⇤QCD defines the hard scale of the process while x = 4M2

s with
p
s

the center of mass energy of the process. For the sake of this paragraph, we restrict
ourselves to purely gluonic contributions. Considering for definiteness heavy quark pair
photo-production, �̂ is the analytical continuation of the usual partonic cross-section for
the process �+g

⇤
! QQ̄ and F(x,k) denotes the unintegrated gluon density. In [22,24]

a set of transverse momentum dependent splitting kernels have been proposed which
describe the evolution of this unintegrated parton densities. Limiting ourselves to
the purely gluonic sector we obtain the following generalized BFKL equation for the
unintegrated gluon distribution [23, 29]

F(x,k2) = F
(0)(x,k2) +

Z 1

x

dz

Z
d
2q

⇡q2
P

TM
gg (z, q + k, q)F
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x

z
, (q + k)2

⌘
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where PTM
gg denotes the TMD gluon-to-gluon splitting which for the leading logarithmic

BFKL equation reduces to P
TM
gg ! 2/z; with momenta kinematics defined in Fig. 1.
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[Catani, Ciafaloni, Hautmann; NPB366]BFKL is an exact QCD 
result→necessary to re-obtain it within 
the parton branching method
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a}
R1(✓)���! {û00
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~! = [�̇ sin ✓ sin + ✓̇ cos ]û1 + [�̇ sin ✓ cos � ✓̇ sin ]û2 + [ ̇ + �̇ cos ✓]û3
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DGLAP/collinear kinematics

goal: 
• combine DGLAP & BFKL 
• extend validity of TMD evolution  

to the region x = 10−3 − 0.7
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~! = �̇ ˜̂u3 + ✓̇û0
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A = ⌦2 (I3 � I1)(I1 � I2)

I3
< 0

A = ⌦2 (I3 � I1)(I1 � I2)

I3
> 0

0

@
!1(t)
!2(t)
!3

1

A =

0

@
!0 cos⌦t
�!0 sin⌦t

!3

1

A

d

dt

~L = ~⌧ ~⌧ =
3X

a=1

⌧aûa
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dûa

dt

◆

=
3X

a=1

✓
dLa

dt
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real part: 

• start from diagrammatic definition of collinear factorization in 
axial gauge [Curci, Furmanski, Petronzio; NPB 1908]  

• incoming off-shell legs: high energy factorization as formulated in 
high energy effective action [Lipatov, hep-ph/9502308]  

• gauge invariant kernel + correct high energy & collinear limit 
• allows to derive real splitting kernels [Gituliar, MH, Kutak; 1511.08439]; 

[MH, Kusina, Kutak, Serino; 1711.04587] 
• fails for virtual corrections → TMD distribution in light cone gauge 

requires transverse gauge link → work in progress

this talk: 
- explore real TMD 

splitting within parton 
branching method 

- fix missing virtual 
contributions through 
probabilistic 
interpretation 
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related to the formulation of TMD splitting kernels. In Sec. 3 the basic elements of
the standard PB evolution equation with collinear splitting functions are presented. In
Sec. 4 we discuss two alternative implementations of TMD splitting kernels into the PB
method, using collinear and TMD Sudakov form factors. In Sec. 5 we provide details
about the TMD Sudakov factor and its relation with the momentum sum rule. Section 6
presents numerical results of the two models and the impact of the non-perturbative
inputs on the obtained distributions. Finally, in Sec. 7 we give our conclusions and
outline for future work. Additionally, we include a couple of appendices collecting
extra information. Appendix A presents explicit formulas for TMD splitting functions
expressed in variables suited for PB implementation, whereas in appendix B we provide
technical details on the PB implementation with TMD kernels. Finally, appendix C
presents additional results related to the non-perturbative elements of the PB method.

2 TMD splitting functions

In the following we provide a brief summary of the essential concepts underlying the
TMD splitting kernels; additional details can be found in [22–24,27,28].

2.1 The gluonic channel and low x resummation

The starting point for our discussion is the following factorized expression for the total
cross-section of a hard process, such as heavy quark pair photo-production as used for
the discussion in [27]:

4M2
�(x,M2) =

Z
d
2k

Z 1

0

dz1

Z 1

0

dz2�̂

✓
z1,

k2

M2

◆
F(z2,k)�(z1z2 � x). (1)

Here the mass M � ⇤QCD defines the hard scale of the process while x = 4M2

s with
p
s

the center of mass energy of the process. For the sake of this paragraph, we restrict
ourselves to purely gluonic contributions. Considering for definiteness heavy quark pair
photo-production, �̂ is the analytical continuation of the usual partonic cross-section for
the process �+g

⇤
! QQ̄ and F(x,k) denotes the unintegrated gluon density. In [22,24]

a set of transverse momentum dependent splitting kernels have been proposed which
describe the evolution of this unintegrated parton densities. Limiting ourselves to
the purely gluonic sector we obtain the following generalized BFKL equation for the
unintegrated gluon distribution [23, 29]

F(x,k2) = F
(0)(x,k2) +

Z 1

x

dz

Z
d
2q

⇡q2
P

TM
gg (z, q + k, q)F

⇣
x

z
, (q + k)2

⌘
, (2)

where PTM
gg denotes the TMD gluon-to-gluon splitting which for the leading logarithmic

BFKL equation reduces to P
TM
gg ! 2/z; with momenta kinematics defined in Fig. 1.

4

leading order BFKL: PTM
gg →

αsCA

πz ( 1
q2

+virtual)

Alternatively, this evolution equation can be also represented in double Mellin space
defined through,

F(x,k2) =
1

k2

Z
d!

2⇡i
x
�!

Z
d�

2⇡i

✓
k2

Q
2
0

◆�

F̂(!, �), (3)

which allows to write the evolution equation in product form,

F̂(!, �) = F̂
(0)(!, �) + P̂gg(!, �)F̂(!, �), (4)

where

P̂gg(!, �) ⌘

Z 1

0

dzz
!

Z
d
2q

⇡

✓
(q + k)2

k2

◆��1 1

q2
P

TM
gg (z, q + k, q). (5)

To discuss the low x and collinear limit of this evolution equation, we start with the
following expression for the real part of the TMD gluon-to-gluon splitting kernel [24]

K̂gg

✓
z,

k02

µ2
, ✏,↵s

◆
= z

Z
d
2+2✏q

⇡1+✏
⇥


1� z

z

�
µ
2
F � k2

�
� q2

�
1

q2
P

TM,R
gg (z,k0

, q), (6)

and

1

q2
P

TM,R
gg (z,k0

, q) =
↵sCA

2⇡

e
��E✏

µ2✏


2

z(1� z)q2
+

1

q2

k02
� 3q2

� k2

zq2 + (1� z)k2

+
(1 + ✏)z(1� z)

(zq2 + (1� z)k2)2
(2k0

· q � k02)2

k02

�
, (7)

with k0 = k + q. The superscript ‘R’ indicates that we are dealing here with the real
emission part only. The collinear limit corresponds to the ordering k, q � k0, which
leads to

lim
k02!0

P
TM,R
gg (z,k0

, q) =
↵s2CA

2⇡

e
��E✏

µ2✏


1

z(1� z)
� 2 + (1 + ✏)

(q · k0)2

k02

�
; (8)

after taking the average over the azimuthal angle, this leads to the familiar real DGLAP
splitting function in d = 4+2✏ dimensions, see also [24]. Imposing the condition k, q �

k0 in subsequent iterations of Eq. (2), one is then lead directly to the corresponding
leading order DGLAP evolution equation, as far as real corrections are concerned. The
low x limit is on other hand obtained through the limit z ! 0. As pointed out in [24],
this yields the real part of the leading order BFKL kernel, times 1/z:

lim
z!0

1

q2
P

TM,R
gg (z,k0

, q) =
1

z
·
↵sCA

⇡

e
��E✏

µ2✏

1

(k � k0)2
. (9)

To resum leading logarithms in the low x within the evolution equation Eq. (2) formu-
lated in double Mellin space, Eq. (4), it is necessary to identify contributions ↵s/! in
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q = a(z)µ0

k0
, b

k, a

q

Figure 1: Kinematic variables of the branching with a, b = {q, g} and k0 = k + q. The
parametrization q = a(z)µ will be used in the implementation using the PB method, see
Sec. 3.

the double Mellin representation of the TMD splitting function. Since we are dealing
here with the real contribution only, we define the moments in 2 + 2✏ dimensions and
arrive at

P̂
R
gg(!, �; ✏) =

Z 1

0

dzz
!

Z
d
2+2✏q

⇡

✓
(k + q)2

k2

◆��1 1

q2
P

TM,R
gg (z,k + q, q)

=
↵sCA

⇡!


1

✏
+ ln

k2

µ2
+ �0(�) +O(✏)

�
+O(!0), (10)

where �0(�) = 2 (1) �  (�) �  (1 � �) and ↵sCA
⇡ �0(�) is the leading order BFKL

eigenvalue. The remaining contribution, ↵sCA
⇡ (1✏ + ln k2

µ2 ) can be easily identified as the
negative gluon Regge trajectory, which is contained in the still missing virtual contri-
butions to the splitting function, see [30] for a derivation using Lipatov’s high energy
e↵ective action or [29] for a derivation based on QCD Feynman diagrams. Adding this
virtual correction to the real splitting kernel, one therefore finds the following evolution
equation in moment space,

F̂(!, �) = F̂
(0)(!, �) +

↵̄s

!
�0(�)F̂(!, �), (11)

with ↵̄s = ↵sCa/⇡. Assuming that the entire logarithmic contribution is contained in
the evolution equation, we finally take1 F̂

(0)(!, �) = ĥ
(0)(�)/!, and find

F̂(!, �) =
ĥ
(0)(�)

! � ↵̄s�0(�)
, (12)

i.e. our unintegrated gluon distribution reduces to the BFKL gluon Green’s function
times an initial transverse momentum distribution, which finally yields

F(x,k2) =
1

k2

Z
d!

2⇡i
x
�!

Z
d�

2⇡i

✓
k2

Q
2
0

◆�
h
(0)(�)

! � ↵̄s�0(�)
. (13)

1This corresponds to eliminating all logarithmic enhanced terms from the initial conditions, apart
from the requirement that x < 1.

6

real splitting kernel
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Alternatively, this evolution equation can be also represented in double Mellin space
defined through,
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which allows to write the evolution equation in product form,
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where
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To discuss the low x and collinear limit of this evolution equation, we start with the
following expression for the real part of the TMD gluon-to-gluon splitting kernel [24]
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(2k0
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�
, (7)

with k0 = k + q. The superscript ‘R’ indicates that we are dealing here with the real
emission part only. The collinear limit corresponds to the ordering k, q � k0, which
leads to

lim
k02!0

P
TM,R
gg (z,k0

, q) =
↵s2CA

2⇡

e
��E✏

µ2✏


1

z(1� z)
� 2 + (1 + ✏)

(q · k0)2

k02

�
; (8)

after taking the average over the azimuthal angle, this leads to the familiar real DGLAP
splitting function in d = 4+2✏ dimensions, see also [24]. Imposing the condition k, q �

k0 in subsequent iterations of Eq. (2), one is then lead directly to the corresponding
leading order DGLAP evolution equation, as far as real corrections are concerned. The
low x limit is on other hand obtained through the limit z ! 0. As pointed out in [24],
this yields the real part of the leading order BFKL kernel, times 1/z:

lim
z!0

1

q2
P

TM,R
gg (z,k0

, q) =
1

z
·
↵sCA

⇡

e
��E✏

µ2✏

1

(k � k0)2
. (9)

To resum leading logarithms in the low x within the evolution equation Eq. (2) formu-
lated in double Mellin space, Eq. (4), it is necessary to identify contributions ↵s/! in
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- DGLAP slitting function in the 
collinear limit 

- real part of BFKL kernel for z → 0

double Mellin space: 

q = a(z)µ0

k0
, b

k, a

q

Figure 1: Kinematic variables of the branching with a, b = {q, g} and k0 = k + q. The
parametrization q = a(z)µ will be used in the implementation using the PB method, see
Sec. 3.

the double Mellin representation of the TMD splitting function. Since we are dealing
here with the real contribution only, we define the moments in 2 + 2✏ dimensions and
arrive at
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where �0(�) = 2 (1) �  (�) �  (1 � �) and ↵sCA
⇡ �0(�) is the leading order BFKL

eigenvalue. The remaining contribution, ↵sCA
⇡ (1✏ + ln k2

µ2 ) can be easily identified as the
negative gluon Regge trajectory, which is contained in the still missing virtual contri-
butions to the splitting function, see [30] for a derivation using Lipatov’s high energy
e↵ective action or [29] for a derivation based on QCD Feynman diagrams. Adding this
virtual correction to the real splitting kernel, one therefore finds the following evolution
equation in moment space,

F̂(!, �) = F̂
(0)(!, �) +

↵̄s

!
�0(�)F̂(!, �), (11)

with ↵̄s = ↵sCa/⇡. Assuming that the entire logarithmic contribution is contained in
the evolution equation, we finally take1 F̂

(0)(!, �) = ĥ
(0)(�)/!, and find

F̂(!, �) =
ĥ
(0)(�)

! � ↵̄s�0(�)
, (12)

i.e. our unintegrated gluon distribution reduces to the BFKL gluon Green’s function
times an initial transverse momentum distribution, which finally yields

F(x,k2) =
1
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2⇡i

✓
k2

Q
2
0

◆�
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(0)(�)
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. (13)

1This corresponds to eliminating all logarithmic enhanced terms from the initial conditions, apart
from the requirement that x < 1.
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Figure 1: Kinematic variables of the branching with a, b = {q, g} and k0 = k + q. The
parametrization q = a(z)µ will be used in the implementation using the PB method, see
Sec. 3.

the double Mellin representation of the TMD splitting function. Since we are dealing
here with the real contribution only, we define the moments in 2 + 2✏ dimensions and
arrive at
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where �0(�) = 2 (1) �  (�) �  (1 � �) and ↵sCA
⇡ �0(�) is the leading order BFKL

eigenvalue. The remaining contribution, ↵sCA
⇡ (1✏ + ln k2

µ2 ) can be easily identified as the
negative gluon Regge trajectory, which is contained in the still missing virtual contri-
butions to the splitting function, see [30] for a derivation using Lipatov’s high energy
e↵ective action or [29] for a derivation based on QCD Feynman diagrams. Adding this
virtual correction to the real splitting kernel, one therefore finds the following evolution
equation in moment space,

F̂(!, �) = F̂
(0)(!, �) +

↵̄s

!
�0(�)F̂(!, �), (11)

with ↵̄s = ↵sCa/⇡. Assuming that the entire logarithmic contribution is contained in
the evolution equation, we finally take1 F̂

(0)(!, �) = ĥ
(0)(�)/!, and find

F̂(!, �) =
ĥ
(0)(�)

! � ↵̄s�0(�)
, (12)

i.e. our unintegrated gluon distribution reduces to the BFKL gluon Green’s function
times an initial transverse momentum distribution, which finally yields

F(x,k2) =
1

k2

Z
d!

2⇡i
x
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1This corresponds to eliminating all logarithmic enhanced terms from the initial conditions, apart
from the requirement that x < 1.
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BFKL unintegrated 
gluon density after 
resumming  to 
all orders

(αs/ω)n

collinear limit: BFKL anomalous 
dimension 

Once this expression is inserted into Eq. (1) and the collinear limit M
2
� k2

, Q
2
0 is

imposed, one is lead to search for the region � ⌧ 1 and eventually recovers the low x

resummed anomalous dimension

�
BFKL(↵s,!) =

↵̄s

!
+ 2⇣(3)

⇣
↵̄s

!

⌘4

+ . . . , (14)

where we refer for further details to the literature, see e.g. [27] for an extensive discus-
sion.

2.2 Collinear resummation and quark splittings

To go beyond the purely gluonic contribution and to recover in the collinear limit
the complete DGLAP evolution equation, it is needed to supplement the gluon-to-
gluon splitting function with the corresponding quark splittings, determined in [22].
To include quarks into the initial conditions of the low x resummation discussed above,
it is at first necessary to make use of the TMD quark-to-gluon splitting function which
reads

1

q2
P

TM
gq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏


2

zq2
�

2

zq2 + (1� z)k2
+

(1 + ✏)zq2

[zq2 + (1� z)k2]2

�
. (15)

In the collinear limit this splitting function reduces to the DGLAP splitting function
in d = 4 + 2✏ [22],

lim
k02!0

P
TM
gq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏

1 + (1� z)2 + z
2
✏

z
, (16)

while in the low x limit we recover the Casimir rescaled leading order real part of the
BFKL kernel,

lim
z!0

1

q2
P

TM
gq (z,k0

, q) =
1

z
·
↵sCF

⇡

e
��E✏

µ2✏

1

(k � k0)2
. (17)

The gluon-to-quark splitting function is on the other hand not enhanced in the low x

limit. It has been originally derived in [27] and reads

1

q2
P

TM,R
qg (z,k0

, q) =
↵sTR

2⇡

e
��E✏

µ2✏


1

zq2 + (1� z)k2
+

z(1� z)q2(2q · k0
� k02)2

k2[zq2 + (1� z)k2]2

�
, (18)

with

lim
k02!0

P
TM,R
qg (z,k0

, q) =
↵sTR

2⇡

e
��E✏

µ2✏


1� 4

z(1� z)(k0
· q)2

k02

�
, (19)

which yields after angular averaging the corresponding DGLAP splitting function in
d = 4+2✏ dimensions; for a discussion of the high energy limit see also [28]. While this

7

within high energy effective action: 
[MH, Sabio Vera; 1110.6741]

https://arxiv.org/abs/1110.6741
https://arxiv.org/abs/1110.6741
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Once this expression is inserted into Eq. (1) and the collinear limit M
2
� k2

, Q
2
0 is

imposed, one is lead to search for the region � ⌧ 1 and eventually recovers the low x

resummed anomalous dimension

�
BFKL(↵s,!) =

↵̄s

!
+ 2⇣(3)

⇣
↵̄s

!

⌘4

+ . . . , (14)

where we refer for further details to the literature, see e.g. [27] for an extensive discus-
sion.

2.2 Collinear resummation and quark splittings

To go beyond the purely gluonic contribution and to recover in the collinear limit
the complete DGLAP evolution equation, it is needed to supplement the gluon-to-
gluon splitting function with the corresponding quark splittings, determined in [22].
To include quarks into the initial conditions of the low x resummation discussed above,
it is at first necessary to make use of the TMD quark-to-gluon splitting function which
reads

1

q2
P

TM
gq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏


2

zq2
�

2

zq2 + (1� z)k2
+

(1 + ✏)zq2

[zq2 + (1� z)k2]2

�
. (15)

In the collinear limit this splitting function reduces to the DGLAP splitting function
in d = 4 + 2✏ [22],

lim
k02!0

P
TM
gq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏

1 + (1� z)2 + z
2
✏

z
, (16)

while in the low x limit we recover the Casimir rescaled leading order real part of the
BFKL kernel,

lim
z!0

1

q2
P

TM
gq (z,k0

, q) =
1

z
·
↵sCF

⇡

e
��E✏

µ2✏

1

(k � k0)2
. (17)

The gluon-to-quark splitting function is on the other hand not enhanced in the low x

limit. It has been originally derived in [27] and reads

1

q2
P

TM,R
qg (z,k0

, q) =
↵sTR

2⇡

e
��E✏

µ2✏


1

zq2 + (1� z)k2
+

z(1� z)q2(2q · k0
� k02)2

k2[zq2 + (1� z)k2]2

�
, (18)

with

lim
k02!0

P
TM,R
qg (z,k0

, q) =
↵sTR

2⇡

e
��E✏

µ2✏


1� 4

z(1� z)(k0
· q)2

k02

�
, (19)

which yields after angular averaging the corresponding DGLAP splitting function in
d = 4+2✏ dimensions; for a discussion of the high energy limit see also [28]. While this
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splitting function is not enhanced in the limit z ! 0 it yields in combination with the
iterated gluon-to-gluon splitting function the low x resummed sea quark distribution,
see [27] for a detailed discussion. The set of splitting functions is then completed with
the quark-to-quark splitting function which reads

1

q2
P

TM,R
qq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏


2

(1� z)q2
+

k02
� k2

k2[zq2 + (1� z)k2]

�
zq2 + ✏(1� z)k2

[zq2 + (1� z)k2]2

�
, (20)

with

lim
k02!0

P
TM,R
qq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏


1 + z

2

1� z
+ ✏(1� z)

�
, (21)

the real collinear splitting function. Since this splitting kernel is not enhanced in the
limit z ! 0, one finds no low x enhancement for the evolution of the quark flavor non-
singlet, while the evolution of the quark flavor singlet is enhanced through its coupling
to the gluonic sector, see [27] for a detailed discussion. In the following we will present
a first numerical solution of a coupled evolution based on this four splitting functions.
This numerical implementation is based on a direct generalization of the PB method,
which we present in the following section.

3 Parton Branching evolution equations

The Parton Branching method is based on the unitarity picture of parton evolution
and expresses its evolution equations for TMD densities in terms of real, resolvable
branching probabilities, provided by the real emission kernels PR

ab, and corresponding
no-branching probabilities, represented by the Sudakov form factor.

3.1 Parton Branching with collinear splitting kernels

The PB evolution equation for a momentum weighted TMD distribution eAa (x, k?, µ2) =
xAa (x, k?, µ2) of flavor a with longitudinal momentum fraction x of the hadron’s mo-
mentum and transverse momentum k?,2 evaluated at the evolution scale µ, is obtained
as a solution to the following integral equation:

eAa

�
x, k?, µ

2
�
= �a

�
µ
2
, µ

2
0

� eAa

�
x, k?, µ

2
0

�

+
X

b

µ2Z

µ2
0

dµ02

µ02

2⇡Z

0

d�

2⇡

zM (µ0)Z

x

dzKab(z, µ
0) eAb

⇣
x

z
, |k + a(z)µ0

|, µ
02
⌘
, (22)

2We use the notation k = (k0, k1, k2, k3) = (Ek,k, k3), where k = (k1, k2), and k? = |k|.
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- correct high energy and collinear limits easily verified 
- generalization to arbitrary flavors … 

q = a(z)µ0

k0
, b

k, a

q

Figure 1: Kinematic variables of the branching with a, b = {q, g} and k0 = k + q. The
parametrization q = a(z)µ will be used in the implementation using the PB method, see
Sec. 3.

the double Mellin representation of the TMD splitting function. Since we are dealing
here with the real contribution only, we define the moments in 2 + 2✏ dimensions and
arrive at

P̂
R
gg(!, �; ✏) =

Z 1

0

dzz
!

Z
d
2+2✏q

⇡

✓
(k + q)2

k2

◆��1 1

q2
P

TM,R
gg (z,k + q, q)

=
↵sCA

⇡!


1

✏
+ ln

k2

µ2
+ �0(�) +O(✏)

�
+O(!0), (10)

where �0(�) = 2 (1) �  (�) �  (1 � �) and ↵sCA
⇡ �0(�) is the leading order BFKL

eigenvalue. The remaining contribution, ↵sCA
⇡ (1✏ + ln k2

µ2 ) can be easily identified as the
negative gluon Regge trajectory, which is contained in the still missing virtual contri-
butions to the splitting function, see [30] for a derivation using Lipatov’s high energy
e↵ective action or [29] for a derivation based on QCD Feynman diagrams. Adding this
virtual correction to the real splitting kernel, one therefore finds the following evolution
equation in moment space,

F̂(!, �) = F̂
(0)(!, �) +

↵̄s

!
�0(�)F̂(!, �), (11)

with ↵̄s = ↵sCa/⇡. Assuming that the entire logarithmic contribution is contained in
the evolution equation, we finally take1 F̂

(0)(!, �) = ĥ
(0)(�)/!, and find

F̂(!, �) =
ĥ
(0)(�)

! � ↵̄s�0(�)
, (12)

i.e. our unintegrated gluon distribution reduces to the BFKL gluon Green’s function
times an initial transverse momentum distribution, which finally yields

F(x,k2) =
1

k2

Z
d!

2⇡i
x
�!

Z
d�

2⇡i

✓
k2

Q
2
0

◆�
h
(0)(�)

! � ↵̄s�0(�)
. (13)

1This corresponds to eliminating all logarithmic enhanced terms from the initial conditions, apart
from the requirement that x < 1.

6

P
a

R 1

10�5 dxf̃a(µ2
, x), mixed treatment as in Eq. (30)

µ
2 [GeV2] ↵s(µ2), fix. zM ↵s(q2?), fix. zM ↵s(q2?), dyn. zM

3 1.029 1.038 1.000
10 1.087 1.139 1.007
102 1.156 1.304 1.045
103 1.195 1.413 1.091
104 1.219 1.478 1.129
105 1.229 1.507 1.148

Table 2: Momentum sum rule for TMD splitting functions in combination with a collinear
Sudakov form factors, obtained from a numerical solution of Eq. (30) for di↵erent treatments
of the phase space and di↵erent values of the evolution scale.

but keep on working with a collinear Sudakov form factor, which does not include
TMD splitting kernels. Our results are summarized in Tab. 2. While sum rule is still
approximately fulfilled at low values of the evolution scale µ

2, we find a violation of
up to 50% at highest values of the evolution scale. Clearly the evolution no longer
conserves the proton momentum.

5 Determination of the TMD Sudakov form factor

To address this problem, we need to return to the originally proposed evolution equation
and to re-evaluate the formulation of the PB equation. While our treatment will not
yet yield the complete BFKL Green’s function since we do not account for low x related
virtual corrections , we will be able to solve the problem related to the violation of the
momentum sum rule, which is essential for the formulation of an evolution equation
which is applicable for the entire region of x. Our starting point is

Fa(x,k
2) = F

(0)
a (x,k2) +

X

b

Z 1

x

dz

Z
d
2q

⇡q2
P

TM
ab (z, q, q + k)Fb

⇣
x

z
, (q + k)2

⌘
, (36)

which generalizes Eq. (2) to the case of arbitrary partons a, b. In the following we
modify this evolution equation, in accordance with the original formulation of the PB
method in Eq. (22) and Eq. (30) by removing real parton emissions with momenta
q2

> (1 � z)2µ2, where µ denotes the hard scale to which the system will be evolved
and impose angular ordering of subsequent emissions as established for the case of
purely collinear splitting functions, see [5, 6, 9] and references therein for a detailed
discussion. In the high energy limit z ! 0 this impose q2

< µ
2 and leads to ordering

in the emitted transverse momenta, while keeping track of the complete transverse
momentum dependence. This treatment therefore obviously misses modes with high
transverse momentum in the low x limit. In this sense our treatment can be expected
to provide an accurate approximation to the complete resummation of low x logarithms
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but:  still lacks virtual 
contribution + requires 
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TMDs from the operator definition

June 14, 2019

1 The operator definition and its elements

We investigate the operator definition of the gluon TMD and follow closely [1] and [2]. For
definitness we consider the DIS gluon of [1] which is defined as

xG(1)(x,k) =

Z
d⇠�d2⇠

(2⇡)3P+
eixP

+⇠��ik·⇠hP |F+i
a (⇠�, ⇠)L†

⇠L0F
+i
a (0)|P i (1)

Where L⇠ = Pexp{�ig
R1
⇠� d⇣�A+(⇣, ⇠)} ( [2] adds here an extra transverse Wilson line which

is needed for light-cone gauges). Note that

F i+F+i = n+
µF

µ⌫g?⌫⌫0F
⌫0µ0

n+
µ0

= n+
µF

µ⌫

✓
g⌫⌫0 �

n+
⌫ n

�
⌫0 + n�

⌫ n
+
⌫0

n+ · n�

◆
F ⌫0µ0

n+
µ0 = n+

µF
µ⌫g⌫⌫0F

⌫0µ0
n+
µ0 (2)

since F++ = 0 due to anti-symmetry of the field strength tensor and Fµ⌫
a =

partialµA⌫
a�@⌫Aµ

a�gfabcAµ
bA

⌫
c . Note that this convention for the gluon field strength tensor

di↵ers from the one used in i.e. Peskin & Schroeder [3] by a replacement g ! �g. Such a
replacement needs then to be done as well for i.e. the 3 gluon vertex and other quantities to
have a consistent treatment.

1.1 Fields, operator and states

We first need to fix how to interpret the above matrix element. From Eq. (4.94) of [3] we
have

�(x)|~pi = e�ip·x (3)

and consequently

h~p|�(x)�(0)|~pi = eip·x (4)

as well as

�̃(l)|~pi =
Z

d4xeil·x�(x)|~pi = (2⇡)4�(4)(l � p) (5)

The rule seems further to be to consider the ‘ket’ part (L0)baF
µ⌫
a n+

µ |pi as the the amplitde

and the ‘bra’ part hn+
⌫0F

⌫0µ0

a0 (L⇠)
†
a0b0 as the corresponding complex conjugate amplitude. In
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- real splitting kernels can 
be re-obtained from 
operator definitions of 
unpolarized gluon and 
quark TMD (real 1-loop) 

- initial state:  reggeized 
gluon and quark field as 
defined through high 
energy effective action

                                                          these operator definitions require 
- soft factor 
- UV renormalization 
- virtual corrections

our treatment: 
• determine/constraint these conditions through consistency requirement of the parton 

branching method 
• independent formal calculation is under way …. 
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splitting function is not enhanced in the limit z ! 0 it yields in combination with the
iterated gluon-to-gluon splitting function the low x resummed sea quark distribution,
see [27] for a detailed discussion. The set of splitting functions is then completed with
the quark-to-quark splitting function which reads

1

q2
P

TM,R
qq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏


2

(1� z)q2
+

k02
� k2

k2[zq2 + (1� z)k2]

�
zq2 + ✏(1� z)k2

[zq2 + (1� z)k2]2

�
, (20)

with

lim
k02!0

P
TM,R
qq (z,k0

, q) =
↵sCF

2⇡

e
��E✏

µ2✏


1 + z

2

1� z
+ ✏(1� z)

�
, (21)

the real collinear splitting function. Since this splitting kernel is not enhanced in the
limit z ! 0, one finds no low x enhancement for the evolution of the quark flavor non-
singlet, while the evolution of the quark flavor singlet is enhanced through its coupling
to the gluonic sector, see [27] for a detailed discussion. In the following we will present
a first numerical solution of a coupled evolution based on this four splitting functions.
This numerical implementation is based on a direct generalization of the PB method,
which we present in the following section.

3 Parton Branching evolution equations

The Parton Branching method is based on the unitarity picture of parton evolution
and expresses its evolution equations for TMD densities in terms of real, resolvable
branching probabilities, provided by the real emission kernels PR

ab, and corresponding
no-branching probabilities, represented by the Sudakov form factor.

3.1 Parton Branching with collinear splitting kernels

The PB evolution equation for a momentum weighted TMD distribution eAa (x, k?, µ2) =
xAa (x, k?, µ2) of flavor a with longitudinal momentum fraction x of the hadron’s mo-
mentum and transverse momentum k?,2 evaluated at the evolution scale µ, is obtained
as a solution to the following integral equation:

eAa

�
x, k?, µ

2
�
= �a

�
µ
2
, µ

2
0

� eAa

�
x, k?, µ

2
0

�

+
X

b

µ2Z

µ2
0

dµ02

µ02

2⇡Z

0

d�

2⇡

zM (µ0)Z

x

dzKab(z, µ
0) eAb

⇣
x

z
, |k + a(z)µ0

|, µ
02
⌘
, (22)

2We use the notation k = (k0, k1, k2, k3) = (Ek,k, k3), where k = (k1, k2), and k? = |k|.
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where

Kab(z, µ
0) =

�a (µ2
, µ

2
0)

�a (µ02, µ2
0)

P
R
ab

�
z,↵s(b(z)

2
µ
02)
�
, (23)

and � denotes the angle enclosed by the transverse momenta k and µ0; PR
ab is the real

part of the DGLAP splitting function. This equation uses branching variables z and
µ0, with z the longitudinal momentum transfer at the branching, and µ

0 =
p

µ02 the
momentum scale at which the branching occurs. The initial evolution scale is denoted
by µ0. The resolution scale zM separates the resolvable branchings (z < zM) from the
non-resolvable branchings (z > zM), treated together with the virtual corrections by
the Sudakov form factor. The function a(z) gives the relation between the evolution
scale and the transverse momentum of the emitted parton q?. The function b(z) is
used to specify the scale of the running strong coupling ↵s. The Sudakov form factor
�a, gives finally the probability of an evolution between scale µ0 and µ without any
resolvable branching, and is defined as

�a

�
µ
2
, µ

2
0

�
= exp

2

64�
X

b

µ2Z

µ2
0

dµ02

µ02

zM (µ0)Z

0

dzzPR
ba

�
z,↵s

�
b(z)2µ02��

3

75 . (24)

In the current paper the angular ordering condition [6,9] is used for the relation between
µ
0 and q?:

a(z) = (1� z), (25)

such that
q = (1� z)µ0

. (26)

The transverse momentum k of the propagating parton a is calculated from the trans-
verse momentum k0 of the incoming parton b and the transverse momentum q of the
emitted parton k = k0

� q (see Fig. 1). In that way, the transverse momentum of the
propagating parton a contains the whole history of the evolution: it accumulates the
transverse momentum from intrinsic transverse momentum and all previous branch-
ings. The transverse momentum of a parton after n branchings is then finally given
by:

k = k0 �

nX

i=1

qi, (27)

with k0 the intrinsic transverse momentum and qi the momenta of the emitted partons.
Collinear PDFs or integrated TMDs can be obtained from the TMD distributions of
Eq. (22), by integrating over the transverse momentum

xfa(x, µ
2) =

Z
d
2k

⇡
Ãa

�
x,k, µ2

�
, (28)

where fa(x) is the conventional collinear parton distribution, if one ignores di↵erences
due to di↵ering phase space conditions (see Sec. 3.2), which slightly deviate from a
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prob. for evolution

with  branching

where

Kab(z, µ
0) =

�a (µ2
, µ

2
0)

�a (µ02, µ2
0)

P
R
ab

�
z,↵s(b(z)

2
µ
02)
�
, (23)

and � denotes the angle enclosed by the transverse momenta k and µ0; PR
ab is the real

part of the DGLAP splitting function. This equation uses branching variables z and
µ0, with z the longitudinal momentum transfer at the branching, and µ

0 =
p

µ02 the
momentum scale at which the branching occurs. The initial evolution scale is denoted
by µ0. The resolution scale zM separates the resolvable branchings (z < zM) from the
non-resolvable branchings (z > zM), treated together with the virtual corrections by
the Sudakov form factor. The function a(z) gives the relation between the evolution
scale and the transverse momentum of the emitted parton q?. The function b(z) is
used to specify the scale of the running strong coupling ↵s. The Sudakov form factor
�a, gives finally the probability of an evolution between scale µ0 and µ without any
resolvable branching, and is defined as

�a

�
µ
2
, µ

2
0

�
= exp

2

64�
X

b

µ2Z

µ2
0

dµ02

µ02

zM (µ0)Z

0

dzzPR
ba

�
z,↵s

�
b(z)2µ02��

3

75 . (24)

In the current paper the angular ordering condition [6,9] is used for the relation between
µ
0 and q?:

a(z) = (1� z), (25)

such that
q = (1� z)µ0

. (26)

The transverse momentum k of the propagating parton a is calculated from the trans-
verse momentum k0 of the incoming parton b and the transverse momentum q of the
emitted parton k = k0

� q (see Fig. 1). In that way, the transverse momentum of the
propagating parton a contains the whole history of the evolution: it accumulates the
transverse momentum from intrinsic transverse momentum and all previous branch-
ings. The transverse momentum of a parton after n branchings is then finally given
by:

k = k0 �

nX

i=1

qi, (27)

with k0 the intrinsic transverse momentum and qi the momenta of the emitted partons.
Collinear PDFs or integrated TMDs can be obtained from the TMD distributions of
Eq. (22), by integrating over the transverse momentum

xfa(x, µ
2) =

Z
d
2k

⇡
Ãa

�
x,k, µ2

�
, (28)

where fa(x) is the conventional collinear parton distribution, if one ignores di↵erences
due to di↵ering phase space conditions (see Sec. 3.2), which slightly deviate from a
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collinear angular ordering 



Naive replacement: Pab(z) → PTM
ab (z, k′�, μ′ �)
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- technically possible: since we already integrate over transverse momenta 
through angular ordering prescription  

- Sudakov form factors etc. remain with the collinear prescription

Consequences:  rather strong violation of momentum sum rules

xfa(x, μ) = ∫
d2k
π

𝒜(x, k, μ) relation to conventional integrated pdfs (“DGLAP up 
to phase space”)

need to obey momentum sum rule∫
1

0
dx∑

a

xfa(x, μ) = 1
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 for collinear splitting 

kernels + collinear Sudakov  

→ works ✔

∫
1

0
dx∑

a

xfa(x, μ) = 1

4.2 Sum rules for collinear Sudakov and TMD splittings

The consequences of this mismatch can be directly observed, if we consider the mo-
mentum sum rule which arises from the corresponding TMD distributions. While the
momentum sum rule is naturally satisfied by a purely collinear implementation, the
latter is non-trivial in the case of TMD splitting kernels. Indeed, the for pure BFKL
evolution, proton momentum fractions are obviously not conserved along the evolution
chain, since one aims at summation of logarithmically enhanced terms only. In the
following we first determine integrated transverse momentum dependent distribution
through

f̃a(x, µ
2) =

Z
d
2k

⇡
Ãa

�
x,k, µ2

�
, (33)

which – leaving aside all the di↵erences due to the treatment of phase space constraints
and transverse momentum dependence – are related to conventional collinear PDFs
through,

xfa(x, µ
2) = f̃a(x, µ

2). (34)

The momentum sum rule is then obtained as
Z 1

0

dx

X

a

f̃a(x, µ
2) = 1, (35)

which as usual implies that the entire proton momentum must be distributed among all
available partons. Table 1 shows the result for the momentum sum rule in the purely
collinear case for di↵erent treatments of the phase space. While the obtained values lie
consistently below one, the momentum sum rule is generally very well fulfilled and can
be very well explained through numerical inaccuracies in the treatment. The situation
changes drastically if we replace collinear splitting functions with TMD splittings,

P
a

R 1

10�5 dxf̃a(µ2
, x), collinear treatment as in Eq. (22)

µ
2 [GeV2] ↵s(µ2), fix. zM ↵s(q2?), fix. zM ↵s(q2?), dyn. zM

3 1.000 1.000 1.000
10 0.999 0.999 0.999
102 0.997 0.997 0.997
103 0.995 0.993 0.995
104 0.992 0.989 0.992
105 0.986 0.981 0.984

Table 1: Momentum sum rule for collinear splitting functions and Sudakov form factors
obtained from a numerical solution of Eq. (22) for di↵erent treatments of the phase space
and di↵erent values of the evolution scale.
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P
a

R 1

10�5 dxf̃a(µ2
, x), mixed treatment as in Eq. (30)

µ
2 [GeV2] ↵s(µ2), fix. zM ↵s(q2?), fix. zM ↵s(q2?), dyn. zM

3 1.029 1.038 1.000
10 1.087 1.139 1.007
102 1.156 1.304 1.045
103 1.195 1.413 1.091
104 1.219 1.478 1.129
105 1.229 1.507 1.148

Table 2: Momentum sum rule for TMD splitting functions in combination with a collinear
Sudakov form factors, obtained from a numerical solution of Eq. (30) for di↵erent treatments
of the phase space and di↵erent values of the evolution scale.

but keep on working with a collinear Sudakov form factor, which does not include
TMD splitting kernels. Our results are summarized in Tab. 2. While sum rule is still
approximately fulfilled at low values of the evolution scale µ

2, we find a violation of
up to 50% at highest values of the evolution scale. Clearly the evolution no longer
conserves the proton momentum.

5 Determination of the TMD Sudakov form factor

To address this problem, we need to return to the originally proposed evolution equation
and to re-evaluate the formulation of the PB equation. While our treatment will not
yet yield the complete BFKL Green’s function since we do not account for low x related
virtual corrections , we will be able to solve the problem related to the violation of the
momentum sum rule, which is essential for the formulation of an evolution equation
which is applicable for the entire region of x. Our starting point is

Fa(x,k
2) = F

(0)
a (x,k2) +

X

b

Z 1

x

dz

Z
d
2q

⇡q2
P

TM
ab (z, q, q + k)Fb

⇣
x

z
, (q + k)2

⌘
, (36)

which generalizes Eq. (2) to the case of arbitrary partons a, b. In the following we
modify this evolution equation, in accordance with the original formulation of the PB
method in Eq. (22) and Eq. (30) by removing real parton emissions with momenta
q2

> (1 � z)2µ2, where µ denotes the hard scale to which the system will be evolved
and impose angular ordering of subsequent emissions as established for the case of
purely collinear splitting functions, see [5, 6, 9] and references therein for a detailed
discussion. In the high energy limit z ! 0 this impose q2

< µ
2 and leads to ordering

in the emitted transverse momenta, while keeping track of the complete transverse
momentum dependence. This treatment therefore obviously misses modes with high
transverse momentum in the low x limit. In this sense our treatment can be expected
to provide an accurate approximation to the complete resummation of low x logarithms

14

 for TMD splitting kernels  

+ collinear Sudakov 

→ does not work ❌

∫
1

0
dx∑

a

xfa(x, μ) = 1



From the 
‘bare' TMD
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P
a

R 1

10�5 dxf̃a(µ2
, x), mixed treatment as in Eq. (30)

µ
2 [GeV2] ↵s(µ2), fix. zM ↵s(q2?), fix. zM ↵s(q2?), dyn. zM

3 1.029 1.038 1.000
10 1.087 1.139 1.007
102 1.156 1.304 1.045
103 1.195 1.413 1.091
104 1.219 1.478 1.129
105 1.229 1.507 1.148

Table 2: Momentum sum rule for TMD splitting functions in combination with a collinear
Sudakov form factors, obtained from a numerical solution of Eq. (30) for di↵erent treatments
of the phase space and di↵erent values of the evolution scale.

but keep on working with a collinear Sudakov form factor, which does not include
TMD splitting kernels. Our results are summarized in Tab. 2. While sum rule is still
approximately fulfilled at low values of the evolution scale µ

2, we find a violation of
up to 50% at highest values of the evolution scale. Clearly the evolution no longer
conserves the proton momentum.

5 Determination of the TMD Sudakov form factor

To address this problem, we need to return to the originally proposed evolution equation
and to re-evaluate the formulation of the PB equation. While our treatment will not
yet yield the complete BFKL Green’s function since we do not account for low x related
virtual corrections , we will be able to solve the problem related to the violation of the
momentum sum rule, which is essential for the formulation of an evolution equation
which is applicable for the entire region of x. Our starting point is

Fa(x,k
2) = F

(0)
a (x,k2) +

X

b

Z 1

x

dz

Z
d
2q

⇡q2
P

TM
ab (z, q, q + k)Fb

⇣
x

z
, (q + k)2

⌘
, (36)

which generalizes Eq. (2) to the case of arbitrary partons a, b. In the following we
modify this evolution equation, in accordance with the original formulation of the PB
method in Eq. (22) and Eq. (30) by removing real parton emissions with momenta
q2

> (1 � z)2µ2, where µ denotes the hard scale to which the system will be evolved
and impose angular ordering of subsequent emissions as established for the case of
purely collinear splitting functions, see [5, 6, 9] and references therein for a detailed
discussion. In the high energy limit z ! 0 this impose q2

< µ
2 and leads to ordering

in the emitted transverse momenta, while keeping track of the complete transverse
momentum dependence. This treatment therefore obviously misses modes with high
transverse momentum in the low x limit. In this sense our treatment can be expected
to provide an accurate approximation to the complete resummation of low x logarithms
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kgSltowards parton branching 

• Current Parton branching code is based on 
angular ordering, but ignores the ′�z′�

 etcμ′� =
qT

1 − z′�

simplified ordering 
prescription: μ > μ′�′� > μ′ �

 etc,μ > z′�′�μ′�′�, μ′�′ � > z′�μ′�

• formulation based on angular ordering 

• exact angular/rapidity ordering

• misses complete TM range for : incomplete 
BKFL ladder in low  region ☹ 

• but control well the infra-red region  🙂 
focus on these aspects in this work

z → 0
x

z → 1
Note: this is the region which we need to control to make sense 
of our ‘bare' equation
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in the region |k| ⌧ µ, while certain contributions will be missing for large transverse
momenta. Inclusion of those contributions is left as a task for the future.

In the following we focus instead on formulating a consistent PB equation which
includes TMD splitting kernels. We therefore impose the condition q2

< µ
2(1�z)2 and

define a new TMD parton distribution eAa (x, k?, µ2), which is evaluated at a scale µ.
In a next step we substitute q ! µ0 = q/(1�z) and further decompose the integration
over µ0 using an intermediate scale µ0. We therefore find:

eAa(x, k?, µ) = F
(0)
a (x,k2) +

X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2Z

0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ
0
⌘

= F
(0)
a (x,k2) +

X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2
0Z

0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ
0
⌘

+
X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2Z

µ2
0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ
0
⌘

(37)

where now q = µ0(1 � z) and k0 = k + q. As the next step we collect the entire set
of contribution in the second line into the initial condition of our evolution equation
(which we have denoted here by the same symbol F (0)

a ),

eAa(x, k?, µ0) = F
(0)
a (x,k2) +

X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2
0Z

0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ

⌘
, (38)

then we separate the contribution in the third line of Eq. (37) into a resolvable branch-
ings corresponding to values z < zM and a term Fa which collects non-resolvable
branchings and virtual corrections,

X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2Z

µ2
0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ

⌘
=

=

µ2Z

µ2
0

dµ
02

µ02

2⇡Z

0

d�

2⇡

zMZ

x

dz

X

b

P̃
R
ab(z,k

0
, q)Ãb

⇣
x

z
, |k0

|, µ
02
⌘

�

µ2Z

µ2
0

Fa(µ
02
,k2)Ãa(x, |k|, µ

02) (39)
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Define now a TMD PDF which 
depends on the scale μ

- separate off modes with μ′� > μ0

in the region |k| ⌧ µ, while certain contributions will be missing for large transverse
momenta. Inclusion of those contributions is left as a task for the future.

In the following we focus instead on formulating a consistent PB equation which
includes TMD splitting kernels. We therefore impose the condition q2

< µ
2(1�z)2 and

define a new TMD parton distribution eAa (x, k?, µ2), which is evaluated at a scale µ.
In a next step we substitute q ! µ0 = q/(1�z) and further decompose the integration
over µ0 using an intermediate scale µ0. We therefore find:

eAa(x, k?, µ) = F
(0)
a (x,k2) +

X

b

1Z

x

dz

2⇡Z

0

d�
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0
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µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
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|, µ
0
⌘

= F
(0)
a (x,k2) +

X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2
0Z

0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ
0
⌘

+
X

b

1Z

x

dz

2⇡Z

0

d�

2⇡

µ2Z

µ2
0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
x

z
, |k0

|, µ
0
⌘

(37)

where now q = µ0(1 � z) and k0 = k + q. As the next step we collect the entire set
of contribution in the second line into the initial condition of our evolution equation
(which we have denoted here by the same symbol F (0)

a ),

eAa(x, k?, µ0) = F
(0)
a (x,k2) +

X

b

1Z

x

dz

2⇡Z

0

d�
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µ2
0Z

0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
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z
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|, µ

⌘
, (38)

then we separate the contribution in the third line of Eq. (37) into a resolvable branch-
ings corresponding to values z < zM and a term Fa which collects non-resolvable
branchings and virtual corrections,

X

b

1Z

x

dz
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d�
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µ2Z
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0

dµ02

µ02 P̃ab(z,k
0
, q) eAb

⇣
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z
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⌘
=

=

µ2Z

µ2
0

dµ
02

µ02

2⇡Z

0

d�

2⇡

zMZ

x

dz

X

b

P̃
R
ab(z,k

0
, q)Ãb

⇣
x

z
, |k0

|, µ
02
⌘

�

µ2Z

µ2
0

Fa(µ
02
,k2)Ãa(x, |k|, µ

02) (39)
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- separate off modes with  
defines the “no emission probability”  

- contains both (unknown) virtual and unresolved real contributions 

z > zM, zM ∼ 1 − 10−5

Fa(μ′�2, k′ �)

note:  is a regulator;  is the 
implementation used in the MC solution

zM zM = 1 − 10−5
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where we took the term which collects non-resolvable branchings to be diagonal in
flavor and made use that zM ! 1 for this term. Combining all elements we therefore
arrive at the following evolution equation,

Ãa(x, |k|, µ
2) = Ãa(x, |k|, µ

2
0)�

µ2Z

µ2
0

dµ
02

µ02 Fa(µ
02
,k2)Ãa(x, |k|, µ

02)+

+
X

b

µ2Z

µ2
0

dµ
02

µ02

2⇡Z

0

d�

2⇡

zMZ

x

dzP̃
R
ab(z,k

0
,µ0)Ãb

⇣
x

z
, |k0

|, µ
02
⌘

(40)

In the following we will use momentum sum rules, to fix the still undetermined term Fa,
which collects non-resolvable branchings. We note that such a procedure is equivalent
with assuming that the sum rule is fulfilled and using it to fix the virtual corrections
of the TMD splitting functions (which have not yet been computed).

5.1 Non-resolvable branchings from sum rules

In the PB method, the momentum sum rule is generally used to write the virtual
corrections in the evolution equations in terms of the real parts of the splitting func-
tions. These corrections are then resummed into the Sudakov form factor. Unitarity4

can then be used to give this equation an appropriate interpretation: the Sudakov
form factor represents the probability of an evolution without any resolvable branch-
ing, PNE(µ, µ0), such that the probability of emission, PE, and the probability of no
emission, PNE, sum to one: PE(µ, µ0) + PNE(µ, µ0) = 1. Since collinear distributions
are obtained by integrating over the transverse momenta of the TMD PDFs,

f̃a(x, µ
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2), (41)

the integral over the longitudinal momentum fractions of all partons must be equal to
one,
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This is the momentum sum rule which we will in the following impose to fix the yet
undetermined term Fa(µ02

,k2). Since the momentum sum rule must hold at any scale
we have,
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4Here we understand unitarity in context of parton showers [6, 39] which should not be confused
with unitarity in saturation physics.
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intermediate result:
probability of no emission: gathers unresolved 
real contributions + unknown virtual corrections

real TMD splitting kernels (known): probability of emission
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next step: impose momentum sum rule to 
fix the unknown no emission probability Fa
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technically: extend usual MC 
arguments to  dependent case, 
obtain from sum-rule: 

kT

Inserting now the TMD PDF at the scale µ in the above relation, using Eq. (40) and
subsequently substituting k0 = k+(1�z)µ0 as well as t = x/z, the momentum sum rule
yields the following relation between the real splitting functions and the non-resolvable
branchings:
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our evolution equation satisfies by construction the momentum sum rule. At the same
time, the sum rule allows us to fix the still missing term corresponding to non- resolvable
branchings. Making now further use of the angular averaged TMD splitting functions,
we have
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As the next step we write Eq. (40) in di↵erential form,
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and introduce the TMD Sudakov form factor,
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- sufficient to satisfy the sum-rule 
- not necessarily the most general expression

Finally reformulate evolution equation 
using a TMD Sudakov form factor

Inserting now the TMD PDF at the scale µ in the above relation, using Eq. (40) and
subsequently substituting k0 = k+(1�z)µ0 as well as t = x/z, the momentum sum rule
yields the following relation between the real splitting functions and the non-resolvable
branchings:

0 =
X

b

µ2Z

µ2
0

dµ
02

µ02

1Z

0

dt

Z
dk

02
?

⇥

0

@Fb(µ
02
,k02)�

X

a

2⇡Z

0

d�

2⇡

zMZ

0

dz zP̃
R
ab(z,k

0
,µ0)

1
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depends now on TM!

we arrive at

dÃa(x, k?, µ2)

d lnµ2
=

1

�a(µ2, k?)

d�a(µ2
, k?)

d lnµ2
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After integrating over d lnµ2, we obtain eventually our final evolution equation,
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where
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For the above equation we find the following general properties: As for Eq. (30), (51)
reduces in limit k

0
? ! 0 to the corresponding counter part Eq. (22), since all TMD

splitting functions reduce to the DGLAP splitting functions. To gain a better under-
standing of the properties of the TMD Sudakov form factor, in Fig. 3 we analyze the
transverse momentum dependence of the angular momentum averaged TMD splitting
kernels. The latter enter the exponent of the TMD Sudakov form factor and therefore
determine its properties. We find that all but the gluon-to-quark splitting increase for
higher transverse momentum and flattens at high k

0
? . The gluon-to-quark channel de-

crease with higher transverse momentum, but since the increase in the gluon-to-gluon
channel is larger than the decrease in gluon-to-quark splitting, the total probability
that a gluon with high transverse momentum will split, increases. As a consequence,
Sudakov form factors for both quarks and gluons decreases with increasing transverse
momentum. A parton with high transverse momentum is thus more likely to split than
a parton with small transverse momentum.

As a last cross-check we finally verify numerical the momentum sum rule for the
TMD PDFs obtained from Eq. (51). The results are summarized in Tab. 3. We find
that drastic deviation observed in Tab. 2 for solutions of Eq. (30) is cured if we include
now a TMD Sudakov form into the description; the sum rule is again fulfilled at a
similar level of accuracy as in the purely collinear framework. Indeed, this is one of
the core observations of this paper: it is possible to formulate a parton branching
evolution equation which is based on the unitarity picture of parton evolution and
which explicitly satisfies momentum sum rules.
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TMD evolution equation with clear probabilistic 
interpretation 
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Inserting now the TMD PDF at the scale µ in the above relation, using Eq. (40) and
subsequently substituting k0 = k+(1�z)µ0 as well as t = x/z, the momentum sum rule
yields the following relation between the real splitting functions and the non-resolvable
branchings:
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our evolution equation satisfies by construction the momentum sum rule. At the same
time, the sum rule allows us to fix the still missing term corresponding to non- resolvable
branchings. Making now further use of the angular averaged TMD splitting functions,
we have
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and introduce the TMD Sudakov form factor,
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angular average TMD kernels

Figure 3: Di↵erential splitting probability
R zM
0 dz zP̄ab(z, k02?, µ

2) for di↵erent channels ab =
{gg, gq, qg, qq} as function of k0? of the incoming parton for µ = 100 GeV.

P
a

R 1

10�5 dxf̃a(µ2
, x), TMD treatment as in Eq. (51)

µ
2 (GeV2) ↵s(µ2) fix. zM ↵s(q2?), fix. zM ↵s(q2?), dyn. zM

3 1.000 1.000 1.000
10 0.999 0.999 0.999
102 0.997 0.996 0.997
103 0.994 0.992 0.994
104 0.991 0.987 0.991
105 0.984 0.978 0.983

Table 3: Momentum sum rule for TMD splitting functions in combination with the TMD
Sudakov form factors, obtained from a numerical solution of Eq. (51) for di↵erent treatments
of the phase space and di↵erent values of the evolution scale.
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- angular average splitting kernels grow 
with t-channel transverse momentum 
→ increased splitting probabilities  

- TMD Sudakov (no splitting probability): 
drops off for large TM  

- collinear limit by construction 
- low x resummation only complete for 

small transverse momenta kT ≪ μ
Figure 3: Di↵erential splitting probability
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Table 3: Momentum sum rule for TMD splitting functions in combination with the TMD
Sudakov form factors, obtained from a numerical solution of Eq. (51) for di↵erent treatments
of the phase space and di↵erent values of the evolution scale.

19

 for TMD splitting kernels  + TMD Sudakov∫
1

0
dx∑

a

xfa(x, μ) = 1
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Figure 5: Integrated TMDs as function of x. The red curve is the solution of the equation
with collinear splitting functions, Eq. (22), and in the ratio plots we compare the results to
this solution. The blue curve is the solution of the equation with TMD splitting functions
and collinear Sudakov, Eq. (30), and the purple curve with TMD splitting functions and
k?-dependent Sudakov, Eq. (51).

transverse momentum are general strongly suppressed and Eq. (51) and Eq. (30) re-
duce e↵ectively to Eq. (22). Moving towards smaller values of x the solutions for the
gluon distribution based on TMD splitting function lead to a stronger growth in x,
than the corresponding collinear solution. This is to be exptected since those split-
ting kernels contain already elements of the leading logarithmic BFKL evolution; the
latter is known to describe the observed growth of structure functions towards low x

on a purely perturbative basis, see for instance [41, 42]; at the very least it reduces
the non-perturbative growth needed for the initial conditions of collinear distributions.
While the observed growth is substantially stronger in the case of the TMD splittings,
in particular if combined with a collinear Sudakov form factor, we note that all three
solutions are based on the same set of initial conditions, which of course requires ad-
justment to arrive at realistic predictions. On the other hand, one can already note
that the solution based on the TMD splitting kernels with collinear Sudakov form fac-
tor seems to grow too strong in the low x region. We generally associate this behavior
to the strong violation of momentum sum rules observed for this particular implemen-
tation. While the solution based on the TMD splitting functions and collinear Sudakov
form factor dominates most likely for the same reasons also in the case of the down
quark, we find that TMD splitting functions in combination with the TMD Sudakov
form factor, lie in that case generally below the corresponding collinear result. This is
somehow unexpected, since it does not correlate with the observed stronger growth of
the gluonic distribution.
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with collinear splitting functions, Eq. (22), and in the ratio plots we compare the results to
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and collinear Sudakov, Eq. (30), and the purple curve with TMD splitting functions and
k?-dependent Sudakov, Eq. (51).

transverse momentum are general strongly suppressed and Eq. (51) and Eq. (30) re-
duce e↵ectively to Eq. (22). Moving towards smaller values of x the solutions for the
gluon distribution based on TMD splitting function lead to a stronger growth in x,
than the corresponding collinear solution. This is to be exptected since those split-
ting kernels contain already elements of the leading logarithmic BFKL evolution; the
latter is known to describe the observed growth of structure functions towards low x

on a purely perturbative basis, see for instance [41, 42]; at the very least it reduces
the non-perturbative growth needed for the initial conditions of collinear distributions.
While the observed growth is substantially stronger in the case of the TMD splittings,
in particular if combined with a collinear Sudakov form factor, we note that all three
solutions are based on the same set of initial conditions, which of course requires ad-
justment to arrive at realistic predictions. On the other hand, one can already note
that the solution based on the TMD splitting kernels with collinear Sudakov form fac-
tor seems to grow too strong in the low x region. We generally associate this behavior
to the strong violation of momentum sum rules observed for this particular implemen-
tation. While the solution based on the TMD splitting functions and collinear Sudakov
form factor dominates most likely for the same reasons also in the case of the down
quark, we find that TMD splitting functions in combination with the TMD Sudakov
form factor, lie in that case generally below the corresponding collinear result. This is
somehow unexpected, since it does not correlate with the observed stronger growth of
the gluonic distribution.
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Figure 6: TMDs as function of k? at fixed x = 10�3. The red curve is the solution of the
equation with collinear splitting functions, Eq. (22), and in the ratio plots we compare the
results to this solution. The blue curve is the solution of the equation with TMD splitting
functions and collinear Sudakov, Eq. (30), and the purple curve with TMD splitting functions
and k?-dependent Sudakov, Eq. (51).

Figure 6 shows finally the transverse momentum dependence of the gluon and down
quark TMD distributions at a fixed value of x = 10�3. Again, only the solution
corresponding to the second phase space condition (fixed zM and ↵s(q)) is shown,
while the other phase space constraints lead to similar results. While the solutions
based on the TMD splitting functions in general enhance the gluon distribution, the
down quark distribution lies significantly below the collinear distribution for large k?.
The studies were also performed for di↵erent values of scales, x and for other flavors,
without finding any inconsistencies.

6.2 Non-perturbative input and TMD splittings

While dedicated fits of the non-perturbative initial distributions are left as a task for
the future, we take in this section a first look at the impact of initial conditions at the
transverse momentum distribution, which we parametrize in the same way as for the
collinear case, see Eq. (29). As pointed out in Sec. 3.2, this is of particular interest
for the third phase space condition, which corresponds to a dynamical zM = 1� q0/µ

0

since in the case of collinear splitting kernels it leads to a kink like structure at values
k ⇠ q0. We find that a similar e↵ect occurs if one uses instead of collinear splitting
kernels the corresponding TMD splittings, see Fig. 7 for the gluon and in Fig. 8 for the
down-quark TMDs. This is indeed expected since the presence of the kink is merely
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equation with collinear splitting functions, Eq. (22), and in the ratio plots we compare the
results to this solution. The blue curve is the solution of the equation with TMD splitting
functions and collinear Sudakov, Eq. (30), and the purple curve with TMD splitting functions
and k?-dependent Sudakov, Eq. (51).

Figure 6 shows finally the transverse momentum dependence of the gluon and down
quark TMD distributions at a fixed value of x = 10�3. Again, only the solution
corresponding to the second phase space condition (fixed zM and ↵s(q)) is shown,
while the other phase space constraints lead to similar results. While the solutions
based on the TMD splitting functions in general enhance the gluon distribution, the
down quark distribution lies significantly below the collinear distribution for large k?.
The studies were also performed for di↵erent values of scales, x and for other flavors,
without finding any inconsistencies.

6.2 Non-perturbative input and TMD splittings

While dedicated fits of the non-perturbative initial distributions are left as a task for
the future, we take in this section a first look at the impact of initial conditions at the
transverse momentum distribution, which we parametrize in the same way as for the
collinear case, see Eq. (29). As pointed out in Sec. 3.2, this is of particular interest
for the third phase space condition, which corresponds to a dynamical zM = 1� q0/µ
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since in the case of collinear splitting kernels it leads to a kink like structure at values
k ⇠ q0. We find that a similar e↵ect occurs if one uses instead of collinear splitting
kernels the corresponding TMD splittings, see Fig. 7 for the gluon and in Fig. 8 for the
down-quark TMDs. This is indeed expected since the presence of the kink is merely
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-dependence x

-dependencekT

- so far: identical collinear initial condition  
- separate fits left as task for the future

pure collinear treatment. Since the TMD splitting functions are currently only avail-
able at LO, all distributions presented in this paper are obtained with LO splitting
functions, and with the same starting distribution. The latter is provided through a
collinear starting distribution (also LO) at scale µ0, fa(x, µ2

0), which is chosen to be
HERAPDF20 LO EIG with µ

2
0 = 1.9 GeV2, and with the initial transverse momentum

generated according to a Gaussian function:

Ãa(x, k?,0, µ
2
0) = xfa(x, µ

2
0) ·

1

qs
p
⇡
exp

✓
�
k
2
?,0

q2s

◆
. (29)

In order for the parton densities to be ready for phenomenological applications, fits
to collider data have to be performed. This is already done for some of the densities
described in this work (which use collinear splitting functions), but we leave fits of the
densities obtained with TMD splittings for future work.

3.2 Di↵erent phase space constraints

The PB method can be used with di↵erent phase space constraints. In the following
we study the e↵ects of three di↵erent conditions:

1. Fixed zM = 1� 10�5 and b(z) = 1 such that ↵s ⌘ ↵s(µ0).

2. Fixed zM = 1� 10�5 and b(z) = a(z) = 1� z such that ↵s ⌘ ↵s(q?).

3. Dynamical zM = 1 �
q0
µ0 with q0 = 1 GeV and b(z) = a(z) = 1 � z such that

↵s ⌘ ↵s(q?).

When the first condition is applied in Eq. (22) and is integrated over k?, as in Eq. (28),
one obtains DGLAP equations.3 This condition is used in the PB-NLO-HERAI+II-
2018-set1 TMDs [7]. The second condition has the same phase space, but uses the
transverse momentum as the scale of the strong coupling as recommended in [31]. This
condition is used to obtain the PB-NLO-HERAI+II-2018-set2 TMDs [7] released in
TMDlib [32, 33]. For the third condition a restriction is put on the phase space, by
the dynamical resolution scale. With the dynamical resolution scale, only branchings
where the emitted parton has a transverse momentum larger than q0 are resolvable.
The integrated PB evolution equation with LO ↵S and LO splitting functions, with
the third choice of phase space and ↵S, corresponds to the Catani-Marchessini-Webber
approach to angular ordering [34, 35]. The dynamical resolution scale was studied in
detail in the previous work [9].

In the following we give a short overview of the consequences of di↵erent phase space
conditions in the collinear case which will later serve as a reference for the discussion
based on TMD splitting functions. Figure 2a shows the e↵ects of the discussed phase
space conditions for the integrated gluon TMD at µ = 100 GeV with qs = 0.5 GeV.

3To be more precise this happens exactly in the limit zM ! 1 instead of zM = 1� 10�5.
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- large differences for TMD splitting + 
collinear Sudakov 

- reason: violation of sum rules



Conclusion:
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• First implementation of TMD splitting function within the Parton Branching method 

• Region which needs to be controlled: soft/infra-red region  

- implies a rapidity divergence 

- requires ‘renormalization’; here achieved through the MC based Parton 
Branching method (require probabilistic picture) 

• In parallel: formal study in progress; seems to lead to similar results 

• Future plans:  

- can we include in this way the complete BFKL limit (arbitrary emitted parton 
 at )? 

- explore relation to MC implementation of CCFM equation (old Cascade [Jung 
et. al.; 1008.0152]) and NLO BFKL MC (BFKLex [Chachamis, Sabio Vera 
et.al.;1606.07349 and others])  

- fits + phenomenology 

z → 1

qT z → 1

https://arxiv.org/abs/1008.0152
https://arxiv.org/abs/1008.0152

