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Outline

• Brief Reviews (JIMWLK High Energy Evolution Equation, Lindblad Equation for Open Quantum Systems, 

Hamiltonian Approach to the Color Glass Condensate Effective theory).


• Effective Density Matrix and Lindblad High Energy Evolution Equation.


• Quantum-Classical Correspondence: Reproducing JIMWLK Equation. 


• Summary 
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A re-formulation (interpretation) of the JIMWLK evolution 
from the perspective of Open Quantum Systems



The Color Glass Condensate Framework

• The action of CGC effective theory
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Gauge invariant 
 Eikonal coupling

• Physical observables are calculated by averaging over soft gluons and hard gluons. 

• Separating gluonic degrees of freedoms according to longitudinal momentum. 
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• The weight functional evolves with the cut-off scale : JIMWLK equation.

( leading logarithmic approximation)

Fokker-Planck type evolution equation for a probability distribution functional.
 : diffusion coefficient or width of Gaussian fluctuations.ηab
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JIMWLK Equation, Balistky Hierarchy, Balitsky-Kovchegov Equation 
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 Evolution of Observables (scattering amplitudes) in Dilute-Dense Scatterings
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Balistky (1996),  Kovchegov (1999), Mueller(2001),  
Kovner and Lublinsky (2005)
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Lightlike Wilson Line
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Boosting the dipole by
Only one gluon emission needs to be 

considered in the leading logarithmic

 approximation
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The Lindblad Equation for Open Quantum Systems

Lindblad equation is the most general Markovian and non-unitary time evolution equation

 for density matrix of an open quantum system. It preserves the properties of density matrix: 

hermiticity, unit trace and positivity. 

Environment Observed System
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• The total density matrix of the complete system evolves according to the 

quantum Liouville equation. 
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• Tracing out the Hilbert space of the environment to obtain the density matrix of the 
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hn|Û(t)|0ei⇢̂s(0)h0e|Û †(t)|ni =
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Assume the initial total density matrix is separable

: a complete basis in the Hilbert space of the environment. {|ni}
<latexit sha1_base64="9+4tjAnXK36NTiTqqU7LoX7K+Ss=">AAAB9XicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkUfCIpkdGpgwO7uZmdWQlf/w4kFjvPov3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3H1BpHsk7M46xE9KB5H3OqLHSvZ8+SV9RORBI/Em3WHLL7gxkmXgZKUGGWrf45fciloQoDRNU67bnxqaTUmU4Ezgp+InGmLIRHWDbUklD1J10dvWEnFilR/qRsiUNmam/J1Iaaj0OA9sZUjPUi95U/M9rJ6Z/2Um5jBODks0X9RNBTESmEZAeV8iMGFtCmeL2VsKGVFFmbFAFG4K3+PIyaVTK3lm5cnteql5lceThCI7hFDy4gCrcQA3qwEDBM7zCm/PovDjvzse8NedkM4fwB87nD6S+kpk=</latexit>

J. Preskill, Lecture notes 

on Quantum Computation
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The Lindblad Equation for Open Quantum Systems
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• Time evolution of density matrix expressed in the operator-sum representation

 (Kraus representation)

• To extract a differential equation from the Kraus representation, one needs the 


Markovian approximation: 
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The Lindblad equation (also called Gorini-Kossakowski-Lindblad-Sudarshan master equation):

For an infinitesimal period of time:  Jump Operator

 (Lindblad Operator)
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Correlation time between  
environmental degrees of freedom

Typical inverse frequency  
of the observed system
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The Hamiltonian Formalism for CGC Effective Theory

HCGC =

Z
dx

�
dx?

✓
1

2
(⇧�

a (x
�
,x?) +

1

@�
J
+
a )2 +

1

4
F

a
ij(x

�
,x?)F

a
ij(x

�
,x?)

◆

<latexit sha1_base64="2MEaS0zjoImtbjk0dbvaAZEazRs="></latexit>

Light-Cone Quantization h
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• Finding the Ground State of Soft Gluons
Dilute Regime
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⇢
i

Z
dx?b

a
i (x?)

Z
dk+

⇡|k+|1/2
⇣
â†ai (k+,x?) + âai (k

+,x?)
⌘�

<latexit sha1_base64="e/ftZX0Mc2BecRufa+1/7RSAY/E="></latexit>

@ib
a
i (x?) = ja(x?) ,

@ib
a
j (x?)� @jb

a
i (x?)� gfabcbbi (x?)b

c
j(x?) = 0 .

<latexit sha1_base64="nP3XWo87bla7hkGiUMQoxLM4q/E="></latexit>

Dense Regime

| 0i = ĈB̂|0i
<latexit sha1_base64="F2PlbajSOg2voxZimn2ECJGMFdY=">AAACKnicbVDLSgMxFM3UV62vUZdugkVwVWaqoBuhthuXFewDOqXcSdM2NJMZkoxQpv0eN/6Kmy6U4tYPMdMW0dYDgcM595B7jx9xprTjzKzMxubW9k52N7e3f3B4ZB+f1FUYS0JrJOShbPqgKGeC1jTTnDYjSSHwOW34w0rqN56pVCwUT3oU0XYAfcF6jIA2Use+H3uRYh3HkyD6nGJ8h70B6MQLQA8I8KQymawoZaOMfwK5jp13Cs4ceJ24S5JHS1Q79tTrhiQOqNCEg1It14l0OwGpGeF0kvNiRSMgQ+jTlqECAqrayfzUCb4wShf3Qmme0Hiu/k4kECg1Cnwzme6rVr1U/M9rxbp3206YiGJNBVl81Is51iFOe8NdJinRfGQIEMnMrpgMQALRpt20BHf15HVSLxbcq0Lx8TpfKi/ryKIzdI4ukYtuUAk9oCqqIYJe0Bt6Rx/WqzW1ZtbnYjRjLTOn6A+sr2+CbKdM</latexit>
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Kovner, Lublinsky, Wiedemann (2007)

B̂ = Exp
n
â†↵⇤↵� â

†
� + â↵⇤

⇤
↵� â�

o

<latexit sha1_base64="K2afEktTbYtqOOqQpiH72+4rFTI="></latexit>

• The Light-Cone Hamiltonian of the pure gluonic sector of QCD

Weizsäcker-Williams gluon field

<latexit sha1_base64="BN24UHwggFDPTpNvpp4s8SCzTYA=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSLUS90VUY9FLx4r2A9otyWbZtvYJLskWaUs/R9ePCji1f/izX9j2u5BWx8MPN6bYWZeEHOmjet+O0vLK6tr67mN/ObW9s5uYW+/rqNEEVojEY9UM8CaciZpzTDDaTNWFIuA00YwvJn4jUeqNIvkvRnF1Be4L1nICDZW6pQeOhi1NRPIO+2fdAtFt+xOgRaJl5EiZKh2C1/tXkQSQaUhHGvd8tzY+ClWhhFOx/l2ommMyRD3actSiQXVfjq9eoyOrdJDYaRsSYOm6u+JFAutRyKwnQKbgZ73JuJ/Xisx4ZWfMhknhkoyWxQmHJkITSJAPaYoMXxkCSaK2VsRGWCFibFB5W0I3vzLi6R+VvYuyu7debFyncWRg0M4ghJ4cAkVuIUq1ICAgmd4hTfnyXlx3p2PWeuSk80cwB84nz94p5Ex</latexit>

(ja ⇠ 1/g)



High Energy Evolution for Density Matrix

• Consider the bipartite system of soft gluons and hard gluons

Soft Gluons Hard Gluons

ĵa
<latexit sha1_base64="FTwEwKYH1ic3WNNvuaTVZVqWSFg=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkYeBlcwOA4zMzm5mek3Ihq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6w3HM/ZAOlOgLRtFK950hxfRx8kC7xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzg6ekBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNCpl76xcuT0vVa+yOPJwBMdwCh5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AQ4UkJI=</latexit>

A�
a J

+
a

<latexit sha1_base64="cG0stZLkypjI6V60zRy6YHDTMUg=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSIIYkmqoMeqF/FUwX5AmobNdtMu3WTD7kYooT/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLOlLbtb2tpeWV1bb2wUdzc2t7ZLe3tN5VIJaENIriQ7QAryllMG5ppTtuJpDgKOG0Fw9uJ33qiUjERP+pRQr0I92MWMoK1kdzr7pmP0X331Md+qWxX7CnQInFyUoYcdb/01ekJkkY01oRjpVzHTrSXYakZ4XRc7KSKJpgMcZ+6hsY4osrLpieP0bFReigU0lSs0VT9PZHhSKlRFJjOCOuBmvcm4n+em+rwystYnKSaxmS2KEw50gJN/kc9JinRfGQIJpKZWxEZYImJNikVTQjO/MuLpFmtOOeV6sNFuXaTx1GAQziCE3DgEmpwB3VoAAEBz/AKb5a2Xqx362PWumTlMwfwB9bnD551kCs=</latexit>

â†ai , âai
<latexit sha1_base64="oncFgYTWZFcZgTC5cWlL7M+BhLI=">AAACC3icbVDLSsNAFJ34rPUVdelmaBFcSEmqoMuiG5cV7APaGG4mk3To5MHMRCghezf+ihsXirj1B9z5N04fgrYeuHA4517uvcdLOZPKsr6MpeWV1bX10kZ5c2t7Z9fc22/LJBOEtkjCE9H1QFLOYtpSTHHaTQWFyOO04w2vxn7nngrJkvhWjVLqRBDGLGAElJZcs9IfgMqhuMv7PoQhFRgKl53gHxlc5ppVq2ZNgBeJPSNVNEPTNT/7fkKyiMaKcJCyZ1upcnIQihFOi3I/kzQFMoSQ9jSNIaLSySe/FPhIKz4OEqErVnii/p7IIZJyFHm6MwI1kPPeWPzP62UquHByFqeZojGZLgoyjlWCx8FgnwlKFB9pAkQwfSsmAxBAlI6vrEOw519eJO16zT6t1W/Oqo3LWRwldIgq6BjZ6Bw10DVqohYi6AE9oRf0ajwaz8ab8T5tXTJmMwfoD4yPbyx3mx8=</latexit>

Assuming the initial density 
matrix is separable

⇢̂ = ⇢̂h ⌦ |0ih0|
<latexit sha1_base64="q2CoojqRBSVVqPcBjDMNZpjtG54=">AAACIHicbVDLSgMxFM3UV62vqks3wSK4KjNVqBuh6MZlBfuATimZNO2EZpIhuSOUaT/Fjb/ixoUiutOvMX2A2nog5OSce7m5J4gFN+C6n05mZXVtfSO7mdva3tndy+8f1I1KNGU1qoTSzYAYJrhkNeAgWDPWjESBYI1gcD3xG/dMG67kHQxj1o5IX/IepwSs1MmX/ZBA6utQjfEl/nl0Quwr4BEzeOT6msi+YNgXs9sd5Tr5glt0p8DLxJuTApqj2sl/+F1Fk4hJoIIY0/LcGNop0cCpYOOcnxgWEzogfdayVBI7up1OFxzjE6t0cU9peyTgqfq7IyWRMcMosJURgdAsehPxP6+VQO+inXIZJ8AknQ3qJQKDwpO0cJdrRkEMLSFUc/tXTEOiCQWb6SQEb3HlZVIvFb2zYun2vFC5mseRRUfoGJ0iD5VRBd2gKqohih7QE3pBr86j8+y8Oe+z0owz7zlEf+B8fQM7bqL4</latexit>

• Boost the system by a finite rapidity

⇢̂(�y) = ⌦̂|0i⇢̂hh0|⌦̂†
<latexit sha1_base64="/izE71B7xoZUEEK0AVYup65wXzM="></latexit>

⌦̂ ⌘ ⌦[ĵa, âa†i , âai ;�y] = ĈB̂
<latexit sha1_base64="Hc9MqE0tQeRRdchoBsrREUjG6QQ="></latexit>

• Trace over soft gluons, integrating out all degrees of freedom except the color charge density

⇢̂h(�y) = Trs[R̂⇢̂(�y)R̂†] =
X

n

hn|R̂⌦̂|0i⇢̂hh0|⌦̂†R̂†|ni =
X

n

M̂n⇢̂hM̂
†
n

<latexit sha1_base64="VhN/qj6AwaQLUsrdHrvCHt7rQXQ="></latexit>
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<latexit sha1_base64="kiqToEuAUV9qyECU+NinRanllg8="></latexit>D
O(ĵa)

E
= Tr

h
O(ĵa)⇢̂

i

<latexit sha1_base64="imxOu9gbH54ok3hSQJ6HjS9oHDs="></latexit>

R̂†
O(ĵa)R̂ = O(ĵa + ĵasoft)Color Charge Shift Operator  must be a Unitary operatorR̂

<latexit sha1_base64="duEDvRrn8O7ebSASsMlRF2RhC/g="></latexit>D
O(ĵa)

E
(�y) = Tr

h
O(ĵa + ĵasoft)⇢̂(�y)

i
For observables that only  
depend on color charge 
 density of hard gluons



 Extended  AlgebraSU(Nc)

R̂†ĵa(x?)R̂ = ĵa(x?) + ĵasoft(x?)
<latexit sha1_base64="PLP6pI3G/Y7NmRB511HJWmPWFiw="></latexit>

R̂ = Exp

⇢
�i

Z
d2x?ĵ

a
soft(x?)�̂

a(x?)

�

<latexit sha1_base64="7QX/gfGLwn3wz/28byitkPlzZig="></latexit>

h
�̂a, �̂b

i
= 0 ,

h
�̂a, ĵb

i
= �i

h�
2
coth

�

2
� �

2

iab
, with � = igT e�̂e .

<latexit sha1_base64="9xextGWgtZL+XZIP0LVvJKLuKt4="></latexit>

c0 = 1, c1 = �1

2
, c2 =

1

12
, c3 = 0, c4 = � 1

6!
, c5 = 0, c6 =

1

6

1

7!
, c7 = 0, c8 = � 1

30

1

8!
, . . .

<latexit sha1_base64="XGrgPE8sVWSPjEMgNC+Z2lhnKHo="></latexit>

Taylor Expansion:

Consistence Check:
hh
�̂a, ĵb

i
, ĵc

i
+

hh
ĵb, ĵc

i
, �̂a

i
+

hh
ĵc, �̂a

i
, ĵb

i
= 0

<latexit sha1_base64="tglRpdQ2cJpKIRFtw5FfiqxYnLA="></latexit>

Jacobi Identity

h
ĵa, ĵb

i
= igfabcĵc .

<latexit sha1_base64="e2iy6c4nRFCJMG69HthKhz5xf6k=">AAACJHicbZDJSgNBEIZ73I1b1KOXxiB4kDATBQURAl48KpgFMmOo6fQkbXoWumuEMORhvPgqXjy44MGLz2JnUTSxoOHj/6uort9PpNBo2x/WzOzc/MLi0nJuZXVtfSO/uVXVcaoYr7BYxqrug+ZSRLyCAiWvJ4pD6Ete87vnA792x5UWcXSNvYR7IbQjEQgGaKRm/tSVPMCG2wHMbvs3cEC/0XeVaHfQo2dUtIObDHzW/zGZe0CLzXzBLtrDotPgjKFAxnXZzL+6rZilIY+QSdC64dgJehkoFEzyfs5NNU+AdaHNGwYjCLn2suGRfbpnlBYNYmVehHSo/p7IINS6F/qmMwTs6ElvIP7nNVIMTrxMREmKPGKjRUEqKcZ0kBhtCcUZyp4BYEqYv1LWAQUMTa45E4IzefI0VEtF57BYujoqlMvjOJbIDtkl+8Qhx6RMLsglqRBG7skjeSYv1oP1ZL1Z76PWGWs8s03+lPX5BcfOpNY=</latexit>

Angular Momentum Renormalization  
(Coarse Graining) Algebra

<latexit sha1_base64="CUFviCQFwMquNihtxNsvbj28QTY="></latexit>

Mab(�) =
h�
2
coth

�

2
� �

2

iab
=

X

N

[�N ]ab

<latexit sha1_base64="rIUM0/GOBJNZ/5e0vRiS1obgOU0="></latexit>

ĵa(x) = g

Z

⇤+

dk+

2⇡
â†bi (k+,x)T a

bcâ
c
i (k

+,x)

Constructing a representation of this new algebra ? 

<latexit sha1_base64="l6GDygcMlrSptTlYOfL49mpa46s="></latexit>

�̂a(x) = F [â†ai , âbi ]

Checked up to c4

<latexit sha1_base64="QYEzEldsiutDE9e+dfHvVFF1Axo="></latexit>

[x̂, p̂] = i, eiap̂x̂e�iap̂ = x̂+ a.

Analogy with Heisenberg Lie algebra



The Lindblad Form
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⇢̂h(�y) =
X

n

M̂n⇢̂hM̂
†
n

<latexit sha1_base64="wSQD69OArlBTFjVV9hOLKJUExyY="></latexit>

Differential Evolution Equation in the 

Leading Logarithmic Approimation (LLA) 

d⇢̂h
dy

= ↵s(?)
<latexit sha1_base64="oQVq9j77JZFSxUTTHpFCqE+n7Sw=">AAACG3icbVDLSsNAFJ34rPUVdelmsAh1U5Iq6EYsunFZwT6gKeFmMmmGTh7MTIQS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4v5Uwqy/o2lpZXVtfWSxvlza3tnV1zb78tk0wQ2iIJT0TXA0k5i2lLMcVpNxUUIo/Tjje8GfudByokS+J7NUppP4JBzAJGQGnJNetOIIDkPnZCULkjwqRwwwLn/qjAl9gBnobgSlx1IlChiPKr4sQ1K1bNmgAvEntGKmiGpmt+On5CsojGinCQsmdbqernIBQjnBZlJ5M0BTKEAe1pGkNEZT+f/FbgY634OEiErljhifp7IodIylHk6c7xiXLeG4v/eb1MBRf9nMVppmhMpouCjGOV4HFQ2GeCEsVHmgARTN+KSQg6LKXjLOsQ7PmXF0m7XrNPa/W7s0rjehZHCR2iI1RFNjpHDXSLmqiFCHpEz+gVvRlPxovxbnxMW5eM2cwB+gPj6wfa5qFH</latexit>

In the Dilute Regime

b̄↵ = R†
↵�b�

<latexit sha1_base64="5b05tpoIodXFyQRWivwh+DCB9Qo=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsVXo1HKT3rahmQdJRijD/I4bf8WNgqJu/REzbRFfBwIn59xLcg6LpdDGdd+cmdm5+YXFwlJxeWV1bb20sdnUUaI4NngkI3XNQKMUITaMMBKvY4UQMIlXbHia+1e3qLSIwkszirEdQD8UPcHBWKlTqvkMVMqyTuqDjAeQ0WPqB2AGHGR6kd2kfhf6fVRfAz5DAxmz1zEpdkplt+KOQf8Sb0rKZIp6p/TkdyOeBBgaLkHrlufGpp2CMoJLzIp+ojEGPoQ+tiwNIUDdTsdJM7prlS7tRcqe0NCx+n0jhUDrUcDsZB5C//Zy8T+vlZjeUTsVYZwYDPnkoV4iqYloXhvtCoXcyJElwJWwf6V8AAq4seXmJXi/I/8lzWrF269Uzw/KtZNpHQWyTXbIHvHIIamRM1InDcLJHXkgz+TFuXcenVfnfTI640x3tsgPOB+fETuoWA==</latexit>

R̂âbi (k
+,y?)R̂

† = [R̂(y?)]bd â
d
i (k

+,y?)
<latexit sha1_base64="OzMV+IluyUfke3ikCr3FjSb4+Dw="></latexit>

R̂(y?) = eigT
a�̂a(y?)

<latexit sha1_base64="KMzx0mn2Wd04WdpPM8Dfsz4Prdw="></latexit>

The Lindblad High Energy Evolution Equation

1. In LLA, the “time” scale for the change of density matrix is �y ⇠ O(1/↵s)
<latexit sha1_base64="xYWxZGEna0BZ+zwcSbdTozHsxRw=">AAACDXicbVA9SwNBEN2LXzF+nVraLEYhNvEuCloGtbAzgvmAXAhzm71kyd7esbsnhCN/wMa/YmOhiK29nf/GTXKFRh8MPN6bYWaeH3OmtON8WbmFxaXllfxqYW19Y3PL3t5pqCiRhNZJxCPZ8kFRzgSta6Y5bcWSQuhz2vSHlxO/eU+lYpG406OYdkLoCxYwAtpIXfvAu6JcAx55ioVeCHpAgKc345J77AGPB9BVR7hrF52yMwX+S9yMFFGGWtf+9HoRSUIqNOGgVNt1Yt1JQWpGOB0XvETRGMgQ+rRtqICQqk46/WaMD43Sw0EkTQmNp+rPiRRCpUahbzon96p5byL+57UTHZx3UibiRFNBZouChGMd4Uk0uMckJZqPDAEimbkVkwFIINoEWDAhuPMv/yWNStk9KVduT4vViyyOPNpD+6iEXHSGquga1VAdEfSAntALerUerWfrzXqfteasbGYX/YL18Q1mYJsd</latexit>

2. Soft gluons do not interact with each other and they propagate freely.  

The correlation “time” is related to the free propagator ycorr ⇠ 1/k+ ⇠ e�y

⇠ O(1)
<latexit sha1_base64="Vfz2rE/87SwAbHp60FT3a/byJbo=">AAACHHicbZDLSsNAFIYn9VbrLerSzWARKmJNWkGXRTfurGAv0KRhMp22QycXZiZCCHkQN76KGxeKuHEh+DZO2iy09YeBj/+cw5zzuyGjQhrGt1ZYWl5ZXSuulzY2t7Z39N29tggijkkLByzgXRcJwqhPWpJKRrohJ8hzGem4k+us3nkgXNDAv5dxSGwPjXw6pBhJZTl6PXYSHHCeQktQD5pnk/7JDEk/OY1z2/KQHGPEktu0Yh47etmoGlPBRTBzKINcTUf/tAYBjjziS8yQED3TCKWdIC4pZiQtWZEgIcITNCI9hT7yiLCT6XEpPFLOAA4Drp4v4dT9PZEgT4jYc1VntqWYr2Xmf7VeJIeXdkL9MJLEx7OPhhGDMoBZUnBAOcGSxQoQ5lTtCvEYcYSlyrOkQjDnT16Edq1q1qu1u/Ny4yqPowgOwCGoABNcgAa4AU3QAhg8gmfwCt60J+1Fe9c+Zq0FLZ/ZB3+kff0A3N+glg==</latexit>

ycorr ⌧ �y
<latexit sha1_base64="p+4qD89BvfE1BZ3HHBDYeeTjKnU=">AAAB/nicbVBNS8NAEN3Ur1q/quLJy2IRPJWkCnos6sFjBfsBTQib7aRdusmG3Y0QQsG/4sWDIl79Hd78N27bHLT1wcDjvRlm5gUJZ0rb9rdVWlldW98ob1a2tnd296r7Bx0lUkmhTQUXshcQBZzF0NZMc+glEkgUcOgG45up330EqZiIH3SWgBeRYcxCRok2kl89yvycCikn2OUcu7fANcGZX63ZdXsGvEycgtRQgZZf/XIHgqYRxJpyolTfsRPt5URqRjlMKm6qICF0TIbQNzQmESgvn50/wadGGeBQSFOxxjP190ROIqWyKDCdEdEjtehNxf+8fqrDKy9ncZJqiOl8UZhyrAWeZoEHTALVPDOEUMnMrZiOiCRUm8QqJgRn8eVl0mnUnfN64/6i1rwu4iijY3SCzpCDLlET3aEWaiOKcvSMXtGb9WS9WO/Wx7y1ZBUzh+gPrM8fxY+VWg==</latexit>

Markovian condition is satisfied.

The LLA automatically picks up terms

that are linear in �y

<latexit sha1_base64="bGD1QIPbG3bxUtO4EhMsFXFouas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7EyGU/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wCzhfkQHSoSCUbRSu3vLJVKS9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/THVKJjkk2I3NTyhbEQHvGOpohE3/nh274ScWqVPwljbUkhm6u+JMY2MyaLAdkYUh2bRm4r/eZ0Uwyt/LFSSIldsvihMJcGYTJ8nfaE5Q5lZQpkW9lbChlRThjaiog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEIN7qAODWAg4Rle4c15dF6cd+dj3rri5DNH8AfO5w+YV4+t</latexit>

↵s�y ⇠ 1
<latexit sha1_base64="megYBcBlsYVx+FOSVsSpuvtKKWU=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBT0W9eCxgv2AJoTJdtMu3WzC7kYIpV78K148KOLVf+HNf+O2zUFbHww83pthZl6Ycqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgqKcCdrUTHPaSSWFOOS0HQ6vJ377gUrFEnGv85T6MfQFixgBbaTAPvSApwMIFPZuKNeAc+wpFmM3sCtO1ZkCLxK3IBVUoBHYX14vIVlMhSYclOq6Tqr9EUjNCKfjspcpmgIZQp92DRUQU+WPph+M8YlRejhKpCmh8VT9PTGCWKk8Dk1nDHqg5r2J+J/XzXR06Y+YSDNNBZktijKOdYInceAek5RonhsCRDJzKyYDkEC0Ca1sQnDnX14krVrVPavW7s4r9asijhI6QsfoFLnoAtXRLWqgJiLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucP8UWV6A==</latexit>

d⇢̂h
dy

= �2↵s(b̄↵b̄↵⇢̂h + ⇢̂hb̄↵b̄↵ � 2b̄↵⇢̂hb̄↵)
<latexit sha1_base64="zKC26ogEh07glVKt58hD0Uci9R8="></latexit>

<latexit sha1_base64="kY5nSVHon5E+jbXe9bRHVaNUfoo="></latexit>

M̂n = hn|R̂⌦̂|0i = hn|R̂Exp

⇢
��y

2⇡
b↵b↵

�
Exp

⇢
i
p
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In the Dilute Regime

b̄↵ = R†
↵�b�

<latexit sha1_base64="5b05tpoIodXFyQRWivwh+DCB9Qo=">AAACKXicbVDLSgMxFM34rPVVdekmWARXZaYKuhGKblxWsVXo1HKT3rahmQdJRijD/I4bf8WNgqJu/REzbRFfBwIn59xLcg6LpdDGdd+cmdm5+YXFwlJxeWV1bb20sdnUUaI4NngkI3XNQKMUITaMMBKvY4UQMIlXbHia+1e3qLSIwkszirEdQD8UPcHBWKlTqvkMVMqyTuqDjAeQ0WPqB2AGHGR6kd2kfhf6fVRfAz5DAxmz1zEpdkplt+KOQf8Sb0rKZIp6p/TkdyOeBBgaLkHrlufGpp2CMoJLzIp+ojEGPoQ+tiwNIUDdTsdJM7prlS7tRcqe0NCx+n0jhUDrUcDsZB5C//Zy8T+vlZjeUTsVYZwYDPnkoV4iqYloXhvtCoXcyJElwJWwf6V8AAq4seXmJXi/I/8lzWrF269Uzw/KtZNpHQWyTXbIHvHIIamRM1InDcLJHXkgz+TFuXcenVfnfTI640x3tsgPOB+fETuoWA==</latexit>

R̂(y?) = eigT
a�̂a(y?)

<latexit sha1_base64="KMzx0mn2Wd04WdpPM8Dfsz4Prdw="></latexit>

The Lindblad Equation for High Energy Evolution

By analogy with Angular Momentum Addition,  adding one gluon

 at each step of the evolution is equivalent to understanding it as

adding one adjoint representation of the color SU(3) algebra to 

the Hilbert space

Hh =
M

j

Hj

<latexit sha1_base64="9RxDwCqydzOn5m9sN9MH35RUy0g=">AAACEXicbVDLSsNAFJ34rPUVdelmsAhdlaQKuhGKbrqsYB/QhDCZTtppJzNhZiKU0F9w46+4caGIW3fu/BunbRa19cCFwzn3cu89YcKo0o7zY62tb2xubRd2irt7+weH9tFxS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3U399iORigr+oMcJ8WPU5zSiGGkjBXbZi5EeYMSy+iQYwBvohbQvEpaqYLhoDQO75FScGeAqcXNSAjkagf3t9QROY8I1Zkiprusk2s+Q1BQzMil6qSIJwiPUJ11DOYqJ8rPZRxN4bpQejIQ0xTWcqYsTGYqVGseh6ZweqZa9qfif1011dO1nlCepJhzPF0Upg1rAaTywRyXBmo0NQVhScyvEAyQR1ibEognBXX55lbSqFfeiUr2/LNVu8zgK4BScgTJwwRWogTpogCbA4Am8gDfwbj1br9aH9TlvXbPymRPwB9bXL/7AncI=</latexit>

What is the meaning of the equation? Evolution of the Hilbert space

Increasing the weights of higher color charge  
representations in the density matrix.

b↵i (x) =
@i
@2

ja(y)
<latexit sha1_base64="YkLLR4F/mZlXAcmnWn0VMxQcVYE=">AAACHnicbZDLSgMxFIYzXmu9VV26CRah3ZSZquhGKLpxWcFeoNMOZ9JMG5u5kGTEMsyTuPFV3LhQRHClb2N6QbT1h8DHf85Jcn434kwq0/wyFhaXlldWM2vZ9Y3Nre3czm5dhrEgtEZCHoqmC5JyFtCaYorTZiQo+C6nDXdwOao37qiQLAxu1DCibR96AfMYAaUtJ3fiOqyT2MCjPqSF+yI+tz0BJLEjEIoBd1j6w51yim87UBgWnVzeLJlj4XmwppBHU1Wd3IfdDUns00ARDlK2LDNS7WR0L+E0zdqxpBGQAfRoS2MAPpXtZLxeig+108VeKPQJFB67vycS8KUc+q7u9EH15WxtZP5Xa8XKO2snLIhiRQMyeciLOVYhHmWFu0xQovhQAxDB9F8x6YOOR+lEszoEa3bleaiXS9ZRqXx9nK9cTOPIoH10gArIQqeogq5QFdUQQQ/oCb2gV+PReDbejPdJ64IxndlDf2R8fgN5/qKu</latexit>

Hh
<latexit sha1_base64="7kNqWxmzoNsUEYb6E+MepdiUqH4=">AAAB9HicbVDLSgMxFL2pr1pfVZdugkVwVWaqoMuimy4r2Ae0Q8mkmTY0kxmTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck+OHwuujeN8o8LG5tb2TnG3tLd/cHhUPj5p6yhRlLVoJCLV9YlmgkvWMtwI1o0VI6EvWMef3Gd+Z8qU5pF8NLOYeSEZSR5wSoyVvH5IzJgSkTbmg/GgXHGqzgJ4nbg5qUCO5qD81R9GNAmZNFQQrXuuExsvJcpwKti81E80iwmdkBHrWSpJyLSXLkLP8YVVhjiIlH3S4IX6eyMlodaz0LeTWUi96mXif14vMcGtl3IZJ4ZJujwUJAKbCGcN4CFXjBoxs4RQxW1WTMdEEWpsTyVbgrv65XXSrlXdq2rt4bpSv8vrKMIZnMMluHADdWhAE1pA4Qme4RXe0BS9oHf0sRwtoHznFP4Aff4A/SeSPQ==</latexit>

ĵa
<latexit sha1_base64="FTwEwKYH1ic3WNNvuaTVZVqWSFg=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkYeBlcwOA4zMzm5mek3Ihq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6w3HM/ZAOlOgLRtFK950hxfRx8kC7xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzg6ekBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNCpl76xcuT0vVa+yOPJwBMdwCh5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AQ4UkJI=</latexit>

Hilbert space of hard gluons is

completely determined by color

charge operator.

Virtual terms, 

color rotation within

 each representation

Real term, 

Changing weights of representations.

d⇢̂h
dy

= �2↵s(b̄↵b̄↵⇢̂h + ⇢̂hb̄↵b̄↵ � 2b̄↵⇢̂hb̄↵)
<latexit sha1_base64="zKC26ogEh07glVKt58hD0Uci9R8="></latexit>

<latexit sha1_base64="aZsSBoSDOrq8b61HGsVM4SL5PKk="></latexit>

8⌦ 8 = 1� 8� 8� 10� 10� 27
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⇢̂h(�y) =
X

n

M̂n⇢̂hM̂
†
n

<latexit sha1_base64="wSQD69OArlBTFjVV9hOLKJUExyY="></latexit>

Differential Evolution Equation in the 

Leading Logarithmic Approximation (LLA) 

d⇢̂h
dy

= ↵s(?)
<latexit sha1_base64="oQVq9j77JZFSxUTTHpFCqE+n7Sw=">AAACG3icbVDLSsNAFJ34rPUVdelmsAh1U5Iq6EYsunFZwT6gKeFmMmmGTh7MTIQS8h9u/BU3LhRxJbjwb5w+Ftp64MLhnHu59x4v5Uwqy/o2lpZXVtfWSxvlza3tnV1zb78tk0wQ2iIJT0TXA0k5i2lLMcVpNxUUIo/Tjje8GfudByokS+J7NUppP4JBzAJGQGnJNetOIIDkPnZCULkjwqRwwwLn/qjAl9gBnobgSlx1IlChiPKr4sQ1K1bNmgAvEntGKmiGpmt+On5CsojGinCQsmdbqernIBQjnBZlJ5M0BTKEAe1pGkNEZT+f/FbgY634OEiErljhifp7IodIylHk6c7xiXLeG4v/eb1MBRf9nMVppmhMpouCjGOV4HFQ2GeCEsVHmgARTN+KSQg6LKXjLOsQ7PmXF0m7XrNPa/W7s0rjehZHCR2iI1RFNjpHDXSLmqiFCHpEz+gVvRlPxovxbnxMW5eM2cwB+gPj6wfa5qFH</latexit>

In the Dense Regime

b b ⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>⇤

<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

b
<latexit sha1_base64="YJjhR7RY5hyNtVLBH/MerrmOQ7I=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZtAvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPxi+M6g==</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

M̂n =hn|R̂⌦̂|0i = Exp
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<latexit sha1_base64="xgK56ui7VYbq6G2vNUWot9B5yak="></latexit>

Single-gluon, double-gluon emission and absorption vertices. ⇤0,↵� =

Z �y

��y

d⇣

2⇡
⇤↵�(⇣)

<latexit sha1_base64="WbBd47L1o/PliXAecVnkshOe4rU="></latexit>

↵s�y ⇠ 1
<latexit sha1_base64="megYBcBlsYVx+FOSVsSpuvtKKWU=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkpSBT0W9eCxgv2AJoTJdtMu3WzC7kYIpV78K148KOLVf+HNf+O2zUFbHww83pthZl6Ycqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgqKcCdrUTHPaSSWFOOS0HQ6vJ377gUrFEnGv85T6MfQFixgBbaTAPvSApwMIFPZuKNeAc+wpFmM3sCtO1ZkCLxK3IBVUoBHYX14vIVlMhSYclOq6Tqr9EUjNCKfjspcpmgIZQp92DRUQU+WPph+M8YlRejhKpCmh8VT9PTGCWKk8Dk1nDHqg5r2J+J/XzXR06Y+YSDNNBZktijKOdYInceAek5RonhsCRDJzKyYDkEC0Ca1sQnDnX14krVrVPavW7s4r9asijhI6QsfoFLnoAtXRLWqgJiLoET2jV/RmPVkv1rv1MWtdsoqZA/QH1ucP8UWV6A==</latexit>
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Jump Operators in the Dense Regime

In the Dense Regime

M̂n =hn|R̂⌦̂|0i = Exp

⇢
��y

2⇡
b↵b�(1� ⇤0)↵�

�
N (⇤)

hn|R̂Exp
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p
2b↵(1� ⇤0)↵�
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|0i

<latexit sha1_base64="xgK56ui7VYbq6G2vNUWot9B5yak="></latexit>

b(1� ⇤0)
<latexit sha1_base64="HTB9Y4jSTQtye8nxgtP2DRvHnkE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQF5aZVtBl0Y0LFxXsA9qxZDKZNjSTGZKMUob+hxsXirj1X9z5N6btLLT1QOBwzrncm+PFnClt299WbmV1bX0jv1nY2t7Z3SvuH7RUlEhCmyTikex4WFHOBG1qpjntxJLi0OO07Y2up377kUrFInGvxzF1QzwQLGAEayM9eGXnrHdr4j7u26f9Ysmu2DOgZeJkpAQZGv3iV8+PSBJSoQnHSnUdO9ZuiqVmhNNJoZcoGmMywgPaNVTgkCo3nV09QSdG8VEQSfOERjP190SKQ6XGoWeSIdZDtehNxf+8bqKDSzdlIk40FWS+KEg40hGaVoB8JinRfGwIJpKZWxEZYomJNkUVTAnO4peXSatacWqV6t15qX6V1ZGHIziGMjhwAXW4gQY0gYCEZ3iFN+vJerHerY95NGdlM4fwB9bnD5nWkUc=</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit> ⇤

<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit> ⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>
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M̂ (O)
2m+1⇢̂hM̂

(O)†
2m+1 =

�y

2⇡
[b̄L(1� ⇤̄0,L)](⇤̄

†
0,R⇤̄0,L)

m[(1� ⇤̄†
0,R)b̄R]⇢̂h
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<latexit sha1_base64="SMxMehAKPcUa2zXWMNa40XsT5iQ="></latexit>

Geometric Series

�y
<latexit sha1_base64="bGD1QIPbG3bxUtO4EhMsFXFouas=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FjUg8cK9gPaUDbbTbt0s4m7EyGU/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wCzhfkQHSoSCUbRSu3vLJVKS9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/THVKJjkk2I3NTyhbEQHvGOpohE3/nh274ScWqVPwljbUkhm6u+JMY2MyaLAdkYUh2bRm4r/eZ0Uwyt/LFSSIldsvihMJcGYTJ8nfaE5Q5lZQpkW9lbChlRThjaiog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEIN7qAODWAg4Rle4c15dF6cd+dj3rri5DNH8AfO5w+YV4+t</latexit>
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Jump Operators in the Dense Regime

In the Dense Regime
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<latexit sha1_base64="xgK56ui7VYbq6G2vNUWot9B5yak="></latexit>

b(1� ⇤0)
<latexit sha1_base64="HTB9Y4jSTQtye8nxgtP2DRvHnkE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQF5aZVtBl0Y0LFxXsA9qxZDKZNjSTGZKMUob+hxsXirj1X9z5N6btLLT1QOBwzrncm+PFnClt299WbmV1bX0jv1nY2t7Z3SvuH7RUlEhCmyTikex4WFHOBG1qpjntxJLi0OO07Y2up377kUrFInGvxzF1QzwQLGAEayM9eGXnrHdr4j7u26f9Ysmu2DOgZeJkpAQZGv3iV8+PSBJSoQnHSnUdO9ZuiqVmhNNJoZcoGmMywgPaNVTgkCo3nV09QSdG8VEQSfOERjP190SKQ6XGoWeSIdZDtehNxf+8bqKDSzdlIk40FWS+KEg40hGaVoB8JinRfGwIJpKZWxEZYomJNkUVTAnO4peXSatacWqV6t15qX6V1ZGHIziGMjhwAXW4gQY0gYCEZ3iFN+vJerHerY95NGdlM4fwB9bnD5nWkUc=</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

Even numbers of gluons

b(1� ⇤0)
<latexit sha1_base64="HTB9Y4jSTQtye8nxgtP2DRvHnkE=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQF5aZVtBl0Y0LFxXsA9qxZDKZNjSTGZKMUob+hxsXirj1X9z5N6btLLT1QOBwzrncm+PFnClt299WbmV1bX0jv1nY2t7Z3SvuH7RUlEhCmyTikex4WFHOBG1qpjntxJLi0OO07Y2up377kUrFInGvxzF1QzwQLGAEayM9eGXnrHdr4j7u26f9Ysmu2DOgZeJkpAQZGv3iV8+PSBJSoQnHSnUdO9ZuiqVmhNNJoZcoGmMywgPaNVTgkCo3nV09QSdG8VEQSfOERjP190SKQ6XGoWeSIdZDtehNxf+8bqKDSzdlIk40FWS+KEg40hGaVoB8JinRfGwIJpKZWxEZYomJNkUVTAnO4peXSatacWqV6t15qX6V1ZGHIziGMjhwAXW4gQY0gYCEZ3iFN+vJerHerY95NGdlM4fwB9bnD5nWkUc=</latexit>

+

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>

⇤
<latexit sha1_base64="+7Vn0mJYfaZ//RcqBhLwm7cUdf0=">AAAB7nicbVC7SgNBFL0bXzG+opY2g0GwCrtR0DJoY2ERwTwgWcLd2dlkyOzsMjMrhJCPsLFQxNbvsfNvnCRbaOKBgcM55zL3niAVXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKWTTFHWpIlIVCdAzQSXrGm4EayTKoZxIFg7GN3O/PYTU5on8tGMU+bHOJA84hSNldq9exsNsV+uuFV3DrJKvJxUIEejX/7qhQnNYiYNFah113NT409QGU4Fm5Z6mWYp0hEOWNdSiTHT/mS+7pScWSUkUaLsk4bM1d8TE4y1HseBTcZohnrZm4n/ed3MRNf+hMs0M0zSxUdRJohJyOx2EnLFqBFjS5AqbncldIgKqbENlWwJ3vLJq6RVq3oX1drDZaV+k9dRhBM4hXPw4ArqcAcNaAKFETzDK7w5qfPivDsfi2jByWeO4Q+czx8M849h</latexit>
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 Lindblad Form in the Dense Regime
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effective vertex of  
single gluon emission

Infinitesimal changes (linear in ) of density matrix Δy

In the leading logarithmic approximation, only terms that are of order  need to be retainedαs
<latexit sha1_base64="gfD7V/8Eku+M5QoAxXukZPnKcJk="></latexit>
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Lose information on operator orderings

Expressing it  into a Lindblad Form
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Kovner, Lublinsky and Skokov (2017)



From Lindblad Equation to JIMWLK Equation
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Quantum Operator Equation 

for Density Matrix

Classical Functional Fokker-Planck 

Equation for Probability Functional

<latexit sha1_base64="Y7nUjDOWzPbI6nohVu4B4RoILQ8="></latexit>
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Mapping from Hilbert space 
to classical Phase space
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Quantum Mechanics in Phase Space
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Hilbert Space
q̂, p̂

<latexit sha1_base64="rDagyyzx4CIC3evFURNEtUna1O4=">AAAB+XicbZDLSsNAFIZP6q3WW9Slm8EiuJCSVEGXRTcuK9gLtKFMppN26GQSZyaFEvImblwo4tY3cefbOE2z0NYfBj7+cw7nzO/HnCntON9WaW19Y3OrvF3Z2d3bP7APj9oqSiShLRLxSHZ9rChngrY005x2Y0lx6HPa8Sd383pnSqVikXjUs5h6IR4JFjCCtbEGtt0fY50+ZRcohzgb2FWn5uRCq+AWUIVCzYH91R9GJAmp0IRjpXquE2svxVIzwmlW6SeKxphM8Ij2DAocUuWl+eUZOjPOEAWRNE9olLu/J1IcKjULfdMZYj1Wy7W5+V+tl+jgxkuZiBNNBVksChKOdITmMaAhk5RoPjOAiWTmVkTGWGKiTVgVE4K7/OVVaNdr7mWt/nBVbdwWcZThBE7hHFy4hgbcQxNaQGAKz/AKb1ZqvVjv1seitWQVM8fwR9bnD5JYk54=</latexit>

Phase Space
q, p

<latexit sha1_base64="CgMV3NHwgJdW/NoM0m+Yhp5HWsc=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBg5TdVtBj0YvHCvYD2qVk02wbmmTXJCuUpX/BiwdFvPqHvPlvzLZ70NYHA4/3ZpiZF8ScaeO6305hbX1jc6u4XdrZ3ds/KB8etXWUKEJbJOKR6gZYU84kbRlmOO3GimIRcNoJJreZ33miSrNIPphpTH2BR5KFjGCTSY8XKB6UK27VnQOtEi8nFcjRHJS/+sOIJIJKQzjWuue5sfFTrAwjnM5K/UTTGJMJHtGepRILqv10fusMnVlliMJI2ZIGzdXfEykWWk9FYDsFNmO97GXif14vMeG1nzIZJ4ZKslgUJhyZCGWPoyFTlBg+tQQTxeytiIyxwsTYeEo2BG/55VXSrlW9erV2f1lp3ORxFOEETuEcPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHanaN0w==</latexit>

⇢̂
<latexit sha1_base64="WBm8QeiPGKYgOM35+TAvxjwM4qw=">AAAB8XicbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48V7Ac2oWy2m2bpZjfsToQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMSrTlLWpEkr3QmKY4JK1gYNgvVQzkoSCdcPx7czvPjFtuJIPMElZkJCR5BGnBKz06McEcl/Hajqo1ty6OwdeJV5BaqhAa1D98oeKZgmTQAUxpu+5KQQ50cCpYNOKnxmWEjomI9a3VJKEmSCfXzzFZ1YZ4khpWxLwXP09kZPEmEkS2s6EQGyWvZn4n9fPILoOci7TDJiki0VRJjAoPHsfD7lmFMTEEkI1t7diGhNNKNiQKjYEb/nlVdJp1L2LeuP+sta8KeIooxN0is6Rh65QE92hFmojiiR6Rq/ozTHOi/PufCxaS04xc4z+wPn8AfJ7kRg=</latexit>

Wigner Transformations

Weyl’s correspondence rules : fully symmetrization, basis independent transformations

�w(q, p; q̂, p̂) =

Z
dudve�i(up+vq)ei(up̂+vq̂) .

<latexit sha1_base64="M049RoHafzhIQxGtMjSYLh5Wzyo="></latexit>

Weyl’s Mapping Kernel

[q̂, p̂] = i
<latexit sha1_base64="YuAXZAGnxsNsiQhhT+44t1ZW3vE=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwISWpgm6EohuXFewD0lAm00k7dPJw5kaoIfgrblwo4tb/cOffOE2z0NYDl3s4517mzvFiwRVY1rexsLi0vLJaWiuvb2xubZs7uy0VJZKyJo1EJDseUUzwkDWBg2CdWDISeIK1vdH1xG8/MKl4FN7BOGZuQAYh9zkloKWeue90hwTS++wk73Hm4kveMytW1cqB54ldkAoq0OiZX91+RJOAhUAFUcqxrRjclEjgVLCs3E0UiwkdkQFzNA1JwJSb5tdn+EgrfexHUlcIOFd/b6QkUGoceHoyIDBUs95E/M9zEvAv3JSHcQIspNOH/ERgiPAkCtznklEQY00IlVzfiumQSEJBB1bWIdizX54nrVrVPq3Wbs8q9asijhI6QIfoGNnoHNXRDWqgJqLoET2jV/RmPBkvxrvxMR1dMIqdPfQHxucPVpCVJA==</latexit>

{q, p} = 1
<latexit sha1_base64="l5R/M77zxEXj4jdHqMkswxLfxoM=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBg5TdKuhFKHrxWMF+wG4p2TTbhmaTNckKZenP8OJBEa/+Gm/+G9N2D9r6YODx3gwz88KEM21c99sprKyurW8UN0tb2zu7e+X9g5aWqSK0SSSXqhNiTTkTtGmY4bSTKIrjkNN2OLqd+u0nqjST4sGME9qN8UCwiBFsrOQH2eMZSoIJuvZ65YpbdWdAy8TLSQVyNHrlr6AvSRpTYQjHWvuem5huhpVhhNNJKUg1TTAZ4QH1LRU4prqbzU6eoBOr9FEklS1h0Ez9PZHhWOtxHNrOGJuhXvSm4n+en5roqpsxkaSGCjJfFKUcGYmm/6M+U5QYPrYEE8XsrYgMscLE2JRKNgRv8eVl0qpVvfNq7f6iUr/J4yjCERzDKXhwCXW4gwY0gYCEZ3iFN8c4L8678zFvLTj5zCH8gfP5A+RqkFc=</latexit>

A(q̂, p̂)
<latexit sha1_base64="CdKCZRP/37LOTlGcTcp5i+fid4Q=">AAAB+3icbVDLSsNAFL2pr1pfsS7dBItQQUpSBV1W3bisYB/QhjKZTtqhk0mcmYgl5FfcuFDErT/izr9xmmahrQcu93DOvcyd40WMSmXb30ZhZXVtfaO4Wdra3tndM/fLbRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl4k5uZ33kkQtKQ36tpRNwAjTj1KUZKSwOzfFXtj5FKHtLTrEfpycCs2DU7g7VMnJxUIEdzYH71hyGOA8IVZkjKnmNHyk2QUBQzkpb6sSQRwhM0Ij1NOQqIdJPs9tQ61srQ8kOhiysrU39vJCiQchp4ejJAaiwXvZn4n9eLlX/pJpRHsSIczx/yY2ap0JoFYQ2pIFixqSYIC6pvtfAYCYSVjqukQ3AWv7xM2vWac1ar351XGtd5HEU4hCOoggMX0IBbaEILMDzBM7zCm5EaL8a78TEfLRj5zgH8gfH5A5JllCQ=</latexit>

Aw(q, p)
<latexit sha1_base64="RdGWII2mGn8YycXv1m9gDXBf72U=">AAAB73icbVBNS8NAEJ3Ur1q/oh69LBahgpSkCnqsevFYwX5AG8pmu2mXbjbp7kYpoX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zM82POlHacbyu3srq2vpHfLGxt7+zu2fsHDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w9up33ykUrFIPOhxTL0Q9wULGMHaSK3r7lNpdBafdu2iU3ZmQMvEzUgRMtS69lenF5EkpEITjpVqu06svRRLzQink0InUTTGZIj7tG2owCFVXjq7d4JOjNJDQSRNCY1m6u+JFIdKjUPfdIZYD9SiNxX/89qJDq68lIk40VSQ+aIg4UhHaPo86jFJieZjQzCRzNyKyABLTLSJqGBCcBdfXiaNStk9L1fuL4rVmyyOPBzBMZTAhUuowh3UoA4EODzDK7xZI+vFerc+5q05K5s5hD+wPn8A9qyPQw==</latexit>

W (q, p)
<latexit sha1_base64="GoBsO6tn/5+4/7ncowv29l7OqnU=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahgpTdKuix6MVjBfsB7VKyabaNzSZrkhXK0v/gxYMiXv0/3vw3pu0etPXBwOO9GWbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDP1W09UaSbFvRnH1I/wQLCQEWys1GyVH8/i016x5FbcGdAy8TJSggz1XvGr25ckiagwhGOtO54bGz/FyjDC6aTQTTSNMRnhAe1YKnBEtZ/Orp2gE6v0USiVLWHQTP09keJI63EU2M4Im6Fe9Kbif14nMeGVnzIRJ4YKMl8UJhwZiaavoz5TlBg+tgQTxeytiAyxwsTYgAo2BG/x5WXSrFa880r17qJUu87iyMMRHEMZPLiEGtxCHRpA4AGe4RXeHOm8OO/Ox7w152Qzh/AHzucPhR6Obw==</latexit>

W (q, p) =

Z
dzeipzhq � z

2
|⇢̂|q + z

2
i

<latexit sha1_base64="xZ8mwXDcaoQpArWmYxZ+ePi9Nm8="></latexit>

Aw(q, p) =

Z
dzeipzhq � z

2
|A(q̂, p̂)|q + z

2
i

<latexit sha1_base64="exCTo4zdgR+a2HmEgAw5aZr42jQ="></latexit>

G(p̂, q̂) =

Z
dp

2⇡

dp

2⇡
F (p, q)�w(q, p; q̂, p̂) ,

F (p, q) = Tr
�
G(p̂, q̂)�w(q, p; q̂, p̂)

�
,

<latexit sha1_base64="7DtC8g1WEwXnkgW/T5su4TyNMqk="></latexit>

hA(q̂, p̂)i = Tr(A(q̂, p̂)⇢̂) =

Z
dqdpAw(q, p)W (q, p)

<latexit sha1_base64="K9kLO4Y4mcA7bmFe6U6IeuH8GS0="></latexit>

Hillery, O’Connell,Scully and Wigner (1984) 
Agarwal and Wolf (1970)

�w(q, p; q̂, p̂)
<latexit sha1_base64="/ndowXRoH2ZMahWFMJ0UuVWY5Y8=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiVChlpgoKbgq6cFnBXqAtQyZN29DMpckZpQyzc+OruHGhiFtfwZ1vYzrtQlt/CHz85xxOzu+GgiuwrG8js7S8srqWXc9tbG5t75i7e3UVRJKyGg1EIJsuUUxwn9WAg2DNUDLiuYI13OHVpN64Z1LxwL+Dccg6Hun7vMcpAW055mH7mgkgzkNhVAwv2wMC8Sgp4hTC5MQx81bJSoUXwZ5BHs1Udcyvdjegkcd8oIIo1bKtEDoxkcCpYEmuHSkWEjokfdbS6BOPqU6c3pHgY+10cS+Q+vmAU/f3REw8pcaeqzs9AgM1X5uY/9VaEfQuOjH3wwiYT6eLepHAEOBJKLjLJaMgxhoIlVz/FdMBkYSCji6nQ7DnT16Eerlkn5bKt2f5SmUWRxYdoCNUQDY6RxV0g6qohih6RM/oFb0ZT8aL8W58TFszxmxmH/2R8fkDLVCY3Q==</latexit>
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Quantum Mechanics in Phase Space

For a product of two operators

F (q̂, p̂) = A(q̂, p̂)B(q̂, p̂)
<latexit sha1_base64="ma+D8LOuXoawTKO4XWI7W34fs1s=">AAACI3icbZBNS8MwGMfT+TbnW9Wjl+AQJshop6AIwpwgHie4F9jKSLN0C0vTmqTCKP0uXvwqXjwow4sHv4tZt4OuPhDy5/d/HpLn74aMSmVZX0ZuaXlldS2/XtjY3NreMXf3mjKIBCYNHLBAtF0kCaOcNBRVjLRDQZDvMtJyRzdTv/VEhKQBf1DjkDg+GnDqUYyURj3z8rbUHSIVPyYn6R0mx/AKXmdhLYN6ZtEqW2nBrLDnogjmVe+Zk24/wJFPuMIMSdmxrVA5MRKKYkaSQjeSJER4hAakoyVHPpFOnO6YwCNN+tALhD5cwZT+noiRL+XYd3Wnj9RQLnpT+J/XiZR34cSUh5EiHM8e8iIGVQCngcE+FQQrNtYCYUH1XyEeIoGw0rEWdAj24spZ0ayU7dNy5f6sWK3N48iDA3AISsAG56AK7kAdNAAGz+AVvIMP48V4MybG56w1Z8xn9sGfMr5/AOrlo9k=</latexit>

Fw(q, p) = Aw(q, p)e
�
2iBw(q, p) = Bw(q, p)e

� �
2iAw(q, p)

<latexit sha1_base64="pOTnqgzRsdDeKPaEcd4TEiV6EzM="></latexit>

� =

 �
@

@p

�!
@

@q
�
 �
@

@q

�!
@

@p
<latexit sha1_base64="YzyWQmmEMba26StooaqjOXoClIo="></latexit>

 An equivalent approach using Bopp operators

QL = q +
i

2

@

@p
, PL = p� i

2

@

@q
,

QR = q � i

2

@

@p
, PR = p+

i

2

@

@q
.

<latexit sha1_base64="eqJ0QhjLZ7wJZLQiuW7khGFUsbo="></latexit>

Fw(q, p) = A(QL, PL)Bw(q, p) = B(QR, PR)Aw(q, p).
<latexit sha1_base64="31o6m1oPoujyJ7AGbQsPfp9bFE8=">AAACIHicbZBdSwJBFIZn+zT72uqymyEJFER2LbCbQA2iCy9U8gNUltlx1MHZj2ZmCxF/Sjf9lW66KKLu6tc0qxuV9sLAy3PO4cx5bZ9RIQ3jQ1taXlldW49txDe3tnd29b39uvACjkkNe8zjTRsJwqhLapJKRpo+J8ixGWnYw4uw3rglXFDPvZYjn3Qc1Hdpj2IkFbL03KV1l7xJ+yl4DgvJilVKw7JVSsHiDy4qXE2XrWqq8A0zcUtPGBljKrhozMgkQKSypb+3ux4OHOJKzJAQLdPwZWeMuKSYkUm8HQjiIzxEfdJS1kUOEZ3x9MAJPFakC3seV8+VcEp/T4yRI8TIsVWng+RAzNdC+F+tFcjeWWdMXT+QxMWzRb2AQenBMC3YpZxgyUbKIMyp+ivEA8QRlirTMARz/uRFU89mzJNMtnKayBejOGLgEByBJDBBDuTBFSiDGsDgHjyCZ/CiPWhP2qv2Nmtd0qKZA/BH2ucX752dQw==</latexit>

An example: Mapping the quantum Liouville equation onto the phase space

d⇢̂

dt
= �i[Ĥ, ⇢̂]

<latexit sha1_base64="Jks3eRCAh5hfxcLHW2Dbg3AxcDc=">AAACHHicbVDLSsNAFJ34rPUVdelmsAgutCStoBuh6KbLCvYBTSiTyaQdOnkwcyOUkA9x46+4caGIGxeCf+P0AWrrgQuHc+7l3nu8RHAFlvVlLC2vrK6tFzaKm1vbO7vm3n5LxamkrEljEcuORxQTPGJN4CBYJ5GMhJ5gbW94M/bb90wqHkd3MEqYG5J+xANOCWipZ1adQBKa+c6AQObIQZznmQ85xlf4jOPuRK7npz+2i4s9s2SVrQnwIrFnpIRmaPTMD8ePaRqyCKggSnVtKwE3IxI4FSwvOqliCaFD0mddTSMSMuVmk+dyfKwVHwex1BUBnqi/JzISKjUKPd0ZEhioeW8s/ud1Uwgu3YxHSQosotNFQSowxHicFPa5ZBTESBNCJde3YjogOi3QeY5DsOdfXiStStmuliu356Xa9SyOAjpER+gE2egC1VAdNVATUfSAntALejUejWfjzXifti4Zs5kD9AfG5zdQgqF3</latexit>

df(q, p, t)

dt
= �i(Hw(q, p)e

�
2i f(q, p, t)� f(q, p, t)e

�
2iHw(q, p))

= 2Hw(q, p) sin

✓
�

2i

◆
f(q, p, t)

<latexit sha1_base64="dmPus5RMbKZk8x7SyLfijd1lGdQ="></latexit>

df(q, p, t)

dt
= �i (H(QL, PL)�H(QR, PR)) f(q, p, t)

<latexit sha1_base64="NErwrxLNuuWblPT1EzhNwO/AJf8="></latexit>

Using Moyal Product

Hillery, O’Connell,Scully and Wigner (1984)
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Hilbert Space Phase Space
ĵa

<latexit sha1_base64="FTwEwKYH1ic3WNNvuaTVZVqWSFg=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xkYeBlcwOA4zMzm5mek3Ihq/w4kFjvPo53vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6w3HM/ZAOlOgLRtFK950hxfRx8kC7xZJbdmcgy8TLSAky1LrFr04vYknIFTJJjWl7box+SjUKJvmk0EkMjykb0QFvW6poyI2fzg6ekBOr9Eg/0rYUkpn6eyKloTHjMLCdIcWhWfSm4n9eO8H+pZ8KFSfIFZsv6ieSYESm35Oe0JyhHFtCmRb2VsKGVFOGNqOCDcFbfHmZNCpl76xcuT0vVa+yOPJwBMdwCh5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AQ4UkJI=</latexit>

ja
<latexit sha1_base64="mYzX2PSjY1S/I4PR9HcdqJcIpAI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4xyiOBlcwOA4zMzm5mek3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEEth0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPdCqjhUiheR4GSt2LNaRhI3gxG11O/+cS1EZG6x3HM/ZAOlOgLRtFKd48PtFssuWV3BrJMvIyUIEOtW/zq9CKWhFwhk9SYtufG6KdUo2CSTwqdxPCYshEd8Laliobc+Ons1Ak5sUqP9CNtSyGZqb8nUhoaMw4D2xlSHJpFbyr+57UT7F/6qVBxglyx+aJ+IglGZPo36QnNGcqxJZRpYW8lbEg1ZWjTKdgQvMWXl0mjUvbOypXb81L1KosjD0dwDKfgwQVU4QZqUAcGA3iGV3hzpPPivDsf89ack80cwh84nz8+5Y3F</latexit>

[ĵa, ĵb] = igfabcĵc
<latexit sha1_base64="IxBrm8HkYxKqdTGpIMeDl7Um23E=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCoJSkCroRim5cVrAXaNNyMp20YycXZiZCCXkIN76KGxeKuHXhzrdx2qagrT8MfPznHM6c3404k8qyvo2FxaXlldXcWn59Y3Nr29zZrckwFoRWSchD0XBBUs4CWlVMcdqIBAXf5bTuDq5H9foDFZKFwZ0aRtTxoRcwjxFQ2uqYx81WH1Ryn7bhZEqugy8x62GvnYBL0qlNOmbBKlpj4XmwMyigTJWO+dXqhiT2aaAIBymbthUpJwGhGOE0zbdiSSMgA+jRpsYAfCqdZHxUig+108VeKPQLFB67vycS8KUc+q7u9EH15WxtZP5Xa8bKu3ASFkSxogGZLPJijlWIRwnhLhOUKD7UAEQw/VdM+iCAKJ1jXodgz548D7VS0T4tlm7PCuWrLI4c2kcH6AjZ6ByV0Q2qoCoi6BE9o1f0ZjwZL8a78TFpXTCymT30R8bnD/AwnsE=</latexit>

O(ĵa)
<latexit sha1_base64="SAwgD6NqrAjjnZpdUuWcs3mHGKw=">AAAB/3icbVDLSsNAFJ3UV62vqODGTbAIdVOSKuiy6MadFewDmlhuptN27GQSZiZCiVn4K25cKOLW33Dn3zhps9DqgYHDOfdyzxw/YlQq2/4yCguLS8srxdXS2vrG5pa5vdOSYSwwaeKQhaLjgySMctJUVDHSiQSBwGek7Y8vMr99T4SkIb9Rk4h4AQw5HVAMSks9c88NQI0wsOQqrbgjUMldegtHPbNsV+0prL/EyUkZ5Wj0zE+3H+I4IFxhBlJ2HTtSXgJCUcxIWnJjSSLAYxiSrqYcAiK9ZJo/tQ610rcGodCPK2uq/txIIJByEvh6Mksr571M/M/rxmpw5iWUR7EiHM8ODWJmqdDKyrD6VBCs2EQTwILqrBYegQCsdGUlXYIz/+W/pFWrOsfV2vVJuX6e11FE++gAVZCDTlEdXaIGaiKMHtATekGvxqPxbLwZ77PRgpHv7KJfMD6+Af0XlhM=</latexit>

⇢̂h
<latexit sha1_base64="1CkZmTaVFZfz0UmLks/5LPgfzEA=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YAmlM122yzdbMLuRCihf8OLB0W8+me8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bJsk04y2WyER3Q2q4FIq3UKDk3VRzGoeSd8Lx3czvPHFtRKIecZLyIKYjJYaCUbSS70cUc19HybQf9StVt+bOQVaJV5AqFGj2K1/+IGFZzBUySY3peW6KQU41Cib5tOxnhqeUjemI9yxVNOYmyOc3T8m5VQZkmGhbCslc/T2R09iYSRzazphiZJa9mfif18tweBPkQqUZcsUWi4aZJJiQWQBkIDRnKCeWUKaFvZWwiGrK0MZUtiF4yy+vkna95l3W6g9X1cZtEUcJTuEMLsCDa2jAPTShBQxSeIZXeHMy58V5dz4WrWtOMXMCf+B8/gBy7pHz</latexit>

W [ja]
<latexit sha1_base64="uwS3sqWARMhcwoZC+qCcRRITDU4=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mtgh6LXjxWsB+wXUs2zbZps8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc38789hNVmknxYCYJDWI8ECxiBBsrtdr+6BEHvXLFrbpzoFXi5aQCORq98le3L0kaU2EIx1r7npuYIMPKMMLptNRNNU0wGeMB9S0VOKY6yObXTtGZVfooksqWMGiu/p7IcKz1JA5tZ4zNUC97M/E/z09NdB1kTCSpoYIsFkUpR0ai2euozxQlhk8swUQxeysiQ6wwMTagkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTSAwgmd4hTdHOi/Ou/OxaC04+cwx/IHz+QNMxY7y</latexit>

Ow(j
a)

<latexit sha1_base64="3ZYbhJOICS5Q9hmncfyl2xoFslg=">AAAB+3icbVDLSsNAFJ34rPUV69JNsAh1U5Iq6LLoxp0V7APaGG6mk3bsZBJmJmoJ+RU3LhRx64+482+ctllo64GBwzn3cs8cP2ZUKtv+NpaWV1bX1gsbxc2t7Z1dc6/UklEiMGniiEWi44MkjHLSVFQx0okFgdBnpO2PLid++4EISSN+q8YxcUMYcBpQDEpLnlnqhaCGGFh6nXmPlfs7OPbMsl21p7AWiZOTMsrR8MyvXj/CSUi4wgyk7Dp2rNwUhKKYkazYSySJAY9gQLqacgiJdNNp9sw60krfCiKhH1fWVP29kUIo5Tj09eQkqZz3JuJ/XjdRwbmbUh4ninA8OxQkzFKRNSnC6lNBsGJjTQALqrNaeAgCsNJ1FXUJzvyXF0mrVnVOqrWb03L9Iq+jgA7QIaogB52hOrpCDdREGD2hZ/SK3ozMeDHejY/Z6JKR7+yjPzA+fwCqZJQw</latexit>

Gs [̂j] =

Z
djF [j]�W (j, ĵ) ,

�W (j, ĵ) =

Z
d↵ e�i↵·jei↵·̂j .

<latexit sha1_base64="K76jXv9aVVzYDSyZRUsHq8VUDC0="></latexit>

From phase space to Hilbert space:

Tr(⇢̂Gs [̂j]) =

Z
djF [j] Tr(⇢̂�W (j, ĵ)) =

Z
djF [j]W [j] .

<latexit sha1_base64="S5sYeXSrR42jR99EIR4kpigNRw8="></latexit>

Density matrix and quasi-probability

 distribution

Fully symmetrized expression in ĵa.
<latexit sha1_base64="sboIR/XjNhqS0xCu7jTdlUe0+v8="></latexit>

W [j] = Tr
⇣
⇢̂�W (j, ĵ)

⌘
,

Z
djW [j] = 1 .

<latexit sha1_base64="RJ0aTjZo42oxZo3Yjq04H+IZOyw="></latexit>

For a Gaussian weight functional

W [ja] ⇠ exp

⇢
� j2

µ2

�

<latexit sha1_base64="nfDxdw+ZjPaBLAEh+5ZLmP1kJ0g="></latexit>

⇢̂h ⌧ exp

(
� ĵaĵa

µ2

)

<latexit sha1_base64="xtVJkkX5jv4W6SEhlt1dcbQ67lE="></latexit>

?

From Hilbert space to phase space:

Gs[j] = Tr
⇣
Gs [̂j]�̃W (j, ĵ)

⌘
, �̃W [j, ĵ] =

Z
dg↵e

i↵·jdr (̂j)e
i↵·̂j .

<latexit sha1_base64="g3Z1TE9BT8HdgeW8utDtsnyFQ8k="></latexit>

Tr
⇣
�W [j1, ĵ]�̃W [j2, ĵ]

⌘
= �(j1 � j2) .

<latexit sha1_base64="MBjtzbM1L+V3MBtneG04HNxoicg="></latexit>

from the Peter-Weyl Theorem 
 of Group Representation



From Lindblad Equation to JIMWLK Equation

d⇢̂h
dy

= � 1

2⇡
(B̄†

↵B̄↵⇢̂h + ⇢̂hB̄
†
↵B̄↵ � 2B̄↵⇢̂hB̄

†
↵) ,

B̄↵ = R̂†
↵�B� , B� = (bN?)� .

<latexit sha1_base64="gkTQ0J/VbwjegIb2AF1vjHTVJk4="></latexit>

Bopp operators for  Lie algebra (Kovner and Lublinsky (2005, 2013)):SU(N )

⌧ = gT e �

�je
<latexit sha1_base64="w9632oaRbP+i4cVImlpndO3sV2Q=">AAACDnicbVC7SgNBFJ31bXxFLW0Gg2AVdlXQRhBtLCPkBdk1zE7uJqOzD2buCmHJF9j4KzYWitha2/k3ziZbaOKBYQ7n3Htn7vETKTTa9rc1N7+wuLS8slpaW9/Y3Cpv7zR1nCoODR7LWLV9pkGKCBooUEI7UcBCX0LLv7/K/dYDKC3iqI7DBLyQ9SMRCM7QSN3ygYsspee0X78FN1CMZ24PJLJRcdO7WxiVuuWKXbXHoLPEKUiFFKh1y19uL+ZpCBFyybTuOHaCXsYUCi7NQDfVkDB+z/rQMTRiIWgvG68zogdG6dEgVuZESMfq746MhVoPQ99UhgwHetrLxf+8TorBmZeJKEkRIj55KEglxZjm2dCeUMBRDg1hXAnzV8oHzISCJsE8BGd65VnSPKo6x9Wjm5PKxWURxwrZI/vkkDjklFyQa1IjDcLJI3kmr+TNerJerHfrY1I6ZxU9u+QPrM8fj3ubzQ==</latexit>
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Mapping Rules

B̃↵
L = R†↵�

p B�
L

<latexit sha1_base64="aC9uy4f2dfmknIL2XJMxTF9CELc="></latexit>

dW [ja]

dy
= � 1

2⇡
(B̃↵

L �B↵
R)

†(B̃↵
L �B↵

R)W [ja]
<latexit sha1_base64="v00EnVUv2up/Q33dvH44MCtHhbA="></latexit>

Lindblad high energy 

evolution equation:

Lindblad high energy evolution 

equation in phase space

<latexit sha1_base64="3cvDxN1rWnT3+FSQLph2X13oW2o="></latexit>

jaL = jb
h⌧
2
coth

⌧

2
+

⌧

2

iba
,

jaR = jb
h⌧
2
coth

⌧

2
� ⌧

2

iba
.

<latexit sha1_base64="JgDkEYeCoL3/JtGOu3q9nYqP2HI=">AAACE3icbVDJSgNBEO1xjXEb9eilMQgiEmZE1IsQ9OIxBrNAZjL0dHqSTnoWumuEMOQfvPgrXjwo4tWLN//GznLQxAcFj/eqqKrnJ4IrsKxvY2FxaXllNbeWX9/Y3No2d3ZrKk4lZVUai1g2fKKY4BGrAgfBGolkJPQFq/v9m5Fff2BS8Ti6h0HC3JB0Ih5wSkBLnnnsCBZAs9ciXuUE91q+V3Ek73TBxVeYd4JWRnw67LWoV/HMglW0xsDzxJ6SApqi7JlfTjumacgioIIo1bStBNyMSOBUsGHeSRVLCO2TDmtqGpGQKTcb/zTEh1pp4yCWuiLAY/X3REZCpQahrztDAl01643E/7xmCsGlm/EoSYFFdLIoSAWGGI8Cwm0uGQUx0IRQyfWtmHaJJBR0jHkdgj378jypnRbt86J1d1YoXU/jyKF9dICOkI0uUAndojKqIooe0TN6RW/Gk/FivBsfk9YFYzqzh/7A+PwB+W+dmQ==</latexit>⇥
jaR, j

b
R

⇤
= igfabcjcR

<latexit sha1_base64="S0dy21DvXN7Q3VcR+CIqLjGUijw=">AAACFHicbVC7SgNBFJ2Nrxhfq5Y2g0EQ1LArojZC0MYiRQTzgGSzzE5mk0lmH8zcFcKSj7DxV2wsFLG1sPNvnDwKTTxw4XDOvdx7jxcLrsCyvo3MwuLS8kp2Nbe2vrG5ZW7vVFWUSMoqNBKRrHtEMcFDVgEOgtVjyUjgCVbz+jcjv/bApOJReA+DmDkB6YTc55SAllzzqCmYD41ei7ilY9xreW6pKXmnCw6+wie847dS4tFhr0XdkmvmrYI1Bp4n9pTk0RRl1/xqtiOaBCwEKohSDduKwUmJBE4FG+aaiWIxoX3SYQ1NQxIw5aTjp4b4QCtt7EdSVwh4rP6eSEmg1CDwdGdAoKtmvZH4n9dIwL90Uh7GCbCQThb5icAQ4VFCuM0loyAGmhAqub4V0y6RhILOMadDsGdfnifV04J9XrDuzvLF62kcWbSH9tEhstEFKqJbVEYVRNEjekav6M14Ml6Md+Nj0poxpjO76A+Mzx9Slp2+</latexit>⇥
jaL, j

b
L

⇤
= �igfabcjcL

<latexit sha1_base64="vKh3dXaLgwBpDorYaIMrrxctIHk="></latexit>

⇢̂h �! W [ja],

B↵[ĵ
a] �! B

↵
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a
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↵
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⌧
.



From Lindblad Equation to JIMWLK Equation

dW [ja]

dy
= � 1

2⇡
(B̃↵

L �B↵
R)

†(B̃↵
L �B↵

R)W [ja] ,

B̃↵
L = R†↵�

p B�
L .

<latexit sha1_base64="Tbcy7OUnYjn77weHIlPTgwvnTh8="></latexit>

Lindblad high energy evolution 

equation in phase space:

B̃↵
L �B↵

R ' N?(bLRp � bR)
<latexit sha1_base64="C1pjVT5qtgu8gMm3I8gylfc/cAM="></latexit>

Truncate Rp to first order in �/�ja,
<latexit sha1_base64="lt4ERYXJn/CUD/zahGsXP6awFVw="></latexit>

Expand bL, bR around ja to first order.
<latexit sha1_base64="1udWeAedbR40YijapQ6hhiLg9Ko=">AAACF3icbVBNSwMxFMz6bf1a9egl2AoeZNmtBz2JIIIHDyq2FWpd3mazbTSbLElWLMV/4cW/4sWDIl715r8xW3vQ1oHAMPMeLzNRxpk2vv/ljI1PTE5Nz8yW5uYXFpfc5ZW6lrkitEYkl+oiAk05E7RmmOH0IlMU0ojTRnRzUPiNW6o0k+LcdDPaSqEtWMIIGCuFrnd4l4GIcSUKj7dwFJ5VMCiZF8r1FVSwkThhShssVUyVF7pl3/P7wKMkGJAyGuAkdD8vY0nylApDOGjdDPzMtHqgDCOc3pcuc00zIDfQpk1LBaRUt3r9XPd4wyoxTqSyTxjcV39v9CDVuptGdjIF09HDXiH+5zVzk+y2ekxkuaGC/BxKcl6kLUrCMVOUGN61BIhi9q+YdEABMbbKki0hGI48SupVL9j2qqfV8v7eoI4ZtIbW0SYK0A7aR0foBNUQQQ/oCb2gV+fReXbenPef0TFnsLOK/sD5+AZuJZ2Y</latexit>
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◆

<latexit sha1_base64="dDqSVBvpubN0ign//1QVvrrDm5Y="></latexit>

Expressing the evolution equation in terms of  spatial Wilson lines

J b
R(z?) = �Tr

✓
U(z?)T

b �

�U†(z?)

◆

<latexit sha1_base64="ER9aQm8F6QNUFYeYS9yWuw0THpM="></latexit>

After some algebra

<latexit sha1_base64="V97PEPc3bULAEDlKYQ/VOC+fdeY="></latexit>
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Z
d2z? Qa†

i (z?)Q
a
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<latexit sha1_base64="KX8o6NiG9sp3PS8ZPd5Sk8yofl0="></latexit>

B̃↵
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b
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<latexit sha1_base64="De2zSYG09k2t8J8QBIV0HtQkWKU="></latexit>

Qa
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g
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Z
d2x

(z� x)i
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<latexit sha1_base64="43TSGONyYIo6YUvGhpw0cn3pJn8="></latexit>

U(x?) = Pexp

⇢
ig

Z
dy? · bc(y?)T

c

�



Summary

• The effective density matrix specified by the color charge density operators follows Lindblad 
type high energy evolution equation in the leading logarithmic approximation both in the 
dilute regime and in the dense regime. The Linblad operator turns out to be a product of the 
color charge shift operator and the (effective) Weizsacker-Williams field operator.


• This Lindblad type evolution equation can be mapped from the Hilbert space onto the phase 
space using Weyl’s correspondence rules for color charge densities.  In the dense regime, 
the JIMWLK equation is reproduced by truncating the phase space evolution equation to 
second order in gradient expansions.


• We have discovered a new algebra extending the general  Lie algebra 
. We are currently working on 

constructing  representations of the new algebra and deriving the general mappings from 
Hilbert space determined by both   and  operators onto the corresponding phase space.

SU(N )
[ ̂ja, ̂jb] = ig f abc ̂jc, [Φ̂a, Φ̂b] = 0, [Φ̂a, ̂jb] = − iMab[Φ̂]

̂ja Φ̂a
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