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* Brief Reviews (JIM WLK High Energy Evolution Equation, Lindblad Equation for Open Quantum Systems,

Hamiltonian Approach to the Color Glass Condensate Effective theory) .

. Effective Density Matrix and Lindblad High Energy Evolution Equation.
* Quantum-Classical Correspondence: Reproducing JIMWLK Equation.

°* Summary

A re-formulation (interpretation) of the JIMWLK evolution
from the perspective of Open Quantum Systems




The Color Glass Condensate Framework

e Separating gluonic degrees of freedoms according to longitudinal momentum.
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e The action of CGC effective theory
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e Physical observables are calculated by averaging over soft gluons and hard gluons.
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® The weight functional evolves with the cut-off scale : JIMWLK equation.
( leading logarithmic approximation)
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Fokker-Planck type evolution equation for a probability distribution functional.
n“b : diffusion coefficient or width of Gaussian fluctuations.
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JIMWLK Equation, Balistky Hierarchy, Balitsky-Kovchegov Equation

Evolution of Observables (scattering amplitudes) in Dilute-Dense Scatterings

1 Balistky (1996), Kovchegov (1999), Mueller(2001)
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Lightlike Wilson Line
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Boosting the dipole by Ay

Only one gluon emission needs to be
considered in the leading logarithmic
approximation
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The Lindblad Equation for Open Quantum Systems 7 ekt Lecture noes

on Quantum Computation

Lindblad equation is the most general Markovian and non-unitary time evolution equation

for density matrix of an open quantum system. It preserves the properties of density matrix:
hermiticity, unit trace and positivity.
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Environment Observed System

* The total density matrix of the complete system evolves according to the
quantum Liouville equation.

dp A A A A A . . . .
L=—ilf g, ) =000, U@ =T, H = Hy+ e+ Hy

* Tracing out the Hilbert space of the environment to obtain the density matrix of the
observed system.

ps(t) = Trep(t) = Y _(n|U(1)[0)ps(0){0|UT () [n) = Y My (t)ps (0)M ()

n

Assume the initial total density matrix is separable 5(0) = ps(0) ® p(0) = ps(0) ® |0 )(0¢]|

{|n)} :acomplete basis in the Hilbert space of the environment.



The Lindblad Equation for Open Quantum Systems

e Time evolution of density matrix expressed in the operator-sum representation
(Kraus representation)

ﬁs(t) — ZMn(t)ﬁS(O)MJL(t)a Mn(t) — <n‘ﬁ(t)|06> 9 ZMg(t)Mn(t) =1

* To extract a differential equation from the Kraus representation, one needs the
Markovian approximation:

Correlation time between / < At Typical inverse frequency
environmental degrees of freedom COTT S of the observed system

For an infinitesimal period of time: [,,, Jump Operator
- . Lindblad Operator
N, (dt) = Vdil,, n>0 ( perator)
. . . . 1 Ay on
_ - — - T
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The Lindblad equation (also called Gorini-Kossakowski-Lindblad-Sudarshan master equation):




The Hamiltonian Formalism for CGC Effective Theory

Kovner, Lublinsky, Wiedemann (2007)

* The Light-Cone Hamiltonian of the pure gluonic sector of QCD

HCGC:/dCC_dX_]_ (%(H (x~ XL)—I—(?%JJF) —|—iF“(:c ,x1 ) F (2™ XL)>

Light-Cone Quantization [&a(k+ %), T (p YJ_)] = (2m)8%5,;6 (kT — pT)s(xL — y1)

k), M| = g3k~ y)

Weizsédcker-Williams gluon field

O (x1) = j%(x1),
| (%b;-‘(XL) — 8jb?(xj_) - gfabcb?(xl)bg(xi—) =0.
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Dense Regime (7% ~ 1/g)

* Finding the Ground State of Soft Gluons
Dilute Regime (j* ~ g)

o) = CB|0)

B = Exp {fbgAa[g&; + CALQAZBCALB}

O(1/g) by




High Energy Evolution for Density Matrix

e Consider the bipartite system of soft gluons and hard gluons Assuming the initial density
matrix is separable
AL T .
. e p = pn ®|0)(0)
&ICL’ &21, e — :7\'61,
Soft Gluons Hard Gluons
e Boost the system by a finite rapidity
—Yr 0 Y Yp
1 l L | | Yp+ Ay

Ay

For observables that only <C’)(§a)> = Tr {O(ja)ﬁ} = <(9(§“)> (Ay) =Tr {(9(5” + jgoft)ﬁ(Ay)}
depend on color charge
density of hard gluons

p(Ay) = Q[0)py (02 O =0 a", a; Ay = CB

T ) 7))

e Trace over soft gluons, integrating out all degrees of freedom except the color charge density

pn(Ay) = Tr [Rp(Ay)RT] = “(n|RQ|0)pr (0|QTRT[n) =Y ~ My pn M)

n

Color Charge Shift Operator RTO(ja)R = (’)(3“’ + }goft) R must be a Unitary operator




Extended SU(N,) Algebra
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Constructing a representation of this new algebra ? Analogy with Heisenberg Lie algebra
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The Lindblad Form

Differential Evolution Equation in the asAy ~ 1
Leading Logarithmic Approimation (LLA)

o dpn
(D) = SN NI}, e R (7)

dy

In the Dilute Regime

R A . A d
NI, = (nROJ0) = (n| RExp {—z—jbaba} Exp {ﬂb / 2—"&3@)} 0)

The Lindblad High Energy Evolution Equation

db L o _ _

% — _2043 (babalah + ﬁhbaba T ZbQIahba)
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Ral(k™,y )R" = [R(y)]sa @l (k*,y1)

RlyL) = e 0s)

The LLA automatically picks up terms
that are linear in Ay

1. In LLA, the “time” scale for the change of density matrix is Ay ~ O(1/ay)

2. Soft gluons do not interact with each other and they propagate freely.
The correlation “time” is related to the free propagator .o, ~ 1/kt ~e™ ¥ ~ O(1)

Yeorr <K Ay
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Markovian condition is satisfied.



Lindblad Form in the Dilute Regime

In the Dilute Regime
The Lindblad Equation for High Energy Evolution RiyL) = 9T ")
O;
dp _ _ _ b () — Zisa
Pr ey (Babapn + Prbabe — 2bainba) H(7) = 52" W)
%y b = RI b
} a — N gYs

¥ ¥ i
Virtual terms,
color rotation within

each representation

Real term,
Changing weights of representations.

What is the meaning of the equation? Evolution of the Hilbert space

Hp = @ H; . N |
- By analogy with Angular Momentum Addition, adding one gluon
J at each step of the evolution is equivalent to understanding it as
adding one adjoint representation of the color SU(3) algebra to
the Hilbert space

SR8=1088P10H 106 27

Increasing the weights of higher color charge
representations in the density matrix.

Hilbert space of hard gluons is
completely determined by color
charge operator.
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Lindblad Form in the Dense Regime

Differential Evolution Equation in the
a5 Leading Logarithmic Approximation (LLA)
Ph

pr(Ay) =) Mypp M eo—) dy = a;(?) asAy ~ 1

In the Dense Regime

Nty =l A200) = Exp { = 3 Lbaba(1 — Ao)as | N4

(i Exp {iv3ba (1 - Aoy [ 51k | Bxp{ =5 [ 5155 Austa almal©) | o

Ay dC
Single-gluon, double-gluon emission and absorption vertices. Ao.ap = /_ N 5 Aas(C)
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Jump Operatorsin the Dense Regime

In the Dense Regime

Ay

27

(i Exp {ivEha(1 — o)as [ 2k | Bxp{—5 [ 520 Rasn 0t nia(e) | o
) A A A
10) T

P m
M2m—|—1 s W e 21y Z [Zb(l o AO)]ﬁzl (Wll) H Aﬁz Bi (Wikamk;szﬂ?z’l) H Rﬁiqaiq (Wiq)
Overall factor B R kel =1

in Ay ‘\A

M,, =(n|RQ|0) = Exp { babs(1 — AO)QB}N(A)

Odd numbers of gluons b(1 — Ay

~(0)  ~ (O Ay _ - )
> VL M = T2 (t = Ro,n)](1 = A o) (L = Af g)brlon
m=0

N\

Geometric Series
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Jump Operators in the Dense Regime

In the Dense Regime

) - A
M,, =(n|RQ[0) = Exp {—2—519&%(1 - AO)QB}J\/’(A)

(i Exp {ivEha(1 — o)as [ 2k | Bxp{—5 [ 520 Rasn 0t nia(e) | o

Even numbers of gluons
b(1 —Ag)  b(1—Ap)
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Lindblad Form in the Dense Regime

Infinitesimal changes (linear in Ay) of density matrix

A o (AyN [ . U
pr(Ay) = pn — (2—7?:> {(bL —br)(1 = Af 5) (1= Ao LAl )7 (1= Ag1)(br, — bR)} P
In the leading logarithmic approximation, only terms that are of order o, need to be retained
B o B B B B 1 1 ab
(1—-AHA—AA))T1—Ag) =NIN, NL = |6 = 05505 — DiﬁDj} (x1,¥1)

A Ay o
P n(By) = pp— (b~ br)NTNL (b — br)pn
Lose information on operator orderings

Expressing it into a Lindblad Form

dpn | e L
d_y — _%(Bc];Bozph =+ phB(];Boz — zBouOhB:;) )
Ba — ALBB[% BB — (bNJ-)ﬁ
ba (DN )a
effective vertex of Kovner, Lublinsky and Skokov (2017)
> single gluon emission

Dilute limit Dense limit



From Lindblad Equation to JIMWLK Equation

dp | o= _ .
4Ph _ ——(BLBa,Oh 4 phB:;Ba _ QBouOhB(];) | Quantunf Opera.tor Equation
dy 2m for Density Matrix

Boz — :rxﬁBﬁ? BB — (bNJ—)B

Mapping from Hilbert space
to classical Phase space

) " Classical Functional Fokker-Planck
XL YL 67°(y) Wyli] Equation for Probability Functional

oW, |V 1 a a
8yy[ | = —HymwLk Wy V] HimwLk = o /dQZL QiT(ZJ—)Q’i (z1)
Qian) = - [ P V) - V)| Thx)
a a 6
Jpxy)=-Tr <V(XJ_)T WT—M>
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Quantum MeChaniCS in Phase Space Hillery, O’Connell,Scully and Wigner (1984)

Agarwal and Wolf (1970)

/Hilbert Spac& ﬁDhase Space\
CA“A? | Aw(q,p: 4, P) 4P
[Q7p] — 1 < > {g,p} =1
A(G, ) Aw(q,p)
A %4
L p ) . Wiap)

- z z
|1/- _ ’LpZ T A =
Wigner Transformations (¢:p) = / dze™*(q 9 bl + =)

: z o z
Ay(g,p) = /dzezpz<q— §|A(q,p)\q+ =)

DO

2
(A(3,5)) = Te(A(4, D)) = / dgdpAw (4, p)W (a, D)

Weyl’s correspondence rules : fully symmetrization, basis independent transformations

5,4) /@d_ppp, w(4,P;4,D) ,
o (G (B, 4)Aw(q,1;4,D))

Weyl’s Mapping Kernel A’UJ (q, D; Cj, 25) — / dudve—i(’up‘l"UQ) 6Z(Uﬁ+UCj) .

F
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Hillery, O’Connell,Scully and Wigner (1984)

Quantum Mechanics in Phase Space

2d 99
For a product of two operators Using Moyal Product I'= op0q  9q0p
F(¢,p) = A(G.p)B(4:0) ——> Fulq,p) = Auw(q,p)e? Bu(q,p) = Bu(g,p)e” % Aw(g, p)
An equivalent approach using Bopp operators
e, 0
QL_CI—F%a—p, PLZP—%8—q>
P s Fy(q,p) = A(QL, Pr)Buw(q,p) = B(Qr, Pr)Aw(q, p).
QR_C]_§8_7 PRZP+§a—q-
An example: Mapping the quantum Liouville equation onto the phase space
dp A df
- 5 q,p,t . L r
g = i ——s TEPD iy g g (g 0) — Fla.pt)eF Hula.p)

= 2H,,(q,p) sin (%)f(%pv t)

— df(Qapvt) _—’L(
dt

H(Qr, Pf) — H(QRr,Pr)) f(q,p,1)
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Quantum-Classical Correspondence in CGC

ﬁ-lilbert Space \ ﬁ:’hase Space\
J ? 7"
L}-a’ jb] _ Z-gfabcjc >
“a <
O(1%) Ouw(5%)

N N

/ Fully symmetrized expression in j“.

G.[j] = / 35 Fl5)AwG.3)

From phase space to Hilbert space:
Aw(jj) = [ daemiodeid,

Density matrix and quasi-probability Tr(pG [j]) = | dj Flj] Tr(ﬁAW(j,j)) = / dj F[j| Wj].

distribution

=T (AA j c)
Wj] r(pAw)) For a Gaussian weight functional

/djW[j] =1, W) ~exp{—§}

L

From Hilbert space to phase space: P o exp {‘jzj; }

A

Glj] = Tr (Gs[j]AWG,j)) , Awlin il = / dgae™id,(j)e 3.

YU Y2 , from the Peter-Weyl Theorem
I (AW[‘M"]]AW[‘]Q’J]) B 5(']1 ‘]2> ' < of Group Representation
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From Lindblad Equation to IMWLK Equation

Lindblad high energy Ay on
evolution equation: _ .
1 Bo=R!,Bs, Bs=(N.)s.

Bopp operators for SU(N) Lie algebra (kovier and Lublinsky (2005, 2013)):

j¢ = 4° [T coth — + T]ba
L — a a a ’ ) ) ) )
2 2 2 %, i%] =igf*ei5
b= [Teoth T~ 7" b ;
JrR=J |35 2 9 2,91 = —igf*eit
5
— ¢T°
T g 5j6
prn — W3]

Mapping Rules | B.|j"] — B = B.|j7], Bx = BalJR);
7%0470[5&]7%25 =C Ba + 9T%ap — [RpO(*)]as

T
R,=c¢€¢".

dW[ja] . « @ »Ye’ « -q
Lindblad high energy evolution dy = —2—(BL — BR)'(Bf — BR)W[j]

s
equation in phase space

Bi = RI*’B]
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From Lindblad Equation to IMWLK Equation

Lindblad high energy evolution WVl _ 1 ga payi(go _ paypiie)

equation in phase space: dy 27
By = RI**BY.

~

Truncate R, to first order in /05, Bf — B% ~ N, (bpR, — bgr)

Expand by, br around j¢ to first order. / l \

b ) SbP
af; 1 (e e . Td . by 1 (e e
(bz U+ 55e UL =7 )) (5 b+ 9 ab—djd) (bz U+ 55eUR =7 ))

Expressing the evolution equation in terms of spatial Wilson lines /(x| ) = Pexp {Z-g / dy | - b°(y J_)Tc}

After some algebra B%(x,) — B%(x,) = Ut (x,)Q0(x.)

1 a 4
HitMmwLK = oy /dZZL Qz’T(ZJ_)Qi (z1)

Qo) = L [ Px I ) - U] Thx)




Summary

The effective density matrix specified by the color charge density operators follows Lindblad
type high energy evolution equation in the leading logarithmic approximation both in the
dilute regime and in the dense regime. The Linblad operator turns out to be a product of the
color charge shift operator and the (effective) Weizsacker-Williams field operator.

This Lindblad type evolution equation can be mapped from the Hilbert space onto the phase
space using Weyl’s correspondence rules for color charge densities. In the dense regime,
the JIMWLK equation is reproduced by truncating the phase space evolution equation to
second order in gradient expansions.

We have discovered a new algebra extending the general SU(N) Lie algebra

[/%, j°] = igfebe e, (D, ®Y] = 0, [Ci)“,fb] = — iM®[D]. We are currently working on
constructing representations of the new algebra and deriving the general mappings from
Hilbert space determined by both f‘l and @ operators onto the corresponding phase space.
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