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Jet Shapes

• The classic approach to studying jets is to use “jet shapes”, which
measure the spread of radiation.

• Dates back to the introduction of “thrust” by Farhi in 1977.

• Despite the intuitive nature of “jet shapes”, their lack of direct
connection to the underlying field theory has inhibited connections to
other areas in field theory (amplitudes, CFT correlators, ...)

LEP LHC
4

FIG. 5. The embedding of W jets into a two-dimensional
space with t-SNE. The gray contours represent the density of
embedded jets. Examples of W jets are shown throughout
the space. The color of each jet corresponds to its angularity
�(�=1/2) fractile to quantify the energy sharing of the two
prongs. An annulus emerges with jets in the lower (upper)
region of the manifold having a more energetic lower (upper)
subjet. More complex topologies with the largest angularity
values populate the center of the manifold.

increasingly complex and the dimension correspondingly
increases. It is satisfying that the dimension is relatively
low for a wide range of relevant energies, which is
critical for a variety of metric-based techniques such as
classification and low-dimensional visualization to work
e�ectively with a realistic amount of data.

Beyond probing its dimension, the entire space of jets
can be visualized using techniques such as t-Distributed
Stochastic Neighbor Embedding (t-SNE) [60–63], which
finds a low-dimensional embedding of the data that
attempts to respect the distances between points. Fig. 5
shows a t-SNE embedding of 5k W jets with pT �

[500, 510] GeV into a two-dimensional manifold using
scikit-learn [64]. The narrower pT range focuses the
EMD on the jet substructure and was found to yield
sharper visualizations, with other choices also yielding
sensible results. The W jets populate a circular subspace
roughly corresponding to the energy sharing of the two
prongs. As the W jet originates from a resonant decay,
the two decay quarks (after rotation) are solely described
by their energy sharing, which satisfyingly emerges from
the manifold of W jets. Moreover, the center of the
ring, distant from the annulus, tends to contain the most
complex jet topologies, resulting in a type of automatic
anomaly detection.

Finally, we illustrate the use of EMD for a new kind
of visualization strategy that clusters events to better
understand observable distributions. To describe a given
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EMD: QCD Jets, k=3-medoids

Pythia 8.235,
�

s = 14 TeV

R = 1.0, pT � [500, 550] GeV

FIG. 6. The jet mass distribution for QCD jets, with k = 3
medoids shown above each bin. This visualization highlights
that simple one-prong topologies dominate low jet masses and
complex two-prong topologies exist at high jet masses.

set of events, such as those in a histogram bin, we find
the k events (called medoids) which best describe the
set in that the sum of distances of each event to its
closest medoid is minimized. This procedure works for
any observable and provides an immediate glimpse of
the types of event topologies that correspond to a given
observable value. We use an iterative approximation of
k-medoids from the pyclustering Python package [65].
As an illustration, Fig. 6 shows the jet mass for QCD jets
with k = 3 medoids per bin, providing a snapshot of the
di�erent event topologies at di�erent masses.

In conclusion, we have equipped the space of events
with a metric, thereby allowing a powerful suite of
new tools and techniques to be directly applied to
collider physics. There are many potential applications
of the EMD at colliders beyond those presented here.
Pileup mitigation or detector reconstruction could use
the EMD to benchmark performance and thus benefit
from the quantitative bounds on IRC-safe observable
modifications. Further, machine learning models could
be trained to optimize the EMD, related to recent e�orts
in generative modeling [66–69]. By counting neighbors,
one could also perform density estimation in the space of
events [70]. While we have focused on jet substructure,
analogous studies could be carried out at the event level,
which may require working with composite objects such
as jets for realistic computation times. It would be
interesting to explore an EMD strategy for unfolding by
matching detector-level and simulated events. One might
consider alternatives to the EMD, such as symmetry-
projected metrics [22] or p-Wasserstein metrics [71, 72]
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Energy Flow Operators

• Goal of this talk is to rethink jet substructure at the LHC in terms of
correlation functions of operators living on the celestial sphere.

I +

One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]

d�

dz
=

�

i,j

Z
d�

EiEj

Q2
�

✓
z �

1 � cos �ij

2

◆
. (1.1)

Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

�Z

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (↵s) , (1.4)
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• Rephrasing jet substructure in this manner
1 Gives a new perspective on how to study QCD at colliders in a way

that is more closely connected to field theory.
2 Allows the use of new theoretical tools developed in other areas of field

theory for QCD calculations.

h |E(n̂1) · · · E(n̂k)| i

E(~n) =

1Z

0

dt lim
r!1

r2niT0i(t, r~n)

[Hofman, Maldacena]

[Sveshnikov, Tkachov; Korchemsky, Sterman]

QCD Evolution May 13, 2021 3 / 34



The Lightray OPE

• Situations of interest at the LHC involve highly non-generic
configurations of lightray ops: The small angle or OPE limit.
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• Reformulates jet substructure as the study of the symmetry and OPE
structure of these operators.

E(n̂1)E(n̂2) ⇠
P

✓⌧i�4
Oi(n̂1)

[Hofman, Maldacena]

[Chang, Kologlu, Kravchuk, Simmons Du�n, Zhiboedov]

Goals

3

The goal of this talk is to introduce a number of new techniques for understanding 
the structure of power expansion in the collinear limit, motivated by CFT.

ɡ Lorentzian inversion: ct(�, j) =
��+j

4

Z 1

0
dzdz̄µ(z, z̄)gj+d�1,�+1�d(z, z̄)dDisc [g(z, z̄)]

<latexit sha1_base64="Ey60EsG6C9GRgaXyCP8vAadGP7c="></latexit>

Coefficients in power expansion are analytic function of , and lie on Regge 
trajectories.

j

Allows the resummation of infinite series of power corrections within the same 
representation of Lorentz group.

ɠ Celestial blocks: g(z, z̄) =
�

�,j

c(�, j) g�,j(z, z̄)

<latexit sha1_base64="73ZMBKpTmmfchdkRyW2QB8Y6Wyk="></latexit>

symmetries

dynamics

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
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�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>
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Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) � x�/2
2F1

✓
�

2
+ a,

�

2
+ b, �, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = � 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw=">AAACG3icbZDLSgMxFIYz9V5vVZduQkWoWIeZKajLoiA uFawKnTpk0kwbmrmQnBHaoW/hwo2v4saFIq4EF30b08tCqwdCPv7/HJLz+4ngCixrYORmZufmFxaX8ssrq2vrhY3NaxWnkrIajUUsb32imOARqwEHwW4TyUjoC3bjd06H/s09k4rH0RV0E9YISSviAacEtOQVnIPeXcX1icx6fVewAEzPOfPsEZYqZad8WO65krfasIfHt+kVdizTGhX+C/YEdqpFd/9hUO1eeIVPtxnTNGQRUEGUqttWAo2MSOBUsH7eTRVLCO2QFqtrjEjIVCMb7dbHu1pp4iCW+kSAR+rPiYyESnVDX3eGBNpq2huK/3n1FILjRsajJAUW0fFDQSowxHgYFG5yySiIrgZCJdd/xbRNJKGg48zrEOzplf/CtWPaFdO51GmcoHEtom1URCVkoyNURefoAtUQRY/oGb2iN+PJeDHejY9xa86YzGyhX2V8fQNf2qK4</latexit>

Previous example:

Decomposition: g(z, z̄) =
�

�,j

c�,jg�,j(z, z̄)
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One of the simplest observables from the theoretical perspective is the Energy-Energy

Correlator (EEC), defined as [2, 3]
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

�Z

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law

�(z) =
1

2
C(↵s) z�N=4

J (↵s) , (1.4)
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number of di�erent directions. For generic angles, the EEC has been computed at next-to-
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limit is of theoretical interest for studying the OPE structure of non-local operators, and of
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The Leading Twist QCD Lightray OPE

I +
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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1
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concrete situation for studying the behavior of ANEC operators.
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number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a
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The Lightray OPE

• In CFTs, the lightray OPE is a convergent, and rigorous expansion.
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the
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correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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C(↵s) z�N=4

J (↵s) , (1.4)
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and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]

E(~n) =

�Z

0

dt lim
r��

r2niT0i(t, r~n) , (1.2)

where it is given by

d�

dz
=

hOE(~n1)E(~n2)O†
i

hOO†i
, (1.3)

for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from
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derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of
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Here Ei and Ej are the energies of final-state partons i and j in the center-of-mass frame,

and their angular separation is �ij . d� is the product of the squared matrix element and the

phase-space measure. The EEC can also be defined in terms of correlation function of ANEC

operators [4–7]
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where it is given by
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for some source operator O. This provides a connection between event shape observables and

correlation functions of ANEC operators allowing the study of event shapes to profit from

recent developments in the study of ANEC operators, and conversely, the EEC provide a

concrete situation for studying the behavior of ANEC operators.

There has recently been significant progress in the understanding of the EEC from a

number of di�erent directions. For generic angles, the EEC has been computed at next-to-

leading order (NLO) in QCD [8, 9] for both an e+e� source, and Higgs decaying to gluons,

and up to NNLO in N = 4 SYM [7, 10]. It has also been computed numerically in QCD at

NNLO [11, 12].

There has also been progress in understanding the singularities of the EEC, which occur as

z ! 0 (the collinear limit) and z ! 1 (the back-to-back limit). In the back-to-back limit, the

EEC exhibits Sudakov double logarithms, whose all orders logarithmic structure is described

by a factorization formula [13, 14]. In the z ! 0 limit, which will be studied in this paper,

the EEC exhibits single collinear logarithms, originally studied at leading logarithmic order

in [15–19]. Formulas describing the behavior of the EEC in the collinear limit were recently

derived in [20] for a generic field theory, and in [21–24] for the particular case of a CFT. This

limit is of theoretical interest for studying the OPE structure of non-local operators, and of

phenomenological interest as a jet substructure observable.

The two-point correlator is particularly simple since it depends on a single variable, z.

Indeed, in a conformal field theory (CFT), its behavior in the collinear limit is fixed to be a

power law
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C(↵s) z�N=4
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E(n̂1)E(n̂2) =
P

ci✓⌧i�4
Oi(n̂1)

• To describe the leading scaling at the LHC, we can restrict to the
leading term in the OPE =) twist-2 light ray operators.

[Hofman, Maldacena; Chang, Kologlu, Kravchuk, Simmons Du�n, Zhiboedov]
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The Leading Twist Lightray OPE

• The twist-2 operators in QCD are characterized by a spin-J and a
transverse spin j = 0, 2.

• These can be light-transformed to obtain a vector of twist-2 lightray
operators parametrized by spin-J:

Leading Power in QCD
twist-2 operators 

O
[J]
q =

1

2J
�̄�+(iD+)J�1�

<latexit sha1_base64="bzrhnYiS5fjuLCPnVCUb9seJGZc="></latexit>

O
[J]
g = �

1

2J
Fµ+

a (iD+)J�2Fµ+
a

<latexit sha1_base64="AEvjn0Pes8kaAGh8rMd97KkcE+k="></latexit>

Local Operators

O
[J]
g̃,� = �

1

2J
Fµ+

a (iD+)J�2F �+
a ��,µ��,�

<latexit sha1_base64="wEjMEDlMTkbekD7/zCtoynKHgB8="></latexit>

helicity ±

lim
r��

r2

Z �

0
dt

<latexit sha1_base64="Q5dos+xut4a+IHW9WirFM6MprDM="></latexit>

Mode Expansion

unpolarized

polarized

=

�

����������

O
[J]
q (~n)

O
[J]
g (~n)

O
[J]
g̃,+(~n)

O
[J]
g̃,�(~n)

�

����������

<latexit sha1_base64="S0Ujhp89aSXWaWQc98OFWWH++s0="></latexit>

~O[J](~n)
<latexit sha1_base64="g1x9qogLUidqQLzFAREA8LP3zIA="></latexit>

O
[J]
q (~n) =

�

s

Z
d3p

(2⇡)32E
�(2)(p̂ � ~n) EJ�1(b†

�p,sb�p,s + d†
�p,sd�p,s)

<latexit sha1_base64="tSDnBDKUgK6qWU5gn+/g+WThBII="></latexit>

O
[J]
g (~n) =

�

�,c

Z
d3p

(2⇡)32E
�(2)(p̂ � ~n) EJ�1 a†

�p,�,ca�p,�,c

<latexit sha1_base64="d7TmuvSb3KFnFAjpQJfZc3eUWYE="></latexit>

O
[J]
g̃,�(~n) = �

�

c

Z
d3p

(2⇡)32E
�(2)(p̂ � ~n) EJ�1 a†

�p,�,ca�p,��,c

<latexit sha1_base64="RV83y1TCr/WNa8I17KiGFAM7ge8="></latexit>

transverse 
spin-0 

transverse 
spin-2 

• The anomalous dimensions of these operators,

determines the leading behavior of jet substructure at the LHC.

d

d ln µ2
~O[J ](n̂1) = �̂(J)~O[J ](n̂1)

[Hofman, Maldacena]

[Kravchuk, Simmons Du�n]
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Explicit Structure

• The explicit structure of the
perturbative OPE can be derived
by matching calculations

• The OPE coe�cients can be expressed in terms of a matrix, Ĉ�(J),
whose entries are analytic functions of J :

E(n̂1)E(n̂2) = �
1

2⇡

2

✓2
~J

h
bC�(2) � bC�(3)

i
~O[3](n̂1) + · · · ,

~O[J ](n̂1)E(n̂2) = �
1

2⇡

2

✓2

h
bC�(J) � bC�(J + 1)

i
~O[J+1](n̂1) + · · ·

[Chen, IM, Zhu]

• Iterated application of these OPEs allows derivation of leading twist
scaling behavior for arbitrary correlators.

Matching For  E(~n1)E(~n2)
<latexit sha1_base64="DLm4ynScQV/W28qLeodnCqIutw0="></latexit>

h�|A�
b (x) E(~n1)E(~n2) Aµ

a(0)|�i
<latexit sha1_base64="sKNRuVg4/sJT6xyoq174sNNPo10="></latexit>

=

Z
E2

1dE1

(2⇡)32E1

E2
2dE2

(2⇡)32E2
E1E2 e�i(p1+p2)·x

<latexit sha1_base64="w3WwiEwy3eQodcPqaJNViq+H2DE="></latexit>

~n1
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~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

µ, a
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�, b
<latexit sha1_base64="nMMenWsdX4UfYrFT1h2cK2ZbQNg="></latexit>

~n1
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~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

µ, a
<latexit sha1_base64="tjwboObDgmL7+221efI3zdME44I="></latexit>

�, b
<latexit sha1_base64="nMMenWsdX4UfYrFT1h2cK2ZbQNg="></latexit>

~n1
<latexit sha1_base64="B7+sGjPT0sL1w+PSVjGskhYju7M="></latexit>

~n2
<latexit sha1_base64="jUa9QRXCbMGBnNKk9O8umCydGwU="></latexit>

µ, a
<latexit sha1_base64="tjwboObDgmL7+221efI3zdME44I="></latexit>

�, b
<latexit sha1_base64="nMMenWsdX4UfYrFT1h2cK2ZbQNg="></latexit>

+
<latexit sha1_base64="2ZtZ4bM/z4jcCUGdkj9lkESElHE=">AAACXHicbVHLSsNAFJ3GqrW+qoIbN4NFEJSSVEGXRRFcKtgH1FImk5t2cPJg7qRYQr/ArX6cG7/FaZqFab0wcDj3ec64sRSobfu7ZK2V1zc2K1vV7Z3dvf3awWEHo0RxaPNIRqrnMgQpQmhroSX0YgUscCV03bf7eb47AYUiCl/0NIZBwEah8AVn2lDPF8Na3W7YWdBV4OSgTvJ4Gh6UHl69iCcBhJpLhth37FgPUqa04BJm1dcEIWb8jY2gb2DIAsBBml06o2eG8agfKfNCTTP2b0fKAsRp4JrKgOkxLufm5H+5fqL920EqwjjREPLFIj+RVEd0Lpt6QgHXcmoA40qYWykfM8W4NuYUtsxnK/SxoCSNx1MUvEj2vYmIMRN4SXEyytG74+Si3xeqC4PQeDYGb2aMd5ZtXgWdZsO5ajSfr+utu/wLKuSEnJJz4pAb0iKP5Im0CSdAPsgn+Sr9WGVr29pdlFqlvOeIFMI6/gXqMbgE</latexit>

OPE [gluon state] 

✓ ! 0
<latexit sha1_base64="DXcZTU15WdNTrAjQTuVA4E0tMSQ=">AAACUXicbVDLTgJBEOxdXwg+QI9eJhITD4bsqokeiV48YiKPZCFkdpiFCbOPzPQSyIbP8Kof5clP8eYAexCwkkkq1d3TXeUnUmh0nG/L3tnd2z8oHBZLR8cnp+XKWUvHqWK8yWIZq45PNZci4k0UKHknUZyGvuRtf/y8qLcnXGkRR284S3gvpMNIBIJRNJLXxRFH2sWYOP1y1ak5S5Bt4uakCjka/YrldAcxS0MeIZNUa891EuxlVKFgks+L3VTzhLIxHXLP0IiGXPey5c1zcmWUAQliZV6EZKn+nchoqPUs9E1nSHGkN2sL8b+al2Lw2MtElKTII7ZaFKSSGI+LAMhAKM5QzgyhTAlzK2EjqihDE9PalsXfSgd6zUmWjGZasHXRG0xEopcGb4ieDHM2dd3c9HTl2mTsbia6TVq3Nfeudvt6X60/5WkX4AIu4RpceIA6vEADmsAghnf4gE/ry/qxwbZXrbaVz5zDGuzSLwpAtGQ=</latexit>
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h
cg h�|A�

b (x) O
[3]
g Aµ

a(0)|�i

+cg̃

⇣
e2i�

h�|A�
b (x) O

[3]
g̃,� Aµ

a(0)|�i + e�2i�
h�|A�

b (x) O
[3]
g̃,+ Aµ

a(0)|�i

⌘i

<latexit sha1_base64="yBlZ76p85LnSNAKTTD7wdyVkdj8="></latexit>

cg = (�gg(2) � �gg(3)) + 2nf (�qg(2) � �qg(3))
<latexit sha1_base64="6WNfHGDL6HjHTqzUV/oGGKa0cOM="></latexit>

cg̃ = (�gg̃(2) � �gg̃(3)) + 2nf (�qg̃(2) � �qg̃(3))
<latexit sha1_base64="zKLlK4MSDjTjoradHxccj4SPZYg="></latexit>
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Unpolarized Scaling: Schematic
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• Since the LHC has unpolarized beams, overall scaling of correlators
probes transverse spin j = 0 operators.

• An N -point correlator’s leading scaling is determined by the twist-2
spin-N + 1 anomalous dimension �(N + 1)

• To isolate anomalous scaling it is convenient to take the ratio to the
two-point correlator:
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Unpolarized Scaling: Reality
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• The previous picture is a little schematic. In real world QCD:

• b�(J) =

✓
�qq(J) �qg(J)
�gq(J) �gg(J)

◆
is a matrix.

• Non-vanishing � function: ✓�
! exp

⇣
b�(J)
2�0

ln ↵s(✓Q)
↵s(Q)

⌘
+ · · ·

• These are quantitatively important, particularly at small J where
�(J) ⇠ �, but don’t qualitatively change the picture for these ratios:
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Energy Flow Operators with LHC Data
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PRELIMINARY

�R = 0.5

Stat. errors only
CMS 2011 Open Data

CMS 2011 Simulation

Pythia 6 Generation

Komiske, Moult, Thaler, Zhu (forthcoming)
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Two-point Correlator with Data
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• At LHC energies, there is a wide perturbative regime where we can
study anomalous scalings in detail.

• Scaling in non-perturbative regime corresponds to that of uniformly
distributed particles.
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Anomalous Scaling in Data
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• Anomalous scaling of energy correlators up to 10 points:

• Lorentzian scaling of lightray operators at the quantum level!!

• Basic features, e.g. convexity of anomalous dimensions clearly seen.

• Proper treatment of exp/theory uncertainties, etc. ongoing.
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The Three-Point Energy Correlator

• The first correlator with non-trivial shape dependence in the collinear
limit is the three-point correlator.

• Depends on a scaling variable x, and cross ratio variables (z, z̄) or
(u, v).

• As I will explain later, G(z, z̄) is a true correlation function living on
the celestial sphere. e.g. it admits a decomposition into blocks

Goals

3

The goal of this talk is to introduce a number of new techniques for understanding 
the structure of power expansion in the collinear limit, motivated by CFT.

ɡ Lorentzian inversion: ct(�, j) =
��+j

4

Z 1

0
dzdz̄µ(z, z̄)gj+d�1,�+1�d(z, z̄)dDisc [g(z, z̄)]

<latexit sha1_base64="Ey60EsG6C9GRgaXyCP8vAadGP7c="></latexit>

Coefficients in power expansion are analytic function of , and lie on Regge 
trajectories.

j

Allows the resummation of infinite series of power corrections within the same 
representation of Lorentz group.

ɠ Celestial blocks: g(z, z̄) =
�

�,j

c(�, j) g�,j(z, z̄)

<latexit sha1_base64="73ZMBKpTmmfchdkRyW2QB8Y6Wyk="></latexit>

symmetries

dynamics

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
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n̄
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�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>

13

Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) � x�/2
2F1

✓
�

2
+ a,

�

2
+ b, �, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = � 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
�

�,j

c�,jg�,j(z, z̄)
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set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F �+

a ��,µ��,�
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>
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Shape Dependence in Data
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• Standard parametrization is inconvenient for experimental binning:
We can map to a square grid by “blowing up” the OPE region.
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• Can directly measure correlation functions of lightray operators at the
LHC!
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The Three Point Correlator and
Celestial Blocks

Chen, IM, Zhu
Chen, IM, Sandor, Zhu
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Multipoint Correlators

• Only explicit results for correlators with N > 2 are the strong
coupling expansion of Hofman and Maldacena:

• Qualitatively very di↵erent from what is expected at weak coupling.

• Due to the phenomenological motivation, will focus on collinear limit.
We can start with the three-point correlator:

the correction by demanding that the integral over one of the angles gives the total energy.

The dots in (4.9) denote higher order terms in the 1/
�

� expansion.

In this derivation we have assumed that the state we are considering has no oscillators

excited along the three transverse AdS directions. In the case of the superstring we can

still have a massless mode with indices in the transverse AdS directions since those can

be accounted for by fermion zero modes on the string worldsheet in light cone gauge. The

result (4.9) is very general and holds for any theory with a ten dimensional weakly coupled

dual with an AdS5 factor if we replace 1/� ! ↵�2/R4
AdS , under the assumption that we

are creating a ten dimensional massless closed string with the external operator.

4.3. Corrections to the n point function

We now consider the n point function hE(~n1) · · · E(~nn)i. We have seen that the gravity

result is just a constant. Let us compute the stringy corrections. The leading deviation

can be computed by expanding the full expression (4.4) up to quadratic order in products

of ki.kj. The resulting correction is basically the same as the one contributing to the

two point function (4.9). In order to see something new we can go to cubic order in the

products ki.kj. In the end this gives us a correction to the n point function which looks

like

hE(~n1) · · · E(~nn)i =
⇣ q

4⇡

⌘n

�

�1 +
�

i<j

6⇡2

�
[(~ni.~nj)

2
�

1

3
]+

+
�

�3/2
[

�

i<j<k

(~ni.~nj)(~nj.~nk)(~ni.~nk) + · · ·] + o(��2)

�

�

(4.10)

where � is a numerical coe�cient16 and the dots denote terms that are necessary to ensure

that the integral over each of the angles gives zero as well as a term that corrects the

coe�cient of the (~ni~nj)2 term by an order ��3/2 amount.

Thus, we find that for a strongly coupled field theory the energy distribution is uniform

with small fluctuations which have an amplitude of order 1/
�

�. In other words, �E/E ⇠

1�
�
. The two point function of these fluctuations is given by the first non-constant term

in (4.10). One might have thought that these flucutuations would be gaussian. However,

we find that the three point function of the fluctuations is of order ��3/2. Thus, when we

16 � = �1728
� 2⇡

0
d�1d�2

(2⇡)2
log[2 sin �1

2 ] log[2 sin �2
2 ] log[2| sin (�1��2)

2 |] � 518 ± 5.
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Result in N = 4 Super Yang-Mills

• The three-point correlator turns out to be remarkably simple.

• e.g. for N = 4 SYM, it is given by

GN=4
EEE (z) =

1 + u + v

2uv
�

1 + v

2uv
log(u) �

1 + u

2uv
log(v)

� (1 + u + v)(@u + @v)�(z) +
(1 + u2 + v2)

2uv
�(z) +

(z � z̄)2(u + v + u2 + v2 + u2v + uv2)

4u2v2
�(z)

+
(u � 1)(u + 1)

2uv2
D+

2 (z) +
(v � 1)(v + 1)

2u2v
D+

2 (1 � z) +
(u � v)(u + v)

2uv
D+

2

✓
z

z � 1

◆
+

1 + u + v

2uv
⇣2

• Here � and D+
2 are polylogarithmic functions

�(z) =
1

z � z̄
(2Li2(z) � 2Li2 (z̄) + (log(1 � z) � log (1 � z̄)) log (zz̄)) ,

D+
2 (z) = Li2

⇣
1 � |z|2

⌘
+

1

2
log

⇣
|1 � z|2

⌘
log

⇣
|z|2

⌘

• Real world QCD involves up to (@u + @v)5�, but is otherwise similar.
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Celestial Blocks

• This collinear limit of interest for jet substructure turns out to be a
simple limit for studying the structure of the lightray OPE.

• Lightray operators behave like primaries on celestial sphere with
(� = �� 1, j).

• For the two point correlator Kologlu, Kravchuk, Simmons Du�n and
Zhiboedov showed how to organize the lightray OPE into “celestial
blocks” associated with the action of the Lorentz symmetry on the
celestial sphere.

• We can derive similar blocks for the three-point function in the
collinear limit.

• Due to the simplified limit, the celestial blocks are precisely 2D
conformal blocks!

[Chen, IM, Sandor, Zhu]

Goals

3

The goal of this talk is to introduce a number of new techniques for understanding 
the structure of power expansion in the collinear limit, motivated by CFT.

ɡ Lorentzian inversion: ct(�, j) =
��+j

4

Z 1

0
dzdz̄µ(z, z̄)gj+d�1,�+1�d(z, z̄)dDisc [g(z, z̄)]

<latexit sha1_base64="Ey60EsG6C9GRgaXyCP8vAadGP7c="></latexit>

Coefficients in power expansion are analytic function of , and lie on Regge 
trajectories.

j

Allows the resummation of infinite series of power corrections within the same 
representation of Lorentz group.

ɠ Celestial blocks: g(z, z̄) =
�

�,j

c(�, j) g�,j(z, z̄)

<latexit sha1_base64="73ZMBKpTmmfchdkRyW2QB8Y6Wyk="></latexit>

symmetries

dynamics

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>

13

Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) � x�/2
2F1

✓
�

2
+ a,

�

2
+ b, �, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = � 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
�

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F �+

a ��,µ��,�
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator
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Casimir Di↵erential Equations

• Celestial blocks derived by solving Casimir di↵erential equations

Casimir Equation
on the celestial sphere

L
µ�(z1, z2) �

�

i=1,2

✓
zµ
i

@

@zi�
� z�

i
@

@ziµ

◆

<latexit sha1_base64="X9BMFQfBesug7ggEs11DIrFWfCk="></latexit>

�
<latexit sha1_base64="e4bKK2XKnC+B4jvOqfpmel+Vfas=">AAACYXicbVFbSwJBGB23m9rN7NGXIQl6CNm1oB6jCHo0SBNUZHb2W52cvTDfrCiL/6HX+mc990cadR/a7IOBw/mu54wbS4Hatr8K1tb2zu5esVTePzg8Oq6cVDsYJYpDm0cyUl2XIUgRQlsLLaEbK2CBK+HVnTws869TUCii8EXPYxgEbBQKX3CmDdXpeyA1G1bqdsNeBd0ETgbqJIvW8KTw2PcingQQai4ZYs+xYz1ImdKCS1iU+wlCzPiEjaBnYMgCwEG6OndBzw3jUT9S5oWartjfHSkLEOeBayoDpsf4N7ck/8v1Eu3fDlIRxomGkK8X+YmkOqJL7dQTCriWcwMYV8LcSvmYKca1cSi3ZTlboY85JWk8nqPgebLnTUWMK4GXFKejDM0cJxM9W6vODULj2Ri8hTHe+WvzJug0G85Vo/l8Xb+7z76gSGrkjFwQh9yQO/JEWqRNOHkj7+SDfBa+rZJVsarrUquQ9ZySXFi1Hw9WunE=</latexit>

celestial dimension
j

<latexit sha1_base64="A6DgoAlox9Z1qDp3L0LYeliCLe4=">AAACXHicbVHLSgMxFE3HqrVarQpu3ASL4ELKTBV0WRTBpYJ9QC0lk7nTxmYe5GaKZegXuNWPc+O3mLazcFovBA7nPs+JG0uB2ra/C9ZGcXNru7RT3t2r7B9UD4/aGCWKQ4tHMlJdlyFIEUJLCy2hGytggSuh447v5/nOBBSKKHzR0xj6ARuGwhecaUM9vw2qNbtuL4KuAycDNZLF0+Cw8PDqRTwJINRcMsSeY8e6nzKlBZcwK78mCDHjYzaEnoEhCwD76eLSGT03jEf9SJkXarpg/3akLECcBq6pDJge4WpuTv6X6yXav+2nIowTDSFfLvITSXVE57KpJxRwLacGMK6EuZXyEVOMa2NObst8tkIfc0rSeDRFwfNkz5uIGBcCLylOhhl6d5xM9PtSdW4QGs9G4M2M8c6qzeug3ag7V/XG83WteZd9QYmckjNyQRxyQ5rkkTyRFuEEyAf5JF+FH6to7VqVZalVyHqOSS6sk19mSLhD</latexit>

transverse spin

[Dolan, Osborn, 2003]

Finding a good basis that respects symmetry.

G(z1, z2, z3, n̄) =
1

(z1 · z2)3
1

(z3 · n̄)4

✓
z1 · z3

z1 · n̄

◆
g(z, z̄)

<latexit sha1_base64="kILqhs21E+63TMKyDIn/FrruSeo="></latexit>

???

Symmetry:  Lorentz Group

Representation labels: ~n · ~K
<latexit sha1_base64="VqTjT8OEo5SbJN34hS5ijldllA8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjeCmgn1AE8pkMmmHTiZhZlIoISs3/oobF4q49Rvc+TdO0iy09cDAmXPu5d57vJhRqSzr26isrK6tb1Q3a1vbO7t75v5BV0aJwKSDIxaJvockYZSTjqKKkX4sCAo9Rnre5Cb3e1MiJI34g5rFxA3RiNOAYqS0NDSPnSnBKc8c7EcKFh8nRGrsBeldlg3NutWwCsBlYpekDkq0h+aX40c4CQlXmCEpB7YVKzdFQlHMSFZzEklihCdoRAaachQS6abFGRk81YoPg0joxxUs1N8dKQqlnIWersxXlIteLv7nDRIVXLkp5XGiCMfzQUHCoIpgngn0qSBYsZkmCAuqd4V4jATCSidX0yHYiycvk26zYZ83mvcX9dZ1GUcVHIETcAZscAla4Ba0QQdg8AiewSt4M56MF+Pd+JiXVoyy5xD8gfH5Azi5mZo=</latexit>

~n · ~J
<latexit sha1_base64="DtzlJ/L0Yg75wrGtXITkjNbTfRI=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiRV0GXRjbiqYB/QhDKZTNqhk0mYmRRKyMqNv+LGhSJu/QZ3/o2TNAttPTBw5px7ufceL2ZUKsv6Niorq2vrG9XN2tb2zu6euX/QlVEiMOngiEWi7yFJGOWko6hipB8LgkKPkZ43ucn93pQISSP+oGYxcUM04jSgGCktDc1jZ0pwyjMH+5GCxccJkRp7QXqXZUOzbjWsAnCZ2CWpgxLtofnl+BFOQsIVZkjKgW3Fyk2RUBQzktWcRJIY4QkakYGmHIVEumlxRgZPteLDIBL6cQUL9XdHikIpZ6GnK/MV5aKXi/95g0QFV25KeZwowvF8UJAwqCKYZwJ9KghWbKYJwoLqXSEeI4Gw0snVdAj24snLpNts2OeN5v1FvXVdxlEFR+AEnAEbXIIWuAVt0AEYPIJn8ArejCfjxXg3PualFaPsOQR/YHz+ADczmZk=</latexit>

Quadratic Casimir: 1

2
Mµ�Mµ�

<latexit sha1_base64="cZEAAWtLU9Hfdt751NGCrlb2CTU="></latexit>

Rotation Group SO(3)
<latexit sha1_base64="OenDof3HgGTyxeuGeV3XCFYJnCg=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmKCF7ILJnokevEmRgENbEi3dKGh7W7argnZ8Cu8eNAYr/4cb/4bC+xBwZdM8vLeTGbmBTFn2rjut5NbWV1b38hvFra2d3b3ivsHLR0litAmiXikHgKsKWeSNg0znD7EimIRcNoORldTv/1ElWaRvDfjmPoCDyQLGcHGSo9dJdDdTbl22iuW3Io7A1omXkZKkKHRK351+xFJBJWGcKx1x3Nj46dYGUY4nRS6iaYxJiM8oB1LJRZU++ns4Ak6sUofhZGyJQ2aqb8nUiy0HovAdgpshnrRm4r/eZ3EhBd+ymScGCrJfFGYcGQiNP0e9ZmixPCxJZgoZm9FZIgVJsZmVLAheIsvL5NWteLVKtXbs1L9MosjD0dwDGXw4BzqcA0NaAIBAc/wCm+Ocl6cd+dj3ppzsplD+APn8wcwto9Z</latexit>

f(✓,�) =
�

�,m

f�,m Y�,m(✓, �)

<latexit sha1_base64="I7j8mLAAIzJrKPH5pgUiaVHsmtY=">AAACKnicbVDLSgMxFM34rPVVdekmWAQFKTMqKIhQdeNSwfqgM5RMescGk5khuSOUod/jxl9x04VS3PohpnXwfSBwcs49JPeEqRQGXXfgjI1PTE5Nl2bKs3PzC4uVpeVLk2SaQ4MnMtHXITMgRQwNFCjhOtXAVCjhKrw7GfpX96CNSOIL7KYQKHYbi0hwhlZqVY6iDR87gGzLTzti89A3mWrlPki5pXo0+qL+wc3n5UekVam6NXcE+pd4BamSAmetSt9vJzxTECOXzJim56YY5Eyj4BJ6ZT8zkDJ+x26haWnMFJggH63ao+tWadMo0fbESEfq90TOlDFdFdpJxbBjfntD8T+vmWG0H+QiTjOEmH88FGWSYkKHvdG20MBRdi1hXAv7V8o7TDOOtt2yLcH7vfJfcrld83Zq2+e71fpxUUeJrJI1skE8skfq5JSckQbh5IE8kWfy4jw6fWfgvH6MjjlFZoX8gPP2Dru9ptY=</latexit>

Origin of Spherical Harmonics

Cartan subalgebra basis:

Casimir operator: L2
1 + L2

2 + L2
3

<latexit sha1_base64="EZ9xwaFRkF9EGfep8V/EHud8y68=">AAACFXicbVDLSsNAFJ34rPUVdelmsAiCUpJU0GXRjQsXFewD2jRMppN26GQSZiZCCf0JN/6KGxeKuBXc+TdO2iz68MDAuefcy9x7/JhRqSzr11hZXVvf2CxsFbd3dvf2zYPDhowSgUkdRywSLR9JwigndUUVI61YEBT6jDT94W3mN5+IkDTij2oUEzdEfU4DipHSkmdedEKkBn6Q3o89u+ucz5TOfFnpOp5ZssrWBHCZ2DkpgRw1z/zp9CKchIQrzJCUbduKlZsioShmZFzsJJLECA9Rn7Q15Sgk0k0nV43hqVZ6MIiEflzBiTo7kaJQylHo685sS7noZeJ/XjtRwbWbUh4ninA8/ShIGFQRzCKCPSoIVmykCcKC6l0hHiCBsNJBFnUI9uLJy6ThlO1K2Xm4LFVv8jgK4BicgDNggytQBXegBuoAg2fwCt7Bh/FivBmfxte0dcXIZ47AHIzvP2vxnlY=</latexit>

L3
<latexit sha1_base64="1RrmpMGzOrjo/wsvJbppPKrbcH8=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7LbCnosevHgoYKthe5Ssmm2Dc0mS5IVytK/4cWDIl79M978N2bbPWjrQGCYeY83mTDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKtlqgjtEMml6oVYU84E7RhmOO0liuI45PQxnNzk/uMTVZpJ8WCmCQ1iPBIsYgQbK/l+jM04jLK72aA5qNbcujsHWiVeQWpQoD2ofvlDSdKYCkM41rrvuYkJMqwMI5zOKn6qaYLJBI9o31KBY6qDbJ55hs6sMkSRVPYJg+bq740Mx1pP49BO5hn1speL/3n91ERXQcZEkhoqyOJQlHJkJMoLQEOmKDF8agkmitmsiIyxwsTYmiq2BG/5y6uk26h7zXrj/qLWui7qKMMJnMI5eHAJLbiFNnSAQALP8ApvTuq8OO/Ox2K05BQ7x/AHzucP63ORmg==</latexit>

Eigenvalue:

Solutions:

Differential operator form:
1

sin ✓

@

@✓
sin ✓

@

@✓
+

1

sin2 ✓

@2

@�2
<latexit sha1_base64="4udFOjS/ViWh+Fn2tmpW25bqXf8="></latexit>

Y�,m(✓, �)
<latexit sha1_base64="sjS3+b/1eAJhhMflaOOzFDHSB2k=">AAACAHicbVDLSgNBEJyNrxhfqx48eFkMQoQQdqOgx6AXjxHMQ7IhzE46yZDZBzO9Qlj24q948aCIVz/Dm3/jJNmDJhY0FFXddHd5keAKbfvbyK2srq1v5DcLW9s7u3vm/kFThbFk0GChCGXbowoED6CBHAW0IwnU9wS0vPHN1G89glQ8DO5xEkHXp8OADzijqKWeefTQS1wQouynJRdHgLTsRiN+1jOLdsWewVomTkaKJEO9Z365/ZDFPgTIBFWq49gRdhMqkTMBacGNFUSUjekQOpoG1AfVTWYPpNapVvrWIJS6ArRm6u+JhPpKTXxPd/oUR2rRm4r/eZ0YB1fdhAdRjBCw+aJBLCwMrWkaVp9LYCgmmlAmub7VYiMqKUOdWUGH4Cy+vEya1YpzXqneXRRr11kceXJMTkiJOOSS1MgtqZMGYSQlz+SVvBlPxovxbnzMW3NGNnNI/sD4/AH+n5YD</latexit>

��(� + 1)
<latexit sha1_base64="LNxKQgqbu8w2l5qxwA5K3zvfZpw=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQEcNuFPQY9OIxgnlAsoTZSW8yZPbhzGwghHyHFw+KePVjvPk3ziZ70GhBN0VVN9NTXiy40rb9ZeVWVtfWN/Kbha3tnd294v5BU0WJZNhgkYhk26MKBQ+xobkW2I4l0sAT2PJGt6nfGqNUPAof9CRGN6CDkPucUW0k97yLQpTTduac9oolu2LPQf4SJyMlyFDvFT+7/YglAYaaCapUx7Fj7U6p1JwJnBW6icKYshEdYMfQkAao3On86Bk5MUqf+JE0FWoyV39uTGmg1CTwzGRA9VAte6n4n9dJtH/tTnkYJxpDtnjITwTREUkTIH0ukWkxMYQyyc2thA2ppEybnAomBGf5y39Js1pxLirV+8tS7SaLIw9HcAxlcOAKanAHdWgAg0d4ghd4tcbWs/VmvS9Gc1a2cwi/YH18AyllkQw=</latexit>

Label �
<latexit sha1_base64="3GQWqpO7cQAS3xPKV+Ids7+Coq4=">AAAB63icbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120i7d3YTdjVBC/4IXD4p49Q9589+YtDlo64OBx3szzMwLYsGNdd1vZ219Y3Nru7RT3t3bPzisHB23TZRohi0WiUh3A2pQcIUty63AbqyRykBgJ5jc5X7nCbXhkXq00xh9SUeKh5xRm0t9FGJQqbo1dw6ySryCVKFAc1D56g8jlkhUlglqTM9zY+unVFvOBM7K/cRgTNmEjrCXUUUlGj+d3zoj55kyJGGks1KWzNXfEymVxkxlkHVKasdm2cvF/7xeYsMbP+UqTiwqtlgUJoLYiOSPkyHXyKyYZoQyzbNbCRtTTZnN4ilnIXjLL6+Sdr3mXdbqD1fVxm0RRwlO4QwuwINraMA9NKEFDMbwDK/w5kjnxXl3Phata04xcwJ/4Hz+AA60jj8=</latexit>

is the eigenvalue of L3
<latexit sha1_base64="1RrmpMGzOrjo/wsvJbppPKrbcH8=">AAAB83icbVBNSwMxFHxbv2r9qnr0EiyCp7LbCnosevHgoYKthe5Ssmm2Dc0mS5IVytK/4cWDIl79M978N2bbPWjrQGCYeY83mTDhTBvX/XZKa+sbm1vl7crO7t7+QfXwqKtlqgjtEMml6oVYU84E7RhmOO0liuI45PQxnNzk/uMTVZpJ8WCmCQ1iPBIsYgQbK/l+jM04jLK72aA5qNbcujsHWiVeQWpQoD2ofvlDSdKYCkM41rrvuYkJMqwMI5zOKn6qaYLJBI9o31KBY6qDbJ55hs6sMkSRVPYJg+bq740Mx1pP49BO5hn1speL/3n91ERXQcZEkhoqyOJQlHJkJMoLQEOmKDF8agkmitmsiIyxwsTYmiq2BG/5y6uk26h7zXrj/qLWui7qKMMJnMI5eHAJLbiFNnSAQALP8ApvTuq8OO/Ox2K05BQ7x/AHzucP63ORmg==</latexit>

the solution is annihilated by  L1 + iL2
<latexit sha1_base64="rgOQslzjGLr+Zz8dDMnhXse+IKA=">AAACA3icbVDLSsNAFL3xWesr6k43g0UQhJJUQZdFNy5cVLAPaEOZTCft0MkkzEyEEgpu/BU3LhRx60+482+ctFnU1gMDZ865l3vv8WPOlHacH2tpeWV1bb2wUdzc2t7Ztff2GypKJKF1EvFItnysKGeC1jXTnLZiSXHoc9r0hzeZ33ykUrFIPOhRTL0Q9wULGMHaSF37sBNiPfCD9G7cdc/YzK/StUtO2ZkALRI3JyXIUeva351eRJKQCk04VqrtOrH2Uiw1I5yOi51E0RiTIe7TtqECh1R56eSGMToxSg8FkTRPaDRRZztSHCo1Cn1Tme2o5r1M/M9rJzq48lIm4kRTQaaDgoQjHaEsENRjkhLNR4ZgIpnZFZEBlphoE1vRhODOn7xIGpWye16u3F+Uqtd5HAU4gmM4BRcuoQq3UIM6EHiCF3iDd+vZerU+rM9p6ZKV9xzAH1hfv7JZl4w=</latexit>

when

�
�
�(� � 2) + j2

�
<latexit sha1_base64="ac6J4sSOTAtcr/y9sOGBusFfFxA=">AAACC3icbVDLTgJBEJzFF+IL9ehlAzGBGMgumuiR6MUjJvJIWCSzQy+MzD4y02tCCHcv/ooXDxrj1R/w5t84wB4UrKTTlaruzHS5keAKLevbSK2srq1vpDczW9s7u3vZ/YOGCmPJoM5CEcqWSxUIHkAdOQpoRRKo7wpousOrqd98AKl4GNziKIKOT/sB9zijqKVuNldyBHhYcHogkCatVCme3N9VHMn7Ayx2s3mrbM1gLhM7IXmSoNbNfjm9kMU+BMgEVaptWxF2xlQiZwImGSdWEFE2pH1oaxpQH1RnPLtlYh5rpWd6odQVoDlTf2+Mqa/UyHf1pE9xoBa9qfif147Ru+iMeRDFCAGbP+TFwsTQnAZj9rgEhmKkCWWS67+abEAlZajjy+gQ7MWTl0mjUrZPy5Wbs3z1MokjTY5IjhSITc5JlVyTGqkTRh7JM3klb8aT8WK8Gx/z0ZSR7BySPzA+fwDTDJmj</latexit>

eigenvalue

12

Casimir Equation: acting Casimir operator on z1, z2
<latexit sha1_base64="ytVhu9E6EeNKH/5cdbz3S4RtCUY=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBQym7VdBj0YvHCvZD2mXJptk2NMkuSVZoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZFyacaeO6305ubX1jcyu/XdjZ3ds/KB4eNXWcKkIbJOaxaodYU84kbRhmOG0nimIRctoKh7czv/VElWaxfDCjhPoC9yWLGMHGSo/jwCt3y+OgGhRLbsWdA60SLyMlyFAPil/dXkxSQaUhHGvd8dzE+BOsDCOcTgvdVNMEkyHu046lEguq/cn84Ck6s0oPRbGyJQ2aq78nJlhoPRKh7RTYDPSyNxP/8zqpia79CZNJaqgki0VRypGJ0ex71GOKEsNHlmCimL0VkQFWmBibUcGG4C2/vEqa1Yp3UaneX5ZqN1kceTiBUzgHD66gBndQhwYQEPAMr/DmKOfFeXc+Fq05J5s5hj9wPn8AnaCPoQ==</latexit>

L
µ�(z1, z2)Lµ�(z1, z2)G�,j = �(�(� � 2) + j2)G�,j

<latexit sha1_base64="fzbc/MgCK7NP+08gAf20oUkfHjE="></latexit>

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>

13

Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) � x�/2
2F1

✓
�

2
+ a,

�

2
+ b, �, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = � 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
�

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F �+

a ��,µ��,�
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Conformal Blocks
on the celestial sphere
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✓
�
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+ a,

�
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+ b, �, x

◆
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+ a,

�
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◆
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<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>
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<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>
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� = 4, j = 2
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Fµ+
a (iD+)F �+

a ��,µ��,�
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator
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Celestial Blocks

• Interesting interplay with structure of Feynman diagrams.

• e.g. In QCD can choose color structures to
isolate internal parton states.

• Only j = 0, 2 contribute. Leading twist j = 2 block uncontaminated
by higher twist contributions.

Example

�z3z̄
<latexit sha1_base64="i+qbfFl+ZNXUuonqlpADYz7spmA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyVpBT0WvXisYD+giWWz3bRLN5uwuxHa0L/hxYMiXv0z3vw3btMctPXBwOO9GWbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3449u533miUrFIPOhJTL0QDwULGMHaSO7F9LGOXB/LdDrrlyt21c6AVomTkwrkaPbLX+4gIklIhSYcK9Vz7Fh7KZaaEU5nJTdRNMZkjIe0Z6jAIVVemt08Q2dGGaAgkqaERpn6eyLFoVKT0DedIdYjtezNxf+8XqKDay9lIk40FWSxKEg40hGaB4AGTFKi+cQQTCQztyIywhITbWIqmRCc5ZdXSbtWderV2v1lpXGTx1GEEziFc3DgChpwB01oAYEYnuEV3qzEerHerY9Fa8HKZ47hD6zPH3cakVE=</latexit>

�zz̄3
<latexit sha1_base64="LjlbeVTzeLXDc6xbvrvjyLZFHEg=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MewmBz0GvXiMYB6YXcPsZDYZMju7zMyKyZLfEMSDIl7Ff/Hm1+jkcdDEgoaiqpvuLj/mTGnb/rKWlldW19Yz2dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv38x9ht3VCoWiWs9iKkX4q5gASNYG8k9GSLXxzIdjm7L7XzBLtoToEXizEihko0fbz7uv6vt/KfbiUgSUqEJx0q1HDvWXoqlZoTTUc5NFI0x6eMubRkqcEiVl05uHqEjo3RQEElTQqOJ+nsixaFSg9A3nSHWPTXvjcX/vFaigzMvZSJONBVkuihIONIRGgeAOkxSovnAEEwkM7ci0sMSE21iypkQnPmXF0m9VHTKxdKVSeMcpsjAARzCMThwChW4hCrUgEAMD/AML1ZiPVmv1tu0dcmazezDH1jvP5gLlR8=</latexit>

+
39

10
z2z̄2

<latexit sha1_base64="Nz38PrcIvI58qgZc3L2aXybv/hU=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0MY101Lag7SKejNK21dELRtGYAP4l5owUKuXP172Pr/1qR3+zuyGOfRJIzJAQLdOIpJMgLilmJM3ZsSARwgPUIy1FA+QT4SSTJ1J4qJQu9EKuKpBwov6cSJAvxNB3VaePZF/Me2PxP68VS6/sJDSIYkkCPF3kxQzKEI4TgV3KCZZsqAjCnKpbIe4jFYpUueVUCOb8y39J3SqapaJ1qdI4A1NkQR4cgCNgghNQARegCmoAgxtwBx7Ao3ar3WtP2vO0NaPNZnbBL2gv3/vmm28=</latexit>

�z4z̄
<latexit sha1_base64="1PHDCr5TVKNeYFY60IFyIM/PRA0=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBrcnyPWxTAfDVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5fZlSA=</latexit>

�zz̄4
<latexit sha1_base64="rH7/X35cl926iTya+GpqZ8RXhRw=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBsj1sUwHw9uTVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5mPlSA=</latexit>

+
39

20
z2z̄3

<latexit sha1_base64="gdwozhHIcomnN8fvGv1u78UfCws=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01Lag7SKejNJ2qaMXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH+/Ztx</latexit>

+
39

20
z3z̄2

<latexit sha1_base64="yxKdAkVBosJVU3zXcvpypbZ5q/w=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01C5B20U8GaVtq6MXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH/B5tx</latexit>

�
6

7
z5z̄

<latexit sha1_base64="ckYUVUQnMfQFzspJHxZzTHPKtec=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWkf3XcdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiF6aMg==</latexit>

+
229

140
z4z̄2

<latexit sha1_base64="SJ9HeSfVStsdcpyh/rNPDYSb4Mk=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQzDdcyONB0rRbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJNOm8A=</latexit>

�
211

140
z3z̄3

<latexit sha1_base64="xvU4eo2vb+UoDysNliQk4rlkNtM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawkwimDNpYRjAPyCZhdjIbh8w+mJkVkmUbG3/FxkIRW39B7LSx9TOcPApNPHDhcM693HuPE3ImlWV9GKm5+YXFpfRyZmV1bX3D3NyqyiAShFZIwANRd7CknPm0opjitB4Kij2H05rTOx/6tRsqJAv8K9UPadPDXZ+5jGClpba5f2y7ApM4j1ASoxMrGbQKtoNFPEhahbaZtXLWCHCWoAnJlopfbzuf37vltvludwISedRXhGMpG8gKVTPGQjHCaZKxI0lDTHq4Sxua+tijshmPvkjgoVY60A2ELl/Bkfp7IsaelH3P0Z0eVtdy2huK/3mNSLnFZsz8MFLUJ+NFbsShCuAwEthhghLF+5pgIpi+FZJrrFNROriMDgFNvzxLqvkcKuTylzqNMzBGGuyBA3AEEDgFJXAByqACCLgF9+ARPBl3xoPxbLyMW1PGZGYb/IHx+gOIPJu5</latexit>

+
229

140
z2z̄4

<latexit sha1_base64="rkFYmr2XS1gYEXFjld32mwbVguc=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQtBsu5PEgaeZbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJM8m8A=</latexit>

�
6

7
zz̄5

<latexit sha1_base64="S8dO0TwygLMdfkRMitbBWabpxxc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWk33SRiPvJ1XHLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4Ail+aMg==</latexit>

�
5

7
z6z̄

<latexit sha1_base64="4N8Se7J4ayaSSaXMi8FRfU2S884=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWkf3XSdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiFeaMg==</latexit>

�
5

7
zz̄6

<latexit sha1_base64="w1Gl2tW7PfdAIXLWy6aGbS2wAAc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWk33SRiPvJ1UnLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AilGaMg==</latexit>

+
207

140
z5z̄2

<latexit sha1_base64="eB/0ur92TjW35ReCRhla9qbx/98=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk0zxou5PEgadotPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/joGbvQ==</latexit>

+
207

140
z2z̄5

<latexit sha1_base64="Dyy71BpacUmnQY086Kjgfss3itU=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliUq7LLpxWcE+oE3LZDpph04mYWYitCEbN/6KGxeKuPUXxJ1u3PoZTh8LbT1w4XDOvdx7jxtSIqRpfmipufmFxaX0cmZldW19Q9/cqogg4giXUUADXnOhwJQwXJZEUlwLOYa+S3HV7V0M/eoN5oIE7Fr2Q+z4sMOIRxCUSmrp+8cNj0MU22Y+ia1TMxk07YYLeTxImmctPWvmzBGMWWJNSLZY+Hrb+fzeLbX090Y7QJGPmUQUClG3zFA6MeSSIIqTTCMSOISoBzu4riiDPhZOPPoiMQ6V0ja8gKti0hipvydi6AvR913V6UPZFdPeUPzPq0fSKzgxYWEkMUPjRV5EDRkYw0iMNuEYSdpXBCJO1K0G6kKVilTBZVQI1vTLs6Ri56yTnH2l0jgHY6TBHjgAR8ACeVAEl6AEygCBW3APHsGTdqc9aM/ay7g1pU1mtsEfaK8/jmabvQ==</latexit>

�
233

140
z4z̄3

<latexit sha1_base64="mhr1Wmls5EAAqM+V/b4cu8YnOS4=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMNWwXYQj4dJy2rrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkCObvg==</latexit>

�
233

140
z3z̄4

<latexit sha1_base64="09cg9t8I+ywImj2KO0LNVXpRviM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawmw2YMmhjGcE8IJuE2clsMmT2wcyskCzb2PgrNhaK2PoLYqeNrZ/h5FFo4oELh3Pu5d57nJBRIQ3jQ0stLC4tr6RXM2vrG5tb+vZOVQQRx6SCAxbwuoMEYdQnFUklI/WQE+Q5jNSc/sXIr90QLmjgX8tBSJoe6vrUpRhJJbX1w1Pb5QjHectKYrNgJMOWZTuIx8OkVWjrWSNnjAHniTkl2VLx623v83u/3Nbf7U6AI4/4EjMkRMM0QtmMEZcUM5Jk7EiQEOE+6pKGoj7yiGjG4y8SeKyUDnQDrsqXcKz+noiRJ8TAc1Snh2RPzHoj8T+vEUm32IypH0aS+HiyyI0YlAEcRQI7lBMs2UARhDlVt0LcQyoVqYLLqBDM2ZfnSTWfM61c/kqlcQ4mSIMDcAROgAnOQAlcgjKoAAxuwT14BE/anfagPWsvk9aUNp3ZBX+gvf4AkBqbvg==</latexit>

· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>· · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit> · · ·<latexit sha1_base64="HizBLF/eww/NXksVAtI5HCWfU4M=">AAAB7XicbZC7SgNBFIZn4y2ut6ilzWAQrMJuLLQRgzaWEcwFkiXMzs4mY2ZnlpmzQgh5BxsLRWwsfBR7G/FtnFwKTfxh4OP/z2HOOWEquAHP+3ZyS8srq2v5dXdjc2t7p7C7Vzcq05TVqBJKN0NimOCS1YCDYM1UM5KEgjXC/tU4b9wzbbiStzBIWZCQruQxpwSsVW/TSIHpFIpeyZsIL4I/g+LFh3uevn251U7hsx0pmiVMAhXEmJbvpRAMiQZOBRu57cywlNA+6bKWRUkSZoLhZNoRPrJOhGOl7ZOAJ+7vjiFJjBkkoa1MCPTMfDY2/8taGcRnwZDLNAMm6fSjOBMYFB6vjiOuGQUxsECo5nZWTHtEEwr2QK49gj+/8iLUyyX/pFS+8YqVSzRVHh2gQ3SMfHSKKugaVVENUXSHHtATenaU8+i8OK/T0pwz69lHf+S8/wAPO5Jw</latexit>

LP

NLP

NNLP

NNNLP

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

g(z, z̄) �
<latexit sha1_base64="F+L8baSx2rIArZ/LuMqXEXYtULg=">AAAB/HicbVDLSgMxFM3UV62v0S7dDC1CRSkzdaHLohuXFewDOkPJpJk2NJOEJCNMh/oV7t24UMStH+Kuf2P6WGj1wIXDOfdy7z2hoERp151aubX1jc2t/HZhZ3dv/8A+PGopnkiEm4hTLjshVJgShpuaaIo7QmIYhxS3w9HNzG8/YKkIZ/c6FTiI4YCRiCCojdSzi4PK+NwPoczGk1NfSC4079llt+rO4fwl3pKU6yX/7GlaTxs9+8vvc5TEmGlEoVJdzxU6yKDUBFE8KfiJwgKiERzgrqEMxlgF2fz4iXNilL4TcWmKaWeu/pzIYKxUGoemM4Z6qFa9mfif1010dBVkhIlEY4YWi6KEOpo7syScPpEYaZoaApEk5lYHDaGESJu8CiYEb/Xlv6RVq3oX1dqdSeMaLJAHx6AEKsADl6AObkEDNAECKXgGr+DNerRerHfrY9Gas5YzRfAL1uc3y/+X2Q==</latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

For simplicity, tagging final state quarks

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit:

11

How to understand?

Expanding the full result: u = zz̄, v = (1 � z)(1 � z̄)
<latexit sha1_base64="yWrjCIQi+wqOgmtkhSTIaK+nc6c="></latexit>

g(u, v) �
<latexit sha1_base64="J3fW3z/FMZKY9GnWeGnjC6ZG8uE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAdgmzk95kyOzsOo9ACPkNLx4U8erPePNvnCR70MSChqKqm+6uMOVMadf9dnJr6xubW/ntws7u3v5B8fCoqRIjKTRowhPZDokCzgQ0NNMc2qkEEoccWuHwbua3RiAVS8SjHqcQxKQvWMQo0Vby+2VzMTr34cmwUbdYcivuHHiVeBkpoQz1bvHL7yXUxCA05USpjuemOpgQqRnlMC34RkFK6JD0oWOpIDGoYDK/eYrPrNLDUSJtCY3n6u+JCYmVGseh7YyJHqhlbyb+53WMjm6CCROp0SDoYlFkONYJngWAe0wC1XxsCaGS2VsxHRBJqLYxFWwI3vLLq6RZrXiXlerDVal2m8WRRyfoFJWRh65RDd2jOmogilL0jF7Rm2OcF+fd+Vi05pxs5hj9gfP5A27dkUs=</latexit>

cos 2�
<latexit sha1_base64="rtsOQYo6YA72roiYFJmEdrQlNPg="></latexit>

cos 3�
<latexit sha1_base64="ezHZKfZJ33Ltgm0I5Xd4HNnXulc="></latexit>

cos 4�
<latexit sha1_base64="iWNkUrIbcZbIuoFtcfxB3Y7hvQE="></latexit>

cos 5�
<latexit sha1_base64="mMFNtbRzfbZo+ufUS/v4MMEhB4Y="></latexit>

highest transverse spin series

Conformal Blocks
on the celestial sphere

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

�, j
<latexit sha1_base64="eiKh+eeWKdw8vdIvy1rmUbzxvv8="></latexit>

13

Solutions (2D Conformal Blocks):

g�,j(z, z̄) =
1

1 + �j,0
(k��j(z)k�+j(z̄) + k�+j(z)k��j(z̄))

<latexit sha1_base64="zdLBZCafkrjgEQx3uqUWiOFna8c="></latexit>

[Dolan, Osborn, 2003]

k�(x) � x�/2
2F1

✓
�

2
+ a,

�

2
+ b, �, x

◆

<latexit sha1_base64="AltypG04wjAIN6Tv80Ih7DoFnsk="></latexit>

In our case, a = 0, b = � 1[Notations]

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

Previous example:

Decomposition: g(z, z̄) =
�

�,j

c�,jg�,j(z, z̄)

<latexit sha1_base64="w8qWNgGywlcmAMLJcQnAUZfKSdk=">AAACKHicbZDLSsNAFIYnXmu9RV26CRahQilJFXQjFt24rGAv0IQwmUzSsZMLMxOhDXkcN76KGxFFuvVJnLZZxNYfBj7+cw5nzu/ElHCh6xNlZXVtfWOztFXe3tnd21cPDjs8ShjCbRTRiPUcyDElIW4LIijuxQzDwKG46wzvpvXuM2acROGjGMXYCqAfEo8gKKRlqzd+dVwzHcjScXZ2bfIksFPTxVTA2lOGCuwXuDBiqxW9rs+kLYORQwXkatnqh+lGKAlwKBCFnPcNPRZWCpkgiOKsbCYcxxANoY/7EkMYYG6ls0Mz7VQ6ruZFTL5QaDO3OJHCgPNR4MjOAIoBX6xNzf9q/UR4V1ZKwjgROETzRV5CNRFp09Q0lzCMBB1JgIgR+VcNDSCDSMhsyzIEY/HkZeg06sZ5vfFwUWne5nGUwDE4AVVggEvQBPegBdoAgRfwBj7Bl/KqvCvfymTeuqLkM0fgj5SfXwktpzE=</latexit>

set � = 4, j = 2
<latexit sha1_base64="Fhjart3qgeRgHvqoVIi0zrDwkpQ="></latexit>

k6(z) = z3
2F1(3, 2, 6, z)

<latexit sha1_base64="zU1WbUa3myKb7//G00ADmyo9Wsg="></latexit>

k2(z̄) = z̄
<latexit sha1_base64="tS8UfYm8gmGkr7rWmlgDYxyAlBE="></latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

� = 4, j = 2
<latexit sha1_base64="RErbJRwITZwORJpfhE/l+rfkEb8="></latexit>

Fµ+
a (iD+)F �+

a ��,µ��,�
<latexit sha1_base64="TXsPJwds6o54QyRhQ2vk0/0VN6A="></latexit>

Contributing Operator

twist-2, transverse spin-2 
gluonic operator

Example

�z3z̄
<latexit sha1_base64="i+qbfFl+ZNXUuonqlpADYz7spmA=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBiyVpBT0WvXisYD+giWWz3bRLN5uwuxHa0L/hxYMiXv0z3vw3btMctPXBwOO9GWbm+TFnStv2t1VYW9/Y3Cpul3Z29/YPyodHbRUlktAWiXgkuz5WlDNBW5ppTruxpDj0Oe3449u533miUrFIPOhJTL0QDwULGMHaSO7F9LGOXB/LdDrrlyt21c6AVomTkwrkaPbLX+4gIklIhSYcK9Vz7Fh7KZaaEU5nJTdRNMZkjIe0Z6jAIVVemt08Q2dGGaAgkqaERpn6eyLFoVKT0DedIdYjtezNxf+8XqKDay9lIk40FWSxKEg40hGaB4AGTFKi+cQQTCQztyIywhITbWIqmRCc5ZdXSbtWderV2v1lpXGTx1GEEziFc3DgChpwB01oAYEYnuEV3qzEerHerY9Fa8HKZ47hD6zPH3cakVE=</latexit>

�zz̄3
<latexit sha1_base64="LjlbeVTzeLXDc6xbvrvjyLZFHEg=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MewmBz0GvXiMYB6YXcPsZDYZMju7zMyKyZLfEMSDIl7Ff/Hm1+jkcdDEgoaiqpvuLj/mTGnb/rKWlldW19Yz2dzG5tb2Tn53r66iRBJaIxGPZNPHinImaE0zzWkzlhSHPqcNv38x9ht3VCoWiWs9iKkX4q5gASNYG8k9GSLXxzIdjm7L7XzBLtoToEXizEihko0fbz7uv6vt/KfbiUgSUqEJx0q1HDvWXoqlZoTTUc5NFI0x6eMubRkqcEiVl05uHqEjo3RQEElTQqOJ+nsixaFSg9A3nSHWPTXvjcX/vFaigzMvZSJONBVkuihIONIRGgeAOkxSovnAEEwkM7ci0sMSE21iypkQnPmXF0m9VHTKxdKVSeMcpsjAARzCMThwChW4hCrUgEAMD/AML1ZiPVmv1tu0dcmazezDH1jvP5gLlR8=</latexit>

+
39

10
z2z̄2

<latexit sha1_base64="Nz38PrcIvI58qgZc3L2aXybv/hU=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0MY101Lag7SKejNK21dELRtGYAP4l5owUKuXP172Pr/1qR3+zuyGOfRJIzJAQLdOIpJMgLilmJM3ZsSARwgPUIy1FA+QT4SSTJ1J4qJQu9EKuKpBwov6cSJAvxNB3VaePZF/Me2PxP68VS6/sJDSIYkkCPF3kxQzKEI4TgV3KCZZsqAjCnKpbIe4jFYpUueVUCOb8y39J3SqapaJ1qdI4A1NkQR4cgCNgghNQARegCmoAgxtwBx7Ao3ar3WtP2vO0NaPNZnbBL2gv3/vmm28=</latexit>

�z4z̄
<latexit sha1_base64="1PHDCr5TVKNeYFY60IFyIM/PRA0=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBrcnyPWxTAfDVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5fZlSA=</latexit>

�zz̄4
<latexit sha1_base64="rH7/X35cl926iTya+GpqZ8RXhRw=">AAAB83icbVDLSgNBEOz1mcRX1KOXwSB4MexGQY9BLx4jmAdm1zA7mU2GzM4uM7NisuQ3BPGgiFfxX7z5NTp5HDSxoKGo6qa7y485U9q2v6yFxaXlldVMNre2vrG5ld/eqakokYRWScQj2fCxopwJWtVMc9qIJcWhz2nd712M/PodlYpF4lr3Y+qFuCNYwAjWRnKPBsj1sUwHw9uTVr5gF+0x0DxxpqRQzsaPNx/335VW/tNtRyQJqdCEY6Wajh1rL8VSM8LpMOcmisaY9HCHNg0VOKTKS8c3D9GBUdooiKQpodFY/T2R4lCpfuibzhDrrpr1RuJ/XjPRwZmXMhEnmgoyWRQkHOkIjQJAbSYp0bxvCCaSmVsR6WKJiTYx5UwIzuzL86RWKjrHxdKVSeMcJsjAHuzDIThwCmW4hApUgUAMD/AML1ZiPVmv1tukdcGazuzCH1jvP5mPlSA=</latexit>

+
39

20
z2z̄3

<latexit sha1_base64="gdwozhHIcomnN8fvGv1u78UfCws=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01Lag7SKejNJ2qaMXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH+/Ztx</latexit>

+
39

20
z3z̄2

<latexit sha1_base64="yxKdAkVBosJVU3zXcvpypbZ5q/w=">AAACBHicbVC7SgNBFJ2NrxhfqxYiaQaDIAhhd1MYu6CNZQTzgOwmzE5mkyGzD2ZmhWTZwsZfsbFQxNZvEDttbP0MJ49CowcuHM65l3vvcSNGhTSMdy2zsLi0vJJdza2tb2xu6ds7dRHGHJMaDlnImy4ShNGA1CSVjDQjTpDvMtJwB+djv3FNuKBhcCWHEXF81AuoRzGSSuro+WPb4wgnpdM0sYx01C5B20U8GaVtq6MXjKIxAfxLzBkpVMqfr3sfX/vVjv5md0Mc+ySQmCEhWqYRSSdBXFLMSJqzY0EihAeoR1qKBsgnwkkmT6TwUCld6IVcVSDhRP05kSBfiKHvqk4fyb6Y98bif14rll7ZSWgQxZIEeLrIixmUIRwnAruUEyzZUBGEOVW3QtxHKhSpcsupEMz5l/+SulU0S0XrUqVxBqbIgjw4AEfABCegAi5AFdQABjfgDjyAR+1Wu9eetOdpa0abzeyCX9BevgH/B5tx</latexit>

�
6

7
z5z̄

<latexit sha1_base64="ckYUVUQnMfQFzspJHxZzTHPKtec=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWkf3XcdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiF6aMg==</latexit>

+
229

140
z4z̄2

<latexit sha1_base64="SJ9HeSfVStsdcpyh/rNPDYSb4Mk=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQzDdcyONB0rRbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJNOm8A=</latexit>

�
211

140
z3z̄3

<latexit sha1_base64="xvU4eo2vb+UoDysNliQk4rlkNtM=">AAACBXicbVC7SgNBFJ2NrxhfqxYiWgwGwcawkwimDNpYRjAPyCZhdjIbh8w+mJkVkmUbG3/FxkIRW39B7LSx9TOcPApNPHDhcM693HuPE3ImlWV9GKm5+YXFpfRyZmV1bX3D3NyqyiAShFZIwANRd7CknPm0opjitB4Kij2H05rTOx/6tRsqJAv8K9UPadPDXZ+5jGClpba5f2y7ApM4j1ASoxMrGbQKtoNFPEhahbaZtXLWCHCWoAnJlopfbzuf37vltvludwISedRXhGMpG8gKVTPGQjHCaZKxI0lDTHq4Sxua+tijshmPvkjgoVY60A2ELl/Bkfp7IsaelH3P0Z0eVtdy2huK/3mNSLnFZsz8MFLUJ+NFbsShCuAwEthhghLF+5pgIpi+FZJrrFNROriMDgFNvzxLqvkcKuTylzqNMzBGGuyBA3AEEDgFJXAByqACCLgF9+ARPBl3xoPxbLyMW1PGZGYb/IHx+gOIPJu5</latexit>

+
229

140
z2z̄4

<latexit sha1_base64="rkFYmr2XS1gYEXFjld32mwbVguc=">AAACBXicbVDLSsNAFJ3UV62vqAsRXQSLIAgliQXrrujGZQX7gDYtk+mkHTqZhJmJ0IZs3Pgrblwo4tZfEHe6cetnOH0stPXAhcM593LvPW5IiZCm+aGl5uYXFpfSy5mV1bX1DX1zqyKCiCNcRgENeM2FAlPCcFkSSXEt5Bj6LsVVt3cx9Ks3mAsSsGvZD7Hjww4jHkFQKqml7x83PA5RbNtnSWzlzWTQtBsu5PEgaeZbetbMmSMYs8SakGyx8PW28/m9W2rp7412gCIfM4koFKJumaF0YsglQRQnmUYkcAhRD3ZwXVEGfSycePRFYhwqpW14AVfFpDFSf0/E0Bei77uq04eyK6a9ofifV4+kV3BiwsJIYobGi7yIGjIwhpEYbcIxkrSvCEScqFsN1IUqFamCy6gQrOmXZ0nFzlknOftKpXEOxkiDPXAAjoAFTkERXIISKAMEbsE9eARP2p32oD1rL+PWlDaZ2QZ/oL3+AJM8m8A=</latexit>

�
6

7
zz̄5

<latexit sha1_base64="S8dO0TwygLMdfkRMitbBWabpxxc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHySxIWk33SRiPvJ1XHLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4Ail+aMg==</latexit>

�
5

7
z6z̄

<latexit sha1_base64="4N8Se7J4ayaSSaXMi8FRfU2S884=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWkf3XSdJGI+0nLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AiFeaMg==</latexit>

�
5

7
zz̄6

<latexit sha1_base64="w1Gl2tW7PfdAIXLWy6aGbS2wAAc=">AAAB/3icbVDLSsNAFJ3UV62vqKCIm8EiuLEkFW2XRTcuK9gHtLFMppM6dDIJMxOhjVn4K25cKOLWvxB3unHrZzh9LLT1wIXDOfdy7z1uyKhUlvVhpGZm5+YX0ouZpeWV1TVzfaMqg0hgUsEBC0TdRZIwyklFUcVIPRQE+S4jNbd7NvBrN0RIGvBL1QuJ46MOpx7FSGmpZW4dNj2BcHycxIWk33SRiPvJ1UnLzFo5awg4TewxyZaKX2/bn9875Zb53mwHOPIJV5ghKRu2FSonRkJRzEiSaUaShAh3UYc0NOXIJ9KJh/cncF8rbegFQhdXcKj+noiRL2XPd3Wnj9S1nPQG4n9eI1Je0YkpDyNFOB4t8iIGVQAHYcA2FQQr1tMEYUH1rRBfI52H0pFldAj25MvTpJrP2Ue5/IVO4xSMkAa7YA8cABsUQAmcgzKoAAxuwT14BE/GnfFgPBsvo9aUMZ7ZBH9gvP4AilGaMg==</latexit>

+
207

140
z5z̄2
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LP

NLP

NNLP

NNNLP

�z3z̄ 2F1 (3, 2, 6, z)
<latexit sha1_base64="yhD3TXSJWDMKVt9isx0MBEZiTVw="></latexit>

g(z, z̄) �
<latexit sha1_base64="F+L8baSx2rIArZ/LuMqXEXYtULg=">AAAB/HicbVDLSgMxFM3UV62v0S7dDC1CRSkzdaHLohuXFewDOkPJpJk2NJOEJCNMh/oV7t24UMStH+Kuf2P6WGj1wIXDOfdy7z2hoERp151aubX1jc2t/HZhZ3dv/8A+PGopnkiEm4hTLjshVJgShpuaaIo7QmIYhxS3w9HNzG8/YKkIZ/c6FTiI4YCRiCCojdSzi4PK+NwPoczGk1NfSC4079llt+rO4fwl3pKU6yX/7GlaTxs9+8vvc5TEmGlEoVJdzxU6yKDUBFE8KfiJwgKiERzgrqEMxlgF2fz4iXNilL4TcWmKaWeu/pzIYKxUGoemM4Z6qFa9mfif1010dBVkhIlEY4YWi6KEOpo7syScPpEYaZoaApEk5lYHDaGESJu8CiYEb/Xlv6RVq3oX1dqdSeMaLJAHx6AEKsADl6AObkEDNAECKXgGr+DNerRerHfrY9Gas5YzRfAL1uc3y/+X2Q==</latexit>

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

For simplicity, tagging final state quarks

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit:

11

How to understand?

Expanding the full result: u = zz̄, v = (1 � z)(1 � z̄)
<latexit sha1_base64="yWrjCIQi+wqOgmtkhSTIaK+nc6c="></latexit>

g(u, v) �
<latexit sha1_base64="J3fW3z/FMZKY9GnWeGnjC6ZG8uE=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQQcJuFPQY9OIxgnlAdgmzk95kyOzsOo9ACPkNLx4U8erPePNvnCR70MSChqKqm+6uMOVMadf9dnJr6xubW/ntws7u3v5B8fCoqRIjKTRowhPZDokCzgQ0NNMc2qkEEoccWuHwbua3RiAVS8SjHqcQxKQvWMQo0Vby+2VzMTr34cmwUbdYcivuHHiVeBkpoQz1bvHL7yXUxCA05USpjuemOpgQqRnlMC34RkFK6JD0oWOpIDGoYDK/eYrPrNLDUSJtCY3n6u+JCYmVGseh7YyJHqhlbyb+53WMjm6CCROp0SDoYlFkONYJngWAe0wC1XxsCaGS2VsxHRBJqLYxFWwI3vLLq6RZrXiXlerDVal2m8WRRyfoFJWRh65RDd2jOmogilL0jF7Rm2OcF+fd+Vi05pxs5hj9gfP5A27dkUs=</latexit>

cos 2�
<latexit sha1_base64="rtsOQYo6YA72roiYFJmEdrQlNPg="></latexit>

cos 3�
<latexit sha1_base64="ezHZKfZJ33Ltgm0I5Xd4HNnXulc="></latexit>

cos 4�
<latexit sha1_base64="iWNkUrIbcZbIuoFtcfxB3Y7hvQE="></latexit>

cos 5�
<latexit sha1_base64="mMFNtbRzfbZo+ufUS/v4MMEhB4Y="></latexit>

highest transverse spin series

• Full tower of higher twist corrections uniquely fixed by symmetry!

• Highly non-trivial interplay with structure of transcendental functions.

QCD Evolution May 13, 2021 22 / 34

T



Analyticity in Transverse Spin

• In crossed channels, the complete spectrum of contributing operators
can be extracted using Lorentzian Inversion.

• OPE data are analytic functions of the transverse spin j.

2 4 6 8 10
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Even Spin Branch Odd Spin Branch

Lorentzian Inversion Formula

z1
<latexit sha1_base64="WisF78HUTUO85PiKDP4rI5hquy0="></latexit>

z2
<latexit sha1_base64="0AfE0nadZpCkbtwxsvBuWwP2CFQ="></latexit>

z3
<latexit sha1_base64="OyqqC1pqki3GiI8H32nZ6GuAJBM="></latexit>

n̄
<latexit sha1_base64="8R0wlOsv01OZJXSVY1OfUuLs1es="></latexit>

z1 · z2 ! 0
<latexit sha1_base64="9FpJ16X60gM1xlUzlO2EPMVGqM4=">AAAB+nicbVC7TsMwFHV4lvJKQWJhsaiQmKqkDDBWZWFsJfqQmihyHLe16tiR7YDa0E9hYQAhxMYn8AVsLHwL7mOAliNd6eice3XvPWHCqNKO82WtrK6tb2zmtvLbO7t7+3bhoKlEKjFpYMGEbIdIEUY5aWiqGWknkqA4ZKQVDq4mfuuWSEUFv9HDhPgx6nHapRhpIwV2YRS4Ho6EhqOg7GkBncAuOiVnCrhM3DkpVo7q3/St+lEL7E8vEjiNCdeYIaU6rpNoP0NSU8zIOO+liiQID1CPdAzlKCbKz6anj+GpUSLYFdIU13Cq/p7IUKzUMA5NZ4x0Xy16E/E/r5Pq7qWfUZ6kmnA8W9RNGTQvTnKAEZUEazY0BGFJza0Q95FEWJu08iYEd/HlZdIsl9zzUrlu0qiCGXLgGJyAM+CCC1AB16AGGgCDO/AAnsCzdW89Wi/W66x1xZrPHII/sN5/AM94lsA=</latexit>

Squeezed limit

g(z, z̄) �
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+ · · ·
<latexit sha1_base64="JmXl65OJV3OXPA4QeV6IDj9zRLY="></latexit>

j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

cj+6,j
<latexit sha1_base64="J7m/aAHVw07IzGnS14saRnKdu2o=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSIIStmtoh6LXjxWsB/SLiWbZtu0SXZJskJZ+iu8eFDEqz/Hm//GtN2Dtj4YeLw3w8y8IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJIrRGIh6pZoA15UzSmmGG02asKBYBp41geDvxG09UaRbJBzOKqS9wT7KQEWys9Eg66eD08mww7hSKbsmdAi0SLyNFyFDtFL7a3YgkgkpDONa65bmx8VOsDCOcjvPtRNMYkyHu0ZalEguq/XR68BgdW6WLwkjZkgZN1d8TKRZaj0RgOwU2fT3vTcT/vFZiwms/ZTJODJVktihMODIRmnyPukxRYvjIEkwUs7ci0scKE2MzytsQvPmXF0m9XPLOS+X7i2LlJosjB4dwBCfgwRVU4A6qUAMCAp7hFd4c5bw4787HrHXJyWYO4A+czx8a+o/z</latexit>

Analytic in transverse spin j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

(odd and even, resp.)

Compared with block coefficients (red dots), it’s valid for j � 1
<latexit sha1_base64="0vke4iPLkPWbpPyBxrQQNM9PHQc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/YA2lM120q7dbOLuRiihP8KLB0W8+nu8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtJ1Sax/LejBP0IzqQPOSMGiu1HroDfCRer1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbuhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jvpc4XMiLEllClubyVsSBVlxiZUtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQxG8Ayv8OYkzovz7nzMW1ecfOYI/sD5/AGevo8Y</latexit>

16

[Caron-Huot]

[Simmons Du�n, Stanford, Witten]

• New tools for understanding the higher twist collinear limit.
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Practical O↵shoots
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Practical O↵shoots

• Although the motivation for studying these observables was to make
connections to developments in CFT, they have provided insight into
some (perhaps surprising) “practical” issues for LHC phenomenology

• Generalized Fragmentation Functions

• Perturbative Spin Correlations in Jets
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Figure 12: All-order comparison of the toy shower and the analytic resummation per-

formed in Ref. [38], for a quark-initiated (left) and a gluon-initiated jet (right). The

resummation is performed using ↵s = 0.0868 and restricting the opening angles as in

Eq. (3.6). The result from a fixed-order expansion, normalised so that its mean coincides

with the mean value of the analytic curve, is also shown for comparison.

ting, here we show the results integrated over angles to enhance the statistics. Inspired by

Ref. [38] we choose the following integration bounds on the opening angles of the primary

and secondary branchings:15

�
0.1 < ✓L < 1 ,

0.01 < ✓S < 0.1 , (3.6)

and take ↵s = 0.0868 corresponding to a hard scale of roughly 1 TeV. The toy shower and

analytic resummation results [38] are shown in Fig. 12, summed over all final branching

flavour channels, demonstrating good agreement. The figure also shows the second-order

expansion, normalised so that its mean value coincides with the resummed result, illustrat-

ing a modest reduction in the degree of spin correlations from the resummation, which is

similar to our findings above with the Lund declustering observables.

4 Numerical validation of spin correlations within PanScales showers

In this section, we validate the PanScales showers against various numerical predictions.

In particular we want to demonstrate that the algorithm described above reproduces fixed-

order matrix elements in the strongly ordered limit and that it produces the correct NLL

distributions at all orders. Here, we first provide a brief summary of the PanScales showers.

A comprehensive description can be found in Ref. [24].

15Cf. figure 3 in Ref. [38]
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Extending Precision Perturbative QCD with
Generalized Fragmentation Functions

Li, IM, Schrijnder van Velzen, Waalewijn, Zhu (forthcoming)
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Tracks and Energy Correlators

• Energy correlators are weighted by energy flow through detector cells
as a function of angle.

• How to go from full calorimeter to tracks? simply multiply by first
moment of a track function!

Ei !

Z
dxi xiTi(xi)Ei = T (1)

i Ei

• Upshot: Any analytic calculation of energy correlators can be
upgraded to tracks!

• Exhibit interesting evolution. See Wouter’s talk!
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Energy Correlators on Tracks at O(↵2
s)

• Full angle two-point correlator at O(↵2
s) on generic hadronic states,

R. (Note that this matches the state of the art for analytic event
shape calculations period, but now can do on tracks, neutrals,
whatevers!).

Track EEC-LO+NLO
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• Many phenomenological advantages! See Wouter’s talk.
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Perturbative Spin Correlations in Jets

Chen, IM, Zhu
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Transverse Spin j = 2

• With unpolarized beams, the easiest way to see transverse spin j = 2
operators is in squeezed limits of higher point correlators.

• As an explicit numerical example, consider the OPE limit of the
three-point correlator:

Sq(0)
q = CF nf

✓
39/2 � 10 cos(2�)

225

◆
+ CF CA

✓
273 + 10 cos(2�)

225

◆
+ C2

F
16
5

,

Sq(0)
g = CAnf

✓
63 � 10 cos(2�)

225

◆
+ C2

A

✓
882 + 10 cos(2�)

225

◆
+ CF nf

3
10

• Leading twist j = 2 operators manifest as cos(2�) interference
patterns in the detector.

x2 1

�tot

d3⌃

dxdzdz̄
'

⇣↵s

4⇡

⌘2 Sq
(0)

x|!|2
+ · · · , (1)
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Resummation

• Resummation including transverse spin can be performed using
lightray OPE: Perform iterative OPE and then RG evolve the
corresponding lightrays!
RG evolution
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Resummation

[Karlberg, Salam, Scyboz, Verheyen]

[Chen, IM, Zhu]
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Figure 12: All-order comparison of the toy shower and the analytic resummation per-

formed in Ref. [38], for a quark-initiated (left) and a gluon-initiated jet (right). The

resummation is performed using ↵s = 0.0868 and restricting the opening angles as in

Eq. (3.6). The result from a fixed-order expansion, normalised so that its mean coincides

with the mean value of the analytic curve, is also shown for comparison.

ting, here we show the results integrated over angles to enhance the statistics. Inspired by

Ref. [38] we choose the following integration bounds on the opening angles of the primary

and secondary branchings:15

�
0.1 < ✓L < 1 ,

0.01 < ✓S < 0.1 , (3.6)

and take ↵s = 0.0868 corresponding to a hard scale of roughly 1 TeV. The toy shower and

analytic resummation results [38] are shown in Fig. 12, summed over all final branching

flavour channels, demonstrating good agreement. The figure also shows the second-order

expansion, normalised so that its mean value coincides with the resummed result, illustrat-

ing a modest reduction in the degree of spin correlations from the resummation, which is

similar to our findings above with the Lund declustering observables.

4 Numerical validation of spin correlations within PanScales showers

In this section, we validate the PanScales showers against various numerical predictions.

In particular we want to demonstrate that the algorithm described above reproduces fixed-

order matrix elements in the strongly ordered limit and that it produces the correct NLL

distributions at all orders. Here, we first provide a brief summary of the PanScales showers.

A comprehensive description can be found in Ref. [24].

15Cf. figure 3 in Ref. [38]

– 19 –

• Allows for validation of recent implementations of spin correlations in
parton showers.

• Nice interplay between analytic calculations and parton shower
development.
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Conclusions

15

Condensate Laboratory Aboard the ISS (CLASS) Concept Design
At the temperature of BEC, gravity can play a significant role in the cooling, 
trapping and dynamics of the ultra-cold atoms. Recognizing the potential benefits 
that microgravity research in this science area aboard the ISS might yield, the 
concept design of the CLASS was developed. CLASS was intended to provide 
researchers the capability to explore interactions in Bose Einstein Condensates 
of atoms at lower temperatures than achievable on the ground. !e principal 
investigator for this experiment was Nobel laureate W. Phillips from the National 
Institute of Standards and Technology (NIST) in Gaithersburg, Maryland.

Matter Near Critical Phase Transitions 
!e condensed phase of simple gases 
provides a unique test bed for the predictions 
of fundamental theories. For a certain 
combination of temperature and pressure, 
determined by the molecular properties of 
the gas, the differences between the liquid 
and the vapor phases disappear. !is state 
of the system is the critical point, in the 
neighborhood of which the fluid system 
exhibits the unusual properties of universality 
and scaling. Universality implies that 
the same parameters (critical exponents) 
characterize the system under many different 
conditions; scaling implies that the equations 
describing the system’s behavior do not 

change their form when the length scale is altered. Critical points are found in 
many different materials including fluids, solids, alloys, fluid mixtures and magnets.

!e physics of matter near critical points have been explored in detail in ground-
based experiments. Fundamental theories have been developed to explain the 
unusual behavior of universality and scaling for matter near critical points. 
!e special interest in this phenomenon is because the theoretical explanation, 
renormalization group (RG) theory, has implications for many diverse fundamental 
and applied research areas including weather modeling, metallurgy, oil field 
recovery, elementary particle physics, and cosmology. !e region very close to the 
critical transition, where correction terms are small compared to critical anomalies, 

Figure 3.3.1. Heat capacity of superfluid helium in 
microgravity conditions. (Source: J. Nissen)
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• Jet Substructure is the study of the lightray OPE.

• Formulating Jet Substructure as the study of correlation functions of
lightray operators allows the use of powerful field theoretic techniques
for real world phenomenology.
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Thanks!
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