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• Advantages of track-based measurements: 

• Superior angular resolution. 

• Pile-up removal. 

• Disadvantage: not IR safe → describe by track functions.

Why this talk?
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• Advantages of track-based measurements: 

• Superior angular resolution. 

• Pile-up removal. 

• Disadvantage: not IR safe → describe by track functions. 

• Track functions: QFT approach to track-based calculations. 

• Certain observables minimally sensitive to track functions. 
[see Ian Moult’s and Rudi Rahn’s talks] 

• This talk: extend track functions to order      

• Higher precision. 

• Strong check on formalism.

Why this talk?
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Outline

1. Track functions 
[arXiv:1303.6637 - Chang, Procura, Thaler, WW]  

2. Evolution at order  
[arXiv:2106.xxxxx - Li, Moult, Schrijnder van Velzen, WW, Zhu] 

3. Conclusions and outlook
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1. Track functions 
[arXiv:1303.6637 - Chang, Procura, Thaler, WW]
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• E.g. partonic calculation of energy fraction of tracks in a jet. 

• IR divergences of real and virtual located at different    values 
→ don’t cancel.

1. Track-based calculations are not IR safe
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Introduction Track Functions Track Thrust Conclusions

Partonic Track Calculations Not Infrared Safe

I E.g. energy fraction of tracks in quark jet

Track fraction:

z

1

I Mismatch of collinear divergences between real and virtual

I Hadronization effects must be taken into account [In contrast to Thaler’s talk]

I Want to go beyond MC hadronization models
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track fraction:
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• E.g. partonic calculation of energy fraction of tracks in a jet. 

• IR divergences of real and virtual located at different    values 
→ don’t cancel. 

• Large hadronization corrections in Pythia.

1. Track-based calculations are not IR safe
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Introduction Track Functions Track Thrust Conclusions

Partonic Track Calculations Not Infrared Safe

I E.g. energy fraction of tracks in quark jet

Track fraction:

z

1

I Mismatch of collinear divergences between real and virtual

I Hadronization effects must be taken into account [In contrast to Thaler’s talk]

I Want to go beyond MC hadronization models
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track fraction:
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Introduction Track Functions Track Thrust Conclusions

Partonic Track Calculations Not Infrared Safe

I E.g. energy fraction of tracks in quark jet

Track fraction:

z
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Pythia, d-quark jet

I Mismatch of collinear divergences between real and virtual
I Hadronization effects must be taken into account [In contrast to Thaler’s talk]

I Want to go beyond MC hadronization models
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•              describes momentum fraction    of initial parton  
converted to tracks, i.e. 

• This is a generalization of a fragmentation function: 

• Also independent of hard process. 

• Satisfies different sum rule:

1. Track function

8
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Ti(x, µ)

Introduction Track Functions Track Thrust Conclusions

Track Function

I Energy fraction x of parton i converted to tracks

I We use track functions obtained from Pythia
Should be extracted from early LHC (low pile-up) or LEP data

I Normalization:
R 1
0 dxTi(x, µ) = 1

I Not very flavor dependent (compared to PDFs)
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• Consider a generic cross section, differential in observable   : 

• At leading order, the track-based measurement    is: 

• Beyond leading order, there is a cancellation of IR divergences,           
                   , similar to cross sections for fragmentation.

1. Track-based calculations

9
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�[e� ê({xip
µ
i })]

<latexit sha1_base64="nYj8oWjftvkRIOMt3LPqfvcR8HM="></latexit>

<latexit sha1_base64="Aj4GspqcCsKkaxlxmdDteUcJAiM="></latexit>

d�N ! d�̄N



• Cross section differential in track fraction     up to NLO:

1. Example: track fraction in e+e-
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Introduction Calculation Comparison with PYTHIA Track-Based Observables Conclusions

Energy Fraction w of Charged Particles in e+e�
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I Up to NLO:
d�

dw
=

Z
dy1dy2
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Z
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I Hard scattering:

d�(1)

dy1dy2
= �(0) ↵sCF
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✏IR
Pqq(y1)�(1 � y2) + . . .

�

I IR divergence cancels against Tq ! finite remainder is �̄
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• Cross section differential in track fraction     up to NLO: 

•          pole in partonic cross section      cancels against pole in 
partonic track function (next slide), resulting in finite 

1. Example: track fraction in e+e-
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• Similar to fragmentation function: 

•           is renormalized, leads to evolution of track function. 

•          cancels against IR pole in partonic cross section. 

• Nonlinear structure because observable is simultaneously 
sensitive to all final-state particles.

1. Track function at order ⍺s
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1. Track function evolution

• Nonlinear evolution (leading order): 

• Consistent with extraction from Pythia at different energies.
13
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1. Track function evolution: moments

• Taking integer moments of evolution equation: 

•            related to frag. functions: 

• Moments needed in (projected) energy correlators 
[Chen, Moult, Zhang, Zhu]
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1. Track function evolution: moments

• Taking integer moments of evolution equation: 

•            related to frag. functions: 

• Moments needed in (projected) energy correlators. 
[Chen, Moult, Zhang, Zhu] 

• Beyond leading order (ignoring flavor) 

• Goal to determine unknown coefficients
15
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2. Evolution at order  
[arXiv:2106.xxxxx - Li, Moult, Schrijnder van Velzen, WW, Zhu]

<latexit sha1_base64="6iLO1nQQTq6CyrgfrBBnmXP7xx8=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vjx4rGC/cA2lsl20y7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqyho0FrFqB6iZ4JI1DDeCtRPFMAoEawWjm6nfemJK81jem3HC/AgHkoecorHSQxdFMsSefqz2SmW34s5AlomXkzLkqPdKX91+TNOISUMFat3x3MT4GSrDqWCTYjfVLEE6wgHrWCoxYtrPZhdPyKlV+iSMlS1pyEz9PZFhpPU4CmxnhGaoF72p+J/XSU145WdcJqlhks4XhakgJibT90mfK0aNGFuCVHF7K6FDVEiNDaloQ/AWX14mzWrFu6h4d+fl2nUeRwGO4QTOwINLqMEt1KEBFCQ8wyu8Odp5cd6dj3nripPPHMEfOJ8/RY6Qpw==</latexit>

↵2
s



• Direct track function calculation in dimensional regularization 
results in scaleless integrals

2. First method: track jet function
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• Direct track function calculation in dimensional regularization 
results in scaleless integrals 

• Track jet function             differential in invariant mass   of all 
particles and momentum fraction    of charged particles 

• Same renormalization as invariant mass jet function  
from consistency of factorization in SCET 

• Remaining       poles are infrared and cancel when 
matching    onto track functions. 

• Analogous to fragmenting jet function  
[Procura, Stewart; Jain, Procura, WW; …]

2. First method: track jet function
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• Calculate    from integrating collinear splitting amplitudes 
[Ritzmann, WW] 

• Perform integrals over       [Kosower, Uwer] 

• For    integrals switch to moments (avoids plus distributions).

2. Track jet function calculation
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G

<latexit sha1_base64="CBz/c5nKw3krK9Tdb5Ww+iXVEGY=">AAACDHicbVDLTgIxFL2DL8QX6tJNIzFxRWaIQZcYNy4xkUcCE9LpdKDQ6UzaDpFM+AXjVr/DnXHrP/gZ/oEFZiHgSZqcnHNve3q8mDOlbfvbym1sbm3v5HcLe/sHh0fF45OmihJJaINEPJJtDyvKmaANzTSn7VhSHHqctrzR3cxvjalULBKPehJTN8R9wQJGsDZSU/VSNpz2iiW7bM+B1omTkRJkqPeKP10/IklIhSYcK9Vx7Fi7KZaaEU6nhW6iaIzJCPdpx1CBQ6rcdJ52ii6M4qMgkuYIjebq340Uh0pNQs9MhlgP1Ko3E//zOokObtyUiTjRVJDFQ0HCkY7Q7OvIZ5ISzSeGYCKZyYrIAEtMtClo6SZ/zGKVpX5axDYdOauNrJNmpexUy5WHq1LtNmsrD2dwDpfgwDXU4B7q0AACQ3iBV3iznq1368P6XIzmrGznFJZgff0Cm/+dCQ==</latexit>sij

<latexit sha1_base64="tqaEG7BksBD19C2COcLqFA5EB7A=">AAACCXicbVDLTgIxFL2DL8QX6tJNIzFxRWaIQZcYNy4xyiOBCel0OtDQ6UzaDhEnfIFxq9/hzrj1K/wM/8ACsxDwJE1Ozrm3PT1ezJnStv1t5dbWNza38tuFnd29/YPi4VFTRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wZuq3RlQqFokHPY6pG+K+YAEjWBvp/qnHesWSXbZnQKvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQink0I3UTTGZIj7tGOowCFVbjqLOkFnRvFREElzhEYz9e9GikOlxqFnJkOsB2rZm4r/eZ1EB1duykScaCrI/KEg4UhHaPpv5DNJieZjQzCRzGRFZIAlJtq0s3CTP2KxylI/zmObjpzlRlZJs1J2quXK3UWpdp21lYcTOIVzcOASanALdWgAgT68wCu8Wc/Wu/Vhfc5Hc1a2cwwLsL5+Ae+xm5A=</latexit>zi

<latexit sha1_base64="pkBlQ7zckRjSOThNUyZWQ4YM2qw="></latexit>

G(s, z) =
X

N

Z
d⇧c

N �c
N �(s� s12...N )

 NY

i=1

Z
dxi T

(0)(xi)

�
�(z �

X

i

zixi)



• Calculate    from integrating collinear splitting amplitudes 
[Ritzmann, WW] 

• Perform integrals over       [Kosower, Uwer] 

• For    integrals switch to moments (avoids plus distributions). 

• Illustration at order      

• Agrees with earlier expression for      , after including 
renormalization of     (only affects          ).

2. Track jet function calculation

20

<latexit sha1_base64="MbIWnHfI9+dLbkSVH3Qm5XcHV70=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcVF7qsYB8wHUomk2lDM5khyRTL0K8Qt/od7sStX+Bn+Aem7Sxs64HA4Zx7k5PjJ5wpbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKQpsk5rHs+FhRzgRtaqY57SSS4sjntO0Pb6d+e0SlYrF41OOEehHuCxYygrWR3G6E9YBgnt1NeuWKXbVnQKvEyUkFcjR65Z9uEJM0okITjpVyHTvRXoalZoTTSambKppgMsR96hoqcESVl80iT9CZUQIUxtIcodFM/buR4UipceSbyWlEtexNxf88N9XhtZcxkaSaCjJ/KEw50jGa/h8FTFKi+dgQTCQzWREZYImJNi0t3BSMWKLy1E/z2KYjZ7mRVdKqVZ3Lau3holK/ydsqwgmcwjk4cAV1uIcGNIFADC/wCm/Ws/VufVif89GCle8cwwKsr19ptZ8T</latexit>

G

<latexit sha1_base64="CBz/c5nKw3krK9Tdb5Ww+iXVEGY=">AAACDHicbVDLTgIxFL2DL8QX6tJNIzFxRWaIQZcYNy4xkUcCE9LpdKDQ6UzaDpFM+AXjVr/DnXHrP/gZ/oEFZiHgSZqcnHNve3q8mDOlbfvbym1sbm3v5HcLe/sHh0fF45OmihJJaINEPJJtDyvKmaANzTSn7VhSHHqctrzR3cxvjalULBKPehJTN8R9wQJGsDZSU/VSNpz2iiW7bM+B1omTkRJkqPeKP10/IklIhSYcK9Vx7Fi7KZaaEU6nhW6iaIzJCPdpx1CBQ6rcdJ52ii6M4qMgkuYIjebq340Uh0pNQs9MhlgP1Ko3E//zOokObtyUiTjRVJDFQ0HCkY7Q7OvIZ5ISzSeGYCKZyYrIAEtMtClo6SZ/zGKVpX5axDYdOauNrJNmpexUy5WHq1LtNmsrD2dwDpfgwDXU4B7q0AACQ3iBV3iznq1368P6XIzmrGznFJZgff0Cm/+dCQ==</latexit>sij

<latexit sha1_base64="K2Hryb+DE0NAEbdkfZeteLat6rc=">AAACDnicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLixmUF+4B2KJlMpg3NZEKSKZah/yBu9TvciVt/wc/wD0zbWdjWA4HDOfcmJyeQnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7qJFWENkjCE9UOsKacCdowzHDaloriOOC0FQzvpn5rRJVmiXg0Y0n9GPcFixjBxkrtLuZygHu6Vyq7FXcGtEq8nJQhR71X+umGCUljKgzhWOuO50rjZ1gZRjidFLupphKTIe7TjqUCx1T72SzvBJ1bJURRouwRBs3UvxsZjrUex4GdjLEZ6GVvKv7ndVIT3fgZEzI1VJD5Q1HKkUnQ9PMoZIoSw8eWYKKYzYrIACtMjK1o4aZwxKTOUz/NY9uOvOVGVkmzWvGuKtWHy3LtNm+rAKdwBhfgwTXU4B7q0AACHF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B4eadtA==</latexit>↵s

<latexit sha1_base64="tqaEG7BksBD19C2COcLqFA5EB7A=">AAACCXicbVDLTgIxFL2DL8QX6tJNIzFxRWaIQZcYNy4xyiOBCel0OtDQ6UzaDhEnfIFxq9/hzrj1K/wM/8ACsxDwJE1Ozrm3PT1ezJnStv1t5dbWNza38tuFnd29/YPi4VFTRYkktEEiHsm2hxXlTNCGZprTdiwpDj1OW97wZuq3RlQqFokHPY6pG+K+YAEjWBvp/qnHesWSXbZnQKvEyUgJMtR7xZ+uH5EkpEITjpXqOHas3RRLzQink0I3UTTGZIj7tGOowCFVbjqLOkFnRvFREElzhEYz9e9GikOlxqFnJkOsB2rZm4r/eZ1EB1duykScaCrI/KEg4UhHaPpv5DNJieZjQzCRzGRFZIAlJtq0s3CTP2KxylI/zmObjpzlRlZJs1J2quXK3UWpdp21lYcTOIVzcOASanALdWgAgT68wCu8Wc/Wu/Vhfc5Hc1a2cwwLsL5+Ae+xm5A=</latexit>zi

<latexit sha1_base64="nDma6wCouOwwTrkta++eWkMDucs=">AAACDXicbVDLTgIxFL2DL8QX6tJNIzHBDZkhRl1i3LjEhIcJjKTT6UBDpzNpO0Qy4RuMW/0Od8at3+Bn+AcWmIWAJ2lycs697enxYs6Utu1vK7e2vrG5ld8u7Ozu7R8UD49aKkokoU0S8Ug+eFhRzgRtaqY5fYglxaHHadsb3k799ohKxSLR0OOYuiHuCxYwgrWR2o3HtOycT3rFkl2xZ0CrxMlICTLUe8Wfrh+RJKRCE46V6jh2rN0US80Ip5NCN1E0xmSI+7RjqMAhVW46iztBZ0bxURBJc4RGM/XvRopDpcahZyZDrAdq2ZuK/3mdRAfXbspEnGgqyPyhIOFIR2j6d+QzSYnmY0MwkcxkRWSAJSbaNLRwkz9iscpSP81jm46c5UZWSatacS4r1fuLUu0maysPJ3AKZXDgCmpwB3VoAoEhvMArvFnP1rv1YX3OR3NWtnMMC7C+fgEIbpyi</latexit>

T (1)
<latexit sha1_base64="HWPLENs19YcGbCFnX8IxF1Hd/3E=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgqswUqW6EihuXFe0D2qFkMpk2NJMZkkyxDP0Ccavf4U7c+hV+hn9g2s7Cth4IHM65Nzk5XsyZ0rb9beXW1jc2t/LbhZ3dvf2D4uFRU0WJJLRBIh7JtocV5UzQhmaa03YsKQ49Tlve8Hbqt0ZUKhaJRz2OqRvivmABI1gb6UFc271iyS7bM6BV4mSkBBnqveJP149IElKhCcdKdRw71m6KpWaE00mhmygaYzLEfdoxVOCQKjedRZ2gM6P4KIikOUKjmfp3I8WhUuPQM5Mh1gO17E3F/7xOooMrN2UiTjQVZP5QkHCkIzT9N/KZpETzsSGYSGayIjLAEhNt2lm4yR+xWGWpn+axTUfOciOrpFkpO9Vy5f6iVLvJ2srDCZzCOThwCTW4gzo0gEAfXuAV3qxn6936sD7nozkr2zmGBVhfv0bimyk=</latexit>

n = 0
<latexit sha1_base64="MbIWnHfI9+dLbkSVH3Qm5XcHV70=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcVF7qsYB8wHUomk2lDM5khyRTL0K8Qt/od7sStX+Bn+Aem7Sxs64HA4Zx7k5PjJ5wpbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKQpsk5rHs+FhRzgRtaqY57SSS4sjntO0Pb6d+e0SlYrF41OOEehHuCxYygrWR3G6E9YBgnt1NeuWKXbVnQKvEyUkFcjR65Z9uEJM0okITjpVyHTvRXoalZoTTSambKppgMsR96hoqcESVl80iT9CZUQIUxtIcodFM/buR4UipceSbyWlEtexNxf88N9XhtZcxkaSaCjJ/KEw50jGa/h8FTFKi+dgQTCQzWREZYImJNi0t3BSMWKLy1E/z2KYjZ7mRVdKqVZ3Lau3holK/ydsqwgmcwjk4cAV1uIcGNIFADC/wCm/Ws/VufVif89GCle8cwwKsr19ptZ8T</latexit>

G

<latexit sha1_base64="pkBlQ7zckRjSOThNUyZWQ4YM2qw="></latexit>
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<latexit sha1_base64="KuI6KCHUX6cImIoeZhCSjCYW9JU="></latexit>

G(1)
q [s,N ] / 1

s1+✏

Z
dz

h1 + z2

1� z
� ✏(1� z)

i

X

n

✓
N
n

◆
zN�n�✏(1� z)n�✏ T (0)

q [N � n]T (0)
g [n]



• Can directly calculate track jet function     at order  

• Large amount of symmetry relating moments.  
E.g. for 

• Less trivial example:

2. Track jet function simplifications

21

<latexit sha1_base64="jydsS1cQuaVASJpydira9UdZHdI="></latexit>

2z1z2 = (z1 + z2)
2 � z21 � z22

= (1� z3)
2 � z21 � z22

! 1� 2zi � z2i
<latexit sha1_base64="oViG5MBxoWXQBc4wHeYDG1TenN4="></latexit>

6z1z2z3 ! 1� 9z2i + 6z3i

<latexit sha1_base64="MbIWnHfI9+dLbkSVH3Qm5XcHV70=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcVF7qsYB8wHUomk2lDM5khyRTL0K8Qt/od7sStX+Bn+Aem7Sxs64HA4Zx7k5PjJ5wpbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKQpsk5rHs+FhRzgRtaqY57SSS4sjntO0Pb6d+e0SlYrF41OOEehHuCxYygrWR3G6E9YBgnt1NeuWKXbVnQKvEyUkFcjR65Z9uEJM0okITjpVyHTvRXoalZoTTSambKppgMsR96hoqcESVl80iT9CZUQIUxtIcodFM/buR4UipceSbyWlEtexNxf88N9XhtZcxkaSaCjJ/KEw50jGa/h8FTFKi+dgQTCQzWREZYImJNi0t3BSMWKLy1E/z2KYjZ7mRVdKqVZ3Lau3holK/ydsqwgmcwjk4cAV1uIcGNIFADC/wCm/Ws/VufVif89GCle8cwwKsr19ptZ8T</latexit>

G
<latexit sha1_base64="w0a/S7WCEO21K3P1W4MrU6/ukM0=">AAACEHicbVDLTgIxFO34RHyhLt00EhNXZIYYdYlx4xITeUQYyZ1OgYZOp2k7RDLhJ4xb/Q53xq1/4Gf4BxaYhYAnaXJyzr3t6QkkZ9q47rezsrq2vrGZ28pv7+zu7RcODus6ThShNRLzWDUD0JQzQWuGGU6bUlGIAk4bweBm4jeGVGkWi3szktSPoCdYlxEwVnpoA5d96OjHcqdQdEvuFHiZeBkpogzVTuGnHcYkiagwhIPWLc+Vxk9BGUY4HefbiaYSyAB6tGWpgIhqP50mHuNTq4S4Gyt7hMFT9e9GCpHWoyiwkxGYvl70JuJ/Xisx3Ss/ZUImhgoye6ibcGxiPPk+DpmixPCRJUAUs1kx6YMCYmxJczeFQyZ1lvppFtt25C02skzq5ZJ3USrfnRcr11lbOXSMTtAZ8tAlqqBbVEU1RJBAL+gVvTnPzrvz4XzORlecbOcIzcH5+gUenp5Y</latexit>

↵2
s

<latexit sha1_base64="diE1/LH7RkJ1J9X+3bXDN5X6qQw=">AAACD3icbVDLSsNAFL2pr1pfVZduBovgqiRF1GXFjcsK9iFtKJPJJB06k4SZSbGEfoS41e9wJ279BD/DP3DaZmFbDwwczn3MucdLOFPatr+twtr6xuZWcbu0s7u3f1A+PGqpOJWENknMY9nxsKKcRbSpmea0k0iKhcdp2xveTuvtEZWKxdGDHifUFTiMWMAI1kZ6DFFPxygMw365YlftGdAqcXJSgRyNfvmn58ckFTTShGOluo6daDfDUjPC6aTUSxVNMBnikHYNjbCgys1mhifozCg+CmJpXqTRTP07kWGh1Fh4plNgPVDLtan4X62b6uDazViUpJpGZP5RkHJkjpxej3wmKdF8bAgmkhmviAywxESbjBY2+SOWqNz109y2ychZTmSVtGpV57Jau7+o1G/ytIpwAqdwDg5cQR3uoAFNICDgBV7hzXq23q0P63PeWrDymWNYgPX1C97inaU=</latexit>g ! ggg



• Can directly calculate track jet function     at order  

• Large amount of symmetry relating moments.  
E.g. for 

• Less trivial example: 

• Moments involving only one variable are related to moments 
of splitting functions. 

• More complicated when including flavor, but can choose a 
convenient basis of integrals that avoids soft singularities.

2. Track jet function simplifications

22

<latexit sha1_base64="jydsS1cQuaVASJpydira9UdZHdI="></latexit>

2z1z2 = (z1 + z2)
2 � z21 � z22

= (1� z3)
2 � z21 � z22

! 1� 2zi � z2i
<latexit sha1_base64="oViG5MBxoWXQBc4wHeYDG1TenN4="></latexit>

6z1z2z3 ! 1� 9z2i + 6z3i

<latexit sha1_base64="MbIWnHfI9+dLbkSVH3Qm5XcHV70=">AAACEXicbVDLSgMxFL1TX7W+qi7dBIvgqswUUZcVF7qsYB8wHUomk2lDM5khyRTL0K8Qt/od7sStX+Bn+Aem7Sxs64HA4Zx7k5PjJ5wpbdvfVmFtfWNzq7hd2tnd2z8oHx61VJxKQpsk5rHs+FhRzgRtaqY57SSS4sjntO0Pb6d+e0SlYrF41OOEehHuCxYygrWR3G6E9YBgnt1NeuWKXbVnQKvEyUkFcjR65Z9uEJM0okITjpVyHTvRXoalZoTTSambKppgMsR96hoqcESVl80iT9CZUQIUxtIcodFM/buR4UipceSbyWlEtexNxf88N9XhtZcxkaSaCjJ/KEw50jGa/h8FTFKi+dgQTCQzWREZYImJNi0t3BSMWKLy1E/z2KYjZ7mRVdKqVZ3Lau3holK/ydsqwgmcwjk4cAV1uIcGNIFADC/wCm/Ws/VufVif89GCle8cwwKsr19ptZ8T</latexit>

G
<latexit sha1_base64="w0a/S7WCEO21K3P1W4MrU6/ukM0=">AAACEHicbVDLTgIxFO34RHyhLt00EhNXZIYYdYlx4xITeUQYyZ1OgYZOp2k7RDLhJ4xb/Q53xq1/4Gf4BxaYhYAnaXJyzr3t6QkkZ9q47rezsrq2vrGZ28pv7+zu7RcODus6ThShNRLzWDUD0JQzQWuGGU6bUlGIAk4bweBm4jeGVGkWi3szktSPoCdYlxEwVnpoA5d96OjHcqdQdEvuFHiZeBkpogzVTuGnHcYkiagwhIPWLc+Vxk9BGUY4HefbiaYSyAB6tGWpgIhqP50mHuNTq4S4Gyt7hMFT9e9GCpHWoyiwkxGYvl70JuJ/Xisx3Ss/ZUImhgoye6ibcGxiPPk+DpmixPCRJUAUs1kx6YMCYmxJczeFQyZ1lvppFtt25C02skzq5ZJ3USrfnRcr11lbOXSMTtAZ8tAlqqBbVEU1RJBAL+gVvTnPzrvz4XzORlecbOcIzcH5+gUenp5Y</latexit>

↵2
s

<latexit sha1_base64="diE1/LH7RkJ1J9X+3bXDN5X6qQw=">AAACD3icbVDLSsNAFL2pr1pfVZduBovgqiRF1GXFjcsK9iFtKJPJJB06k4SZSbGEfoS41e9wJ279BD/DP3DaZmFbDwwczn3MucdLOFPatr+twtr6xuZWcbu0s7u3f1A+PGqpOJWENknMY9nxsKKcRbSpmea0k0iKhcdp2xveTuvtEZWKxdGDHifUFTiMWMAI1kZ6DFFPxygMw365YlftGdAqcXJSgRyNfvmn58ckFTTShGOluo6daDfDUjPC6aTUSxVNMBnikHYNjbCgys1mhifozCg+CmJpXqTRTP07kWGh1Fh4plNgPVDLtan4X62b6uDazViUpJpGZP5RkHJkjpxej3wmKdF8bAgmkhmviAywxESbjBY2+SOWqNz109y2ychZTmSVtGpV57Jau7+o1G/ytIpwAqdwDg5cQR3uoAFNICDgBV7hzXq23q0P63PeWrDymWNYgPX1C97inaU=</latexit>g ! ggg



• Energy-energy correlation function 

• Track-based measurement

2. Second method: energy correlation functions

23

<latexit sha1_base64="/LgROucvHgznp80N7/I+4y0LHzs="></latexit>

d�

dz
=

X

N

Z
d⇧N �N

X

i,j

EiEj

Q2
�
⇣
z � 1� cos�ij

2

⌘

<latexit sha1_base64="yHCUu/+4CEUANdfNFddbji0ahKc="></latexit>

Ei ! Ēi = Ti[1, µ]Ei , E2
i ! Ē2

i = Ti[2, µ]E
2
i



• Energy-energy correlation function 

• Track-based measurement 

• Applying this: 
 
 
 
 
using that                          scaleless integrals.

2. Second method: energy correlation functions

24

<latexit sha1_base64="/LgROucvHgznp80N7/I+4y0LHzs="></latexit>

d�

dz
=

X

N

Z
d⇧N �N

X

i,j

EiEj

Q2
�
⇣
z � 1� cos�ij

2

⌘

<latexit sha1_base64="yHCUu/+4CEUANdfNFddbji0ahKc="></latexit>

Ei ! Ēi = Ti[1, µ]Ei , E2
i ! Ē2

i = Ti[2, µ]E
2
i

<latexit sha1_base64="nlcCTggPzbjaNTumPlvpogv4EPs="></latexit>

d�

dz
=

X

N

Z
d⇧N �̄N

X

i 6=j

EiEj

Q2
�
⇣
z � 1� cos�ij

2

⌘
Ti[1, µ]Tj [1, µ] +

X

i

E2
i

Q2
�(z)Ti[2, µ]

�

=
X

N

Z
d⇧N �N

X

i 6=j

EiEj

Q2
�
⇣
z � 1� cos�ij

2

⌘
Ti,bare[1, µ]Tj,bare[1, µ] +

X

i

E2
i

Q2
�(z)Ti,bare[2, µ]

�

<latexit sha1_base64="ZCMFg+1hMhVUET3gtRFTHQnYLtg=">AAACKHicbVDLSgMxFM34rPU16tJNsAgVpcwUUTdCxY1LBWsLbS2Z9FZDMw+SO6VlmK0fI271O9yJW//APzBtZ2GrBwKHc+5NTo4XSaHRcT6tufmFxaXl3Ep+dW19Y9Pe2r7TYaw4VHkoQ1X3mAYpAqiiQAn1SAHzPQk1r3c58mt9UFqEwS0OI2j57CEQXcEZGqlt09t2Io6aCANMPKYgTem50cR9UnQOUnpI23bBKTlj0L/EzUiBZLhu29/NTshjHwLkkmndcJ0IWwlTKLiENN+MNUSM99gDNAwNmA+6lYx/ktJ9o3RoN1TmBEjH6u+NhPlaD33PTPoMH/WsNxL/8xoxds9aiQiiGCHgk4e6saQY0lEttCMUcJRDQxhXwmSl/JEpxtGUN3VTpy8inaUeTGKbjtzZRv6Su3LJPSmVb44LlYusrRzZJXukSFxySirkilyTKuHkibyQV/JmPVvv1of1ORmds7KdHTIF6+sH+1embw==</latexit>

Ti,bare = T (0)
i +



• Requiring the poles to cancel in the resulting expression for  
the EEC in the collinear            limit fixes evolution of   

• Illustration at order     :

2. Extracting track functions from EEC
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• Requiring the poles to cancel in the resulting expression for  
the EEC in the collinear            limit fixes evolution of   

• Illustration at order     : 

• Extended this to       for          and Higgs. 

• Obtained partial results for third moment from projected three-
point energy correlation function. 

• Importantly, both methods for extracting track functions agree!

2. Extracting track functions from EEC

26

<latexit sha1_base64="OzB0jI1f3Hflhg0vvudbX3zhhsg=">AAACDnicbVDLSsNAFL2pr1pfVZduBovgqiRF1GXFjcsK9gFtKJPJpB06mYSZSTGG/oO41e9wJ279BT/DP3DaZmFbDwwczn3MuceLOVPatr+twtr6xuZWcbu0s7u3f1A+PGqpKJGENknEI9nxsKKcCdrUTHPaiSXFocdp2xvdTuvtMZWKReJBpzF1QzwQLGAEayN1nlBPR8hG/XLFrtozoFXi5KQCORr98k/Pj0gSUqEJx0p1HTvWboalZoTTSamXKBpjMsID2jVU4JAqN5v5naAzo/goiKR5QqOZ+nciw6FSaeiZzhDroVquTcX/at1EB9duxkScaCrI/KMg4cjcOD0e+UxSonlqCCaSGa+IDLHERJuIFjb5Yxar3PXj3LbJyFlOZJW0alXnslq7v6jUb/K0inACp3AODlxBHe6gAU0gwOEFXuHNerberQ/rc95asPKZY1iA9fULX6acyQ==</latexit>

z ! 0
<latexit sha1_base64="zzjbcM0WHWNvmzPlkc5fJMo+xtQ=">AAACEHicbVDLSgMxFL1TX7W+qi7dBIvgQspMEXVZceOyQl84HUomk2lDM5khyRRL6U+IW/0Od+LWP/Az/APTdha29UDgcM69ycnxE86Utu1vK7e2vrG5ld8u7Ozu7R8UD4+aKk4loQ0S81i2fawoZ4I2NNOcthNJceRz2vIHd1O/NaRSsVjU9SihXoR7goWMYG2kx3qXuZWLTpR63WLJLtszoFXiZKQEGWrd4k8niEkaUaEJx0q5jp1ob4ylZoTTSaGTKppgMsA96hoqcESVN54lnqAzowQojKU5QqOZ+ndjjCOlRpFvJiOs+2rZm4r/eW6qwxtvzESSairI/KEw5UjHaPp9FDBJieYjQzCRzGRFpI8lJtqUtHBTMGSJylI/zWObjpzlRlZJs1J2rsqVh8tS9TZrKw8ncArn4MA1VOEeatAAAgJe4BXerGfr3fqwPuejOSvbOYYFWF+/kkieBA==</latexit>

Ti[2, µ]

<latexit sha1_base64="K2Hryb+DE0NAEbdkfZeteLat6rc=">AAACDnicbVDLSgMxFL3js9ZX1aWbYBFclZki6rLixmUF+4B2KJlMpg3NZEKSKZah/yBu9TvciVt/wc/wD0zbWdjWA4HDOfcmJyeQnGnjut/O2vrG5tZ2Yae4u7d/cFg6Om7qJFWENkjCE9UOsKacCdowzHDaloriOOC0FQzvpn5rRJVmiXg0Y0n9GPcFixjBxkrtLuZygHu6Vyq7FXcGtEq8nJQhR71X+umGCUljKgzhWOuO50rjZ1gZRjidFLupphKTIe7TjqUCx1T72SzvBJ1bJURRouwRBs3UvxsZjrUex4GdjLEZ6GVvKv7ndVIT3fgZEzI1VJD5Q1HKkUnQ9PMoZIoSw8eWYKKYzYrIACtMjK1o4aZwxKTOUz/NY9uOvOVGVkmzWvGuKtWHy3LtNm+rAKdwBhfgwTXU4B7q0AACHF7gFd6cZ+fd+XA+56NrTr5zAgtwvn4B4eadtA==</latexit>↵s

<latexit sha1_base64="w0a/S7WCEO21K3P1W4MrU6/ukM0=">AAACEHicbVDLTgIxFO34RHyhLt00EhNXZIYYdYlx4xITeUQYyZ1OgYZOp2k7RDLhJ4xb/Q53xq1/4Gf4BxaYhYAnaXJyzr3t6QkkZ9q47rezsrq2vrGZ28pv7+zu7RcODus6ThShNRLzWDUD0JQzQWuGGU6bUlGIAk4bweBm4jeGVGkWi3szktSPoCdYlxEwVnpoA5d96OjHcqdQdEvuFHiZeBkpogzVTuGnHcYkiagwhIPWLc+Vxk9BGUY4HefbiaYSyAB6tGWpgIhqP50mHuNTq4S4Gyt7hMFT9e9GCpHWoyiwkxGYvl70JuJ/Xisx3Ss/ZUImhgoye6ibcGxiPPk+DpmixPCRJUAUs1kx6YMCYmxJczeFQyZ1lvppFtt25C02skzq5ZJ3USrfnRcr11lbOXSMTtAZ8tAlqqBbVEU1RJBAL+gVvTnPzrvz4XzORlecbOcIzcH5+gUenp5Y</latexit>

↵2
s

<latexit sha1_base64="b96LrSBzwnqD4tCifliqU4/jW2I=">AAACDHicbVDLTgIxFO3gC/GFunTTSExMjGSGGHWJceMSE3kkMJBO5w5UOp1J2yESwi8Yt/od7oxb/8HP8A8sMAsBT9Lk5Jx729PjxZwpbdvfVmZldW19I7uZ29re2d3L7x/UVJRIClUa8Ug2PKKAMwFVzTSHRiyBhB6Hute/nfj1AUjFIvGghzG4IekKFjBKtJFq0D6D9nknX7CL9hR4mTgpKaAUlU7+p+VHNAlBaMqJUk3HjrU7IlIzymGcayUKYkL7pAtNQwUJQbmjadoxPjGKj4NImiM0nqp/N0YkVGoYemYyJLqnFr2J+J/XTHRw7Y6YiBMNgs4eChKOdYQnX8c+k0A1HxpCqGQmK6Y9IgnVpqC5m/wBi1Wa+mkW23TkLDayTGqlonNZLN1fFMo3aVtZdISO0Sly0BUqoztUQVVE0SN6Qa/ozXq23q0P63M2mrHSnUM0B+vrF2IFnEo=</latexit>

e+e�

<latexit sha1_base64="s0V24wrRN/E+yiXtaOXUWc79X8M="></latexit>

1

�0

d�

dz
= Tq,bare[2] �(z)

✓
1

2
+

↵sCF

4⇡

25

12

1

✏

◆
+ . . .

! T (1)
q,bare[2] =

↵sCF

4⇡

⇣
�25

12

⌘ 1

✏UV
T (0)
q [2, µ] + . . .



•     is anomalous dimension for fragmentation functions. 
(other papers use different convention for moment and sign) 

• First moment same as fragmentation function evolution. 

• Higher moments can involve two or three track functions.

2. Selected results at ⍺s2
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3. Conclusions and outlook

• Tracks are appealing because of their superior angular 
resolution and reduced effect of pile-up. 

• Track functions offer a QFT approach to calculating  
track-based observables. 

• Formalism fully studied at order     . New: extending to      

• Higher precision. 

• Strong check on formalism.
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