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Neutrino Propagation in Matter:  
3 flavors & beyond 

Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
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OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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Matter E↵ects Matter
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Matter Dominate 
Flavor Transformations

MSW mechanism
Parke PRL (1986)Ray Davis
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14. Neutrino masses, mixing, and oscillations 69

Neutrino Energy [MeV]

1−
10 1 10

e
e

,
 
P

eν
S
u
r
v
i
v
a
l
 
p
r
o
b
a
b
i
l
i
t
y
 
f
o
r
 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 14.10: Electron neutrino survival probability as a function of neutrino
energy. The points represent, from left to right, the Borexino pp, 7Be, pep, and 8B
data (black points) and the SNO+SK 8B data (red point). The three Borexino 8B
data points correspond, from left to right, to the low-energy (LE) range, LE+HE
range, and the high-energy (HE) range. The electron neutrino survival probabilities
from experimental points are determined using a high metalliticy SSM from
Ref. 281. The error bars represent the ±1σ experimental + thoretical uncertainties.
The curve corresponds to the ±1σ prediction of the MSW-LMA solution using the
parameter values given in Ref. 282. This figure is provided by A. Ianni.

14.11. Measurements of |∆m2
31(32)| and θ23, and related topics

The first compelling evidence for the neutrino oscillation was νµ disappearance
observed by the Super-Kamiokande Collaboration in 1998 [17] in the measurement
of atmospheric neutrinos produced by cosmic-ray interactions in the atmosphere. The
analysis was performed using the 2-neutrino mixing νµ survival probability assuming
νµ → ντ oscillations, Eq. (14.54) with l = µ, θ = θ23, ∆m2 = ∆m2

31 and x = τ (or
Eq. (14.44) with l = l′ = µ, n = 3, |Uµ3|2 = cos2 θ13 sin2 θ23

∼= sin2 θ23). A striking
feature of atmospheric neutrino oscillations was a surprisingly large mixing angle θ23.
Whether mixing is maximal, i.e., θ23 = π/4, or, if not, in which octant θ23 lies, is one
of the questions drawing much interest in neutrino physics because the measurement
of certain fundamental physical observables depends on the value of sin2 θ23 (see, e.g.,
Sections 14.2 and 14.8.1). The high precision measurement of sin2 θ23 will provide also a
test of a large class of theories of neutrino masses and mixing, based, in particular, on
discrete symmetries (see, e.g., the first three articles quoted in Ref. 96 and Ref. 285).
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matter effect

Nunokawa, SP, Zukanovich-Funchal
arXiv:hep-ph/0601198
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Art McDonald
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NOBEL 2015 

“for the discovery of neutrino flavor transformations, 
which shows that neutrinos have mass”

~ vacuum
oscillations

Wolfenstein matter
effects dominant flavor 

transformationsSee Smirnov  arXiv:1609.02386

“for the discovery of neutrino oscillations, 
which shows that neutrinos have mass”
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Terrestrial Experiments:
where Matter Effects are Important
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Terrestrial Experiments:
with Matter Effects
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T2K/HK NOvA

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)

Inverted Hierarchy
Normal Hierarchy

sin2 2✓µµ ⌘ 4|Uµ3|2(1� |Uµ3|2) = 0.96 � 1.00

Same L/E as NO⌫A
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DUNE

/ ⇢L sin2 ✓23

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.

L = 1300 km, sin2 ✓13 = 0.023 and sin2 ✓23 = 0.5

⌫µ $ ⌫̄µ

NH $ IH

�(N ! l+��) 6= �(N ! l��+)
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2 ⇡0’s

Appearance: ⌫µ ! ⌫e ⌫̄µ ! ⌫̄e

Disappearance: ⌫µ ! ⌫µ ⌫̄µ ! ⌫̄µ

Long Baseline @VOM Reactors

P (⌫µ ! ⌫e) + P (⌫̄µ ! ⌫̄e) ⇡ 2 sin2 ✓23 [1 � P (⌫̄e ! ⌫̄e)]

⌫µ ! ⌫µ gives:

|Uµ3|2 $ (1 � |Uµ3|2) degeneracy +!

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum
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O. Mena & SP    hep-ph/0408070 

Normal Ordering — Inverted Ordering

P (⌫µ ! ⌫e) 6= P (⌫̄µ ! ⌫̄e)

in vacuum

/ ⇢L sin2 ✓23

✓23 octant ?

⌫µ

⌫µ, ⌫e, ⌫⌧

Ar from ⇠ 10 km3 of air

• Need |Uµ1| and |Uµ2| separately: L/E=15,000 km/GeV

• ⌫µ disappearance experiment to a detector in geo-synchronous orbit.
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Correlations between
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T2K & NOvA:

CPV Tension at T2K

J = c12s12c
2

13s13c23s23 sin �

Peter B. Denton (BNL) CERN Neutrino Platform: October 8, 2019 38/27

T2K NOvA

J. Wolcott / Tufts UniversityFNAL UM / June 13, 2019 43

Oscillation�results

Best�Ft:�
●

●

●

sin2θ
23
=0.26

−0.03
+0.04

Δm
32
2 =+2.48

−0.06
+0.11×10−3 eV2 /c4(NH)

δ
CP

=0.0
−0.4
+1.3 π

New
data!
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4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧
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nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
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ChartStyle % {Cyan}, PlotTheme % "Business",
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– Typeset by FoilTEX – 1

(Dialog) Out[186]=

(Dialog) Out[187]=
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4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧
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Neutrino Flavor or Interaction States:W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

Propagator ⌫j ! ⌫k = �jk e
�i

 
m2

jL

2E⌫

!
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

Propagator ⌫j ! ⌫k = �jk e
�i

 
m2

jL

2E⌫

!
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

Propagator ⌫j ! ⌫k = �jk e
�i

 
m2

jL

2E⌫

!

– Typeset by FoilTEX – 1

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

Propagator ⌫j ! ⌫k = �jk e
�i

 
m2

jL

2E⌫

!
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Neutrino Mass EigenStates or Propagation 
States:

(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

(Dialog) Out[185]=

massive_neutrinos.nb     3

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =
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(Dialog) Out[187]=

(Dialog) Out[188]=

4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =
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(Dialog) Out[186]=

(Dialog) Out[187]=

(Dialog) Out[188]=

4     massive_neutrinos.nb

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =
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(Dialog) Out[189]=

(Dialog) Out[190]=

(Dialog) Out[191]=

(Dialog) In[182]:= NO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.55}], Inset[nu3, {0, 3}]}]
IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]

massive_neutrinos.nb     5W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

most ⌫e

least ⌫e
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3
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(Dialog) Out[189]=

(Dialog) Out[190]=

(Dialog) Out[191]=

(Dialog) In[182]:= NO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.55}], Inset[nu3, {0, 3}]}]
IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3
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(Dialog) Out[189]=

(Dialog) Out[190]=

(Dialog) Out[191]=

(Dialog) In[182]:= NO = Graphics[{Inset[nu1, {0, 0}], Inset[nu2, {0, 0.55}], Inset[nu3, {0, 3}]}]
IO = Graphics[{Inset[nu1, {0, 2.45}], Inset[nu2, {0, 3}], Inset[nu3, {0, 0}]}]

massive_neutrinos.nb     5

W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

most ⌫e

least ⌫e
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⌫e = ⌫µ = ⌫⌧ =

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3

Propagator ⌫j ! ⌫k = �jk e
�i

 
m2

jL

2E⌫

!
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⇡ Age of Universe / 1026

✓23

cos �

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⇡ Age of Universe / 1026

✓23

�,✓23

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3
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W+ ! e+⌫e

W+ ! µ+⌫µ

W+ ! ⌧+⌫⌧

provided L/E ⌧ 0.5 km/MeV = 500 km/GeV !!!

⇠ 1 picosecond in Neutrino rest frame !!!

⇡ Age of Universe / 1026

✓23

�,✓23

⌫e = ⌫µ = ⌫⌧ =

Propagator ⌫↵ ! ⌫� = �↵� e�i E⌫t

most ⌫e

least ⌫e

⌫1 ⌫2 ⌫3
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Solar Exp, SNO
KamiLAND
Daya Bay, RENO, …

SuperK, K2K, T2K
MINOS, NOvA
ICECUBE

Unitarity
SK, Opera
ICECUBE ?
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m2
jL

2E⌫
=

m2
jc

4 L

2h̄c E⌫
= 2 ⇥ 1.2669....

(m2
j/eV

2) (L/km)

(E⌫/GeV )

e�iEt/h̄

Ej =
q
p2 +m2

j ⇡ mj +
m2

j
2E

0

@
⌫e

⌫µ

⌫⌧

1

A =

0

@
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

1

A

0

@
⌫1

⌫2

⌫3

1

A (1)

by defn |Ue1|2 > |Ue2|2 > |Ue3|2

– Typeset by FoilTEX – 2

m2
jL

2E⌫
=

m2
jc

4 L

2h̄c E⌫
= 2 ⇥ 1.2669....

(m2
j/eV

2) (L/km)

(E⌫/GeV )

e�iEt/h̄

Ej =
q
p2 +m2

j ⇡ mj +
m2

j
2E

0

@
⌫e

⌫µ

⌫⌧

1

A =

0

@
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

U⌧1 U⌧2 U⌧3

1

A

0

@
⌫1

⌫2

⌫3

1

A (1)

by defn |Ue1|2 > |Ue2|2 > |Ue3|2
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unitary matrix

UPMNS = U23(✓23, 0) U13(✓13, �) U12(✓12, 0)

=

0

@
1

c23 s23
�s23 c23

1

A

0

@
c13 s13e�i�

1
�s13e+i� c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij
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UPMNS = U23(✓23, 0) U13(✓13, �) U12(✓12, 0)

=

0

@
1

c23 s23
�s23 c23

1

A

0

@
c13 s13e�i�

1
�s13e+i� c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij

Why this order ???

⌫1, ⌫2 Mass Ordering:

⌫3, ⌫1/⌫2 Mass Ordering:

–atmospheric mass ordering

– Typeset by FoilTEX – 3

13. Neutrino mixing 43

lepton current in the CC weak interaction Lagrangian, are linear combinations of the LH
components of the fields of three massive neutrinos νj :

LCC = −
g√
2

∑

l=e,µ,τ

lL(x) γα νlL(x) Wα†(x) + h.c. ,

νlL(x) =
3

∑

j=1

Ulj νjL(x), (13.78)

where U is the 3 × 3 unitary neutrino mixing matrix [17,18]. The mixing matrix U can
be parameterized by 3 angles, and, depending on whether the massive neutrinos νj are
Dirac or Majorana particles, by 1 or 3 CP violation phases [40,41]:

U =

⎡

⎣

c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

⎤

⎦

× diag(1, ei
α21
2 , ei

α31
2 ) . (13.79)

where cij = cos θij , sij = sin θij , the angles θij = [0, π/2], δ = [0, 2π] is the Dirac CP
violation phase and α21, α31 are two Majorana CP violation phases. Thus, in the case
of massive Dirac neutrinos, the neutrino mixing matrix U is similar, in what concerns
the number of mixing angles and CP violation phases, to the CKM quark mixing matrix.
The presence of two additional physical CP violation phases in U if νj are Majorana
particles is a consequence of the special properties of the latter (see, e.g., Refs. [39,40]) .

As we see, the fundamental parameters characterizing the 3-neutrino mixing are: i)
the 3 angles θ12, θ23, θ13, ii) depending on the nature of massive neutrinos νj - 1 Dirac
(δ), or 1 Dirac + 2 Majorana (δ, α21, α31), CP violation phases, and iii) the 3 neutrino
masses, m1, m2, m3. Thus, depending on whether the massive neutrinos are Dirac or
Majorana particles, this makes 7 or 9 additional parameters in the minimally extended
Standard Model of particle interactions with massive neutrinos.

The neutrino oscillation probabilities depend (Section 13.2), in general, on the neutrino
energy, E, the source-detector distance L, on the elements of U and, for relativistic
neutrinos used in all neutrino experiments performed so far, on ∆m2

ij ≡ (m2
i − m2

j ),
i ≠ j. In the case of 3-neutrino mixing there are only two independent neutrino mass
squared differences, say ∆m2

21 ≠ 0 and ∆m2
31 ≠ 0. The numbering of massive neutrinos

νj is arbitrary. It proves convenient from the point of view of relating the mixing angles
θ12, θ23 and θ13 to observables, to identify |∆m2

21| with the smaller of the two neutrino
mass squared differences, which, as it follows from the data, is responsible for the solar
νe and, the observed by KamLAND, reactor ν̄e oscillations. We will number (just for
convenience) the massive neutrinos in such a way that m1 < m2, so that ∆m2

21 > 0. With
these choices made, there are two possibilities: either m1 < m2 < m3, or m3 < m1 < m2.
Then the larger neutrino mass square difference |∆m2

31| or |∆m2
32|, can be associated with

the experimentally observed oscillations of the atmospheric νµ and ν̄µ and accelerator

June 18, 2012 16:19

UPMNS = U23(✓23, �) U13(✓13, 0) U12(✓12, 0)

=

0

@
1

c23 s23e+i�

�s23e�i� c23

1

A

0

@
c13 s13

1
�s13 c13

1

A

0

@
c12 s12
�s12 c12

1

1

A

sij = sin ✓ij, cij = cos ✓ij
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Towards a better understanding of Osc. Prob.

Globes, 
while a very useful tool, 

is not enough !
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Hamiltonian:
flavor/interaction basis:

vac. mass eigenstate basis

a ⌘ 2
p
2GFNeE

Occurs at a = �m2
21 cos 2✓12/c

2
13

with Minimum �cm2
21 = �m2

21 sin 2✓12
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1

2E

8
<

:U

0

@
0

�m2
21

�m2
31

1

AU † +

0

@
a

0
0

1

A

9
=

; (1)

1

2E

8
<

:

0

@
0

�m2
21

�m2
31

1

A + U †

0

@
a

0
0

1

AU

9
=

; (2)
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8
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:U

0

@
0

�m2
21

�m2
31

1

AU † +

0

@
a

0
0

1

A

9
=

; (1)

1

2E

8
<

:

0

@
0

�m2
21

�m2
31

1

A + U †

0

@
a

0
0

1

AU

9
=

; (2)
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Daya Bay three independent �m
2 measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03

U = U23U13U12

Energy

E = mc2 E = mc2

light gray
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arbitrary “a”
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a ⌘ 2
p
2GFNeE

Occurs at a = �m2
21 cos 2✓12/c

2
13

with Minimum �cm2
21 = �m2

21 sin 2✓12

Occurs at a = �m2
ee cos 2✓13

with Minimum �cm2
32 = �m2

ee sin 2✓13

�m2
ee ⌘ c212�m2

31 + s212�m2
32
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a ⌘ 2
p
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2
13

with Minimum �cm2
21 = �m2

21 sin 2✓12
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Eigenvalues:  Analytically or Numerically

Figure 1: In the normal ordering (NO): Top left, the matter potentials, a and a 0, top

right, sine squared of mixing angles in matter, sin2 e✓jk, bottom left, the mass squared

eigenvalues in matter, fm2
j , and bottom right, the mass squared di↵erences in matter,

� fm2
jk. E⌫ � 0 (E⌫  0) is for neutrinos (anti-neutrinos). E⌫ = 0 is the vacuum values

for both neutrinos and anti-neutrinos.

2.3 Expansions in a/�m2

If |a| ⌧ |�m2
ee|, that is when E⌫ ⌧ 11

�
⇢ / 3 g cm�3

�
GeV, we have,

sin2 e✓13 ⇡ s213


1 + 2c213(a/�m2

ee) + 3(c213 � s213)c
2
13(a/�m2

ee)
2 + O(a/�m2

ee)
3)

�

sin2(e✓13 � ✓13) ⇡ s213c
2
13(a/�m2

ee)
2


1 + 2(c213 � s213)(a/�m2

ee) + O(a/�m2
ee)

2

�
(2.3.1)

a 0
⇡ ac213


1 � s213(a/�m2

ee) � s213(c
2
13 � s213)(a/�m2

ee)
2 + O(a/�m2

ee)
3

�
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directly measured 
by Daya Bay/RENO

Daya Bay three independent �m
2 measurements:

�m2
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, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
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and �m2
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✏ ⌘ �m
2
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�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

WZ: without both
c
2
13 and �m

2
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U = U23U13U12

(or sin2�Y Y ⌘ cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32)

⌫e average
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flavor basis:
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ax
2 + bx + c = 0

ax
3 + bx

2 + cx + d = 0
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complicated, counter intuitive, …

3 flavor mixing in matter

ax
2 + bx + c = 0

ax
3 + bx

2 + cx + d = 0
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simple, intuitive, useful

2 flavor mixing in matter
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• Solve Cubic Characteristic Eqn.
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�
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21 +�m2
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�
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+[�m2
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�
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2
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21 + c213�m2
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] �

� c212c
2
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21�m2
31 = 0
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2
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21�m2
31 = 0

• then calculate mixing

angles in matter

or mixing matrix, V:

eg Kimura Takamura

& Yokomakura PLB, PRD 2002
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See Zaglauer & Schwarzer, Z. Phys. C 1988

• then calculate mixing
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here �ij ⌘ �m2
ij

• then calculate mixing

angles in matter

or mixing matrix, V:

eg Kimura Takamura

& Yokomakura PLB, PRD 2002
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both analytic & numerical are black boxes
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Hamiltonian:
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where H0 is diagonal

and H1 is o↵-diagonal.
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P. Denton + H. Minakata + SP arXiv:1604.08167

solvable perturbation
Daya Bay three independent �m
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small #’s
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naturally appears:
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The Method:
• Rotation in 1-3 sector to diagonalize that sector: b✓13
– removes 1-3 level crossing

• Rotation in 1-2 sector to diagonalize that sector: b✓12
– removes 1-2 level crossing

• Perform Perturbation expansion in HOD after these two rotations:
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�m2
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✓
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�m2
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◆
0
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� sin b✓12 cos b✓12

1

CA (3)

• Vanishes in vacuum, as b✓13 = ✓13
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– Typeset by FoilTEX – 16

e✓13

e✓12

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 17

e✓13

e✓12

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 17

e✓13

e✓12

e✓23 �

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 17

e✓13

e✓12

e✓23 �

vacuum rot.

matter rot.

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 17

e✓13

e✓12

e✓23 �

vacuum rot.

matter rot.

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 17

e✓13

e✓12

e✓23 �

vacuum rot.

matter rot.

pert. exp.

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 17

e✓13

e✓12

e✓23 �

vacuum rot.

matter rot.

pert. exp.

1st

order

Energy

E = mc2 E = mc2

– Typeset by FoilTEX – 17

e✓13

e✓12

e✓23 �

vacuum rot.

matter rot.

pert. exp.

1st

order

2nd

order

Energy

– Typeset by FoilTEX – 17

Daya Bay has three independent �m
2 analyses/measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

✏0 ⌘ sin(e✓13 � ✓13) (s12c12)
⇣
�m

2
21

�m2
ee

⌘
< 0.015

✏0

WZ: without both
c
2
13 and �m

2
ee

U = U23U13U12

(or sin2�Y Y ⌘ cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32)

– Typeset by FoilTEX – 16

Daya Bay has three independent �m
2 analyses/measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

✏0 ⌘ sin(e✓13 � ✓13) (s12c12)
⇣
�m

2
21

�m2
ee

⌘
< 0.015

✏0 (✏0)2 (✏0)3

WZ: without both
c
2
13 and �m

2
ee

U = U23U13U12

(or sin2�Y Y ⌘ cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32)

– Typeset by FoilTEX – 16

Daya Bay has three independent �m
2 analyses/measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

✏0 ⌘ sin(e✓13 � ✓13) (s12c12)
⇣
�m

2
21

�m2
ee

⌘
< 0.015

✏0 (✏0)2 (✏0)3

WZ: without both
c
2
13 and �m

2
ee

U = U23U13U12

(or sin2�Y Y ⌘ cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32)

– Typeset by FoilTEX – 16
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The Method (conti):

• Rotation in 1-3 sector to diagonalize that sector: b✓13
– removes 1-3 level crossing

• Rotation in 1-2 sector to diagonalize that sector: b✓12
– removes 1-2 level crossing

• Perform Perturbation expansion in HOD after these two rotations:
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• Vanishes in vacuum, as b✓13 = ✓13

– Typeset by FoilTEX – 8(same order important)• Vanishes in vacuum, as b✓13 = ✓13

• Is small,  0.015

• And diagonal (by construction) plus one other element is zero :
=) Implies ALL odd perturbative corrections to eigenvalues are zero !!!
Therefore for eigenvalues expansion parameter is  2⇥ 10�4

• �i are eigenvalues of original matrix, 3x3

• ⇠↵ and �↵ are eigenvalues of original matrix
with ↵ row & ↵ column removed, 2x2
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Figure 2. The fractional precision of the zeroth order and the second order DMP eigenvalues
are shown in solid and dashed curves respectively. We plot the di↵erent in eigenvalues so that we
are insensitive to an overall shift in the eigenvalues. Continuing to higher order in the eigenvalues
continues to increase the precision by comparable levels since all odd order corrections to the
eigenvalues in DMP are zero (see appendix E).

Next, after an O13 rotation, we have

�± =
1

2

h
�a + �c ± sign(�m2

ee)
p

(�a � �c)2 + (2s13c13�m2
ee)

2
i

, (3.4)

�0 = �b . (3.5)

Finally, after an O12 rotation, the eigenvalues through zeroth order are

e�1,2 =
1

2


�0 + �� ⌥

q
(�0 � ��)2 + (2 cos(� � ✓13)s12c12�m2

21)
2

�
, (3.6)

e�3 = �+ , (3.7)

where ex represents an approximate expressions for the quantity x in matter, and

sin2 � =
�+ � �c

�+ � ��
. (3.8)

We note that � is an excellent approximation for b✓13 [6], see ref. [23] for the explicit higher

order correction terms. This is an e↵ective two-flavor approximation to b✓13 while eq. 2.6

is the full three-flavor expression. We further discuss the similarity in these expressions in

sec. 4.

3.2 Second Order Eigenvalues

After performing the rotations that lead to the eigenvalues in eqs. 3.6 and 3.7, the smallness

parameter is ✏0 ⌘ sin(��✓13)s12c12�m2
21/�m2

ee < 1.5% and is zero in vacuum since � = ✓13

– 6 –

Corrections to Eigenvalues:

0th

2nd

Denton, SP, Xining Zhang: arXiv:1907.02534
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A Technical details

A.1 Generalized approach to diagonalization

We describe the diagonalization of a particular 2 × 2 submatrix and the angle and eigen-

values. This is the approach used twice in subsections 2.3 and 2.4 to diagonalize the 1-3

and then the 1-2 submatrices.

Given a general symmetric 2× 2 matrix we wish to diagonalize with angle φ, we write

(

λσ

λρ

)

= U(φ)†
(

λa λx

λx λc

)

U(φ) , (A.1.1)

where

U(φ) ≡

(

cφ sφ

−sφ cφ

)

. (A.1.2)

Since trace and determinant are unchanged by the U sandwich,

λσ + λρ = λa + λc and λρλσ = λaλc − λ2x . (A.1.3)

By squaring the trace equation and subtracting 4 times the determinant equation we have

(λρ − λσ)
2 = (λa − λc)

2 + 4λ2x , (A.1.4)

thus

λρ,σ =
1

2

[

(λa + λc)±
√

(λa − λc)
2 + 4λ2x

]

. (A.1.5)
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Can this be generalized to 3x3 ?
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�� � �c

�� � �⇢

(5)

|U12|2 = sin2 � =
�� � �a

�� � �⇢

(6)

– Typeset by FoilTEX – 11
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(5)
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�� � �a
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(6)
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where we have subtracted out an overall
m2

1
2E 1, a ⌘ 2

p
2GF neE is the Wolfenstein matter

potential [1], and the PMNS lepton mixing matrix [8, 9] is parameterized,

UPMNS =

0

B@
1

c23 s23ei�

�s23e�i� c23

1

CA

0

B@
c13 s13

1

�s13 c13

1

CA

0

B@
c12 s12

�s12 c12

1

1

CA , (2.2)

where sij = sin ✓ij , cij = cos ✓ij , and we have shifted the CP-violating phase � from its usual

position on s13 to s23 which does not a↵ect any observable. For our numerical studies we

use �m2
21 = 7.55⇥10�5 eV2, �m2

31 = 2.5⇥10�3 eV2, s2
12 = 0.32, s2

13 = 0.0216, s2
23 = 0.547,

and � = 1.32⇡ from [10].

The square of the elements of the lepton mixing matrix in matter are simple functions

of the eigenvalues of the neutrino oscillation Hamiltonian in matter, �i/2E for i 2 {1, 2, 3},

and new submatrix eigenvalues, ⇠↵/2E and �↵/2E for ↵ 2 {e, µ, ⌧}. In general, the square

of the elements of the mixing matrix are parameterization independent,

|bU↵i|
2 =

(�i � ⇠↵)(�i � �↵)

(�i � �j)(�i � �k)
, (2.3)

where i, j, and k are all di↵erent, and the �i are the exact eigenvalues, see appendix A.

Eq. 2.3 follows directly from the results of KTY as shown in appendix B. This equation is

valid for every element of the mixing matrix, even the µ and ⌧ rows, which are relatively

complicated in the standard parameterization.

Eq. 2.3 is one of the primary results of our paper. Given the eigenvalues of the Hamil-

tonian and the eigenvalues of the submatrix Hamiltonian, it is possible to write down all

nine elements of the mixing matrix in matter, squared. This result is also quite simple and

easy to memorize which is contrasted with the complicated forms from previous solutions

[2, 4, 11].

The submatrix eigenvalues ⇠↵/2E and �↵/2E are the eigenvalues of the 2⇥2 submatrix

of the Hamiltonian,

H↵ ⌘

 
H�� H��

H�� H��

!
, (2.4)

for ↵, �, and � all di↵erent. Explicit expressions for the Hamiltonian are given in appendix

C and the eigenvalues of the submatrices, which requires only the solution to a quadratic,

are plotted in fig. 1. We note that while solving a quadratic is necessary to evaluate the

submatrix eigenvalues, since only the sum and the product of the eigenvalues (that is,

the trace and the determinant of the submatrix Hamiltonian) appear in eq. 2.3 whose

numerator can be rewritten as �2
i � �i(⇠↵ + �↵) + ⇠↵�↵, the submatrix eigenvalues do

not have to be explicitly calculated. The expressions for the sums and products of the

eigenvalues are given in appendix C.

Given the standard parameterization of the lepton mixing matrix, this allows us to

– 3 –

Generalization to 3x3:

• Vanishes in vacuum, as b✓13 = ✓13

• Is small,  0.015

• And diagonal (by construction) plus one other element is zero :
=) Implies ALL odd perturbative corrections to eigenvalues are zero !!!
Therefore for eigenvalues expansion parameter is  2⇥ 10�4

• �i are eigenvalues of original matrix, 3x3

• ⇠↵ and �↵ are eigenvalues of original matrix
with ↵ row & ↵ column removed, 2x2

– Typeset by FoilTEX – 9

Denton, SP, Xining Zhang: arXiv:1907.02534
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Generalization to nxn:
• Let H be an nxn Hermitian matrix

with eigenvalues �i(H) and eigenvectors vi

• Let hj be the (n-1)x(n-1) Hermitian matrix from H
with j-th row and j-th column deleted with eigenvalues �i(hj)

|vi,j|2 =
⇧n�1

k=1 (�i(H)� �k(hj) )

⇧n

k=1,k 6=i
(�i(H)� �k(H))

(4)

• Phase information is more complicated, we have that too.

• Numerator is characteristic function for hj evaluated at �i(H)

• Normalized
P

i
|vi,j|2 = 1 =

P
j
|vi,j|2
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i
|vi,j|2 = 1 =

P
j
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Figure 1. In the normal ordering (NO): top left, the matter potentials, a and a ′, top right, sine
squared of mixing angles in matter, sin2 θ̃jk, bottom left, the mass squared eigenvalues in matter,

m̃2
j , and bottom right, the mass squared differences in matter, ∆ m̃2

jk. Eν ≥ 0 (Eν ≤ 0) is for
neutrinos (anti-neutrinos). Eν = 0 is the vacuum values for both neutrinos and anti-neutrinos.

which is small and vanishes in vacuum, so that our perturbation theory reproduces the

vacuum oscillation probabilities exactly.

If Pνα→νβ (∆m2
31,∆m2

21, θ13, θ12, θ23, δ) is the oscillation probability in vacuum then

Pνα→νβ (∆ m̃2
31,∆ m̃2

21, θ̃13, θ̃12, θ23, δ) is the oscillation probability in matter, i.e. use the

same function but replace the mass squared differences and mixing angles with the matter

values given in eqs. (2.1)–(2.4). The resulting oscillation probabilities are identical to the

zeroth order approximation given in DMP.

2.2 Higher orders

If the 0th order is not accurate enough, going to 1st order is simple and gives another

two orders of magnitude in accuracy. First the ∆ m̃2
jk remain unchanged but the mixing

– 4 –
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�m2
31,�m2

21, ✓13, ✓12 ) � fm2
31,� fm2

21, e✓13, e✓12
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The eigenvalues then give us the eigenvectors
 (mixing angles)  



Stephen Parke                              BNL/YITP                                    10/23/2019        #                     27

0.0

0.1

P
µ
e NO

� = 3 g/cc
L = 1300 km

D
U

N
E

D
U

N
E

�20 �10 0 10 20
E [GeV]

10�14

10�12

10�10

10�8

10�6

10�4

10�2

|�
P

µ
e|
/P

µ
e

Zeroth

Second

Figure 4. Top: The oscillation probability P (⌫µ ! ⌫e) at L = 1300 km in the NO. Bottom:
The fractional precision of the probability using the zeroth (second) order DMP eigenvalues in blue
(orange). The vertical red bands show DUNE’s region of interest. The precision is comparable in
the IO.

Figure 5. We have plotted the fractional precision at the first oscillation maximum for DUNE
versus the time to compute one oscillation probability on a single core. Our results are labeled DPZ
and are in orange. ZS [2] Diag are two exact solutions where Diag represents an o↵-the-shelf linear
algebra diagonalization package. We only plot expressions that reach at least 1% precision at the
first oscillation maximum. The remaining expressions are: MP [22], AM [26], MF [27], AKT [21],
and DMP [6]. For a detailed discussion see ref. [5].
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Adding Sterile Neutrinos: 3+1
7

FIG. 3. Summary of the rotations and the following perturbative expansions. We first implemented vacuum rotations in the
(2-3) and sterile sectors, the red circle with text sterile inside indicates the rotations in sterile rotations, i.e. the rotations
represented by Usterile = U34 U24 U14, see Eq. 5; then two matter rotations in (1-3) and (1-2) sectors were performed. After the
series of rotations, the zeroth order approximations of the eigenvalues and eigenvectors achieve O(✏) accuracy. Perturbative
expansions will be used to further improve the precision.

FIG. 4. In the 3+1 scheme, errors of the zeroth, first and second order approximations are presented by red, green and blue
curves, respectively. The light colors (which look like bold shadows in low energy region) are representing true corrections; the
darker ones are showing the expectation values. The exact probability (expectation value) in the 3+1 scheme, which is plotted
by the gray solid (black solid) curve, can be calculated by [3]. As a contrast, the dashed black line is showing the probabilities
in the Standard Model, with Ye⇢ = 1.4 g · cm�3.

IV. OSCILLATION PROBABILITIES AND
DETECTING STERILE NEUTRINOS

In this section we will discuss a possible application
of the perturbative expressions above for detecting ster-

ile neutrinos. The principle of the approach is that one
can calculate the theoretical predictions of the oscilla-
tion probabilities in di↵erent schemes and compare them
with the experimental results. Usually for a given base-

SP, Xining Zhang: arXiv:1905.01356
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Jarlskog Invariant in Matter:

FERMILAB-PUB-19-072-T

Simple and Precise Factorization of the Jarlskog Invariant

for Neutrino Oscillations in Matter

Peter B. Denton⇤

Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA

Stephen J. Parke†

Theoretical Physics Department, Fermi National Accelerator Laboratory, Batavia, IL 60510, USA

For neutrino propagation in matter, we show that the Jarlskog invariant, which controls the size
of true CP violation in neutrino oscillation appearance experiments, factorizes into three pieces: the
vacuum Jarlskog invariant times two simple two-flavor matter resonance factors that control the
matter e↵ects for the solar and atmospheric resonances independently. If the solar e↵ective matter
potential and the atmospheric e↵ective �m2 are chosen carefully for these two resonance factors,
then the fractional corrections to this factorization are an impressive 0.04% or smaller. We also show
that the inverse of the square of the Jarlskog in matter (1/ bJ2) is a fourth order polynomial in the
matter potential which guarantees that it can be factored into two quadratics which immediately
implies the functional form of our approximate, factorized expression.

I. INTRODUCTION

The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and lepton sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
standard parameterization of the PMNS matrix [2, 3],
the Jarlskog invariant is given by

J ⌘ s23c23s13c
2
13s12c12 sin � , (1)

where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
appearance channels, e.g. ⌫µ ! ⌫e, is given by [4]

8J sin�31 sin�32 sin�21 , (2)

where the kinematic phases are given by �jk =
�m2

jkL/4E⌫ with �m2
jk = m2

j � m2
k for an experiment

of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, as in the NOvA

[5], T2K [6], DUNE [7] and T2HK(K) [8, 9] experiments,
the part of the appearance oscillation probability that
depends on the intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by1

a ⌘ 2
p
2GFNeE⌫ . (4)

⇤ pdenton@bnl.gov; 0000-0002-5209-872X
† parke@fnal.gov; 0000-0003-2028-6782
1 GF is the Fermi constant, Ne is the number density of electrons

and E⌫ is the neutrino energy in the matter rest frame.

II. THE APPROXIMATE FACTORIZATION

While the exact expressions for the mixing angles in
matter are extremely complicated [10], it is possible to
relate the Jarlskog invariant in matter to the vacuum
Jarlskog, at the 0.04% level, as simply

J ⇡ S� Satm
bJ , (5)

where

S� =
q

(cos 2✓12 � c213a/�m2
21)

2 + sin2 2✓12 ,

Satm =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 . (6)

Eq. 5 shows simply how to relate the quantity measured
in experiments, bJ , to the amount of CP violation in the
lepton sector, J . The S factors2 are the two-flavor reso-
nance factors associated with the solar and atmospheric
resonances.
The precision scales like O(s213 cos 2✓12(�m2

21/�m2
ee))

and O(s212c
2
12(�m2

21/�m2
ee)

2) leading to an actual frac-
tional precision of ⇠ 0.04% for this factorization. To
achieve this level of precision, we note that the following
are crucial:

• for the solar (1-2) resonance factor, S�, the e↵ective
matter potential is c213a, not just a,

• for the atmospheric (1-3) resonance factor, Satm,
the e↵ective �m2 is

�m2
ee ⌘ c212�m2

31+s212�m2
32 [13, 14], not �m2

31(2).

2 Note that S� can also be written asq
1 � 2 cos 2✓12(c213a/�m2

21) + (c213a/�m2
21)

2 and
q

(1 � c213a/�m2
21)

2 + 4s212(c
2
13a/�m2

21) and similarly for

Satm. Like the Jarlskog invariant, these S factors can also be
written in a convention independent form, see eq. 20. They can
also be written as |e2i✓12 � c213a/�m2

21| and similarly for Satm

which shows where the complex zeros are, see Appendix A.
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of true CP violation in neutrino oscillation appearance experiments, factorizes into three pieces: the
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I. INTRODUCTION

The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and lepton sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
standard parameterization of the PMNS matrix [2, 3],
the Jarlskog invariant is given by

J ⌘ s23c23s13c
2
13s12c12 sin � , (1)

where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
appearance channels, e.g. ⌫µ ! ⌫e, is given by [4]

8J sin�31 sin�32 sin�21 , (2)

where the kinematic phases are given by �jk =
�m2

jkL/4E⌫ with �m2
jk = m2

j � m2
k for an experiment

of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, as in the NOvA

[5], T2K [6], DUNE [7] and T2HK(K) [8, 9] experiments,
the part of the appearance oscillation probability that
depends on the intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by1
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While the exact expressions for the mixing angles in
matter are extremely complicated [10], it is possible to
relate the Jarlskog invariant in matter to the vacuum
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Eq. 5 shows simply how to relate the quantity measured
in experiments, bJ , to the amount of CP violation in the
lepton sector, J . The S factors2 are the two-flavor reso-
nance factors associated with the solar and atmospheric
resonances.
The precision scales like O(s213 cos 2✓12(�m2
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ee))

and O(s212c
2
12(�m2
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ee)

2) leading to an actual frac-
tional precision of ⇠ 0.04% for this factorization. To
achieve this level of precision, we note that the following
are crucial:

• for the solar (1-2) resonance factor, S�, the e↵ective
matter potential is c213a, not just a,

• for the atmospheric (1-3) resonance factor, Satm,
the e↵ective �m2 is
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2 Note that S� can also be written asq
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21)

2 and
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(1 � c213a/�m2
21)
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Satm. Like the Jarlskog invariant, these S factors can also be
written in a convention independent form, see eq. 20. They can
also be written as |e2i✓12 � c213a/�m2
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The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and lepton sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
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the Jarlskog invariant is given by
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where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
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where the kinematic phases are given by �jk =
�m2
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of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, as in the NOvA

[5], T2K [6], DUNE [7] and T2HK(K) [8, 9] experiments,
the part of the appearance oscillation probability that
depends on the intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by1
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Eq. 5 shows simply how to relate the quantity measured
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The precision scales like O(s213 cos 2✓12(�m2

21/�m2
ee))

and O(s212c
2
12(�m2

21/�m2
ee)
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Satm. Like the Jarlskog invariant, these S factors can also be
written in a convention independent form, see eq. 20. They can
also be written as |e2i✓12 � c213a/�m2

21| and similarly for Satm

which shows where the complex zeros are, see Appendix A.

ar
X

iv
:1

90
2.

07
18

5v
2 

 [h
ep

-p
h]

  1
2 

Ju
n 

20
19

⌫̄ ⌫

⌫µ ! ⌫e

– Typeset by FoilTEX – 12

⌫̄ ⌫

⌫µ ! ⌫e

�jk ⌘ �m
2
jk

L

4E

– Typeset by FoilTEX – 12

in Vacuum:

CPV:



Stephen Parke                              BNL/YITP                                    10/23/2019        #                     31

bJ ⇡ J
S�(a) Satm(a)

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

bJ ⇡ J
S�(a) Satm(a)

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

bJ ⇡ J
S�(a) Satm(a)

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

bJ ⇡ J
S�(a) Satm(a)

S’s are two flavor resonance factors: a Solar and an Atmospheric one

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

bJ ⇡ J
S�(a) Satm(a)

S’s are two flavor resonance factors: a Solar and an Atmospheric one

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

c213 correction to matter potential is important

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

�m2
ee not �m2

31/32 for position of the resonance is important

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

bJ ⇡ J
S�(a) Satm(a)

S’s are two flavor resonance factors: a Solar and an Atmospheric one

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

c213 correction to matter potential is important

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

�m2
ee not �m2

31/32 for position of the resonance is important

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

Denton + SP arXiv: 1902.07185



Stephen Parke                              BNL/YITP                                    10/23/2019        #                     32

10�6 10�5 10�4 10�3 10�2 10�1

a [eV2]

10�5

10�4

10�3

10�2

10�1

�
b J/

b J WZ

DP

NO

⌫

⌫̄

CPV In Matter Approximation Precision

2%

0.04%

Peter B. Denton (BNL) 1902.07185 CERN Neutrino Platform: October 8, 2019 26/28

bJ ⇡ J
S�(a) Satm(a)

S’s are two flavor resonance factors: a Solar and an Atmospheric one

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

c213 correction to matter potential is important

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

�m2
ee not �m2

31/32 for position of the resonance is important

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

bJ ⇡ J
S�(a) Satm(a)

S’s are two flavor resonance factors: a Solar and an Atmospheric one

S�(a) =

r
1� 2 cos 2✓12

⇣
c213a

�m2
21

⌘
+

⇣
c213a

�m2
21

⌘2

=
��� 1�

⇣
c
2
13a

�m2
21

⌘
e
i2✓12

���

c213 correction to matter potential is important

Satm(a) =

r
1� 2 cos 2✓13

⇣
a

�m2
ee

⌘
+
⇣

a

�m2
ee

⌘2
=

��� 1�
⇣

a

�m2
ee

⌘
e
i2✓13

���

�m2
ee not �m2

31/32 for position of the resonance is important

Fractional error for this approximation is 0.04%:

s
2
13(�m

2
21/�m

2
ee
) and (�m

2
21/�m

2
ee
)2

– Typeset by FoilTEX – 13

Daya Bay three independent �m
2 measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

WZ: without both
c
2
13 and �m

2
ee

U = U23U13U12

Energy

E = mc2 E = mc2

light gray

– Typeset by FoilTEX – 16



Stephen Parke                              BNL/YITP                                    10/23/2019        #                     33

In Terms of Angles
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Simple and Precise Factorization of the Jarlskog Invariant

for Neutrino Oscillations in Matter

Peter B. Denton⇤

Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA

Stephen J. Parke†

Theoretical Physics Department, Fermi National Accelerator Laboratory, Batavia, IL 60510, USA

For neutrino propagation in matter, we show that the Jarlskog invariant, which controls the size
of true CP violation in neutrino oscillation appearance experiments, factorizes into three pieces: the
vacuum Jarlskog invariant times two simple two-flavor matter resonance factors that control the
matter e↵ects for the solar and atmospheric resonances independently. If the solar e↵ective matter
potential and the atmospheric e↵ective �m2 are chosen carefully for these two resonance factors,
then the fractional corrections to this factorization are an impressive 0.04% or smaller. We also show
that the inverse of the square of the Jarlskog in matter (1/ bJ2) is a fourth order polynomial in the
matter potential which guarantees that it can be factored into two quadratics which immediately
implies the functional form of our approximate, factorized expression.

I. INTRODUCTION

The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and lepton sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
standard parameterization of the PMNS matrix [2, 3],
the Jarlskog invariant is given by

J ⌘ s23c23s13c
2
13s12c12 sin � , (1)

where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
appearance channels, e.g. ⌫µ ! ⌫e, is given by [4]

8J sin�31 sin�32 sin�21 , (2)

where the kinematic phases are given by �jk =
�m2

jkL/4E⌫ with �m2
jk = m2

j � m2
k for an experiment

of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, as in the NOvA

[5], T2K [6], DUNE [7] and T2HK(K) [8, 9] experiments,
the part of the appearance oscillation probability that
depends on the intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by1

a ⌘ 2
p
2GFNeE⌫ . (4)

⇤ pdenton@bnl.gov; 0000-0002-5209-872X
† parke@fnal.gov; 0000-0003-2028-6782
1 GF is the Fermi constant, Ne is the number density of electrons

and E⌫ is the neutrino energy in the matter rest frame.

II. THE APPROXIMATE FACTORIZATION

While the exact expressions for the mixing angles in
matter are extremely complicated [10], it is possible to
relate the Jarlskog invariant in matter to the vacuum
Jarlskog, at the 0.04% level, as simply

J ⇡ S� Satm
bJ , (5)

where

S� =
q

(cos 2✓12 � c213a/�m2
21)

2 + sin2 2✓12 ,

Satm =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 . (6)

Eq. 5 shows simply how to relate the quantity measured
in experiments, bJ , to the amount of CP violation in the
lepton sector, J . The S factors2 are the two-flavor reso-
nance factors associated with the solar and atmospheric
resonances.
The precision scales like O(s213 cos 2✓12(�m2

21/�m2
ee))

and O(s212c
2
12(�m2

21/�m2
ee)

2) leading to an actual frac-
tional precision of ⇠ 0.04% for this factorization. To
achieve this level of precision, we note that the following
are crucial:

• for the solar (1-2) resonance factor, S�, the e↵ective
matter potential is c213a, not just a,

• for the atmospheric (1-3) resonance factor, Satm,
the e↵ective �m2 is

�m2
ee ⌘ c212�m2

31+s212�m2
32 [13, 14], not �m2

31(2).

2 Note that S� can also be written asq
1 � 2 cos 2✓12(c213a/�m2

21) + (c213a/�m2
21)

2 and
q

(1 � c213a/�m2
21)

2 + 4s212(c
2
13a/�m2

21) and similarly for

Satm. Like the Jarlskog invariant, these S factors can also be
written in a convention independent form, see eq. 20. They can
also be written as |e2i✓12 � c213a/�m2

21| and similarly for Satm

which shows where the complex zeros are, see Appendix A.
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FIG. 1. The fractional precision in bJ compares our approx-
imate expression with the exact expression calculated from
[10], or eqs. 15 and 16. The orange curves our approximate
expression from eqs. 5 and 6. The green curves are the ana-
lytic approximation of the precision shown in eq. 19. The yel-
low and blue vertical lines are the solar and atmospheric reso-
nances respectively. The vertical strip is the amount of matter
potential that DUNE will probe. The downward spikes oc-
cur where the exact and approximate expressions cross. The
normal mass ordering (NO) is assumed.

In fig. 1, we have plotted the fractional precision to the
approximation in eq. 5 as a function of the matter poten-
tial for both neutrinos and anti-neutrinos and find that
the expression is precise to the 0.04% level or better. We
have numerically verified that c213 is the optimal correc-
tion, �m2

ee is the optimal atmospheric mass splitting,
and that these results are generally independent of the
mass ordering.

Without the c213 term in S�, or for di↵erent values of
the solar matter potential, the precision is 2-3% inde-
pendent of the atmospheric mass splitting used in Satm.

The precision is O(s213) and O(�m2
21

�m2
ee
), see the expres-

sion in ref. [16]. With the c213 term the precision is bet-
ter, but still at the 2% level, although it is better in
DUNE’s region of interest, down to ⇠ 0.1% � 1%, de-
pending on which atmospheric �m2 is used in the Satm

term. When the atmospheric splitting is �m2
ee, the pre-

cision improves considerably down to the 0.04% level or
better for any matter potential. That is, the precision is
O(s213 cos 2✓12(�m2

21/�m2
ee)), O(s212c

2
12(�m2

21/�m2
ee)

2),
or better for all values of the matter potential. This is
all shown in fig. 2. Our result is the solid orange curve,
(ee, c213) and the result from ref. [16] which is the (ee, 1)
case is the solid blue curve.

We also note that this factorization is far from obvious
from the context of angles as well. First, the ✓23 and �
sector can be factored in a straightforward fashion by the
Toshev identity [17]

sin 2b✓23 sin b� = sin 2✓23 sin � . (7)

FIG. 2. The figure is the same as fig. 1 for neutrinos only. We
now vary the �m2 that appears in Satm and the correction
to the matter potential that appears in S�. Our solution is
shown in the solid orange curve and is clearly the most precise
in general and, in particular, for DUNE’s region of interest.
The result from [16] is the blue solid curve.

This statement is further enhanced by the fact that it
is numerically known that b✓23 and b� don’t vary much in
matter. After factoring out those two parameters, this
leaves sc13c

2
c13sc12cc12 = bJ/sc23cc23 sin b�. This term can be

further factored into two terms where one is governed
by the atmospheric mass splitting and the other by the
solar mass splitting. For the atmospheric splitting, the
factorization is simple

sc13cc13 ⇡ s13c13 /Satm , (8)

Eq. 8, follows directly from the zeroth order approxima-
tion of DMP [18].
Counterintuitively, for the solar splitting

cc13sc12cc12 ⇡ c13s12c12 /S� . (9)

The extra cc13 is required on the LHS of eq. 9 to give the
LHS the same a ! 1 limit as the RHS. There is no direct
analog in DMP for eq. 9. Each of these approximations,
eqs. 8-9, are precise at the 0.4% level. However, when
combined, there is a further cancellation and the product
has a precision of 0.04%. This returns us to our primary
result, eq. 5.

III. UNDERSTANDING THE PRECISION

In order to understand why eqs. 5 and 6 achieve such
precision and to estimate the precision in this factor-
ization analytically, we use the exact Naumov-Harrison-
Scott (NHS) identity [19, 20],

bJ�cm2
32�cm2

31�cm2
21 = J�m2

32�m2
31�m2

21 , (10)Toshev ID exact
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Eq. 8, follows directly from the zeroth order approxima-
tion of DMP [18].
Counterintuitively, for the solar splitting

cc13sc12cc12 ⇡ c13s12c12 /S� . (9)

The extra cc13 is required on the LHS of eq. 9 to give the
LHS the same a ! 1 limit as the RHS. There is no direct
analog in DMP for eq. 9. Each of these approximations,
eqs. 8-9, are precise at the 0.4% level. However, when
combined, there is a further cancellation and the product
has a precision of 0.04%. This returns us to our primary
result, eq. 5.

III. UNDERSTANDING THE PRECISION

In order to understand why eqs. 5 and 6 achieve such
precision and to estimate the precision in this factor-
ization analytically, we use the exact Naumov-Harrison-
Scott (NHS) identity [19, 20],

bJ�cm2
32�cm2

31�cm2
21 = J�m2

32�m2
31�m2

21 , (10)

DP2019:  -0.4%

Combined 0.04%
(cancellation)
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which is small away from vacuum as desired. In particu-
lar, it is < 1 for |E| > 1 GeV. See appendix D for details
and numerical confirmation of each region.

VII. CONCLUSIONS

In this paper, we have demonstrated that

�cm2
ee ⌘ cm2

3 � (cm2
1 + cm2

2)

� [m2

3
� (m2

1
+m2

2
)] +�m2

ee (36)

⇡ �m2

ee

q
(cos 2✓13 � a/�m2

ee)
2 + sin2 2✓13 ,

is the matter generalization of vacuum �m2

ee that has
been widely used by the short baseline reactor experi-
ments Daya Bay and RENO and will be precisely mea-
sured (< 1%) in the medium baseline JUNO experiment.
The exact and approximate expressions in the above
equation di↵er by no more than 0.06%. Another nat-

ural choice called �cm2
EE is numerically very close to

�cm2
ee but does not provide the ability to simply rewrite

the eigenvalues as �cm2
ee does.

For ⌫e disappearance in matter the position of the first
oscillation minimum, for fixed neutrino energy E, is given
by

L =
2⇡E

�cm2
ee

, (37)

and the depth of the minimum is controlled by

sin2 2b✓13 ⇡ sin2 2✓13

 
�m2

ee

�cm2
ee

!2

, (38)

⇡
sin2 2✓13

(cos2 2✓13 � a/�m2
ee)

2 + sin2 2✓13

.

This two-flavor approximate expression is not only simple
and compact, but it is precise to within < 1% precision
at the first oscillation minimum8.

The combination of�cm2
ee and�cm2

21 is very powerful
for understanding the e↵ects of matter on the eigenvalues
and the mixing angles of the neutrinos. In this article we

have illuminated the exact nature of �cm2
ee and �cm2

21

which were extensively used in DMP [10, 12].
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⇤
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⇢
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Appendix B: DMP Approximate Expression

Here we review the approximate expressions for the
mixing angles and eigenvalues derived in [10]. The result
of the 13 rotation yields
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ee = �m2

ee

q
(cos 2✓13 � a/�m2

ee)
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ee

. (B2)
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FIG. 3. Here we demonstrate the validity of the two-flavor
approximation by plotting eq. 32 showing the expected si-
nusoidal dependence. Here Pa is the exact three flavor ⌫e

disappearance probability. Note the small deviations due to
the 21 term that grow as the phase |b�ee| increases for small
energies.

�cm2
ee are nontrivial functions of E, the correct option

is to use dPa/dL = 0.
In order to numerically test the various expressions,

we find the location L of the first minimum by solving
dPa/dL = 0 for a given E using the full three-flavor ex-
pressions. We then convert the (L,E) pair at the first

minimum into the corresponding �cm2
ee using

�cm2
eeL

4E
=

⇡

2
. (33)

Next, we compare the di↵erence between this numeric so-
lution and the expressions presented in this paper, eqs. 4,
19, and 23. We also compare to the approximate analytic
solution from [16] (HM), see appendix C. This compari-
son is shown in fig. 4.

When determining the minimum from the exact ex-

pression, a two-flavor expression using only �cm2
ee will

get the �m2

31
and �m2

32
terms correct including matter

e↵ect, but will always be o↵ by �m2

21
terms. Thus in

fig. 4 we don’t include the e↵ect of the 21 term which
will a↵ect any two-flavor approximation comparably.

We see that for either eq. 6 or eq. 23 the agreement
is excellent with relative error < 0.2%. In addition, the
two expressions clearly agree with each other to a higher
level of precision than is necessary. For the HM expres-
sion the agreement is good for anti-neutrinos and in the
high energy limit, but is poor in a broad range near the
atmospheric resonance for neutrinos. In addition, we
have modified the HM expression by taking the absolute
value so that the HM expression asymptotically returns
to the correct expression past the atmospheric resonance
for neutrinos.

FIG. 4. We show the fractional error (�x/x) of various dif-

ferent �cm2
ee expressions with the precise numerical one de-

termined at the point where dPa/dL = 0, see eq. 33. For the

exact numerical expression we ignore the �cm2
21 term as no

definition will get it correct. The ee curve uses the formula
from eq. 4 and the EE curve uses the formula from eq. 19.
The DMP curve uses the zeroth order expressions [10] in the
same formula which leads to the simple expression shown in
eq. 23. The HM curve uses the expression from [16] and takes
the absolute value to get the sign correct for large E, see ap-
pendix C. We have fixed ⇢ = 3 g/cc and assumed the NO.
E > 0 corresponds to neutrinos, E < 0 corresponds to anti-
neutrinos, and E = 0 corresponds to the vacuum.

We have also compared �cm2
ee with the exact solution

including the �m2

21
term and found agreement to better

than 1%.

B. Analytic Comparison

We now analytically estimate the precision of the two-
flavor expression, for both the small E (large L) limit
and the large E (small L) limit.

First, if �cm2
21 ⌧ |�cm2

ee| then at the nth oscillation
minimum the ratio of the 21 term to the ee term is well
approximated by

�m2

21

�m2
ee

[(2n � 1)⇡/4]2 , (34)

as derived in appendix D. For the first (second) oscillation
peak this yields an error estimate of < 2% (16%); this
two-flavor approach breaks down for n > 5 when the
ratio is > 1.
The second case is when �cm2

21 ' |�cm2
ee|, which

occurs away from vacuum (high E, low L), and the ratio
of the 21 coe�cient to the ee coe�cient is

c4c13 sin
2 2b✓12

sin2 2b✓13

=
|bUe1|

2
|bUe2|

2

|bUe3|
2(1 � |bUe3|

2)
, (35)
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In this paper we generalize the concept of an e↵ective �m2
ee for ⌫e/⌫̄e disappearance experiments,

which has been extensively used by the short baseline reactor experiments, to include the e↵ects
of propagation through matter for longer baseline ⌫e/⌫̄e disappearance experiments. This gener-
alization is a trivial, linear combination of the neutrino mass squared eigenvalues in matter and
thus is not a simple extension of the usually vacuum expression, although, as it must, it reduces
to the correct expression in the vacuum limit. We also demonstrated that the e↵ective �m2

ee in
matter is very useful conceptually and numerically for understanding the form of the neutrino mass
squared eigenstates in matter and hence for calculating the matter oscillation probabilities. Finally
we analytically estimate the precision of this two-flavor approach and numerically verify that it is
precise at the sub-percent level.

I. INTRODUCTION

Since the discovery that neutrinos oscillate [1, 2]
tremendous progress has been made in understanding
their properties. The oscillation parameters are all either
well-measured or will be with the advent of next genera-
tion experiments. As the final parameters are measured,
precision in the neutrino sector becomes more important
than ever.

In vacuum, an e↵ective two-flavor oscillation picture
was presented in [3] for calculating the ⌫e ! ⌫e disap-
pearance probability which introduced an e↵ective �m2,

�m2

ee ⌘ cos2 ✓12�m2

31
+ sin2 ✓12�m2

32
, (1)

which precisely and optimally determines the shape of
the disappearance probability around the first oscillation
minimum. That is, even in the three favor framework,
for ⌫e disappearance in vacuum (P0), the two-flavor ap-
proximation

P0(⌫e ! ⌫e) : ⇡ 1 � sin2 2✓13 sin
2 �ee, (2)

where �ee ⌘ �m2

eeL/(4E) ,

is an excellent approximation at least over the first os-
cillation. �m2

ee has been widely used by the short base-
line reactor experiments, Daya Bay [4] and RENO [5] in
their shape analyses around the first oscillation minimum
and will be precisely measured to better than 1% in the
medium baseline JUNO [6] experiment.

The matter generalization of the three-flavor ⌫e dis-
appearance probability in matter (Pa) can also be ade-
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quately approximated by a two-flavor disappearance os-
cillation probability in matter

Pa(⌫e ! ⌫e) ⇡ 1 � sin2 2✓13

 
�m2

ee

�cm2
ee

!2

sin2 b�ee , (3)

where b�ee ⌘ �cm2
eeL/(4E) ,

and bx denotes the exact matter version of a variable and
is a function of the Wolfenstein matter potential [7]. This

new �cm2
ee would be the dominant frequency, over the

first few oscillations, for ⌫e disappearance at a potential
future neutrino factory [8] in the same way that �m2

ee is
for short baseline reactor experiments. As we will find in
section II,

�cm2
ee ⌘ cm2

3 � (cm2
1 + cm2

2)

� [m2

3
� (m2

1
+m2

2
)] +�m2

ee (4)

satisfies all of the necessary criteria to describe ⌫e disap-
pearance in matter in the approximate two-flavor picture
of eq. 3 above and trivially reproduces eq. 1 in vacuum.

We will also discuss an alternate expression �cm2
EE

which numerically behaves quite similarly, but is some-
what less useful analytically.
The layout of this paper is as follows. In section II we

define the matter version of �m2

ee denoted �cm2
ee. We

review the connection between the three-flavor and two-
flavor expressions in section III which naturally leads to a

slightly di↵erent expression dubbed �cm2
EE . In section

IV we show how the natural definition of �cm2
ee matches

the expression given from a perturbative description of
oscillation probabilities. We analytically and numerically
show that both expressions are very close in section V.
We perform the numerical and analytical calculations to
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method insensitive to the correlated uncertainties of ex-
pected reactor ⌫e flux and spectrum as well as detection
efficiency. For determination of |�m2

ee| and ✓13 simul-
taneously, a �2 with pull parameter terms of systematic
uncertainties is constructed using the spectral ratio mea-
surement and is minimized by varying the oscillation pa-
rameters and pull parameters as described in Refs. [7, 8].

The systematic uncertainty sources are embedded by
pull parameters with associated systematic uncertainties.
The pull parameters allow variations from the expected
far-to-near ratio of IBD events within their corresponding
systematic uncertainties. The uncorrelated reactor-flux
uncertainty is 0.9%, the uncorrelated detection ratio un-
certainty is 0.21%, the uncorrelated energy scale uncer-
tainty is 0.15%, and the background uncertainty is 5.61%
and 3.26% for far and near detectors, respectively.

The best-fit values obtained from the rate and spec-
tral analysis are sin2 2✓13 = 0.0896 ± 0.0048(stat) ±
0.0047(syst) and |�m2

ee| = [2.68 ± 0.12(stat) ±
0.07(syst)] ⇥ 10�3 eV2 with �2/NDF = 47.4/66, where
NDF is the number of degrees of freedom. The statis-
tical errors are reduced almost by a factor of two with
respect to the previous measurement [7, 8]. The sys-
tematic error of |�m2

ee| is significantly reduced by 45%
while that of sin2 2✓13 is reduced by 15%. The back-
ground uncertainty contributes ±0.0021 to the system-
atic error of sin2 2✓13. The dominant contribution to the
systematic error is due to the uncertainties of reactor flux
(±0.0032) and detection efficiency (±0.0032). The sys-
tematic error of |�m2

ee| comes mostly from the energy
scale uncertainty. The measured value of |�m2

ee| corre-
sponds to |�m2

32| = (2.63± 0.14)⇥ 10�3 eV2 for the nor-
mal neutrino mass ordering and (2.73± 0.14)⇥ 10�3 eV2

for the inverted neutrino mass ordering, using measured
oscillation parameters of sin2 ✓12 = 0.307 ± 0.013 and
�m2

21 = (7.53± 0.18)⇥ 10�5 eV2 [20].
Figure 2 shows the background-subtracted, IBD

prompt energy spectrum at the far detector compared to
the one expected with no oscillation and the one expected
with the best-fit oscillation parameters at the far detec-
tor. The expected spectrum with no oscillation at the
far detector is obtained by weighting the measured spec-
trum at the near detector with no-oscillation assumptions
in order to include the 5-MeV excess. The expected spec-
trum with the best-fit oscillation parameters is obtained
by applying the measured values of sin2 2✓13 and |�m2

ee|
to the one expected with no oscillation at the far detec-
tor. The observed spectrum at the far detector shows a
clear energy dependent disappearance of reactor ⌫e con-
sistent with neutrino oscillations. Figure 3 shows 68.3,
95.5, and 99.7% C.L. allowed regions for the neutrino
oscillation parameters |�m2

ee| and sin2 2✓13.
The survival probability of reactor ⌫e is a function of

a baseline over neutrino energy. Because of having mul-
tiple reactors as neutrino sources, an effective baseline
Le↵ is defined by the reactor-detector distance weighted
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FIG. 2. Top: comparison of the observed IBD prompt spec-
trum in the far detector (dots) with the no-oscillation predic-
tion (blue shaded histogram) obtained from the measurement
in the near detector. The prediction from the best-fit os-
cilation parameters is also shown (yellow shaded histogram).
Both blue and yellow bands represent uncertainties. Bottom:
ratio of IBD events measured in the far detector to the no-
oscillation prediction (dots) and the ratio from the MC simu-
lation with best-fit results folded in (shaded band). Errors
include the statistical and background subtraction uncertain-
ties.

13θ22sin
0 0.05 0.1 0.15 0.2

)2
 e

V
-3

  (
10


ee2

m
∆  2

2.5

3

3.5
Rate+Spectrum
Rate-only

99.7% C.L.
95.5% C.L.
68.3% C.L.

)
13
θ(22sin

0 0.05 0.1 0.15 0.2

2 χ
∆ 2

4
6 Rate+Spectrum

Rate-only

2χ∆
0 2 4 6

2

2.5

3

3.5

FIG. 3. Allowed regions of 68.3, 95.5, and 99.7% C.L. in the
|�m2
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|�m2

ee| (right) are also shown with an 1� band. The rate-only
result for sin2 2✓13 is shown by the cross.

by the IBD event rate from each reactor. Figure 4 shows
the measured survival probability of reactor ⌫e in the far
detector as a function of an effective baseline Le↵ over
⌫e energy E⌫ . The observed Le↵/E⌫ distribution is ob-
tained by summing up the daily distributions weighted
by a daily IBD rate. The measured survival probability
is obtained by the ratio of the observed IBD events to the

RENO 2200 days
5
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FIG. 4. Measured reactor ⌫e survival probability in the far
detector as a function of Le↵/E⌫ . The curve is a predicted
survival probability, obtained from the observed probability
in the near detector, for the best-fit values of |�m2

ee| and
sin2 2✓13. The Le↵/E⌫ value of each data point is given by
the average of the counts in each bin.

expected ones with no oscillation in each bin of Le↵/E⌫ .
A predicted survival probability is obtained from the ob-
served probability distribution in the near detector and
the best-fit oscillation values. A clear Le↵/E⌫-dependent
disappearance of reactor ⌫e is observed and demonstrates
the periodic feature of neutrino oscillation.

In summary, RENO has observed clear energy depen-
dent disappearance of reactor ⌫e using two identical de-
tectors, and obtains sin2 2✓13 = 0.0896 ± 0.0068 and
|�m2

ee| = (2.68 ± 0.14) ⇥ 10�3 eV2 based on the mea-
sured periodic disappearance expected from neutrino os-
cillations. With the increased statistics of the 2 200 day
data sample and the reduced background rates, RENO
has produced a precise measurement of the reactor ⌫e
oscillation amplitude and frequency. The measured un-
certainty is reduced from 0.0100 to 0.0068 for sin2 2✓13
and from 0.25⇥ 10�3 eV2 to 0.14⇥ 10�3 eV2 for |�m2

ee|,
relative to the previous measurement [7, 8]. The RENO’s
measured values of sin2 2✓13 and |�m2

32| are compared
with other experimental results in Fig. 5. It would pro-
vide an important information on the determination of
the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment.
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TABLE I. Summary of signal and backgrounds. Rates are corrected for the muon veto and multiplicity selection efficiencies "µ · "m. The
procedure for estimating accidental, fast neutron, Am-C, and (↵,n) backgrounds is unchanged from Ref. [7].

EH1 EH2 EH3
AD1 AD2 AD3 AD8 AD4 AD5 AD6 AD7

⌫e candidates 830036 964381 889171 784736 127107 127726 126666 113922
DAQ live time (days) 1536.621 1737.616 1741.235 1554.044 1739.611 1739.611 1739.611 1551.945

"µ ⇥ "m 0.8050 0.8013 0.8369 0.8360 0.9596 0.9595 0.9592 0.9595
Accidentals (day�1) 8.27± 0.08 8.12± 0.08 6.00± 0.06 5.86± 0.06 1.06± 0.01 1.00± 0.01 1.03± 0.01 0.86± 0.01

Fast neutron (AD�1 day�1) 0.79± 0.10 0.57± 0.07 0.05± 0.01
9Li/8He (AD�1 day�1) 2.38± 0.66 1.59± 0.49 0.19± 0.08

Am-C correlated(day�1) 0.17± 0.07 0.15± 0.07 0.14± 0.06 0.13± 0.06 0.06± 0.03 0.05± 0.02 0.05± 0.02 0.04± 0.02
13C(↵, n)16O (day�1) 0.08± 0.04 0.06± 0.03 0.04± 0.02 0.06± 0.03 0.04± 0.02 0.04± 0.02 0.04± 0.02 0.04± 0.02

⌫e rate (day�1) 659.36± 1.00 681.09± 0.98 601.83± 0.82 595.82± 0.85 74.75± 0.23 75.19± 0.23 74.56± 0.23 75.33± 0.24

and distance from each core, and oscillation probability. The
6-AD, 8-AD, and 7-AD periods are treated separately in order
to properly handle correlations in reactor ⌫e flux, detector
response, and background.

To evaluate the oscillation parameters, a �2 is defined
in Eq. 3, where the statistical component of the covariance
matrix V is estimated analytically, and the systematic
component is evaluated from simulations:

�2 =
X

i,j

(N far,obs
j �N far,pred

j )(V �1)ij(N
far,obs
i �N far,pred

i ).

(3)
This approach is described in detail as Method A in Ref. [7].

Using this method, values of sin2 2✓13=0.0856±0.0029
and �m2

ee=(2.522+0.068
�0.070)⇥10�3 eV2 are obtained, with

�2/NDF = 148.0/154. Consistent results are obtained
using Methods B or C in Ref. [7]. Analysis using the exact
⌫e disappearance probability for three-flavor oscillations
yields �m2

32 = (2.471+0.068
�0.070) ⇥ 10�3 eV2 (�m2

32 =

�(2.575+0.068
�0.070) ⇥ 10�3 eV2) assuming normal (inverted)

hierarchy. Statistics contribute 60% (50%) to the total
uncertainty in the sin2 2✓13 (�m2

ee) measurement. The
systematic uncertainty of sin2 2✓13 is dominated by the
detection efficiency uncertainty uncorrelated among detectors
and the reactor ⌫e flux prediction, while that of �m2

ee is
dominated by the uncorrelated energy scale uncertainty.

The reconstructed prompt energy spectrum observed in the
far site is shown in Fig. 3, as well as the best-fit predictions.
The 68.3%, 95.5%, and 99.7% C.L. allowed regions in the
�m2

ee- sin2 2✓13 plane are shown in Fig. 4.
In summary, new measurements of sin2 2✓13 and �m2

ee are
obtained with 1958 days of data and reduced systematic
uncertainties. This is the most precise measurement of
sin2 2✓13, and the precision of �m2

32 is comparable to that
of the accelerator-based experiments [17–19].

Daya Bay is supported in part by the Ministry of Science
and Technology of China, the U.S. Department of Energy,
the Chinese Academy of Sciences, the CAS Center for
Excellence in Particle Physics, the National Natural Science
Foundation of China, the Guangdong provincial government,
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on the kinematic phases are satisfied,

0 < |�31| ⇡ |�32| < ⇡ ) 0 < �21 < 0.1, (8)

and some elements of eqn. 2 dependent on higher powers of �21. These elements are

• The modulation of the ✓13 oscillation amplitude which when expanded in powers of
�21 is given by

q
(1� sin2 2✓12 sin

2 �21) = 1� 2 sin2 ✓12 cos
2 ✓12�

2
21 +O(�4

21) (9)

= 1 +O(< 10�3) (10)

Remember, this amplitude modulation factor is multiplied by 1
2 sin

2 2✓13 ⇠ 0.05. Re-
ducing the e↵ect of the amplitude modulation to less than one part in 104.

• The advancement or retardation of the kinematic phase, ⌦, caused by � whose sign
depends on the mass ordering. For small values of �21 the advancing/retarding phase
can be written as

� =
1

3
cos 2✓12 sin

2 2✓12�
3
21 +O(�5

21) (11)

then using this approximation in the kinematic phase ⌦, we have

cos(2|�ee| ± �) = cos(2|�ee|) cos�⌥ sin(2|�ee|) sin�

= cos(2|�ee|)⌥
1

3
cos 2✓12 sin

2 2✓12�
3
21 sin(2|�ee|) +O(�5

21)

(12)

= cos(2|�ee|) +O(< 10�4)

Again remember, that we have a further reduction by 1
2 sin

2 2✓13 ⇠ 0.05. Making
the phase advancement or retardation significantly smaller than even the amplitude
modulation for these experiments.

Using this information in the ⌫e survival probability, we can replace eqn. 2 by

Pshort(⌫̄e ! ⌫̄e) = 1� cos4 ✓13 sin
2 2✓12 sin

2 �21 � sin2 2✓13 sin
2
|�ee|. (13)

which is accurate to better than one part in 104. In Fig. 3 the fractional di↵erence between
eqn. 2 and 13 is shown for an experiment with a baseline of 1.6 km. Since the measurement
uncertainty on the ⌫e survival probability is much greater (> 0.01%) than the di↵erence
between the exact, eqn. 2, and the approximate, eqn. 13, survival probabilities, use of
either will result in the same measured values of the parameters sin2 2✓13 and |�m2

ee
| i.e.

the measurement uncertainties will dominate.
If new, extremely precise, short baseline experiments ever need a more accurate survival

probability, one could easily add the first correction of the amplitude modulation, giving

Pxshort(⌫̄e ! ⌫̄e) = 1� cos4 ✓13 sin
2 2✓12 sin

2 �21

� sin2 2✓13 [ sin2
|�ee|+ sin2 ✓12 cos

2 ✓12�
2
21 cos(2|�ee|) ] (14)

and this would improve the accuracy of the approximation to better than one part in 105.
An alternative way to derive these approximate survival probability, eqn 13 & 14, is given

in the Appendix V.
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I. INTRODUCTION

The short baseline reactor experiments, Daya Bay [1], RENO [2], and Double Chooz [3] ,
have been very successful in determining the electron neutrino flavor content of the neutrino
mass eigenstate with the smallest amount of ⌫e, the state usually labelled ⌫3. The parameter
which controls the size of this flavor content is the mixing angle ✓13, in the standard PDG
convention1, and the current measurements indicate that sin2 2✓13 ⇡ 0.09 with good precision
(⇠ 5%).

The mass of the ⌫3 eigenstate, has a mass squared splitting from the other two mass
eigenstates, ⌫1 and ⌫2, of approximately ±2.4 ⇥ 10�3 eV2 given by �m2

31 ⌘ m2
3 � m2

1 and
�m2

32 ⌘ m2
3 � m2

2, the sign determines the atmospheric mass ordering. The mass squared
di↵erence between, ⌫2 and ⌫1, �m2

21 ⌘ m2
2�m2

1 ⇡ +7.5⇥10�5 eV2 is about 30 times smaller
than both �m2

31 and �m2
32, hence �m2

31 ⇡ �m2
32. However, the di↵erence between �m2

31

and �m2
32 is ⇠3%.

Recently, two of these reactor experiments, Daya Bay, see [4] - [6] and RENO [7], have
extended their analysis of their data, from just fitting sin2 2✓13, to a two parameter fit of
both sin2 2✓13 and an e↵ective �m2. The measurement uncertainty on this e↵ective �m2

is approaching the di↵erence between �m2
31 and �m2

32. So it is now a pertinent question
“What is the physical meaning of this e↵ective �m2?” Clearly, the e↵ective �m2 measured
by these experiments is some combination of �m2

31 and �m2
32. Answering the question

“What is the combination of �m2
31 and �m2

32 is measured in such a short baseline reactor
experiment?” is the primary purpose of this paper,

The outline of this paper is as follows: in Section II the ⌫̄e survival probability is calculated
in terms of an e↵ective �m2 which naturally arises in this calculation, then this definition is
applied to the short baseline reactor experiments, L/E < 1 km/GeV. In Section III, I review
other possible definitions of an e↵ective �m2, including the two invented by the Daya Bay
collaboration. These new e↵ective �m2’s are either essentially equal to the e↵ective �m2

of section II or are L/E dependent. This is followed by a conclusion and two appendices.

II. ⌫̄e SURVIVAL PROBABILITY IN VACUUM:

The exact ⌫̄e survival probability in vacuum, see Fig. 1, is given by2

Px(⌫̄e ! ⌫̄e) = 1� 4|Ue2|
2
|Ue1|

2 sin2 �21

�4|Ue3|
2
|Ue1|

2 sin2 �31 � 4|Ue3|
2
|Ue2|

2 sin2 �32

= 1� cos4 ✓13 sin
2 2✓12 sin

2 �21

� sin2 2✓13 (cos2 ✓12 sin
2 �31 + sin2 ✓12 sin

2 �32), (1)

using �ij ⌘ �m2
ij
L/4E.

1 A more informative notation for mixing angles (✓12, ✓13, ✓23) is (✓e2, ✓e3, ✓µ3), respectively, such that

Ue2 = cos ✓e3 sin ✓e2, Ue3 = sin ✓e3e�i� and Uµ3 = cos ✓e3 sin ✓µ3.
2 The standard PDG conventions with the kinematical phase given by �ij ⌘ �m

2
ijL/4E or 1.267 �m

2
ijL/E

depending on whether one is using natural or (eV2, km, MeV) units. Also, matter e↵ects shift the �m
2

by (1 +O(E/10GeV )), where E < 10 MeV, so are negligible for typical reactor neutrinos experiments.

2
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Daya Bay three independent �m
2 measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

WZ: without both
c
2
13 and �m

2
ee

U = U23U13U12

(or sin2�Y Y ⌘ cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32)

Mass Ordering comes in at �3
21

⌫e average
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What Do the Experiments Do ?

Daya Bay and RENO fit their L/E data to:

• Pee ⇡ 1� cos
4 ✓13 sin

2
2✓12 sin

2
�21� sin

2
2✓13 sin

2
�ee

– Typeset by FoilTEX – 7

�m2
31 = �m2

ee + s212�m2
21 and �m2

32 = �m2
ee � c212�m2

21

where �m2
ee = c212�m2

31 + s212�m2
32

DB: �ee ⇠ ⇡/2 and �m
2
21

�m2
ee

⇠ 0.03, then �21 ⇠ ⇡/60

Perform Taylor Series expansion
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Energy

E = mc2 E = mc2
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• To demonstrate these facts, I have plot four di↵erent �m2’s as
functions of L/E in the figure:

1. �m2
31
, L/E independent

2. �m2
32
, L/E independent

3. �m2
ee|DB ⌘

�
4E
L

�
arcsin

q
(c212 sin

2 �31 + s212 sin
2 �32)

�

(this is the solution to eqn(1)) which as you can see from the figure is
L/E dependent and is ambiguous near L/E ⇡ 0.5 km/MeV. (Oscillation
Maximum)

4. �m2
ee|NPZ = c212�m

2
31 + s212�m

2
32. This was first defined in NPZ

(reference below) and is also L/E independent. It is the ⌫e weighted
average of �m2

31
and �m2

32
!
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Note by Stephen Parke (parke@fnal.gov)

Fermilab, June 3 2015:

The Daya Bay experiment in arXiv:1505.03456, footnote (8), defines
�m2

ee via

sin
2
�ee ⌘ c2

12
sin

2
�31 + s2

12
sin

2
�32 (1)

with �ij ⌘
�m2

ijL

4E and s2
12

= sin
2 ✓12 = 1� c2

12
.

Unfortunately, this definition of �m2
ee su↵ers from two maladies:

• It is L/E dependent !

• It is multiply defined in the region L/E ⇡ 0.5 km/MeV, the central L/E
of DB’s far detectors!

– Typeset by FoilTEX – 1

SP arXiv:1601.07464

�m2
31 = �m2

ee + s212�m2
21 and �m2

32 = �m2
ee � c212�m2

21

where �m2
ee = c212�m2

31 + s212�m2
32

DB: �ee ⇠ ⇡/2 and �m
2
21

�m2
ee

⇠ 0.03, then �21 ⇠ ⇡/60

perform Taylor Series expansion:

No linear term in �21

10�3

�P
P

⇠ 10�4 for Daya Bay and RENO
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FIG. 4: Daya Bay’s original definition, see [4] and [5], for an e↵ective �m
2, �m

2
Y Y

, is given by
the solid red line. Notice the sizeable L/E dependence near oscillation minimum and maximum
(vertical black dotted lines). At all oscillation extrema, this definition is discontinuous and the size
of the discontinuity is sin 2✓12�m

2
21 ⇠ 3%. The first discontinuity occurs in the middle of the

experimental data of the Daya Bay, RENO and Double Chooz experiments. The L/E independent
lines: �m

2
ee ⌘ cos2 ✓12�m

2
31 + sin2 ✓12�m

2
32 is the blue dashed, �m

2
31 and �m

2
32 are the labelled

black lines. This figure is for normal mass ordering with sin2 ✓12 = 0.30 and �m
2
ee = 2.453⇥ 10�3

eV2.

The relationship between Daya Bay’s �m2
Y Y

and that of the previous section is as follows

�m2
Y Y

|L/E!0 = �m2
ee

vuut
 
1 + sin2 ✓12 cos2 ✓12

✓
�m2

21

�m2
ee

◆2
!

. (23)

Therefore they are identical up to corrections of O(10�4) as L/E ! 0.
Given that �m2

Y Y
is L/E dependent one should take the average of �m2

Y Y
over the L/E

range of the experiment

h�m2
Y Y

i =

R (L/E)max

(L/E)min
d(L/E) �m2

Y Y

[(L/E)max � (L/E)min]
. (24)

For the current experiments this range is from [0,0.8] km/MeV and then from Fig, 4 it is
clear that

h�m2
Y Y

i ⇡ �m2
ee
, (25)

if the discontinuity at OM is averaged over in a symmetric way. In practice, of course, one
needs to weight the average over the L/E range by the experimental L/E sensitivity. This
is something that can only be performed by the experiment. This was not performed in ref.
[4] or [5].

9

3%

What Do the Experiments Do ?

Daya Bay and RENO fit their L/E data to:

• Pee ⇡ 1� cos
4 ✓13 sin

2
2✓12 sin

2
�21� sin

2
2✓13 sin

2
�ee
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YY

�m2
31 = �m2

ee + s212�m2
21 and �m2

32 = �m2
ee � c212�m2

21

where �m2
ee = c212�m2

31 + s212�m2
32

DB: �ee ⇠ ⇡/2 and �m
2
21

�m2
ee

⇠ 0.03, then �21 ⇠ ⇡/60

perform Taylor Series expansion:

No linear term in �21

10�3

�P
P

⇠ 10�4 for Daya Bay and RENO

fit with constant �m
2
Y Y
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Daya Bay I:

arXiv:1310.6732 
+ 1505.03456v1  

�m2
Y Y ⌘

⇣
4E
L

⌘
arcsin

q
(cos2 ✓12 sin2�31 + sin2 ✓12 sin2�32)

�
.

– Typeset by FoilTEX – 19

Daya Bay three independent �m
2 measurements:

�m2
ee
, |�m2

32|NO, |�m2
32|IO

sin2 ✓13, �m2
ee

and �m2
21

✏ ⌘ �m
2
21

�m2
ee

⇠ 0.03 sin2 ✓13 ⇠ 0.02

WZ: without both
c
2
13 and �m

2
ee

U = U23U13U12

(or sin2�Y Y ⌘ cos2 ✓12 sin
2�31 + sin2 ✓12 sin

2�32)

Energy

E = mc2 E = mc2
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Daya Bay 2

FIG. 5: Daya Bay’s new definition, see [6], of an e↵ective �m
2, �m

2
ZZ

, for ⌫̄e disappearance
compared �m

2
ee ⌘ cos2 ✓12�m

2
31 + sin2 ✓12�m

2
32. The L/E range appropriate for JUNO and

RENO-50 is 6 to 25 km/MeV, exactly the range in which �m
2
ZZ

changes by ±1%. Yet, the
expected accuracy of these two experiments is better than 0.5%. The sign of the variation of
�m

2
ZZ

is mass ordering dependent. The blue and red dashed lines are �m
2
31 for NO and IO

respectively.

C. Daya Bay’s New Definition of the E↵ective �m
2

After the issue with �m2
Y Y

was pointed out to the Daya Bay collaboration [11], the Daya
Bay collaboration defined a new e↵ective �m2 in the supplemental material of ref. [6]. Here
I will use the symbol �m2

ZZ
for this new definition which is defined in terms of the kinematic

phase, ⌦, given eqn. 3, as

�m2
ZZ

⌘
2E

L
⌦, (26)

= |�m2
ee
| ±

2E

L
�.

Unfortunately, since � is not a linear function in L/E, �m2
ZZ

is also L/E dependent. In

contrast remember, from eqn. 4, �m2
ee
⌘

@ ⌦
@(L/2E)

��� L
E!0 .

For short baseline experiments, such as Daya Bay, RENO and Double Chooz, this de-
pendence is small, and can be calculated analytically from eqn. (11),

�m2
ZZ

= |�m2
ee
|


1±

1

6
cos 2✓12 sin

2 2✓12

✓
�m2

21

�m2
ee

◆
�2

21 +O

✓✓
�m2

21

�m2
ee

◆
�4

21

◆�

⇡ |�m2
ee
|

"
1± 6⇥ 10�6

✓
L/E

0.5 km/MeV

◆2
#
. (27)
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We comment on Daya Bay’s latest definition of the e↵ective �m2 for short baseline reactor ⌫̄e
disappearance experiments used in [1].

In [1], Daya Bay (DB) uses their latest definition of
�m2

ee which obfuscates the simple relationship between
such an e↵ective �m2 and the fundamental parameters
of the neutrino sector. Furthermore, this definition of
�m2

ee is baseline divided by neutrino energy (L/E) de-
pendent. Dependence on L/E implies dependence on the
proper time between production and detection of the ob-
served neutrinos, i.e. the proper age of the neutrinos
[2]. This new definition is approximately constant for
the Daya Bay experiment (L/E < 1 km/MeV), unlike
DB’s earlier definition, [3]. However, for the JUNO ex-
periment (6 < L/E < 25 km/MeV), currently under
construction, this new definition has a ⇠ 1% jump be-
tween smallest and largest L/E values for the observed
neutrinos. The expected precision on the measurement
of �m2

ee at JUNO is 0.5%, see [4], and therefore compa-
rable in size to this jump.

Daya Bay’s latest definition of �m2
ee is given by

�m2
ee(DB2) ⌘

�m2
32 +

2E

L
arctan

✓
sin 2�21

cos 2�21 + tan2 ✓12

◆
(1)

using �jk ⌘ �m2
jkL/(4E), see [5]. �m2

ee(DB2) is clearly
L/E (proper time of the neutrino) dependent and it is
far from transparent the relationship to the fundamental
neutrino parameters.

The original definition of an e↵ective�m2 for ⌫e disap-
pearance experiments, �m2

ee, given by Nunokawa, Parke
and Zukanovich Funchal (NPZ) , is simply [6]

�m2
ee(NPZ) ⌘ cos2 ✓12�m2

31 + sin2 ✓12�m2
32 , (2)

= �m2
31 � sin2 ✓12�m2

21 = �m2
32 + cos2 ✓12�m2

21 .

The L/E independence of this definition is manifest and
so is the relationship to the fundamental parameters of
the neutrino sector. �m2

ee(NPZ) is “the ⌫e average of
�m2

31 and �m2
32”. RENO uses this definition [7].

Since there is no review of �m2
ee in the PDG, clarifi-

cation of the relationship between these di↵erent defini-

⇤Electronic address: parke@fnal.gov orcid:0000-0003-2028-6782
†Electronic address: zukanov@if.usp.br orcid:0000-0001-6749-0022

tions of �m2
ee is pertinent for understanding short base-

line reactor neutrino oscillation physics. To start, con-
sider the small and large L/E limits of �m2

ee(DB2): for
L
E ⌧ 2⇡

�m2
21

⇡ 15 km/MeV (�21 ⌧ 1),

�m2
ee(DB2) = �m2

ee(NPZ) (3)

+�m2
21 (cos 2✓12 sin

2 2✓12/6)�
2
21 + ...,

whereas for
L

E
� 2⇡

�m2
21

⇡ 15 km/MeV one finds

�m2
ee(DB2) ⇡ �m2

31 . (4)

In Fig. 1, the ratio of �m2
ee(DB2) to �m2

ee(NPZ)
is plotted as a function of L/E. Clearly, for the Daya
Bay experiment, L/E < 1 km/MeV, these two definitions
are essentially identical as the second term in eqn. 3 is
always smaller than 1o/oo of �m2

21. Whereas for the
JUNO experiment, 6 < L/E < 25 km/MeV, there is a
significant jump, ⇠1%, in the value �m2

ee(DB2) between
the smallest and largest L/E.

FIG. 1: The ratio of �m2
ee(DB2) to �m2

ee(NPZ) verse L/E
for the normal ordering (NO) and the inverted ordering (IO).
The horizontal black lines, labelled Daya Bay and JUNO,
show the L/E ranges of these experiments. The vertical black
line, labelled JUNO, represents the fractional uncertainty ex-
pected from the JUNO experiment (the vertical position was
arbitrarily chosen for illustration purposes only). The vertical
dotted lines are at �21 = ⇡/2, ⇡, from left to right.
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Still L/E dependent:

OK for Daya Bay
 but not useful JUNO

arXiv:1505.03456v2, …
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However, even if there was such a discussion, it is still a very relevant question of what is the
relationship between �m

2
ee and �m

2
31 and �m

2
32 in any model and especially in the 3 neutrino

model. It is the later that we take issue with Daya Bay’s definition �m
2
ee. As we have said before

Daya Bay’s definition is

1. definition of �m
2
ee is baseline divided by neutrino energy (L/E) dependent. This implies that

their �m
2
ee depends on the proper age of the neutrino.

2. Daya Bay’s �m
2
ee obfuscates the simple relationship between such an e↵ective �m

2 and the
fundamental parameters in the three flavor neutrino model.

3. For the follow up JUNO experiment, the new Daya Bay definition has a ⇠ 1% jump between
smallest and largest L/E values for the observed neutrinos.

As an example of the second point: in the three flavor framework our definition of �m
2
ee implies

many relationships between the �m
2’s, here are two:

1

2
(|�m

2
32|IO + |�m

2
32|NO) = �m

2
ee (2)

(DB) 2.523± 0.069 = 2.522± 0.069 (DB), in units of 10�3 eV2 (3)

|�m
2
32|IO � |�m

2
32|NO = 2 cos2 ✓12 �m

2
21 (4)

(DB) 0.104± 0.097 = 0.104± 0.004 (PDG
018), in units of 10�3 eV2 (5)

Using the same values as Daya Bay for the values of sin2 ✓12 and �m
2
21 taken from the PDG-

2018, these two constrains are satisfied with remarkable precision much smaller the the uncertainties
on the individual measurements. For example, eqn. 2 is satisfied as follows:

RHS = 0.104± 0.096 where as LHS = 0.104± 0.004, in units of 10�3 eV2 (6)

RHS = 2.523± 0.070 where as LHS = 2.522± 0.070, in units of 10�3 eV2 (7)

Identical to 3 significant figures ! Where the LHS are from Daya Bay measurement of �m
2
32,

whereas the RHS are from KamLAND, SK/SNO measurements of the solar parameters sin2 ✓12
and �m

2
21. This is not a numerical accident.

Sincerely,

Stephen Parke & Renata Zukanovich Funchal
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FIG. 4. Measured reactor ⌫e survival probability in the far
detector as a function of Le↵/E⌫ . The curve is a predicted
survival probability, obtained from the observed probability
in the near detector, for the best-fit values of |�m2

ee| and
sin2 2✓13. The Le↵/E⌫ value of each data point is given by
the average of the counts in each bin.

expected ones with no oscillation in each bin of Le↵/E⌫ .
A predicted survival probability is obtained from the ob-
served probability distribution in the near detector and
the best-fit oscillation values. A clear Le↵/E⌫-dependent
disappearance of reactor ⌫e is observed and demonstrates
the periodic feature of neutrino oscillation.

In summary, RENO has observed clear energy depen-
dent disappearance of reactor ⌫e using two identical de-
tectors, and obtains sin2 2✓13 = 0.0896 ± 0.0068 and
|�m2

ee| = (2.68 ± 0.14) ⇥ 10�3 eV2 based on the mea-
sured periodic disappearance expected from neutrino os-
cillations. With the increased statistics of the 2 200 day
data sample and the reduced background rates, RENO
has produced a precise measurement of the reactor ⌫e
oscillation amplitude and frequency. The measured un-
certainty is reduced from 0.0100 to 0.0068 for sin2 2✓13
and from 0.25⇥ 10�3 eV2 to 0.14⇥ 10�3 eV2 for |�m2

ee|,
relative to the previous measurement [7, 8]. The RENO’s
measured values of sin2 2✓13 and |�m2

32| are compared
with other experimental results in Fig. 5. It would pro-
vide an important information on the determination of
the leptonic CP phase if combined with a result of an
accelerator neutrino beam experiment.

The RENO experiment is supported by the National
Research Foundation of Korea (NRF) Grant No. 2009-
0083526 funded by the Korea Ministry of Science and
ICT. Some of us have been supported by a fund from the
BK21 of the NRF and Institute for Basic Sicence grant
No. IBS-R017-G1-2018-a00. We gratefully acknowledge
the cooperation of the Hanbit Nuclear Power Site and
the Korea Hydro and Nuclear Power Co., Ltd. (KHNP).
We thank KISTI for providing computing and network
resources through GSDC, and all the technical and ad-
ministrative people who greatly helped in making this
experiment possible.
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FIG. 5. Comparison of experimental results on sin2 2✓13 and
|�m2

32|. The world average values and the experimental re-
sults of Daya Bay [21], Double Chooz [22], T2K [23], MI-
NOS [24], and NO⌫A [25] are taken from the Ref. [20].
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Daya Bay   1958 days

5

TABLE I. Summary of signal and backgrounds. Rates are corrected for the muon veto and multiplicity selection efficiencies "µ · "m. The
procedure for estimating accidental, fast neutron, Am-C, and (↵,n) backgrounds is unchanged from Ref. [7].

EH1 EH2 EH3
AD1 AD2 AD3 AD8 AD4 AD5 AD6 AD7

⌫e candidates 830036 964381 889171 784736 127107 127726 126666 113922
DAQ live time (days) 1536.621 1737.616 1741.235 1554.044 1739.611 1739.611 1739.611 1551.945

"µ ⇥ "m 0.8050 0.8013 0.8369 0.8360 0.9596 0.9595 0.9592 0.9595
Accidentals (day�1) 8.27± 0.08 8.12± 0.08 6.00± 0.06 5.86± 0.06 1.06± 0.01 1.00± 0.01 1.03± 0.01 0.86± 0.01

Fast neutron (AD�1 day�1) 0.79± 0.10 0.57± 0.07 0.05± 0.01
9Li/8He (AD�1 day�1) 2.38± 0.66 1.59± 0.49 0.19± 0.08

Am-C correlated(day�1) 0.17± 0.07 0.15± 0.07 0.14± 0.06 0.13± 0.06 0.06± 0.03 0.05± 0.02 0.05± 0.02 0.04± 0.02
13C(↵, n)16O (day�1) 0.08± 0.04 0.06± 0.03 0.04± 0.02 0.06± 0.03 0.04± 0.02 0.04± 0.02 0.04± 0.02 0.04± 0.02

⌫e rate (day�1) 659.36± 1.00 681.09± 0.98 601.83± 0.82 595.82± 0.85 74.75± 0.23 75.19± 0.23 74.56± 0.23 75.33± 0.24

and distance from each core, and oscillation probability. The
6-AD, 8-AD, and 7-AD periods are treated separately in order
to properly handle correlations in reactor ⌫e flux, detector
response, and background.

To evaluate the oscillation parameters, a �2 is defined
in Eq. 3, where the statistical component of the covariance
matrix V is estimated analytically, and the systematic
component is evaluated from simulations:

�2 =
X

i,j

(N far,obs
j �N far,pred

j )(V �1)ij(N
far,obs
i �N far,pred

i ).

(3)
This approach is described in detail as Method A in Ref. [7].

Using this method, values of sin2 2✓13=0.0856±0.0029
and �m2

ee=(2.522+0.068
�0.070)⇥10�3 eV2 are obtained, with

�2/NDF = 148.0/154. Consistent results are obtained
using Methods B or C in Ref. [7]. Analysis using the exact
⌫e disappearance probability for three-flavor oscillations
yields �m2

32 = (2.471+0.068
�0.070) ⇥ 10�3 eV2 (�m2

32 =

�(2.575+0.068
�0.070) ⇥ 10�3 eV2) assuming normal (inverted)

hierarchy. Statistics contribute 60% (50%) to the total
uncertainty in the sin2 2✓13 (�m2

ee) measurement. The
systematic uncertainty of sin2 2✓13 is dominated by the
detection efficiency uncertainty uncorrelated among detectors
and the reactor ⌫e flux prediction, while that of �m2

ee is
dominated by the uncorrelated energy scale uncertainty.

The reconstructed prompt energy spectrum observed in the
far site is shown in Fig. 3, as well as the best-fit predictions.
The 68.3%, 95.5%, and 99.7% C.L. allowed regions in the
�m2

ee- sin2 2✓13 plane are shown in Fig. 4.
In summary, new measurements of sin2 2✓13 and �m2

ee are
obtained with 1958 days of data and reduced systematic
uncertainties. This is the most precise measurement of
sin2 2✓13, and the precision of �m2

32 is comparable to that
of the accelerator-based experiments [17–19].

Daya Bay is supported in part by the Ministry of Science
and Technology of China, the U.S. Department of Energy,
the Chinese Academy of Sciences, the CAS Center for
Excellence in Particle Physics, the National Natural Science
Foundation of China, the Guangdong provincial government,
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background components on a logarithmic scale.
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Appendix A: VALIDATION OF OUR ANALYSES

Using the data and the �
2 formalism described in sec-

tion III and IV, our method reproduces the contours in
the �m

2

ee
vs sin2 2✓13 from the the Daya Bay and RENO

collaborations as it is shown in figures 4, 5. The Day
Bay and RENO collaboration contours are taken from

Simultaneous Fit:
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FIG. 2. Results of Daya Bay and RENO combined analysis. Left: 1, 2 and 3 � allowed regions in the �m2
21 vs sin2 2✓13

parameter space. Red solid lines include both statistical and systematic uncertainties and blue dashed lines only include
statistical uncertainties. The best fit values are shown with ⇥ signs. In this fitting, the �m2

ee value is constrained using the
value from current long baseline (LBL) neutrino experiments, see eq. 9. KamLAND and SNO/SK 1 � bands are overlaid
for comparison. This contour plot shows that this measurement is still statistics limited. Right: ��2 projection for �m2

21

measurement including systematic uncertainty, minimizing over sin2 2✓13. At the 2 � C.L. �m2
21 is constrained to be less than

18.3 ⇥10�5 eV2. (Note that in the abstract and conclusion we quote this result as 18 ⇥10�5 eV2 at the 95% C.L.)

and RENO data sets. Both statistical and systematic
uncertainties are included in this plot. As before ✓12

is fixed at sin2 ✓12 = 0.310, see [1] for discussion on
allowing sin 2✓12 to also vary.

Results with �m
2

ee
fixed or free are obtained for each

experiment and for when the data from both experiments
are combined. These are described and given in Ap-
pendix C. It was found that the e↵ect of free �m

2

ee
is

bigger than that of systematic uncertainty, but our rep-
resenting results are based on constrained �m

2

ee
since it

is a reasonably well measured oscillation parameter using
LBL experiments .

VI. CONCLUSION

Using the currently available public data from Daya
Bay (1,958 days) and RENO (2,200 days), we have pro-
vided additional information on the solar �m

2. A rea-
sonable upper bound is obtained from a combined anal-
ysis of the Daya Bay and RENO data as 18 ⇥10�5

eV2 at 95% CL , where �m
2

ee
was constrained using a

pull parameter with input information from LBL experi-
ments. Our combined analysis result is currently limited
by statistics and, as expected, Daya Bay data drives the
combined analysis results. Our analysis method was vali-

dated by reproducing the �m
2

ee
and sin2 ✓13 contours for

each experiment as discussed in Appendix A.
Given that the previous measurements by KamLAND
and SK/SNO of the solar �m

2 are in a 2� tension and
the importance of solar �m

2 for the determination of CP
violation in LBL experiments, it is crucial that we under-
stand the value of the solar �m

2 better. It is expected by
circa 2025 that the JUNO experiment will provide addi-
tional, important information on the value of the of solar
�m

2.
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Summary:

• from Nu1998 to now, tremendous progress on nuSM 


• Wolfenstein matter effects play an extremely important role 
in  Neutrino Flavor Transformation Physics


• 3 flavor mixing in Matter (and vacuum) needs better 
understanding as we enter the precision era


• to discover New Physics we need to understand and stress 
test the nuSM with superb precision


