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Outline

◦ Hard-soft factorized model of parton energy loss

◦ Numerical implementation of the factorized model

◦ Parton energy loss at small coupling

◦ Parton energy loss at larger coupling

◦ Application: in-medium parton energy cascade
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Hard-soft factorized model of parton energy loss
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Weakly-coupled effective kinetic approach
◦ Perturbative parton-medium interaction
◦ Dynamics of quasiparticles are described by transport equations
◦ Energy gain and loss are naturally included

Leading-order realizations (e.g. MARTINI):

(∂t + v · ∇x)fa(p, x, t) = –C2↔2
a [f] – C1↔2
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Figure 1. Typical diagrams contributing to 2 ↔ 2 processes at LO. Double lines represent

hard or thermal particles, which have at least one momentum component of the order of the

temperature or larger. Parallel double lines without arrows can be either gluons or quarks.

When particle identities need to be specified, quarks are identified by the fermion flow arrow

and gluons by the curly line. In all diagrams in the paper, time is understood to flow from left

to right.

g

P
Q
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Figure 2. A typical diagram contributing to 1 ↔ 2 processes at LO. The single curly line is a

soft gluon. The crosses represent the soft thermal scattering centers – see, for instance, ref. [20].

In detail, the collision operator reads (dropping for brevity the spacetime depen-

dence, which is local)

C2↔2
a [f ](p) =

1

4|p|νa
∑

bcd

∫

kp′k′

∣∣∣Mab
cd(p,k;p

′,k′)
∣∣∣
2
(2π)4 δ(4)(P +K − P ′ −K ′)

×
{
fa(p) f b(k) [1±f c(p′)] [1±fd(k′)]

− f c(p′) fd(k′) [1±fa(p)] [1±f b(k)]
}
, (2.2)

and

– 6 –
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Hard-soft factorization of energy loss
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Relevant leading order processes for E-loss

Medium induced collinear radiation

Elastic scatterings with thermal particles

Jeon (McGill) Hard Probes Stony Brook 2013 19 / 72

������� ����(�������)

����������������

������������������
���
����	��
���������������
����������

( ) ( ) ( )exp exp| |θ θ θ= ∝ × =p y y p y yL ( ) ( )( ) ( )( )1
exp exp expexp θ θ− = ∝ − − Σ −  

T
y y y y y yL

150T MeV

0+ 1 10 100
��������
������

����
������	����

����������
���������

������������ �������
������������

10x fm

���������� ���������������������

��������������������

( )/fm cτ

������������������ ��������������������

������������������������	��	������

������	����������������������������������
	�������������������������������������� [GeV]

T
p

AA
R

0

0.5

1

1.5

100 200 300 400 500 600 900000

0 - 10 %
30 - 40 %
60 - 70 %

 PreliminaryATLAS
 = 5.02 TeVNNs = 0.4 jets, Rtkanti-

| < 2.8y|

-12015 Pb+Pb data, 0.49 nb
-1 data, 25 pbpp2015

�

( )/ 1 3 / 4sη π− 

�������
�������(��������)

Interactions with the medium:
◦ Large number of soft interactions
◦ Rare hard scatterings

Parton energy loss factorized as hard interactions + diffusion process

Benefits of factorized transport model

◦ Systematically factorized soft and hard parton-plasma interactions
◦ Efficient and flexible stochastic description of soft interactions
◦ Diffusion process does not rely on the quasiparticle assumption
◦ Can be extended to next-to-leading order
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Hard-soft factorization of energy loss
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Fig. 2. Schematic Feynman diagram contributing to the leading order collinear bremsstrahlung
rate. Hard gluon lines are labeled by their three momentum (pz ,p⊥). The interactions with the
random classical background bath are illustrated by the gluon lines with crosses. Only hard lines
which enter or exit the boxed region are included in an effective Boltzmann description.

equation as a local rate, it must be understood that the emission process can only

be localized to within a time scale set by the formation time of the radiation. The

inverse formation time will be defined as the energy difference between the initial

and final states

(τform)−1 ≡ δE(h, p, ω) = (Eω + Ep−ω)− Ep . (32)

Using the dispersion relation for the hard particles this reads

δE(h, p, ω) ' h2

2pω(p− ω)
+
m2
∞ω

2ω
+
m2
∞ p−ω

2(p− ω)
− m2

∞ p

2p
, (33)

wherem2
∞,p is the asymptotic mass of the particle with momentum p, as summarized

in Eq. (8). We have further defined

h ≡ pq⊥ . (34)

As seen from the figure and described below, h/p is a transverse momentum vector

which is conjugate to the (transverse) coordinate separation x⊥ between the initial

and final states.

The bremsstrahlung rate Ccoll is determined by the rate of transverse momen-

tum kicks (of magnitude q⊥) which a hard particle experiences traversing the soft

classical fields:

CR(q⊥) ≡ lim
p→∞

(2π)2 dΓR(p,p + q⊥)

d2q⊥
. (35)

Here p is the momentum of the hard particle, which is large (p → ∞) relative to

the the typical momentum, ∼ gT , of the background fields. The collision kernel

CR can be expressed as a Wilson loop in the (x+, x⊥) plane evaluated in the clas-

sical background,12,32,33 as sketched in Fig. 3. To motivate the appropriate Wilson

loop we note that the average squared momentum transfer per unit time (i.e. q̂) is

�𝑞𝑞⊥

𝜇𝜇�𝑞𝑞⊥

Λ ω ω𝜇𝜇ω

Elastic interactions: Inelastic interactions: 
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Hard 1↔ 2 Interactions - Large ω Interactions

Multiple soft interactions with the plasma induce the
collinear radiation of a parton of energy ω.

Soft interactions are resummed to account for LPM
effect.
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Fig. 2. Schematic Feynman diagram contributing to the leading order collinear bremsstrahlung
rate. Hard gluon lines are labeled by their three momentum (pz ,p⊥). The interactions with the
random classical background bath are illustrated by the gluon lines with crosses. Only hard lines
which enter or exit the boxed region are included in an effective Boltzmann description.

equation as a local rate, it must be understood that the emission process can only

be localized to within a time scale set by the formation time of the radiation. The

inverse formation time will be defined as the energy difference between the initial

and final states

(τform)−1 ≡ δE(h, p, ω) = (Eω + Ep−ω)− Ep . (32)

Using the dispersion relation for the hard particles this reads

δE(h, p, ω) ' h2

2pω(p− ω)
+
m2
∞ω

2ω
+
m2
∞ p−ω

2(p− ω)
− m2

∞ p

2p
, (33)

wherem2
∞,p is the asymptotic mass of the particle with momentum p, as summarized

in Eq. (8). We have further defined

h ≡ pq⊥ . (34)

As seen from the figure and described below, h/p is a transverse momentum vector

which is conjugate to the (transverse) coordinate separation x⊥ between the initial

and final states.

The bremsstrahlung rate Ccoll is determined by the rate of transverse momen-

tum kicks (of magnitude q⊥) which a hard particle experiences traversing the soft

classical fields:

CR(q⊥) ≡ lim
p→∞

(2π)2 dΓR(p,p + q⊥)

d2q⊥
. (35)

Here p is the momentum of the hard particle, which is large (p → ∞) relative to

the the typical momentum, ∼ gT , of the background fields. The collision kernel

CR can be expressed as a Wilson loop in the (x+, x⊥) plane evaluated in the clas-

sical background,12,32,33 as sketched in Fig. 3. To motivate the appropriate Wilson

loop we note that the average squared momentum transfer per unit time (i.e. q̂) is

◦ ω > µω , µω . T
◦ Described with emission rates

(obtained from AMY integral equations)
◦ Leading order calculation

ω

Large-ω interactions:
resummed integral equations

𝜇𝜇ω
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Hard 2↔ 2 Interactions

◦ Leading order vacuum pQCD
matrix elements
◦ Neglect O(Tp )
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Identity Preserving Soft Interactions - Diffusion

Number and identity preserving soft collisions are
described stochastically with drag and diffusion.
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Cdiff[f] = –
∂

∂pi
[
ηD(p)p

if(p)
]
–

1
2

∂2

∂pi∂pj

[(
p̂ip̂jq̂L(p) +

1
2

(
δij – p̂ip̂j

)
q̂(p)

)
f(p)
]

◦ Include both elastic and inelastic soft
interactions
◦ Transport coefficients: pQCD
◦ Treated with Langevin model

ω

Diffusion process: 
Langevin model

𝜇𝜇ω
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Λ ω

Diffusion process: 
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Elastic interactions: 

Inelastic interactions: 
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Identity Non-preserving Soft Interactions - Conversion

◦ Change parton identity by conversion rate
◦ Suppressed by T/p

Inelastic conversion processes

q↔ gq, g↔ qq̄

P

Q

Figure 3. The soft limit of a t− or u−channel gluon exchange diagram. P is the hard momentum

and Q is the soft gluon momentum.

P

Q

Figure 4. The soft limit of a t− or u−channel quark exchange diagram. P is the hard momentum

and Q is the soft quark momentum.

Now consider a collinear 1 ↔ 2 process in the limit where one of the hard/thermal

legs becomes soft4, as shown in Fig. 5. In the first graph, the soft gluon emission

P
K

P
K

Figure 5. The soft-K limits of a 1 ↔ 2 process. The diagram on the left amounts to a diffusion

process at NLO, whereas the diagram on the right amounts to a conversion process.

contributes to the (longitudinal) diffusion of the hard particle. Similarly the soft quark

emission contributes to the hard quark conversion rate. At NLO we will then need

to subtract these limits from the collinear 1 ↔ 2 region and treat them as part of the

diffusion or conversion processes respectively.

4LPM interference is suppressed in this case [27].
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Elastic conversion processes

Soft fermion exchange w/ medium

P P ′

K K ′

Q = (ω, ~q)

P P ′

K K ′

Q = (ω, ~q)

P P ′

K K ′

Q

P P ′

K K ′

P P ′

K K ′

Q Q

2

Tianyu Dai (Duke University) JETSCAPE Workshop 2020 - Mar. 20th, 2020 10 / 31



Summary of the Treatments to Different Processes

�𝑞𝑞⊥

𝜇𝜇�𝑞𝑞⊥

Λ

Large-angle interactions: 
vacuum matrix elements Splitting 

approximation

ω ω

Diffusion 
process: 
Langevin 

model

Large-ω interactions:
resummed integral equations

𝜇𝜇ω

Elastic interactions: Inelastic interactions: 

Diffusion process: 
Langevin model

C2↔2 + C1↔2 = C large–angle(µq̃⊥ ,Λ) + Csplit(Λ) + C large–ω(µω) + Cdiffa (µq̃⊥ ,µω)

If the division of the energy loss model is valid, energy loss should be indepen-
dent on the cutoffs (in a reasonable range).
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Numerical implementation of the factorized model

Putschke, et al., arXiv:1902.05934 (2019).
Dai, T., Bass, S. A., Paquet, J-F., & Teaney, D., arXiv:1901.07022.
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Numerical Implementation
Reformulated energy loss model is added as a separate external
module in a modified version of the public JETSCAPE2.0 code.

                                                                                                   

The Jet Energy-loss Tomography with a Statistically and Computationally
Advanced Program Envelope (JETSCAPE) collaboration
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simulate the physics of ultra-relativistic heavy-ion collisions. It involves teams of theoretical and experimental physicists,
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For the project management page and member wikis: eg1.jetscape.wayne.edu/redmine (http://eg1.jetscape.wayne.edu
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Numerical Implementation

𝜏𝜏 = 𝜏𝜏𝑐𝑐
Loop over 
partons

low Q?
yes

Update momentum 
by sampled ω , �𝑞𝑞⊥

Langevin model

p>pcut?
yes

Add to 
parton list

𝜏𝜏 = 𝜏𝜏 + ∆𝜏𝜏

no

no

∅ parton list 
or low T?

no
yes

end

no

nohard 
interaction?

yes

Hydrodynamic modelHigh Q Energy Loss Model

yesRemove from 
parton list

k’>pcut?

Boost to rest 
frame of fluid

Boost back 
to lab frame

pcut : We only track hard partons with p > pcut
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Numerical vs analytical diffusion coefficients - coupling

10 2 10 1

s

10 4

10 3

10 2

10 1

100

curve:analytical, circle: numerical

q = T, = T

q2 2
soft /T3

q2 2
L, soft/T3

q1 2
L, soft/T3

Analytical diffusion coefficients:

q̂2→2
soft =

g2CRTm2
D

4π
ln

[
1 +
(
µq̃⊥
mD

)2
]

q̂2→2
L,soft =

g2CRTM2
∞

4π
ln

[
1 +
(
µq̃⊥
m∞

)2
]

q̂1→2
L,soft =

(2 – ln 2)g4CRCAT2µω

4π3

Numerical diffusion coefficients:

q̂soft(p) =
∫ µq̃⊥

0
d2q⊥q2

⊥
dΓ(p, p + q,µω)

d2q⊥

q̂L,soft(p) =
∫ µω

0
dqz(qz)2

dΓ(p, p + q,µq̃⊥ )
dqz
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Numerical vs analytical diffusion coefficients - cutoff

Analytical diffusion coefficients
assume:
µω � T
µq̃⊥ � T

For valid diffusion process:
µω � gT
µq̃⊥ � gT
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Parton energy loss at small coupling

Tianyu Dai (Duke University) JETSCAPE Workshop 2020 - Mar. 20th, 2020 17 / 31



Diffusion vs collision rate - 1↔ 2 process

energy distribution of a hard gluon propagating in a static medium when soft
collisions treated with collision rate (MARTINI style) vs treated stochastically
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collision rate Langevin model
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Diffusion cs collision rate - 2↔ 2 process

energy distribution of a hard gluon propagating in a static medium when soft
collisions treated with collision rate (MARTINI style) vs treated stochastically
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Hard-soft cutoff dependence of energy distribution

Wecheck the dependence of the single parton energy distribution on the hard-
soft cutoff at small coupling to validate the model.
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Parton energy loss at larger coupling
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Diffusion vs collision rate - 1↔ 2 process
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collision rate Langevin model

Consistency:
◦ frequent soft 1↔ 2 interactions
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Diffusion vs collision rate - 2↔ 2 process
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Discrepancy:
◦ not enough soft 2↔ 2 interactions
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Diffusion vs collision rate - 2↔ 2 process
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Discrepancy:
◦ not enough soft 2↔ 2 interactions
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Hard-soft cutoff dependence of energy distribution

Wecheck the dependence of the single parton energy distribution on the hard-
soft cutoff at larger coupling to validate the model.
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Application: in-medium parton energy cascade

Blaizot, Iancu, Mehtar-Tani. PRL111.5 (2013):052001.
Mehtar-Tani, Y., & Schlichting, S. (2018). JHEP, 2018(9), 144.
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In-medium gluon energy cascade - analytical approximation

10 2 10 1 100

x
10 3

10 2

10 1

100

101

102

x3/
2d

N dx

1 2 only, pure glue, s = 0.1, T = 300MeV, E0 = 1TeV

t = 5fm/c
t = 10fm/c
t = 20fm/c
t = 100fm/c

Assumptions:
◦ independent successive branchings
◦ approximate inelastic differential rate

valid in deep LPM region
Analytical distribution of gluons (Blaizot,
Iancu, Mehtar-Tani. 2013):

x
dN
dx

=
τ√

x(1 – x)3/2
e–π[τ

2/(1–x)]

where x ≡ ω/E0 and τ ≡ αsNc
π

√
q̂
E t.

◦ In the small-x region, the power-law spectrum xdN/dx scales as 1/
√
x.
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In-medium gluon energy cascade - numerical comparison
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x
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x3/
2d

N dx

1 2 only, pure glue, s = 0.1, T = 300MeV, E0 = 1TeV

t = 5fm/c
t = 10fm/c
analytical solution

t = 20fm/c
t = 100fm/c

Assumptions:
◦ independent successive branchings
◦ approximate inelastic differential rate

valid in deep LPM region
Analytical distribution of gluons (Blaizot,
Iancu, Mehtar-Tani. 2013):

x
dN
dx

=
τ√

x(1 – x)3/2
e–π[τ

2/(1–x)]

where x ≡ ω/E0 and τ ≡ αsNc
π

√
q̂
E t.

◦ In the small-x region, the power-law spectrum xdN/dx scales as 1/
√
x.

◦ The analytical solution iswell-reproduced by the full QCDnumericalmodel.
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Conclusion

Energy loss model is reformulated as hard collisions+diffusion.

factorized interactions identity preserving identity non-preserving

soft interactions small-q̃⊥ elastic diffusion processes conversion ratesmall-ω inelastic

hard interactions large-angle elastic vacuum matrix elements
large-ω elastic splitting approximation
large-ω inelastic AMY integral equations

◦ Systematic factorization in the weakly-coupled limit
◦ Factorization still holds in phenomenological regime
◦ Factorized model is expected to be efficient and flexible
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Outlook

◦ Make predictions with realistic hydrodynamic medium

◦ Apply data driven constraints on drag and diffusion coefficients

◦ Improve treatment of collinear emission angle

◦ Introduce the running coupling effect

Thanks to Jacopo Ghiglieri, Sangyong Jeon, Weiyao Ke, Chanwook Park, Yingru Xu
for the useful discussion.
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In-medium fermion number cascade
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prelimineary result: 1 2 only, QGP medium, T = 300MeV

solid curve: gluon jet, dushed curve: fermion jet

= 0.4
= 0.2
= 0.1
= 0.05

Dg ≡ xdNg
dx , DS ≡

∑NF
i=1

(
Dqi + Dq̄i

)

DS
2NfDg

=
1

2Nf

∫ 1
0 dzzKqg(z)
∫ 1
0 dzzKgq(z)

≈ 0.07

where Kab is the splitting function of
b→ a.

In the small-x and large-τ region, the chemistry of fragments is determined by
the balance of the g→ qq̄ and q→ qg processes.
The ratio between quark and gluon number reaches to a constant constraint.
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µω Cutoff Independence - Inelastic Interactions Only

20 GeV gluon, αs =0.3, T = 300 MeV, infinite medium, τ = 1 fm/c
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µq̃⊥ Cutoff Independence vs. αs
200 GeV gluon, T = 300 MeV, infinite medium, α2

sτ = 0.32fm/c, Λ =
√
3ET

Elastic interactions only:
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Λ Cutoff Independence - Elastic Interactions Only

200 GeV gluon, αs =0.3, T = 300 MeV, infinite medium, τ = 3fm/c, µq̃⊥ = 2
√
gT
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Preliminary Comparison with MARTINI - Elastic Only

200 GeV gluon
300 MeV medium elastic
interactions only

MARTINI elastic:
◦ screened matrix elements
◦ no hard / soft separation
◦ equivalent to reformulated

model in wQGP
MARTINI inelastic:
◦ running coupling effect
◦ no hard / soft separation
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Reformulated model
q = 2 gT, = 3pT MARTINI
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Back Up - Next-to-Leading Order Calculation

C = C large–angle(µq̃⊥ ,Λ) + Csplit(Λ) + C large–ω(µω) + Cdiffa (µq̃⊥ ,µω)

+ δCcoll + δCdiff + δCconv + δCsemi–coll

Hard Thermal Loops correlators are simplified greatly when evaluated at lightlike
separations.
Jet-particles propagate along the light cone: undisturbed plasma, statistical rather
than dynamical
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Back Up - Drag and Diffusion Coefficients

q̂ = g2CRTm2
D

4π ln(1 + (
µq⊥
mD

)2)

q̂elasL = g2CRTM2
∞

4π ln(1 + (
µq̃⊥
M∞ )2)

q̂inelL = (2–ln2)g4CRCAT2µω
4π3

ηD(p) =
q̂L
2Tp + 1

2p2 (q̂ – 2q̂L)
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Diffusion vs collision rate - 2↔ 2 process
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