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A black hole (maybe a QGP) has no hair:

Stable black holes are characterized by

Mass

Charge

Angular Momentum
[From Forbes]

Temperature

Density

[From our review 
on Femto-Novae]
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Distribution Functions [Vilenkin 1979]
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2.2 回転するフェルミオン場の理論 7

ている文献は多くない。ここでは論文: A. Vilenkin, Microscopi parity-violating

effects: Neutroni fluxes from rotating black holes and in rotating thermal radi-

ation’, Phys. Rev. D 20, 1807 (1979) に従って導出を解説する。基本的な考え
方は、粒子数に対して化学ポテンシャル µを導入するのと全く同じで、化学ポ
テンシャルのように角速度 ω が与えられた大分配関数を扱う。物理系が Bose

粒子あるいは Fermi粒子の分布関数 f (i)(p)で特徴付けられているとする。た
だし pと書いたのは粒子 iのエネルギー ε(i)、全角運動量の z成分 j(i)、運動量
の z 成分 p(i) を表している。記法を簡単にするため添字の z はいちいち書かな
いことにする。分布関数はエントロピー S を最大化するように選ばれるわけだ
が、次の保存量による拘束条件を満たさないといけない。

∑

p

f (i)(p) = N (i) ,

∑

i,p

f (i)(p)ε(i) = E ,
∑

i,p

f (i)(p)j(i) = Jz ,
∑

i,p

f (i)(p)p(i) = P z (2.19)

これらに対応する Lagrange未定乗数を入れると解くべき条件式は
δ

δf (i)(p)

∑

j

[
S(j) −

∑

q

f (j)(q)(αj + βε(j) + γj(j) + δp(j))
]
= 0 (2.20)

となる。ここでエントロピーと分布関数の関係は状態数から決まっていて
S(i) =

∑

p

[
±(1± f (i)(p)) ln(1± f (i)(p))− f (i)(p) ln f (i)(p)

]
(2.21)

ただし ±のうち +が Bose粒子、−が Fermi粒子に対応する。この変分は簡単
にとることができて

f (i)(p) =
1

eαi+βε(i)+γj(i)+δp(i) ∓ 1
(2.22)

あとは Lagrange未定乗数を決めるだけだが、それは熱力学関係式
dE = TdS +

∑

i

µidN
(i) + ωdJz + vzdP z (2.23)

と見比べて
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Constraints from 
conservation laws

Entropy should be maximized under constraints
Lagrange 
multipliers

Once the entropy is given as a function of f, 
f can be fixed from the variation.
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Thermodynamic relations
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8 第 2 章 回転する有限温度密度の場の量子論

β =
1
T

, αi = −
µi

T
, γ = −ω

T
, δ = −vz

T
(2.24)

と決まる。こうした Vilenkinの議論から明らかなように、回転する平衡系を扱
うために必要なのは、熱力学的な期待値を

ρ̂ = N exp

[
−β

(
Ĥ − ĵ · ω −

∑

i

µiN̂i

)]
(2.25)

という密度行列演算子から計算することであって、必ずしも座標系そのものが
回転していなくてもよい。
一方で、座標系が回っている愚直な計算にも、ある程度習熟しておくと役に

立つこともあるので、少々冗長ではあるがここで解説しておく。ここでは回転
系の Dirac方程式を書き下すことが目標で、Dirac行例は通常、カーテシアン座
標で与えられているので、ここでは円柱座標系ではなく、カーテシアン座標に
戻って計算しよう。非回転系の x̄、ȳ と回転系の x、y との関係は

x = x̄ cosωt+ ȳ sinωt y = −x̄ sinωt+ ȳ cosωt (2.26)

であるから対応する計量は

gµν =





1− (x2 + y2)ω2 yω −xω 0

yω −1 0 0

−xω 0 −1 0

0 0 0 −1




(2.27)

となる。一般に曲がった時空の理論を扱う際には、局所的にフラットとなるよ
うな変換を考えると便利である。つまり xの関数として 1形式の ω(x)を構成
して

ωa(x) = eaµdx
µ (2.28)

としたときに、この ωa(x) がフラットな計量 ηab を持つように係数を決める。
つまり

gµν = ηabe
a
µe

b
ν (2.29)

となるような eaµを見付けたい。このような eaµは一意には決まらないが、最も
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Grand Canonical Descriptions
<latexit sha1_base64="PqdEPOoFQkwjpWApL9jqXSjYeJ0="></latexit>

de = Tds+ µdn+ !µ⌫dJ
µ⌫

<latexit sha1_base64="t+EAe1+/+RLeqohbc9256KWkpVg="></latexit>

dp = sdT + ndµ+ Jµ⌫d!µ⌫

<latexit sha1_base64="S0ArseyBGmlf5P3T/YPANmysdK8="></latexit>

hJzi = @p

@!z

n : baryon density

µ : baryon chemical pot.

J : angular mom.

w : spin chemical pot.

<latexit sha1_base64="kPCxTYOdLed7569/PmEVlfmiCpg="></latexit>

hni = @p

@µ

Phase Diagram

Hydro Trajectories Counterparts?
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Baryon Density

Chemical Potential  μNuclear Superfluid B

4

condition. We used the corresponding µB , µQ, nB and
nQ values at each given simulation point. For the T -
derivative in the entropy density we used the derivatives
of the already fitted functions (4). The naive T derivative
of these fit functions is a directional derivative along con-
stant µB/T and variable µQ and µS defined by Eq. (2).
Using the temperature dependence of µQ one can calcu-
late the partial T -derivative that defines the entropy. The
terms in " and s that are related to the variable µQ/T in
a fixed-µB/T dataset are smaller than the overall error.
Nevertheless, in the numerical analysis none of the terms
were dropped.

Therefore it is possible to obtain all the thermody-
namic quantities at finite chemical potential. In partic-
ular, we start with the entropy density s and baryonic
density nB . These quantities are relevant because, in
the absence of dissipative e↵ects, the medium created in
a heavy ion collision expands without generation of en-
tropy (S) and with a fixed baryon number (NB), so that
S/NB = s/nB is fixed in this case. We calculate the ratio
s/nB for the values of the freeze-out temperatures and
chemical potentials extracted in Ref. [31], which corre-
spond to the various collision energies of the RHIC beam
energy scan. After the initial collision, the system starts
from a point in the (T, µB) plane and follows a trajec-
tory which will bring it to one of the freeze-out points.
We start from the freeze-out points and reconstruct the
isentropic trajectories backwards in the (T, µB) plane.
This is done for the first time from lattice QCD simula-
tions to order µ6

B . Such isentropic trajectories are shown
in Fig. 3. The black points are the freeze-out parame-
ters from Ref. [31]. The last point corresponds to the
preliminary analysis of the new STAR run at 14.5 GeV
[32]. The curves are continued in the hadronic phase by
means of the Hadron Resonance Gas (HRG) model.
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FIG. 3. The QCD phase diagram in the (T, µB) plane with
the isentropic trajectories: the contours with fixed S/NB

value. The green points are the chemical freeze-out parame-
ters extracted in Ref. [31]. The S/NB ratios correspond to the
RHIC energies 200, 62.4, 39, 27, 19.6 and 14.5 GeV. The last
point is based on preliminary STAR data [32]. The freeze-
out parameters are obtained by a combined fit of net-electric
charge and net-proton fluctuations in the HRG model.

We use the continuum extrapolated fit parameters and
the formulas in Eq. (5) to extrapolate the pressure and
the trace anomaly to finite density. In Fig. 4 we plot
these observables for two of the RHIC energies along the
isentropic trajectories of Fig. 3. The e↵ect of the finite
chemical potential is more prominent at high tempera-
ture for the pressure, while the interaction measure is
mildly a↵ected by the change in µB , and mainly at low
temperatures.

FIG. 4. Pressure (upper panel) and interaction measure
(lower panel) as functions of temperature, calculated along
the highest and lowest isentropic trajectories from Fig. 3.

In conclusion, we have presented lattice QCD results
for the Taylor expansion coe�cients of the pressure up to
order (µB/T )6. These results, simulated at the physical
mass and continuum extrapolated, are achieved for the
first time in this paper, using to the method of analyti-
cal continuation of the baryonic density from imaginary
chemical potential and taking its derivatives with respect
to µB . As our results indicate, this approach leads to
a more precise determination of the coe�cients, as com-
pared to their direct simulation at µB = 0. Starting from
the freeze-out parameters of Ref. [31], we have then de-
termined the isentropic trajectories in the (T, µB) plane
up to order (µB/T )6, and calculated the pressure and
interaction measure along these trajectories. The results
presented here allow to reliably extend the calculations
of the thermodynamic quantities up to µB/T ' 2, which
covers most of the Beam Energy Scan program at RHIC.
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Angular Momentum Speculated Phase Diagram
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FIG. 3: The phase diagram on T -! plane (see text).

(rather than the fermion-anti-fermion) superconducting
pairing phenomenon in the presence of rotation. In the
QCD context, this is the color superconductivity at high
density and low temperature (see e.g. [37] for a recent
review). Quite di↵erent from the chiral condensate, the
diquark pairing state has the spatial angular momentum
(for the relative orbital motion) L = 0 while the total
spin S = 0 (i.e. antisymmetric combination of the two
individual quark spins), again with the total angular mo-
mentum J = 0 for the pair. We use the same NJL model
and for simplicity we focus on the low-temperature high-
density region where the chiral symmetry is already re-
stored. Assuming a mean-field 2SC diquark condensate
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In the above the mean-field quasiparticle dispersion ✏±n
and ✏�±

n is given by ✏±n = (
p
k2z + k2t +m2±µ)�(n+ 1

2 )!

and ✏�±
n = [(

p
k2z + k2t +m2 ± µ)2 +�2]

1
2 � (n+ 1

2 )!.
The mean-field diquark condensate � at given values of
temperature T , chemical potential µ and rotation !, can
then be determined from the self-consistency equation
through variation of the order parameter: �⌦

��(r) = 0 and
�2⌦

��(r)2 > 0. By numerically solving the equation, we show

in Fig. 4 the � (at radius r = 0.1GeV�1) as a function of

! for several values of T and fixed µ = 400MeV. One can
see that with increasing !, the diquark condensate always
decreases toward zero, through a 1st-order transition at
low T while a smooth crossover at higher T . This result
again confirms the generic rotational suppression e↵ect
on the scalar diquark pairing.
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FIG. 4: The mean-field diquark condensate � (at radius r =

0.1GeV
�1

) as a function of ! for several values of T and fixed

value of µ = 400MeV.

Summary and Discussions.— In summary, we have
found a generic rotational suppression e↵ect on the
fermion pairing state with zero angular momentum. This
e↵ect is demonstrated for two well-known pairing phe-
nomena in QCD matter, namely the chiral condensate
and the color superconductivity. The scalar pairing
states in these two examples, while di↵erent in many
aspects, are both found to be reduced with increasing
rotation of the system. In the case of chiral phase transi-
tion, we have identified the phase boundary with a criti-
cal point on the T � ! parameter space.
The rotational e↵ects on pairing phase transitions may

bear interesting implications for a number of physics sys-
tems. The phase diagram of QCD matter on T �! plane
could be quantitatively explored by ab initio lattice sim-
ulations which has recently become feasible [8]. In heavy
ion collisions there is sizable global angular momentum
carried by the hot dense matter (as recently computed
in e.g. [6]): such rotational motion may cause the chiral
restoration to occur at lower temperature as our results
imply, and may bear measurable consequences (e.g. for
dilepton emissions). In the case of neutron stars, the
dense QCD matter is under global rotation which may
reduce the chiral as well as diquark or nucleon-nucleon
pairings and may a↵ect the moment of inertia for such
stars [27, 28]. In the non-relativistic domain, the cold
fermionic gas is an ideal place to study the rotational
suppression e↵ect on the fermion pairing and the very
interesting BCS-BEC crossover phenomenon [38–41]. Fi-
nally, while in this paper we limit ourselves to the study
of slow rotation e↵ects, it is worth commenting that

Jiang-Liao (2017)

s and n and J all scale similarly with expansion
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However, the angular momentum has some subtleties 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Rotating Hadron Resonance Gas
Pressure:

3

Let us suppose that the hadron mass spectrum rises
exponentially, i.e.,

⇢(m) = e
m/TH , (9)

where TH is not a physical temperature but just a slope
parameter to characterize the mass spectrum. Then, the
integration weighted with the Boltzmann factor, e�m/T ,
gives us the partition function as

Z =

Z
dm ⇢(m) e�m/T

. (10)

For simplicity we omit the phase space volume (that
would give a polynomial factor) and focus on the ex-
ponential behavior only. In other words the integra-
tion measure of dm is implicitly defined in a consistent
way. Now, it is obvious that the integration diverges for
T > TH , and Hagedorn considered that TH should be the
limiting temperature: any physical systems of hadrons
cannot be heated above TH . This conjecture should be
revised once internal structures of hadrons are taken into
account. The existence of TH should be correctly inter-
preted as a breakdown point of such a simple hadronic
description and the physical systems should be better
characterized by quarks and gluons at T > TH .

In the HRG model, the hadron mass spectrum is taken
from the experimental data, and interestingly, ⇢(m)
shows exponential growth up to m ⇠ 3 GeV. There-
fore, the above picture of deconfinement makes approx-
imate sense, and we can see blowup behavior of ther-
modynamic quantities such as the pressure, the internal
energy, the entropy density, and so on at a certain tem-
perature (T ⇠ TH), though they do not diverge strictly.
Therefore, we can physically identify the deconfinement
crossover point from the blowup behavior of thermody-
namic quantities in the HRG model. We will explain our
working criterion for deconfinement in later discussions.

IV. ROTATING HADRON RESONANCE GAS
MODEL

The HRG model has been well established and for
our purpose to investigate rotating systems we need to
rewrite the formulas in terms of the cylindrical coordi-
nates, (kr, `, kz). The pressure in the HRG model has
contributions from both mesons (m) and baryons (b) up
to an ultraviolet mass scale, ⇤:

p(T, µ,!;⇤) =
X

m;Mi⇤

pm +
X

b;Mb⇤

pb , (11)

The mesonic and the baryonic pressures are given by

pm = p
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i=m

, pb = p
+
i=b

, (12)

where the generalized pressure functions are
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The energy spectrum is "`,i =
p

k2
r
+ k2

z
+m

2
i
�(`+Si)!

with Si and mi being the spin and the mass of the parti-
cle i. We note that the radial integration is with respect
to k

2
r
in the above form; that is, dk

2
r
= 2krdkr. The

above expression needs some more explanations. The ro-
tation e↵ect shifts the energy dispersion relation by the
cranking term, i.e., �J ·!, which varies as (`+si)! from
si = �Si to si = +Si. We reorganize the sum over si and
` so that the energy shift can be the same, �(` + Si)!,
to simplify the expression. Then, the spin sum is trans-
lated to the sum with respect to ⌫ with the square of
the Bessel function J

2
⌫
(krr) as in Eq. (13). The Bessel

function arises from the weight in the Bessel-Fourier ex-
pansion. The simplest nontrivial example is the spin-1/2
calculation (see Ref. [17, 32] for more details). After the
appropriate redefinition of ` in such a way that the total
angular momentum is j = `+ 1/2, one particle solutions
of the Dirac equation read:

u+ =
e
�i"t+ikzz

p
"+m

0

BB@

("+m)J`(krr)ei`'

0
kzJ`(krr)ei`'

ikrJ`+1(krr)ei(`+1)'

1

CCA . (14)

The other solution, u�, can be expressed similarly (the
explicit expression is found in Ref. [17]). From these
solutions the fermionic propagator can be constructed
and its trace involves J2

`
(krr)+J

2
`+1(krr), that is nothing

but the sum we see in Eq. (13) for Si = 1/2.
It is important to note that the integrations and the

sum in Eq. (13) are convergent. We can understand that
from the ! ! 0 limit to recover the standard expression
in the HRG model:
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2
i
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,

(15)
where gi = 2Si + 1 is the spin degeneracy factor and
this expression is certainly convergent. The dispersion
relation involves an exponentially growing factor, e`!/T ,
but J

2
⌫�`

(krr) has stronger expnential suppression and
Eq. (13) is finite.
There is, however, one subtlety in Eq. (13). As dis-

cussed in Sec. II, we can avoid unphysical condensates
from the causality bound, but it is time consuming to
take the discrete sum of kr. Here, instead, we shall em-
ploy an approximate and minimal prescription to evade
unphysical condensates. As long as ! is not significantly
larger than ⇤QCD, the discretization in high momentum
regions is expected to be a minor e↵ect, and the leading
discretization e↵ect in the low momentum regions is the
mass gap. We can thus introduce an infrared cuto↵ for
the kr integration, ⇤IR

`
, defined by

⇤IR
`

= ⇠`,1! , (16)

where, as we already noted, an obvious zero at ⇠ = 0 is
excluded. The kr integration in Eq. (13) is then replaced
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working criterion for deconfinement in later discussions.

IV. ROTATING HADRON RESONANCE GAS
MODEL

The HRG model has been well established and for
our purpose to investigate rotating systems we need to
rewrite the formulas in terms of the cylindrical coordi-
nates, (kr, `, kz). The pressure in the HRG model has
contributions from both mesons (m) and baryons (b) up
to an ultraviolet mass scale, ⇤:

p(T, µ,!;⇤) =
X

m;Mi⇤

pm +
X

b;Mb⇤

pb , (11)

The mesonic and the baryonic pressures are given by

pm = p
�
i=m

, pb = p
+
i=b

, (12)

where the generalized pressure functions are

p
±
i
= ± T

8⇡2

1X

`=�1

Z
dk

2
r

Z
dkz

`+2SiX

⌫=`

J
2
⌫
(krr)

⇥ log {1± exp[�("`,i � µi)/T ]} . (13)

The energy spectrum is "`,i =
p

k2
r
+ k2

z
+m

2
i
�(`+Si)!

with Si and mi being the spin and the mass of the parti-
cle i. We note that the radial integration is with respect
to k

2
r
in the above form; that is, dk

2
r
= 2krdkr. The

above expression needs some more explanations. The ro-
tation e↵ect shifts the energy dispersion relation by the
cranking term, i.e., �J ·!, which varies as (`+si)! from
si = �Si to si = +Si. We reorganize the sum over si and
` so that the energy shift can be the same, �(` + Si)!,
to simplify the expression. Then, the spin sum is trans-
lated to the sum with respect to ⌫ with the square of
the Bessel function J

2
⌫
(krr) as in Eq. (13). The Bessel

function arises from the weight in the Bessel-Fourier ex-
pansion. The simplest nontrivial example is the spin-1/2
calculation (see Ref. [17, 32] for more details). After the
appropriate redefinition of ` in such a way that the total
angular momentum is j = `+ 1/2, one particle solutions
of the Dirac equation read:

u+ =
e
�i"t+ikzz

p
"+m

0

BB@

("+m)J`(krr)ei`'

0
kzJ`(krr)ei`'

ikrJ`+1(krr)ei(`+1)'

1

CCA . (14)

The other solution, u�, can be expressed similarly (the
explicit expression is found in Ref. [17]). From these
solutions the fermionic propagator can be constructed
and its trace involves J2

`
(krr)+J

2
`+1(krr), that is nothing

but the sum we see in Eq. (13) for Si = 1/2.
It is important to note that the integrations and the

sum in Eq. (13) are convergent. We can understand that
from the ! ! 0 limit to recover the standard expression
in the HRG model:
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2
i
�µi

T

#)
,

(15)
where gi = 2Si + 1 is the spin degeneracy factor and
this expression is certainly convergent. The dispersion
relation involves an exponentially growing factor, e`!/T ,
but J

2
⌫�`

(krr) has stronger expnential suppression and
Eq. (13) is finite.
There is, however, one subtlety in Eq. (13). As dis-

cussed in Sec. II, we can avoid unphysical condensates
from the causality bound, but it is time consuming to
take the discrete sum of kr. Here, instead, we shall em-
ploy an approximate and minimal prescription to evade
unphysical condensates. As long as ! is not significantly
larger than ⇤QCD, the discretization in high momentum
regions is expected to be a minor e↵ect, and the leading
discretization e↵ect in the low momentum regions is the
mass gap. We can thus introduce an infrared cuto↵ for
the kr integration, ⇤IR

`
, defined by

⇤IR
`

= ⇠`,1! , (16)

where, as we already noted, an obvious zero at ⇠ = 0 is
excluded. The kr integration in Eq. (13) is then replaced

4

as
Z

dk
2
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!
Z

(⇤IR
`

)2
dk

2
r
. (17)

We will elucidate technical procedures in more details in
Sec. VI.

V. RADIAL DEPENDENCE

We note that our main formula (13) depends on the
radial coordinate r through J

2
⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for nonrotating matter. We
are interested in not surface singularities (as discussed
in Ref. [32] for example) but bulk properties, and so we
can take as small r as possible for numerical implementa-
tion. Another origin is that the centrifugal force should
be supported by the r dependent part of the pressure.

Let us consider the r dependence from the latter ori-
gin. From the analogy to the relation between the baryon
number density and the pressure: n = @p/@µ, we can ex-
press the angular momentum density as

hji(r) = @p(r)

@!
. (18)

When ! is small in the linear regime, the angular mo-
mentum is related to the moment of inertia in the in-
finitesimal volume dV as

hji(r) dV ' dI(r)! . (19)

For homogeneous matter with mass density ⇢, we can
easily find the moment of inertia as dI(r) = ⇢r

2
dV . If

the baryon chemical potential is vanishing, ⇢ should be
characterized by the temperature T , i.e., ⇢ = �T

4. We
can roughly approximate � from the enthalpy density;
namely, � = 2⌫⇡2

/45 with the thermal degrees of free-
dom ⌫. Then, we can approximate:

p(r) = p(0) +�p(r) , �p(r) ' �

2
T

4
r
2
!
2
. (20)

Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfine-
ment point could be in principle dependent on r. In-
deed in the cyllinder with a boundary, the possibility of
spatially separated regions of confinement and deconfine-
ment was pointed out [23].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the
r dependence: we fix r = 0.01 GeV�1 throughout this
work. If we take the strict limit of r ! 0 in the integrand
in Eq. (13) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to

` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (13), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

VI. NUMERICAL RESULTS

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package
of THERMUS-V3.0 [33] and incorporated the data into
our own numerical codes. To reduce the numerical cost,
we impose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in
Eq. (13). This also limits the high spin states. With our
choice of ⇤ = 1.5 GeV the largest spin states contribut-
ing to the pressure are f2(1270), a2(1320), K⇤

2 (1430), and
f2(1430) with S = 2. The e↵ect of ⇤ on the chemical
freezeout curve has been examined in Ref. [34], and they
have found that the changes of the chemical freezeout
curve are as small as around 10 MeV.

We quantitatively study the e↵ect of ⇤. In Fig. 1 we
plot the thermodynamic quantities with and without the
cuto↵ from Eq. (15) in the standard non-rotating HRG
model. The left panel shows the pressure p, the mid-
dle shows the energy density ", and the right shows the
entropy density s as functions of T . To check the va-
lidity of our simplification with ⇤, we shall compare the
critical temperature Tc read out from a thermodynamic
criterion.

The critical temperature without ⇤ is known from the
lattice-QCD simulation as Tc = 154 MeV [35]. We can
find the corresponding critical p/T 4, "/T 4, and s/T

3 at
Tc from the crossing points of the orange dashed curves
and the dotted vertical lines. Then, we can estimate
the ⇤ modified Tc from the crossing points of the blue
solid curves and the dotted horizontal lines in Fig. 1.
The shifts in Tc read out from p/T

4, "/T 4, and s/T
3 are

3.0 MeV, 5.6 MeV, and 5.2 MeV, respectively. This is
the numerical confirmation that the ⇤ e↵ects on Tc are
less than 10 MeV. In conclusion, our simplification by
⇤ = 1.5 GeV is qualitatively harmless for the study of the
phase boundary around Tc and also at the quantitative
level the possible error is ⇠ 5 MeV. We assume that the
⇤ e↵ects are negligible for finite ! as well.

Now let us discuss the deconfinement phase boundaries
at finite µ and !. For this purpose we should make the
thermodynamic quantities not only with T (as in Fig. 1)
but with some proper combination of T , µ, and !. We
employ the normalization given by the Stefan-Boltzmann
limit of a rotating quark-gluon gas:

pSB ⌘ (N2
c � 1) pg +NcNf (pq + pq̄) , (21)

where the number of colors and flavors are Nc = 3, Nf =

Fujimoto-Fukushima-Hidaka (2021)

6

FIG. 3. �p as a function of r for three di↵erent values of !.

For di↵erent ! the results are slightly changed, but of
the same order. This value of ⌫ is comparable to the
thermal degrees of freedom of light mesons, i.e., pions
and Kaons. We have a full expression of Eq. (13) and
we do not have to rely on an Ansatz like Eq. (20). In
this sense the above mentioned estimate of ⌫ should be
understood as a consistency check. It would be a very
intriguing question to see the spatial distribution of the
angular momentum density, hji(r), as well as the moment
of inertia, dI(r), directly from Eq. (13). We will report a
thorough analysis in a separate publication and stop our

discussions at the level of the consistency check in this
paper.

VIII. SUMMARY

In this work, we have studied the e↵ect of rotation
on the deconfinement transition from hadronic to quark
matter. We have devised the hadron resonance gas
(HRG) model in rotating frame and we have set the
working criterion for deconfinement in the view of the
Hagedorn picture, which is expressed as in Eq. (24). The
upshot is that rotation lowers the deconfinement transi-
tion temperature, similar to the e↵ect of baryon chemical
potential; we have drawn the phase diagram of rotating
hadronic matter in Fig. 2. Here we make the final re-
mark that our HRG model under rotation bears a radial
coordinate r dependence. We have identified this r de-
pendence as a compensation for the centrifugal force, and
have confirmed this behavior by numerical calculation.
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Rotating Hadron Resonance Gas
Pressure:

Larger pressure outside

Pressure gradient

Centrifugal force

Pressure is always inhomogeneous

4
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Z

dk
2
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!
Z

(⇤IR
`

)2
dk

2
r
. (17)

We will elucidate technical procedures in more details in
Sec. VI.

V. RADIAL DEPENDENCE

We note that our main formula (13) depends on the
radial coordinate r through J

2
⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for nonrotating matter. We
are interested in not surface singularities (as discussed
in Ref. [32] for example) but bulk properties, and so we
can take as small r as possible for numerical implementa-
tion. Another origin is that the centrifugal force should
be supported by the r dependent part of the pressure.

Let us consider the r dependence from the latter ori-
gin. From the analogy to the relation between the baryon
number density and the pressure: n = @p/@µ, we can ex-
press the angular momentum density as

hji(r) = @p(r)

@!
. (18)

When ! is small in the linear regime, the angular mo-
mentum is related to the moment of inertia in the in-
finitesimal volume dV as

hji(r) dV ' dI(r)! . (19)

For homogeneous matter with mass density ⇢, we can
easily find the moment of inertia as dI(r) = ⇢r

2
dV . If

the baryon chemical potential is vanishing, ⇢ should be
characterized by the temperature T , i.e., ⇢ = �T

4. We
can roughly approximate � from the enthalpy density;
namely, � = 2⌫⇡2

/45 with the thermal degrees of free-
dom ⌫. Then, we can approximate:

p(r) = p(0) +�p(r) , �p(r) ' �

2
T

4
r
2
!
2
. (20)

Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfine-
ment point could be in principle dependent on r. In-
deed in the cyllinder with a boundary, the possibility of
spatially separated regions of confinement and deconfine-
ment was pointed out [23].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the
r dependence: we fix r = 0.01 GeV�1 throughout this
work. If we take the strict limit of r ! 0 in the integrand
in Eq. (13) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to

` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (13), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

VI. NUMERICAL RESULTS

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package
of THERMUS-V3.0 [33] and incorporated the data into
our own numerical codes. To reduce the numerical cost,
we impose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in
Eq. (13). This also limits the high spin states. With our
choice of ⇤ = 1.5 GeV the largest spin states contribut-
ing to the pressure are f2(1270), a2(1320), K⇤

2 (1430), and
f2(1430) with S = 2. The e↵ect of ⇤ on the chemical
freezeout curve has been examined in Ref. [34], and they
have found that the changes of the chemical freezeout
curve are as small as around 10 MeV.

We quantitatively study the e↵ect of ⇤. In Fig. 1 we
plot the thermodynamic quantities with and without the
cuto↵ from Eq. (15) in the standard non-rotating HRG
model. The left panel shows the pressure p, the mid-
dle shows the energy density ", and the right shows the
entropy density s as functions of T . To check the va-
lidity of our simplification with ⇤, we shall compare the
critical temperature Tc read out from a thermodynamic
criterion.

The critical temperature without ⇤ is known from the
lattice-QCD simulation as Tc = 154 MeV [35]. We can
find the corresponding critical p/T 4, "/T 4, and s/T

3 at
Tc from the crossing points of the orange dashed curves
and the dotted vertical lines. Then, we can estimate
the ⇤ modified Tc from the crossing points of the blue
solid curves and the dotted horizontal lines in Fig. 1.
The shifts in Tc read out from p/T

4, "/T 4, and s/T
3 are

3.0 MeV, 5.6 MeV, and 5.2 MeV, respectively. This is
the numerical confirmation that the ⇤ e↵ects on Tc are
less than 10 MeV. In conclusion, our simplification by
⇤ = 1.5 GeV is qualitatively harmless for the study of the
phase boundary around Tc and also at the quantitative
level the possible error is ⇠ 5 MeV. We assume that the
⇤ e↵ects are negligible for finite ! as well.

Now let us discuss the deconfinement phase boundaries
at finite µ and !. For this purpose we should make the
thermodynamic quantities not only with T (as in Fig. 1)
but with some proper combination of T , µ, and !. We
employ the normalization given by the Stefan-Boltzmann
limit of a rotating quark-gluon gas:

pSB ⌘ (N2
c � 1) pg +NcNf (pq + pq̄) , (21)

where the number of colors and flavors are Nc = 3, Nf =

4
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We will elucidate technical procedures in more details in
Sec. VI.

V. RADIAL DEPENDENCE

We note that our main formula (13) depends on the
radial coordinate r through J

2
⌫
(krr). There are twofold

intuitive origins for this r dependence. One is possible r

dependence from the boundary e↵ect at R ⇠ 1/!. The
boundary e↵ect exists even for nonrotating matter. We
are interested in not surface singularities (as discussed
in Ref. [32] for example) but bulk properties, and so we
can take as small r as possible for numerical implementa-
tion. Another origin is that the centrifugal force should
be supported by the r dependent part of the pressure.

Let us consider the r dependence from the latter ori-
gin. From the analogy to the relation between the baryon
number density and the pressure: n = @p/@µ, we can ex-
press the angular momentum density as

hji(r) = @p(r)

@!
. (18)

When ! is small in the linear regime, the angular mo-
mentum is related to the moment of inertia in the in-
finitesimal volume dV as

hji(r) dV ' dI(r)! . (19)

For homogeneous matter with mass density ⇢, we can
easily find the moment of inertia as dI(r) = ⇢r

2
dV . If

the baryon chemical potential is vanishing, ⇢ should be
characterized by the temperature T , i.e., ⇢ = �T

4. We
can roughly approximate � from the enthalpy density;
namely, � = 2⌫⇡2

/45 with the thermal degrees of free-
dom ⌫. Then, we can approximate:

p(r) = p(0) +�p(r) , �p(r) ' �
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Because � may di↵er for confined hadronic matter and
deconfined matter of quarks and gluons, the deconfine-
ment point could be in principle dependent on r. In-
deed in the cyllinder with a boundary, the possibility of
spatially separated regions of confinement and deconfine-
ment was pointed out [23].

In the present work, to avoid ambiguous interpretation,
we shall take r! ⌧ 1 so that we can safely neglect the
r dependence: we fix r = 0.01 GeV�1 throughout this
work. If we take the strict limit of r ! 0 in the integrand
in Eq. (13) (assuming that the infinite sum over ` and the
integration with respect to kr are harmless), all the terms
involving J

2
⌫ 6=0(0) = 0 should vanish. Then, only terms

with ⌫ = 0 survive, which are allowed for ` = �2Si to

` = 0, corresponding to the energy shifts from �Si! to
+Si!. Since we redefined ` to simplify Eq. (13), it is a
bit nontrivial to see, but the surviving terms are di↵erent
spin states with zero orbital angular momentum. This is
very natural: at r = 0 the orbital angular momentum is
identically zero and the rotation couples to the spin only.

VI. NUMERICAL RESULTS

In our HRG model treatment we have adopted the par-
ticle data group list of particles contained in the package
of THERMUS-V3.0 [33] and incorporated the data into
our own numerical codes. To reduce the numerical cost,
we impose an ultraviolet mass cuto↵ as ⇤ = 1.5 GeV in
Eq. (13). This also limits the high spin states. With our
choice of ⇤ = 1.5 GeV the largest spin states contribut-
ing to the pressure are f2(1270), a2(1320), K⇤

2 (1430), and
f2(1430) with S = 2. The e↵ect of ⇤ on the chemical
freezeout curve has been examined in Ref. [34], and they
have found that the changes of the chemical freezeout
curve are as small as around 10 MeV.

We quantitatively study the e↵ect of ⇤. In Fig. 1 we
plot the thermodynamic quantities with and without the
cuto↵ from Eq. (15) in the standard non-rotating HRG
model. The left panel shows the pressure p, the mid-
dle shows the energy density ", and the right shows the
entropy density s as functions of T . To check the va-
lidity of our simplification with ⇤, we shall compare the
critical temperature Tc read out from a thermodynamic
criterion.

The critical temperature without ⇤ is known from the
lattice-QCD simulation as Tc = 154 MeV [35]. We can
find the corresponding critical p/T 4, "/T 4, and s/T

3 at
Tc from the crossing points of the orange dashed curves
and the dotted vertical lines. Then, we can estimate
the ⇤ modified Tc from the crossing points of the blue
solid curves and the dotted horizontal lines in Fig. 1.
The shifts in Tc read out from p/T

4, "/T 4, and s/T
3 are

3.0 MeV, 5.6 MeV, and 5.2 MeV, respectively. This is
the numerical confirmation that the ⇤ e↵ects on Tc are
less than 10 MeV. In conclusion, our simplification by
⇤ = 1.5 GeV is qualitatively harmless for the study of the
phase boundary around Tc and also at the quantitative
level the possible error is ⇠ 5 MeV. We assume that the
⇤ e↵ects are negligible for finite ! as well.

Now let us discuss the deconfinement phase boundaries
at finite µ and !. For this purpose we should make the
thermodynamic quantities not only with T (as in Fig. 1)
but with some proper combination of T , µ, and !. We
employ the normalization given by the Stefan-Boltzmann
limit of a rotating quark-gluon gas:

pSB ⌘ (N2
c � 1) pg +NcNf (pq + pq̄) , (21)

where the number of colors and flavors are Nc = 3, Nf =
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To make thinking simplified

Thermodynamics near r = 0 simplifies the situation a lot.4
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FIG. 3: The phase diagram on T -! plane (see text).

(rather than the fermion-anti-fermion) superconducting
pairing phenomenon in the presence of rotation. In the
QCD context, this is the color superconductivity at high
density and low temperature (see e.g. [37] for a recent
review). Quite di↵erent from the chiral condensate, the
diquark pairing state has the spatial angular momentum
(for the relative orbital motion) L = 0 while the total
spin S = 0 (i.e. antisymmetric combination of the two
individual quark spins), again with the total angular mo-
mentum J = 0 for the pair. We use the same NJL model
and for simplicity we focus on the low-temperature high-
density region where the chiral symmetry is already re-
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In the above the mean-field quasiparticle dispersion ✏±n
and ✏�±

n is given by ✏±n = (
p
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The mean-field diquark condensate � at given values of
temperature T , chemical potential µ and rotation !, can
then be determined from the self-consistency equation
through variation of the order parameter: �⌦

��(r) = 0 and
�2⌦

��(r)2 > 0. By numerically solving the equation, we show

in Fig. 4 the � (at radius r = 0.1GeV�1) as a function of

! for several values of T and fixed µ = 400MeV. One can
see that with increasing !, the diquark condensate always
decreases toward zero, through a 1st-order transition at
low T while a smooth crossover at higher T . This result
again confirms the generic rotational suppression e↵ect
on the scalar diquark pairing.
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FIG. 4: The mean-field diquark condensate � (at radius r =

0.1GeV
�1

) as a function of ! for several values of T and fixed

value of µ = 400MeV.

Summary and Discussions.— In summary, we have
found a generic rotational suppression e↵ect on the
fermion pairing state with zero angular momentum. This
e↵ect is demonstrated for two well-known pairing phe-
nomena in QCD matter, namely the chiral condensate
and the color superconductivity. The scalar pairing
states in these two examples, while di↵erent in many
aspects, are both found to be reduced with increasing
rotation of the system. In the case of chiral phase transi-
tion, we have identified the phase boundary with a criti-
cal point on the T � ! parameter space.
The rotational e↵ects on pairing phase transitions may

bear interesting implications for a number of physics sys-
tems. The phase diagram of QCD matter on T �! plane
could be quantitatively explored by ab initio lattice sim-
ulations which has recently become feasible [8]. In heavy
ion collisions there is sizable global angular momentum
carried by the hot dense matter (as recently computed
in e.g. [6]): such rotational motion may cause the chiral
restoration to occur at lower temperature as our results
imply, and may bear measurable consequences (e.g. for
dilepton emissions). In the case of neutron stars, the
dense QCD matter is under global rotation which may
reduce the chiral as well as diquark or nucleon-nucleon
pairings and may a↵ect the moment of inertia for such
stars [27, 28]. In the non-relativistic domain, the cold
fermionic gas is an ideal place to study the rotational
suppression e↵ect on the fermion pairing and the very
interesting BCS-BEC crossover phenomenon [38–41]. Fi-
nally, while in this paper we limit ourselves to the study
of slow rotation e↵ects, it is worth commenting that

Jiang-Liao (2017)

The orbital angular momentum is 
dropped then, and only the spin 
remains finite. 
(No need to worry about spatial 
inhomogeneity anymore.)

(Phase diagram with spin effects only)
cf. Chiral Vortical Effect 
(only the spin contributes)
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A classic work by Son-Surowka (2009) found:
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だが、Sµには第一原理的な構成法はない。少なくとも筆者は知らない。通常は
どう構成するかというと、まず最低次が

Sµ
(0) = suµ (3.10)

で与えられるところまでは問題ない。これに熱力学関係式を使うと
Sµ
(0) =

e+ p
T

uµ − αnuµ (3.11)

となるわけだが、uµuµ = 1に注意すれば (文献によって計量が uµuµ = −1に
なっていることがあるので要注意)これは

Sµ
(0) =

uν
T

Tµν
(0) +

p
T
uµ − α jµ(0) (3.12)

に他ならない。これよりエントロピー生成を O(∂0)までで計算してみると
∂µSµ

(0) = Tµν
(0)∂µ

uν
T

+ ∂µ
( p
T
uµ

)
− jµ(0)∂µα (3.13)

なわけだが 2項目をばらしてまとめると
∂µSµ

(0) = (e+ p)uµuν∂µ
uν
T

+
uµ

T
∂µp− jµ(0)∂µα (3.14)

第 1項は uνuν = 1から直ちに従う uν∂µuν = 0を使うと、∂µ が uν に作用する
項は消えてしまい、1/T に作用して出てくる項しか残らない。熱力学関係式を
使うとさらに簡単になって

∂µSµ
(0) = (Ts+ µn)uµ∂µ

1
T

+
uµ

T
(s∂µT + n∂µµ)− jµ(0)∂µα = 0 (3.15)

となるから、散逸の入らない完全流体のオーダーではエントロピーは保存して
いる。これより散逸のある場合にも先程の関係式が成り立つと考えて

Sµ =
uν
T

Tµν +
p
T
uµ − α jµ (3.16)

であると仮定する。あるいは O(∂)までで

(The notation is slightly changed here)

Entropy Current
Ideal Hydrodynamics ~ 𝒪(∂0)
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(a=µ/T)
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is easily concluded

Non-ideal Hydrodynamics ~ 𝒪(∂)
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Sµ = suµ +
uν
T

Tµν
(1) − α jµ(1) (3.17)

と思っても同じことである。この Tµν
(1) の部分は後で説明するように熱流に対応

する項で、通常は熱流がゼロとなるようなフレームを選ぶため落としておいて
よい (残したまま計算してもよい)。準備ができたので、いよいよ電磁場を入れ
た O(∂)の計算に進もう。量子異常の効果も考えて

∂µj
µ = CanomE ·B (3.18)

であることを考慮する。ただし Canom は量子異常で決まる係数である。上述の
方法を繰り返してエントロピー生成を計算すると、余分に出てくる項は保存則
で落としていたところから出てきて、それだけ取り出していけば簡単に計算で
きる。

∂µSµ = Tµν
(1)∂µ

uν

T
+ jλF

λν uν
T
− jµ(1)∂µα− α∂µj

µ (3.19)

この右辺の 2項目は jµ(0) = nuµ だったことを思い出すと jµ(1) からの寄与しか残
らない。また最後の項は量子異常を引っ掛けるので、以上をまとめると

∂µSµ = Tµν
(1)∂µ

uν
T

+ jµ(1)

(
−∂µα+

Eµ

T

)
− CanomαE ·B (3.20)

熱力学第二法則が成立するならば ∂µSµ ≥ 0 でなければならない。逆に必ず
∂µSµ ≥ 0が成立するように Tµν

(1) や jµ(1) の形に制限がかかるというのが、重要
なポイントである。ここで

Tµν
(1) = 2h(µuν) + πµν , uµπ

µν = 0 (3.21)

によって対称テンソル πµν を導入する。計算を便利にするために射影演算子も
導入しておく。

∆µν = gµν − uµuν (3.22)

当然ながらこれは uµ∆
µν = ∆µνuν = 0を満たす。するとエントロピー生成で

∂µ が温度の方を微分してしまうと、Tµν
(1)uν が出てくるのだが、これは熱流 hµ

になっていて、適切なフレームを選ぶことによって落とすことができる。よっ
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T
+ jλF

λν uν
T
− jµ(1)∂µα− α∂µj

µ (3.19)

この右辺の 2項目は jµ(0) = nuµ だったことを思い出すと jµ(1) からの寄与しか残
らない。また最後の項は量子異常を引っ掛けるので、以上をまとめると

∂µSµ = Tµν
(1)∂µ

uν
T

+ jµ(1)

(
−∂µα+

Eµ

T

)
− CanomαE ·B (3.20)

熱力学第二法則が成立するならば ∂µSµ ≥ 0 でなければならない。逆に必ず
∂µSµ ≥ 0が成立するように Tµν

(1) や jµ(1) の形に制限がかかるというのが、重要
なポイントである。ここで

Tµν
(1) = 2h(µuν) + πµν , uµπ

µν = 0 (3.21)

によって対称テンソル πµν を導入する。計算を便利にするために射影演算子も
導入しておく。

∆µν = gµν − uµuν (3.22)

当然ながらこれは uµ∆
µν = ∆µνuν = 0を満たす。するとエントロピー生成で

∂µ が温度の方を微分してしまうと、Tµν
(1)uν が出てくるのだが、これは熱流 hµ

になっていて、適切なフレームを選ぶことによって落とすことができる。よっ

How to realize the second law of thermodynamics?

Ohm’s law / Seebeck effectViscosities
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てエントロピー生成の 1項目は
1
T
πµν∂µuν =

1
T
πµν

[
∂<µuν> +

1
3
∆µν(∂ · u)

]
(3.23)

と表せる。ただしトレースレス部分への射影
A<µν> = ∆(µα∆ν)βAαβ −

1
3
∆µν(Aαβ∆αβ) (3.24)

を用いた。このように分解しておくと、係数 η ≥ 0、ζ ≥ 0を用いて
πµν = 2η ∂<µuν> + ζ∆µν(∂ · u) (3.25)

であればちょうど 2乗和の形になって、熱力学第二法則を満たすことができる。
カレントについてはテンソルの構造はもっとずっと簡単で、係数 σ ≥ 0を用いて

jµ(1) = σEµ − σT∆µν∂να (3.26)

としておけばよい。ただし uµj
µ
(1) = 0となるように射影演算子が挟まっている

ことに注意。この条件は量子力学における摂動論計算と全く一緒で、jµ(0) と一
意に分解するために要請する最も簡単な条件となる。
ここで問題となるのが量子異常から出てきた最後の項の存在である。E ·Bの

符号は決まっていないから、こんな項があると熱力学第二法則が破れてしまう。
凡百の研究者であれば量子異常による熱力学第二法則の破れを発見したと勘違
いしてしまいそうなところだが、エントロピーは一意に決まっていたわけでな
いことを思い出そう。項を付け加えることによって熱力学第二法則が満たされ
ている可能性はまだ残っている。そこで以下のように項を付け加える。

δjµ(1) = ξV ω
µ + ξBB

µ , δSµ = −αδjµ(1) +DV ω
µ +DBB

µ (3.27)

完全流体の運動方程式 ∂µT
µν
(0) = −nEν から

1
e+ p

(∂µp− nEµ) =
1

e+ p
uµ(u · ∂)(e+ p) + (∂ · u)uµ + (u · ∂)uµ (3.28)

を示すことができる。これに ωµ、Bµ をそれぞれかけると

Missing terms (CVE+CME)

Anomalously induced transport required thermodynamically!
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だが、Sµには第一原理的な構成法はない。少なくとも筆者は知らない。通常は
どう構成するかというと、まず最低次が

Sµ
(0) = suµ (3.10)

で与えられるところまでは問題ない。これに熱力学関係式を使うと
Sµ
(0) =

e+ p
T

uµ − αnuµ (3.11)

となるわけだが、uµuµ = 1に注意すれば (文献によって計量が uµuµ = −1に
なっていることがあるので要注意)これは

Sµ
(0) =

uν
T

Tµν
(0) +

p
T
uµ − α jµ(0) (3.12)

に他ならない。これよりエントロピー生成を O(∂0)までで計算してみると
∂µSµ

(0) = Tµν
(0)∂µ

uν
T

+ ∂µ
( p
T
uµ

)
− jµ(0)∂µα (3.13)

なわけだが 2項目をばらしてまとめると
∂µSµ

(0) = (e+ p)uµuν∂µ
uν
T

+
uµ

T
∂µp− jµ(0)∂µα (3.14)

第 1項は uνuν = 1から直ちに従う uν∂µuν = 0を使うと、∂µ が uν に作用する
項は消えてしまい、1/T に作用して出てくる項しか残らない。熱力学関係式を
使うとさらに簡単になって

∂µSµ
(0) = (Ts+ µn)uµ∂µ

1
T

+
uµ

T
(s∂µT + n∂µµ)− jµ(0)∂µα = 0 (3.15)

となるから、散逸の入らない完全流体のオーダーではエントロピーは保存して
いる。これより散逸のある場合にも先程の関係式が成り立つと考えて

Sµ =
uν
T

Tµν +
p
T
uµ − α jµ (3.16)

であると仮定する。あるいは O(∂)までで
“canonically” derived 
energy-momentum tensor

Induced by the 
spin potential
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これより
de = Tds+ µdn+ ωµνdS

µν , dp = sdT + ndµ+ Sµνdωµν (3.81)

In the present convention e is a function of Sµν , while p is a function of ωµν .

Now, let us introduce a nonequilibrium entropy current Sµ
can following a pre-

scription of Ref. [?]. In the presence of the spin density and the spin potential

we can postulate:

Sµ
can =

uν
T

Θµν +
p
T
uµ − αjµ − ωρσ

T
Σµρσ

= suµ +
uν
T

Θµν
(1) − αj

µ
(1) +O(∂2) , (3.82)

where Θµν
(1) as well as jµ(1) denotes dissipative terms. This explicit form clearly

shows that the entropy current has a definite relation to the equilibrium entropy

up to the leading order, but the higher orders are not uniquely constrained.

Therefore, Eq. (3.82) should be regarded as an Ansatz.

Using Eq. (3.80) and uν∂µΘ
µν = 0, we can prove T∂µ(su

µ) − µ∂µj
µ
(1) +

ωρσ∂µ(S
ρσuµ) + uν∂µΘ

µν
(1) = 0. This significantly simplifies the divergence of

the entropy current into

∂µSµ
can = −jµ(1)∂µα−

ωρσ
T
∂µ(u

µSρσ) +Θµν
(1)∂µ

uν
T

= −jµ(1)∂µα+Θρσ(a)

(
2
ωρσ
T

+ ∂[µ
uν]
T

)
(3.83)

平衡状態でエントロピー生成のない条件だと
ωµν

∣∣∣
eq

= −T
2
∂[µ

uν]
T

(3.84)

が満たされる。つまり渦度は熱渦度と呼ばれる量に帰着することになる。
In the right-hand side we can use ∂µ(u

µSρσ) = −2Θρσ(a)+O(∂2) which comes

from Eqs. (3.78) and (3.79) . We note that for consistent order counting

Sµν ∼ O(1) and ωµν ∼ O(∂) should be adopted. More precisely speaking, in

terms of the ! expansion, Sµνωµν in energy is of O(!) and is one order higher

Straightforward generalization but the way to incorporate 
the spin should explained now.
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Jαµνcan = xµΘαν − xνΘαµ + Σαµν , (3.77)

where xµΘαν − xνΘαµ and Σαµν represent the OAM and the SAM tensors,

respectively. From the conservation laws of the TAM and the EMT we readily

find,

∂αΣ
αµν = −2Θµν

(a) (3.78)

with Θµν
(a) being the antisymmetric part of the canonical EMT, which is un-

derstood as spin nonconservation in relativistic systems. We also note that

the above equation is nothing but the “quantum spin vorticity principle” in

the quantum spin vorticity theory [?]. In other words, we can say that the

dynamics of 6 additional degrees of freedom by spin is solved by 6 components

of the above equation once Θµν
(a) is given.

Recalling that the spin in the quantum field theory is Σ0ij ∼ Sij = εijkSk,

we can decompose the spin tensor in terms of hydrodynamical variables as

follows:

Σαµν = uαSµν + Σαµν(1) . (3.79)

We can understand Eq. (3.79) in analogy to decomposition of the charge

current; jµ = nuµ + jµ(1) (where u · j(1) = 0), with the charge density n and the

dissipative current jµ(1) from the higher order in the gradient expansion. Corre-

spondingly, we can identify Sµν as the spin density and Σαµν(1) as the dissipative

higher order correction. We can neglect Σαµν(1) since only ∂αΣ
αµν
(1) ∼ O(∂2)

appears that is beyond the order focused in this work. In general we cannot

identify a canonical definition only by referring to macroscopic variables, but

we know that theories with both Dirac and gauge fields should satisfy the

above decompositions in the canonical formulation and justify Eq. (3.79) with

α attached to uα. In this work we use a terminology “canonical” implicitly

assuming such microscopic theories.

熱力学関係式は
e+ p = Ts+ µn+ ωµνS

µν , (3.80)

Noether current from rotational symmetry

Orbital Spin

<latexit sha1_base64="AXqPZrUmy+S0XtInPEBy0vf3Hjw="></latexit>
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Jαµνcan = xµΘαν − xνΘαµ + Σαµν , (3.77)

where xµΘαν − xνΘαµ and Σαµν represent the OAM and the SAM tensors,

respectively. From the conservation laws of the TAM and the EMT we readily

find,

∂αΣ
αµν = −2Θµν

(a) (3.78)

with Θµν
(a) being the antisymmetric part of the canonical EMT, which is un-

derstood as spin nonconservation in relativistic systems. We also note that

the above equation is nothing but the “quantum spin vorticity principle” in

the quantum spin vorticity theory [?]. In other words, we can say that the

dynamics of 6 additional degrees of freedom by spin is solved by 6 components

of the above equation once Θµν
(a) is given.

Recalling that the spin in the quantum field theory is Σ0ij ∼ Sij = εijkSk,

we can decompose the spin tensor in terms of hydrodynamical variables as

follows:

Σαµν = uαSµν + Σαµν(1) . (3.79)

We can understand Eq. (3.79) in analogy to decomposition of the charge

current; jµ = nuµ + jµ(1) (where u · j(1) = 0), with the charge density n and the

dissipative current jµ(1) from the higher order in the gradient expansion. Corre-

spondingly, we can identify Sµν as the spin density and Σαµν(1) as the dissipative

higher order correction. We can neglect Σαµν(1) since only ∂αΣ
αµν
(1) ∼ O(∂2)

appears that is beyond the order focused in this work. In general we cannot

identify a canonical definition only by referring to macroscopic variables, but

we know that theories with both Dirac and gauge fields should satisfy the

above decompositions in the canonical formulation and justify Eq. (3.79) with

α attached to uα. In this work we use a terminology “canonical” implicitly

assuming such microscopic theories.

熱力学関係式は
e+ p = Ts+ µn+ ωµνS

µν , (3.80)

Anti-symmetric part of the energy-momentum tensor 
is the source of the spin (from the orbital part).

Spin Hydrodynamics (Hattori-Hongo-Huang-Matsuo-Taya 2019)
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Sµ = suµ +
uν
T

Tµν
(1) − α jµ(1) (3.17)

と思っても同じことである。この Tµν
(1) の部分は後で説明するように熱流に対応

する項で、通常は熱流がゼロとなるようなフレームを選ぶため落としておいて
よい (残したまま計算してもよい)。準備ができたので、いよいよ電磁場を入れ
た O(∂)の計算に進もう。量子異常の効果も考えて

∂µj
µ = CanomE ·B (3.18)

であることを考慮する。ただし Canom は量子異常で決まる係数である。上述の
方法を繰り返してエントロピー生成を計算すると、余分に出てくる項は保存則
で落としていたところから出てきて、それだけ取り出していけば簡単に計算で
きる。

∂µSµ = Tµν
(1)∂µ

uν

T
+ jλF

λν uν
T
− jµ(1)∂µα− α∂µj

µ (3.19)

この右辺の 2項目は jµ(0) = nuµ だったことを思い出すと jµ(1) からの寄与しか残
らない。また最後の項は量子異常を引っ掛けるので、以上をまとめると

∂µSµ = Tµν
(1)∂µ

uν
T

+ jµ(1)

(
−∂µα+

Eµ

T

)
− CanomαE ·B (3.20)

熱力学第二法則が成立するならば ∂µSµ ≥ 0 でなければならない。逆に必ず
∂µSµ ≥ 0が成立するように Tµν

(1) や jµ(1) の形に制限がかかるというのが、重要
なポイントである。ここで

Tµν
(1) = 2h(µuν) + πµν , uµπ

µν = 0 (3.21)

によって対称テンソル πµν を導入する。計算を便利にするために射影演算子も
導入しておく。

∆µν = gµν − uµuν (3.22)

当然ながらこれは uµ∆
µν = ∆µνuν = 0を満たす。するとエントロピー生成で

∂µ が温度の方を微分してしまうと、Tµν
(1)uν が出てくるのだが、これは熱流 hµ

になっていて、適切なフレームを選ぶことによって落とすことができる。よっ

Previously…

<latexit sha1_base64="BAKziXTVHCWwvdCVOSB8M/jqGIs="></latexit>

@µS
µ
can = ⇥µ⌫

(1)@µ
u⌫

T
� jµ(1)@µ↵� !⇢�

T
@µ⌃

µ⇢�

In spin hydro…

main : 2021/11/4(16:21)

34 第 3 章 カイラルスピン流体の理論

これより
de = Tds+ µdn+ ωµνdS

µν , dp = sdT + ndµ+ Sµνdωµν (3.81)

In the present convention e is a function of Sµν , while p is a function of ωµν .

Now, let us introduce a nonequilibrium entropy current Sµ
can following a pre-

scription of Ref. [?]. In the presence of the spin density and the spin potential

we can postulate:

Sµ
can =

uν
T

Θµν +
p
T
uµ − αjµ − ωρσ

T
Σµρσ

= suµ +
uν
T

Θµν
(1) − αj

µ
(1) +O(∂2) , (3.82)

where Θµν
(1) as well as jµ(1) denotes dissipative terms. This explicit form clearly

shows that the entropy current has a definite relation to the equilibrium entropy

up to the leading order, but the higher orders are not uniquely constrained.

Therefore, Eq. (3.82) should be regarded as an Ansatz.

Using Eq. (3.80) and uν∂µΘ
µν = 0, we can prove T∂µ(su

µ) − µ∂µj
µ
(1) +

ωρσ∂µ(S
ρσuµ) + uν∂µΘ

µν
(1) = 0. This significantly simplifies the divergence of

the entropy current into

∂µSµ
can = −jµ(1)∂µα−

ωρσ
T
∂µ(u

µSρσ) +Θµν
(1)∂µ

uν
T

= −jµ(1)∂µα+Θρσ(a)

(
2
ωρσ
T

+ ∂[µ
uν]
T

)
(3.83)

平衡状態でエントロピー生成のない条件だと
ωµν

∣∣∣
eq

= −T
2
∂[µ

uν]
T

(3.84)

が満たされる。つまり渦度は熱渦度と呼ばれる量に帰着することになる。
In the right-hand side we can use ∂µ(u

µSρσ) = −2Θρσ(a)+O(∂2) which comes

from Eqs. (3.78) and (3.79) . We note that for consistent order counting

Sµν ∼ O(1) and ωµν ∼ O(∂) should be adopted. More precisely speaking, in

terms of the ! expansion, Sµνωµν in energy is of O(!) and is one order higher

Equilibrium (non-dissipative) limit:
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これより
de = Tds+ µdn+ ωµνdS

µν , dp = sdT + ndµ+ Sµνdωµν (3.81)

In the present convention e is a function of Sµν , while p is a function of ωµν .

Now, let us introduce a nonequilibrium entropy current Sµ
can following a pre-

scription of Ref. [?]. In the presence of the spin density and the spin potential

we can postulate:

Sµ
can =

uν
T

Θµν +
p
T
uµ − αjµ − ωρσ

T
Σµρσ

= suµ +
uν
T

Θµν
(1) − αj

µ
(1) +O(∂2) , (3.82)

where Θµν
(1) as well as jµ(1) denotes dissipative terms. This explicit form clearly

shows that the entropy current has a definite relation to the equilibrium entropy

up to the leading order, but the higher orders are not uniquely constrained.

Therefore, Eq. (3.82) should be regarded as an Ansatz.

Using Eq. (3.80) and uν∂µΘ
µν = 0, we can prove T∂µ(su

µ) − µ∂µj
µ
(1) +

ωρσ∂µ(S
ρσuµ) + uν∂µΘ

µν
(1) = 0. This significantly simplifies the divergence of

the entropy current into

∂µSµ
can = −jµ(1)∂µα−

ωρσ
T
∂µ(u

µSρσ) +Θµν
(1)∂µ

uν
T

= −jµ(1)∂µα+Θρσ(a)

(
2
ωρσ
T

+ ∂[µ
uν]
T

)
(3.83)

平衡状態でエントロピー生成のない条件だと
ωµν

∣∣∣
eq

= −T
2
∂[µ

uν]
T

(3.84)

が満たされる。つまり渦度は熱渦度と呼ばれる量に帰着することになる。
In the right-hand side we can use ∂µ(u

µSρσ) = −2Θρσ(a)+O(∂2) which comes

from Eqs. (3.78) and (3.79) . We note that for consistent order counting

Sµν ∼ O(1) and ωµν ∼ O(∂) should be adopted. More precisely speaking, in

terms of the ! expansion, Sµνωµν in energy is of O(!) and is one order higher

Thermal Vorticity ~ Ωμν

Becattini et al. (2013~)

Spin Hydrodynamics (Hattori-Hongo-Huang-Matsuo-Taya 2019)
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これより
de = Tds+ µdn+ ωµνdS

µν , dp = sdT + ndµ+ Sµνdωµν (3.81)

In the present convention e is a function of Sµν , while p is a function of ωµν .

Now, let us introduce a nonequilibrium entropy current Sµ
can following a pre-

scription of Ref. [?]. In the presence of the spin density and the spin potential

we can postulate:

Sµ
can =

uν
T

Θµν +
p
T
uµ − αjµ − ωρσ

T
Σµρσ

= suµ +
uν
T

Θµν
(1) − αj

µ
(1) +O(∂2) , (3.82)

where Θµν
(1) as well as jµ(1) denotes dissipative terms. This explicit form clearly

shows that the entropy current has a definite relation to the equilibrium entropy

up to the leading order, but the higher orders are not uniquely constrained.

Therefore, Eq. (3.82) should be regarded as an Ansatz.

Using Eq. (3.80) and uν∂µΘ
µν = 0, we can prove T∂µ(su

µ) − µ∂µj
µ
(1) +

ωρσ∂µ(S
ρσuµ) + uν∂µΘ

µν
(1) = 0. This significantly simplifies the divergence of

the entropy current into

∂µSµ
can = −jµ(1)∂µα−

ωρσ
T
∂µ(u

µSρσ) +Θµν
(1)∂µ

uν
T

= −jµ(1)∂µα+Θρσ(a)

(
2
ωρσ
T

+ ∂[µ
uν]
T

)
(3.83)

平衡状態でエントロピー生成のない条件だと
ωµν

∣∣∣
eq

= −T
2
∂[µ

uν]
T

(3.84)

が満たされる。つまり渦度は熱渦度と呼ばれる量に帰着することになる。
In the right-hand side we can use ∂µ(u

µSρσ) = −2Θρσ(a)+O(∂2) which comes

from Eqs. (3.78) and (3.79) . We note that for consistent order counting

Sµν ∼ O(1) and ωµν ∼ O(∂) should be adopted. More precisely speaking, in

terms of the ! expansion, Sµνωµν in energy is of O(!) and is one order higher
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than other terms. Our power counting is reasonable for a system where most

particles are polarized to make S be of the same order as the particle number

density that is of O(1). In the literature S is often assumed to be of O(∂), but

our power counting is convenient for systematic expansions. At the first order,

moreover, the tensor decomposition leads to Θµν
(1) = Θµν

(1s) +Θµν
(1a) with

Θµν
(1s) = 2h(µuν) + πµν , Θµν
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As usual πµν is the viscous tensor and φµν is its antisymmetric counterpart.

Likewise, hµ is the heat flow and qµ is its counterpart in the antisymmetric

sector. In calculational steps uµπ
µν = uµφ

µν = u · q = u · h = 0 will be useful.

As discussed in Ref. [?] we can collect terms involving πµν , φµν , hµ, and qµ

and identify their tensorial forms from the sufficient condition for the second

law of thermodynamics, ∂µSµ
can ≥ 0, as realized in a form of sum of squares.

Then, πµν and hµ are found to have no spin corrections, while qµ and φµν

are found to have terms ∝ ωµν as
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where Ωµν ≡ −∆µρ∆νσ∂[ρ(βuσ]) is usually referred to as the thermal vortic-

ity [?], and λ and γ are nonnegative transport coefficients. Now, with given λ

and γ, these constitutive equations close the evolution equations for spin with

Eq. (3.78) . We can reasonably understand the physical interpretation: The

rotation carried by the fluid velocity and the thermal gradient together with the

spin chemical potential plays a role of the source to produce/absorb the spin.

Then, the spin hydrodynamics dictates the evolution of ωµν or Sµν and the

local thermal equilibrium relation, Sµν = ∂p/∂ωµν |T,µ, imposes a connection

between them.

From above discussions it is clear that Eq. (3.78) is crucial for constructing

hydrodynamics with spin degrees of freedom, and it seems to be indispensable
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where ⌦µ⌫
⌘ ��µ⇢�⌫�@[⇢(�u�]) is usually referred to

as the thermal vorticity [33], and � and � are nonneg-
ative transport coe�cients. We can reasonably under-
stand the physical interpretation: The rotation carried
by the fluid velocity and the thermal gradient together
with the spin chemical potential plays a role of the source
to produce/absorb the spin. Then, the spin hydrodynam-
ics dictates the evolution of !µ⌫ or Sµ⌫ and the local ther-
mal equilibrium relation, Sµ⌫ = @p/@!µ⌫ |T,µ, imposes a
connection between them.

From above discussions it is clear that Eq. (2) is cru-
cial for constructing hydrodynamics with spin degrees of
freedom, and it seems to be indispensable to keep ⇥µ⌫

(a).
The EMT, however, has pseudo-gauge invariance, and
one can always choose a symmetrized or Belinfante im-
proved EMT form without losing physics contents.

Spin strikes back: The confusion lies in the absence
of the antisymmetric part of the Belinfante EMT which
implies no spin degrees of freedom at all. We obtain
the symmetric Belinfante EMT by the following pseudo-
gauge transformation:

T
µ⌫ = ⇥µ⌫ + @�K

�µ⌫ , (10)

K�µ⌫ =
1

2

�
⌃�µ⌫

� ⌃µ�⌫ + ⌃⌫µ�
�
. (11)

With this choice we can get rid of the spin source and it
is easy to confirm that T

µ⌫ is symmetric; T µ⌫ = T
⌫µ.

Here, K�µ⌫ is antisymmetric with respect to � and µ,
so that @µT µ⌫ = 0 still holds as long as @µ⇥µ⌫ = 0. In
other words we have an identity,

@µ@�
�
u�Sµ⌫ + uµS⌫� + u⌫Sµ�

�
= 0 , (12)

from Eqs. (3) and (11). This equation corresponds to the
“quantum spin vorticity principle” in the quantum spin
vorticity theory [35].

The Belinfante improved TAM, which is a counterpart
of Eq. (1), reads,

J
↵µ⌫ = xµ

T
↵⌫

� x⌫
T

↵µ , (13)

where J
↵µ⌫

⌘ J↵µ⌫ + @⇢(xµK⇢↵⌫
� x⌫K⇢↵µ). Equa-

tion (13) looks like an OAM relation [see the first part
in Eq. (1)] and it is often said that the spin is identically
vanishing in the Belinfante form. Precisely speaking,
since the energy-momentum conservation, @µT µ⌫ = 0,
leads to the TAM conservation, @↵J ↵µ⌫ = 0, in the Be-
linfante form, one cannot find a counterpart of Eq. (2).
Our point is that we do not have to go through the EMT
to write down such a tensor decomposition.

Before addressing the entropy analysis, we shall discuss
a possibility to introduce terms with Sµ⌫ in the symmet-
ric EMT form; the tensor indices we can use are not
only gµ⌫ , uµ, @µ, but also Sµ⌫ in general. The guid-
ing principle is provided from a transformation between

T
µ⌫ and ⇥µ⌫ . We can utilize Eq. (10) together with

⌃µ↵� = uµS↵� +O(@), to find,

T
µ⌫ = ⇥µ⌫ +

1

2
@�(u

�Sµ⌫
� uµS�⌫ + u⌫Sµ�) +O(@2)

= ⇥µ⌫
(s) +

1

2

⇥
@�(u

µS⌫� + u⌫Sµ�)
⇤
+O(@2) . (14)

If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that @µT µ⌫ = 0 may look dif-
ferent from @µ⇥µ⌫ = 0, but they are equivalent thanks
to Eq. (12); therefore, Eq. (12) constitutes an evolution
equation. The hydrodynamic expansion leads to

T
µ⌫ = (e+ p)uµu⌫

� pgµ⌫ + T
µ⌫
(1) +O(@2) , (15)

where

T
µ⌫
(1) = 2h(µu⌫) + ⇡µ⌫ +

1

2
@�(u

µS⌫� + u⌫Sµ�) . (16)

We should emphasize that T
µ⌫
(1) is still symmetric with

respect to µ and ⌫ even with spin involving terms.
The heat flow, hµ, is defined from the symmetric index

structure involving u⌫ . Therefore, once T µ⌫
(1) is given, one

can identify hµ from the tensor decomposition of T µ⌫
(1) . In

the presence of spin correction terms, the tensor decom-
position leads to the heat flow coupled to the spin. We
can readily see this from the following decomposition:

2h(µu⌫) + ⇡µ⌫ +
1

2

⇥
@�(u

µS⌫� + u⌫Sµ�)
⇤

= �euµu⌫ + 2
�
h(µ + �h(µ

�
u⌫) + ⇡µ⌫ + �⇡µ⌫ .

(17)

Here, we have the energy density correction, �e, the heat
flow correction, �hµ, and the viscous tensor correction,
�⇡µ⌫ , given respectively by

�e = u⇢@�S
⇢� ,

�hµ =
1

2

⇥
�µ

�@�S
�� + u⇢S

⇢�@�u
µ
⇤
,

�⇡µ⌫ = @�(u
<µS⌫>�) + �⇧�µ⌫ ,

�⇧ =
1

3
@�(u

�S⇢�)�⇢� ,

(18)

where �⇧ is the bulk viscous correction. We note that the
above correction of �hµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and �µ⌫ can be retrieved in

the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic

3

where ⌦µ⌫
⌘ ��µ⇢�⌫�@[⇢(�u�]) is usually referred to

as the thermal vorticity [33], and � and � are nonneg-
ative transport coe�cients. We can reasonably under-
stand the physical interpretation: The rotation carried
by the fluid velocity and the thermal gradient together
with the spin chemical potential plays a role of the source
to produce/absorb the spin. Then, the spin hydrodynam-
ics dictates the evolution of !µ⌫ or Sµ⌫ and the local ther-
mal equilibrium relation, Sµ⌫ = @p/@!µ⌫ |T,µ, imposes a
connection between them.

From above discussions it is clear that Eq. (2) is cru-
cial for constructing hydrodynamics with spin degrees of
freedom, and it seems to be indispensable to keep ⇥µ⌫

(a).
The EMT, however, has pseudo-gauge invariance, and
one can always choose a symmetrized or Belinfante im-
proved EMT form without losing physics contents.

Spin strikes back: The confusion lies in the absence
of the antisymmetric part of the Belinfante EMT which
implies no spin degrees of freedom at all. We obtain
the symmetric Belinfante EMT by the following pseudo-
gauge transformation:

T
µ⌫ = ⇥µ⌫ + @�K

�µ⌫ , (10)

K�µ⌫ =
1

2

�
⌃�µ⌫

� ⌃µ�⌫ + ⌃⌫µ�
�
. (11)

With this choice we can get rid of the spin source and it
is easy to confirm that T

µ⌫ is symmetric; T µ⌫ = T
⌫µ.

Here, K�µ⌫ is antisymmetric with respect to � and µ,
so that @µT µ⌫ = 0 still holds as long as @µ⇥µ⌫ = 0. In
other words we have an identity,

@µ@�
�
u�Sµ⌫ + uµS⌫� + u⌫Sµ�

�
= 0 , (12)

from Eqs. (3) and (11). This equation corresponds to the
“quantum spin vorticity principle” in the quantum spin
vorticity theory [35].

The Belinfante improved TAM, which is a counterpart
of Eq. (1), reads,

J
↵µ⌫ = xµ

T
↵⌫

� x⌫
T

↵µ , (13)

where J
↵µ⌫

⌘ J↵µ⌫ + @⇢(xµK⇢↵⌫
� x⌫K⇢↵µ). Equa-

tion (13) looks like an OAM relation [see the first part
in Eq. (1)] and it is often said that the spin is identically
vanishing in the Belinfante form. Precisely speaking,
since the energy-momentum conservation, @µT µ⌫ = 0,
leads to the TAM conservation, @↵J ↵µ⌫ = 0, in the Be-
linfante form, one cannot find a counterpart of Eq. (2).
Our point is that we do not have to go through the EMT
to write down such a tensor decomposition.

Before addressing the entropy analysis, we shall discuss
a possibility to introduce terms with Sµ⌫ in the symmet-
ric EMT form; the tensor indices we can use are not
only gµ⌫ , uµ, @µ, but also Sµ⌫ in general. The guid-
ing principle is provided from a transformation between

T
µ⌫ and ⇥µ⌫ . We can utilize Eq. (10) together with

⌃µ↵� = uµS↵� +O(@), to find,

T
µ⌫ = ⇥µ⌫ +

1

2
@�(u

�Sµ⌫
� uµS�⌫ + u⌫Sµ�) +O(@2)

= ⇥µ⌫
(s) +

1

2

⇥
@�(u

µS⌫� + u⌫Sµ�)
⇤
+O(@2) . (14)

If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that @µT µ⌫ = 0 may look dif-
ferent from @µ⇥µ⌫ = 0, but they are equivalent thanks
to Eq. (12); therefore, Eq. (12) constitutes an evolution
equation. The hydrodynamic expansion leads to

T
µ⌫ = (e+ p)uµu⌫

� pgµ⌫ + T
µ⌫
(1) +O(@2) , (15)

where

T
µ⌫
(1) = 2h(µu⌫) + ⇡µ⌫ +

1

2
@�(u

µS⌫� + u⌫Sµ�) . (16)

We should emphasize that T
µ⌫
(1) is still symmetric with

respect to µ and ⌫ even with spin involving terms.
The heat flow, hµ, is defined from the symmetric index

structure involving u⌫ . Therefore, once T µ⌫
(1) is given, one

can identify hµ from the tensor decomposition of T µ⌫
(1) . In

the presence of spin correction terms, the tensor decom-
position leads to the heat flow coupled to the spin. We
can readily see this from the following decomposition:

2h(µu⌫) + ⇡µ⌫ +
1

2

⇥
@�(u

µS⌫� + u⌫Sµ�)
⇤

= �euµu⌫ + 2
�
h(µ + �h(µ

�
u⌫) + ⇡µ⌫ + �⇡µ⌫ .

(17)

Here, we have the energy density correction, �e, the heat
flow correction, �hµ, and the viscous tensor correction,
�⇡µ⌫ , given respectively by

�e = u⇢@�S
⇢� ,

�hµ =
1

2

⇥
�µ

�@�S
�� + u⇢S

⇢�@�u
µ
⇤
,

�⇡µ⌫ = @�(u
<µS⌫>�) + �⇧�µ⌫ ,

�⇧ =
1

3
@�(u

�S⇢�)�⇢� ,

(18)

where �⇧ is the bulk viscous correction. We note that the
above correction of �hµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and �µ⌫ can be retrieved in

the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic

3

where ⌦µ⌫
⌘ ��µ⇢�⌫�@[⇢(�u�]) is usually referred to

as the thermal vorticity [33], and � and � are nonneg-
ative transport coe�cients. We can reasonably under-
stand the physical interpretation: The rotation carried
by the fluid velocity and the thermal gradient together
with the spin chemical potential plays a role of the source
to produce/absorb the spin. Then, the spin hydrodynam-
ics dictates the evolution of !µ⌫ or Sµ⌫ and the local ther-
mal equilibrium relation, Sµ⌫ = @p/@!µ⌫ |T,µ, imposes a
connection between them.

From above discussions it is clear that Eq. (2) is cru-
cial for constructing hydrodynamics with spin degrees of
freedom, and it seems to be indispensable to keep ⇥µ⌫

(a).
The EMT, however, has pseudo-gauge invariance, and
one can always choose a symmetrized or Belinfante im-
proved EMT form without losing physics contents.

Spin strikes back: The confusion lies in the absence
of the antisymmetric part of the Belinfante EMT which
implies no spin degrees of freedom at all. We obtain
the symmetric Belinfante EMT by the following pseudo-
gauge transformation:

T
µ⌫ = ⇥µ⌫ + @�K

�µ⌫ , (10)

K�µ⌫ =
1

2

�
⌃�µ⌫

� ⌃µ�⌫ + ⌃⌫µ�
�
. (11)

With this choice we can get rid of the spin source and it
is easy to confirm that T

µ⌫ is symmetric; T µ⌫ = T
⌫µ.

Here, K�µ⌫ is antisymmetric with respect to � and µ,
so that @µT µ⌫ = 0 still holds as long as @µ⇥µ⌫ = 0. In
other words we have an identity,

@µ@�
�
u�Sµ⌫ + uµS⌫� + u⌫Sµ�

�
= 0 , (12)

from Eqs. (3) and (11). This equation corresponds to the
“quantum spin vorticity principle” in the quantum spin
vorticity theory [35].

The Belinfante improved TAM, which is a counterpart
of Eq. (1), reads,

J
↵µ⌫ = xµ

T
↵⌫

� x⌫
T

↵µ , (13)

where J
↵µ⌫

⌘ J↵µ⌫ + @⇢(xµK⇢↵⌫
� x⌫K⇢↵µ). Equa-

tion (13) looks like an OAM relation [see the first part
in Eq. (1)] and it is often said that the spin is identically
vanishing in the Belinfante form. Precisely speaking,
since the energy-momentum conservation, @µT µ⌫ = 0,
leads to the TAM conservation, @↵J ↵µ⌫ = 0, in the Be-
linfante form, one cannot find a counterpart of Eq. (2).
Our point is that we do not have to go through the EMT
to write down such a tensor decomposition.

Before addressing the entropy analysis, we shall discuss
a possibility to introduce terms with Sµ⌫ in the symmet-
ric EMT form; the tensor indices we can use are not
only gµ⌫ , uµ, @µ, but also Sµ⌫ in general. The guid-
ing principle is provided from a transformation between

T
µ⌫ and ⇥µ⌫ . We can utilize Eq. (10) together with

⌃µ↵� = uµS↵� +O(@), to find,

T
µ⌫ = ⇥µ⌫ +

1

2
@�(u

�Sµ⌫
� uµS�⌫ + u⌫Sµ�) +O(@2)

= ⇥µ⌫
(s) +

1

2

⇥
@�(u

µS⌫� + u⌫Sµ�)
⇤
+O(@2) . (14)

If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that @µT µ⌫ = 0 may look dif-
ferent from @µ⇥µ⌫ = 0, but they are equivalent thanks
to Eq. (12); therefore, Eq. (12) constitutes an evolution
equation. The hydrodynamic expansion leads to

T
µ⌫ = (e+ p)uµu⌫

� pgµ⌫ + T
µ⌫
(1) +O(@2) , (15)

where

T
µ⌫
(1) = 2h(µu⌫) + ⇡µ⌫ +

1

2
@�(u

µS⌫� + u⌫Sµ�) . (16)

We should emphasize that T
µ⌫
(1) is still symmetric with

respect to µ and ⌫ even with spin involving terms.
The heat flow, hµ, is defined from the symmetric index

structure involving u⌫ . Therefore, once T µ⌫
(1) is given, one

can identify hµ from the tensor decomposition of T µ⌫
(1) . In

the presence of spin correction terms, the tensor decom-
position leads to the heat flow coupled to the spin. We
can readily see this from the following decomposition:

2h(µu⌫) + ⇡µ⌫ +
1

2

⇥
@�(u

µS⌫� + u⌫Sµ�)
⇤

= �euµu⌫ + 2
�
h(µ + �h(µ

�
u⌫) + ⇡µ⌫ + �⇡µ⌫ .

(17)

Here, we have the energy density correction, �e, the heat
flow correction, �hµ, and the viscous tensor correction,
�⇡µ⌫ , given respectively by

�e = u⇢@�S
⇢� ,

�hµ =
1

2

⇥
�µ

�@�S
�� + u⇢S

⇢�@�u
µ
⇤
,

�⇡µ⌫ = @�(u
<µS⌫>�) + �⇧�µ⌫ ,

�⇧ =
1

3
@�(u

�S⇢�)�⇢� ,

(18)

where �⇧ is the bulk viscous correction. We note that the
above correction of �hµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and �µ⌫ can be retrieved in

the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic

(conserved current redefined)

Only the symmetric form is gauge inv. in gauge theories!

But, there is no spin source…
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freedom, and it seems to be indispensable to keep ⇥µ⌫

(a).
The EMT, however, has pseudo-gauge invariance, and
one can always choose a symmetrized or Belinfante im-
proved EMT form without losing physics contents.

Spin strikes back: The confusion lies in the absence
of the antisymmetric part of the Belinfante EMT which
implies no spin degrees of freedom at all. We obtain
the symmetric Belinfante EMT by the following pseudo-
gauge transformation:
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With this choice we can get rid of the spin source and it
is easy to confirm that T

µ⌫ is symmetric; T µ⌫ = T
⌫µ.

Here, K�µ⌫ is antisymmetric with respect to � and µ,
so that @µT µ⌫ = 0 still holds as long as @µ⇥µ⌫ = 0. In
other words we have an identity,

@µ@�
�
u�Sµ⌫ + uµS⌫� + u⌫Sµ�
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= 0 , (12)

from Eqs. (3) and (11). This equation corresponds to the
“quantum spin vorticity principle” in the quantum spin
vorticity theory [35].

The Belinfante improved TAM, which is a counterpart
of Eq. (1), reads,
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� x⌫K⇢↵µ). Equa-

tion (13) looks like an OAM relation [see the first part
in Eq. (1)] and it is often said that the spin is identically
vanishing in the Belinfante form. Precisely speaking,
since the energy-momentum conservation, @µT µ⌫ = 0,
leads to the TAM conservation, @↵J ↵µ⌫ = 0, in the Be-
linfante form, one cannot find a counterpart of Eq. (2).
Our point is that we do not have to go through the EMT
to write down such a tensor decomposition.

Before addressing the entropy analysis, we shall discuss
a possibility to introduce terms with Sµ⌫ in the symmet-
ric EMT form; the tensor indices we can use are not
only gµ⌫ , uµ, @µ, but also Sµ⌫ in general. The guid-
ing principle is provided from a transformation between

T
µ⌫ and ⇥µ⌫ . We can utilize Eq. (10) together with
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If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that @µT µ⌫ = 0 may look dif-
ferent from @µ⇥µ⌫ = 0, but they are equivalent thanks
to Eq. (12); therefore, Eq. (12) constitutes an evolution
equation. The hydrodynamic expansion leads to
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We should emphasize that T
µ⌫
(1) is still symmetric with

respect to µ and ⌫ even with spin involving terms.
The heat flow, hµ, is defined from the symmetric index

structure involving u⌫ . Therefore, once T µ⌫
(1) is given, one

can identify hµ from the tensor decomposition of T µ⌫
(1) . In

the presence of spin correction terms, the tensor decom-
position leads to the heat flow coupled to the spin. We
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Here, we have the energy density correction, �e, the heat
flow correction, �hµ, and the viscous tensor correction,
�⇡µ⌫ , given respectively by
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where �⇧ is the bulk viscous correction. We note that the
above correction of �hµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and �µ⌫ can be retrieved in

the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic
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If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that @µT µ⌫ = 0 may look dif-
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where �⇧ is the bulk viscous correction. We note that the
above correction of �hµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and �µ⌫ can be retrieved in

the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic

Spin induced terms are “renormalized” in conv. quantities
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stand the physical interpretation: The rotation carried
by the fluid velocity and the thermal gradient together
with the spin chemical potential plays a role of the source
to produce/absorb the spin. Then, the spin hydrodynam-
ics dictates the evolution of !µ⌫ or Sµ⌫ and the local ther-
mal equilibrium relation, Sµ⌫ = @p/@!µ⌫ |T,µ, imposes a
connection between them.

From above discussions it is clear that Eq. (2) is cru-
cial for constructing hydrodynamics with spin degrees of
freedom, and it seems to be indispensable to keep ⇥µ⌫
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The EMT, however, has pseudo-gauge invariance, and
one can always choose a symmetrized or Belinfante im-
proved EMT form without losing physics contents.
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of the antisymmetric part of the Belinfante EMT which
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so that @µT µ⌫ = 0 still holds as long as @µ⇥µ⌫ = 0. In
other words we have an identity,
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from Eqs. (3) and (11). This equation corresponds to the
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vorticity theory [35].
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in Eq. (1)] and it is often said that the spin is identically
vanishing in the Belinfante form. Precisely speaking,
since the energy-momentum conservation, @µT µ⌫ = 0,
leads to the TAM conservation, @↵J ↵µ⌫ = 0, in the Be-
linfante form, one cannot find a counterpart of Eq. (2).
Our point is that we do not have to go through the EMT
to write down such a tensor decomposition.

Before addressing the entropy analysis, we shall discuss
a possibility to introduce terms with Sµ⌫ in the symmet-
ric EMT form; the tensor indices we can use are not
only gµ⌫ , uµ, @µ, but also Sµ⌫ in general. The guid-
ing principle is provided from a transformation between

T
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If we need to construct the hydrodynamics using the sym-
metric EMT as demanded in the case with gauge fields,
we must employ the above form of symmetric spin cor-
rections. One might think that @µT µ⌫ = 0 may look dif-
ferent from @µ⇥µ⌫ = 0, but they are equivalent thanks
to Eq. (12); therefore, Eq. (12) constitutes an evolution
equation. The hydrodynamic expansion leads to

T
µ⌫ = (e+ p)uµu⌫
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where
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We should emphasize that T
µ⌫
(1) is still symmetric with

respect to µ and ⌫ even with spin involving terms.
The heat flow, hµ, is defined from the symmetric index

structure involving u⌫ . Therefore, once T µ⌫
(1) is given, one

can identify hµ from the tensor decomposition of T µ⌫
(1) . In

the presence of spin correction terms, the tensor decom-
position leads to the heat flow coupled to the spin. We
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where �⇧ is the bulk viscous correction. We note that the
above correction of �hµ is consistent with the momentum
density induced by the spin vorticity that has been dis-
cussed in the quantum spin vorticity theory [35]. We will
later discuss the physical meaning in more details.
One may wonder how qµ and �µ⌫ can be retrieved in

the Belinfante formalism at all, since they are extracted
from the antisymmetric EMT as in Eq. (7), which is iden-
tically vanishing in the Belinfante form. As we exercised
for the canonical EMT, let us consider the entropy cur-
rent. The Belinfante counterpart of the thermodynamic

An electric current    is implied… Spin Vorticity Effectj ∝ ∇ × S
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extension (5) reads,
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with which the divergence of the entropy current takes
the following form:
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(21)
Here, we emphasize that Eqs. (20, 21) are not equivalent
to Eq. (6) even with Eq. (12). For more clarification
we will transform Eq. (21) using Eq. (12). We can add
Eq. (12) to find,
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(22)

Therefore, the di↵erence between Eqs. (20, 21) and (6)
turns out to be a total derivative. We recall that Eq. (19)
is an Ansatz and we could have defined an entropy, S 0,
to absorb the total derivative and then we arrive at

�0 = �@�(u
�Sµ⌫)

✓
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2
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u⌫

T
+

!µ⌫

T

◆
. (23)

In this case @µS 0µ is given by Eq. (20) with � replaced by
�0. Interestingly, S 0µ is just the same as Sµ

can. Then, the
constrains from the entropy principle amount to those in
the canonical formulation from Eqs. (7), (8), and (9). In
principle, alternatively, one may constrain Sµ⌫ directly
from Eq. (21) employing the following tensor decompo-
sition:

Sµ⌫ = 2s[µu⌫]
� ✏µ⌫⇢�u⇢S� (24)

with u · s = 0. We have tried but this is a di�cult task
to constrain sµ and Sµ from the entropy principle due to
the presence of derivatives. The di�culty seems to favor
the canonical choice of Sµ.

We emphasize that such a di↵erence by the total
derivative is irrelevant to bulk thermodynamics proper-
ties and a stringent condition of the local thermal equilib-
rium gives rise to the physical di↵erence in the entropy
current. We make a remark here; this total derivative
shift is quite analogous to V µ in Refs. [36, 37]. There, the
shift by V µ appears from the dynamical KMS condition
in the e↵ective field theory approach to hydrodynamics.
It would be a very interesting future work to pursue a

possible relationship. Our transformation from S
µ to S

0µ

is actually analogous to the hydrodynamical treatment of
the triangle anomaly in Ref. [38], where the EMT is also
symmetric and some terms proportional to the vortic-
ity are added to the entropy flow. We also emphasize
that our observation is consistent with the claim made
in Refs. [31, 32]. They found using the density operator
that the canonical and the Belinfante EMTs are equiv-
alent only in equilibrium but they are not in nonequi-
librium systems [39]. In our analysis the pseudo-gauge
transformation generates conserved EMTs and leads to
di↵erent expressions for the entropy current. With those
di↵erent expressions the physics is not equivalent once we
take account of dissipative terms and impose the second
law of thermodynamics, @µSµ

� 0, for dynamics out of
equilibrium.

Physical interpretation of spin correction terms: We
have seen that we must introduce a modified entropy cur-
rent and then the entropy principle supports the canon-
ical results in Eqs. (8) and (9). Nevertheless, we em-
phasize that the Belinfante EMT should be physical and
the spin corrections by Eq. (18) are physical as well. We
must be, however, careful of the physical interpretation
in relativistic hydrodynamics. The heat flow correction
by �hµ, for example, is not physical by itself.
In relativistic hydrodynamics uµ is not unique in gen-

eral and one should make a choice of the frame; the com-
mon choice is the Landau frame or the energy frame.
Then, in this frame, the heat flow is absent by construc-
tion. More specifically, we should impose the Landau
condition for the relativistic hydrodynamics and choose
the fluid velocity uµ

L to satisfy �L
⇢µT

µ⌫
L uL⌫ = 0, where

“L” denotes the quantities in the Landau frame. We can
introduce the fluid velocity, uµ

L, as
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We can also transfer the Belinfante EMT in Eq. (15) to
the one in the Landau frame as T
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corresponding to the heat flow.
In this frame with the fluid velocity given by Eq. (25)

the heat flow is absent but the modified current remains
finite, which reads:
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The first part in the parentheses, (jµ(1) �
n

e+ph
µ), is

an invariant combination in di↵erent frames [34], which
also appeared in Eq. (20). We can represent the in-
duced current in terms of the spin or the decomposed
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Here, we emphasize that Eqs. (20, 21) are not equivalent
to Eq. (6) even with Eq. (12). For more clarification
we will transform Eq. (21) using Eq. (12). We can add
Eq. (12) to find,
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Therefore, the di↵erence between Eqs. (20, 21) and (6)
turns out to be a total derivative. We recall that Eq. (19)
is an Ansatz and we could have defined an entropy, S 0,
to absorb the total derivative and then we arrive at
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In this case @µS 0µ is given by Eq. (20) with � replaced by
�0. Interestingly, S 0µ is just the same as Sµ

can. Then, the
constrains from the entropy principle amount to those in
the canonical formulation from Eqs. (7), (8), and (9). In
principle, alternatively, one may constrain Sµ⌫ directly
from Eq. (21) employing the following tensor decompo-
sition:

Sµ⌫ = 2s[µu⌫]
� ✏µ⌫⇢�u⇢S� (24)

with u · s = 0. We have tried but this is a di�cult task
to constrain sµ and Sµ from the entropy principle due to
the presence of derivatives. The di�culty seems to favor
the canonical choice of Sµ.

We emphasize that such a di↵erence by the total
derivative is irrelevant to bulk thermodynamics proper-
ties and a stringent condition of the local thermal equilib-
rium gives rise to the physical di↵erence in the entropy
current. We make a remark here; this total derivative
shift is quite analogous to V µ in Refs. [36, 37]. There, the
shift by V µ appears from the dynamical KMS condition
in the e↵ective field theory approach to hydrodynamics.
It would be a very interesting future work to pursue a

possible relationship. Our transformation from S
µ to S

0µ

is actually analogous to the hydrodynamical treatment of
the triangle anomaly in Ref. [38], where the EMT is also
symmetric and some terms proportional to the vortic-
ity are added to the entropy flow. We also emphasize
that our observation is consistent with the claim made
in Refs. [31, 32]. They found using the density operator
that the canonical and the Belinfante EMTs are equiv-
alent only in equilibrium but they are not in nonequi-
librium systems [39]. In our analysis the pseudo-gauge
transformation generates conserved EMTs and leads to
di↵erent expressions for the entropy current. With those
di↵erent expressions the physics is not equivalent once we
take account of dissipative terms and impose the second
law of thermodynamics, @µSµ

� 0, for dynamics out of
equilibrium.

Physical interpretation of spin correction terms: We
have seen that we must introduce a modified entropy cur-
rent and then the entropy principle supports the canon-
ical results in Eqs. (8) and (9). Nevertheless, we em-
phasize that the Belinfante EMT should be physical and
the spin corrections by Eq. (18) are physical as well. We
must be, however, careful of the physical interpretation
in relativistic hydrodynamics. The heat flow correction
by �hµ, for example, is not physical by itself.
In relativistic hydrodynamics uµ is not unique in gen-

eral and one should make a choice of the frame; the com-
mon choice is the Landau frame or the energy frame.
Then, in this frame, the heat flow is absent by construc-
tion. More specifically, we should impose the Landau
condition for the relativistic hydrodynamics and choose
the fluid velocity uµ

L to satisfy �L
⇢µT

µ⌫
L uL⌫ = 0, where

“L” denotes the quantities in the Landau frame. We can
introduce the fluid velocity, uµ

L, as

uµ
L = uµ +

1

e+ p
(hµ + �hµ) . (25)

We can also transfer the Belinfante EMT in Eq. (15) to
the one in the Landau frame as T

µ⌫
L = (e + �e)uµ

Lu
⌫
L �

(p+ �⇧)�µ⌫
L + ⇡µ⌫

L + �⇡µ⌫
L +O(@2) and there is no term

corresponding to the heat flow.
In this frame with the fluid velocity given by Eq. (25)

the heat flow is absent but the modified current remains
finite, which reads:

jµL(1) =

✓
jµ(1) �

n

e+ p
hµ

◆
+ �jµ(1) (26)

with

�jµ(1) = �
n

e+ p
�hµ . (27)

The first part in the parentheses, (jµ(1) �
n

e+ph
µ), is

an invariant combination in di↵erent frames [34], which
also appeared in Eq. (20). We can represent the in-
duced current in terms of the spin or the decomposed

4

extension (5) reads,
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with which the divergence of the entropy current takes
the following form:
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(21)
Here, we emphasize that Eqs. (20, 21) are not equivalent
to Eq. (6) even with Eq. (12). For more clarification
we will transform Eq. (21) using Eq. (12). We can add
Eq. (12) to find,
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Therefore, the di↵erence between Eqs. (20, 21) and (6)
turns out to be a total derivative. We recall that Eq. (19)
is an Ansatz and we could have defined an entropy, S 0,
to absorb the total derivative and then we arrive at
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In this case @µS 0µ is given by Eq. (20) with � replaced by
�0. Interestingly, S 0µ is just the same as Sµ

can. Then, the
constrains from the entropy principle amount to those in
the canonical formulation from Eqs. (7), (8), and (9). In
principle, alternatively, one may constrain Sµ⌫ directly
from Eq. (21) employing the following tensor decompo-
sition:

Sµ⌫ = 2s[µu⌫]
� ✏µ⌫⇢�u⇢S� (24)

with u · s = 0. We have tried but this is a di�cult task
to constrain sµ and Sµ from the entropy principle due to
the presence of derivatives. The di�culty seems to favor
the canonical choice of Sµ.

We emphasize that such a di↵erence by the total
derivative is irrelevant to bulk thermodynamics proper-
ties and a stringent condition of the local thermal equilib-
rium gives rise to the physical di↵erence in the entropy
current. We make a remark here; this total derivative
shift is quite analogous to V µ in Refs. [36, 37]. There, the
shift by V µ appears from the dynamical KMS condition
in the e↵ective field theory approach to hydrodynamics.
It would be a very interesting future work to pursue a

possible relationship. Our transformation from S
µ to S

0µ

is actually analogous to the hydrodynamical treatment of
the triangle anomaly in Ref. [38], where the EMT is also
symmetric and some terms proportional to the vortic-
ity are added to the entropy flow. We also emphasize
that our observation is consistent with the claim made
in Refs. [31, 32]. They found using the density operator
that the canonical and the Belinfante EMTs are equiv-
alent only in equilibrium but they are not in nonequi-
librium systems [39]. In our analysis the pseudo-gauge
transformation generates conserved EMTs and leads to
di↵erent expressions for the entropy current. With those
di↵erent expressions the physics is not equivalent once we
take account of dissipative terms and impose the second
law of thermodynamics, @µSµ

� 0, for dynamics out of
equilibrium.

Physical interpretation of spin correction terms: We
have seen that we must introduce a modified entropy cur-
rent and then the entropy principle supports the canon-
ical results in Eqs. (8) and (9). Nevertheless, we em-
phasize that the Belinfante EMT should be physical and
the spin corrections by Eq. (18) are physical as well. We
must be, however, careful of the physical interpretation
in relativistic hydrodynamics. The heat flow correction
by �hµ, for example, is not physical by itself.
In relativistic hydrodynamics uµ is not unique in gen-

eral and one should make a choice of the frame; the com-
mon choice is the Landau frame or the energy frame.
Then, in this frame, the heat flow is absent by construc-
tion. More specifically, we should impose the Landau
condition for the relativistic hydrodynamics and choose
the fluid velocity uµ

L to satisfy �L
⇢µT

µ⌫
L uL⌫ = 0, where

“L” denotes the quantities in the Landau frame. We can
introduce the fluid velocity, uµ

L, as

uµ
L = uµ +

1

e+ p
(hµ + �hµ) . (25)

We can also transfer the Belinfante EMT in Eq. (15) to
the one in the Landau frame as T

µ⌫
L = (e + �e)uµ

Lu
⌫
L �

(p+ �⇧)�µ⌫
L + ⇡µ⌫

L + �⇡µ⌫
L +O(@2) and there is no term

corresponding to the heat flow.
In this frame with the fluid velocity given by Eq. (25)

the heat flow is absent but the modified current remains
finite, which reads:

jµL(1) =
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jµ(1) �
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e+ p
hµ
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+ �jµ(1) (26)

with

�jµ(1) = �
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�hµ . (27)

The first part in the parentheses, (jµ(1) �
n

e+ph
µ), is

an invariant combination in di↵erent frames [34], which
also appeared in Eq. (20). We can represent the in-
duced current in terms of the spin or the decomposed

Total derivative

Canonical results
𝒮μ → 𝒮′￼μ

Absorbed in the entropy, 
then it is just canonical!

Pseudo-Gauge Sym. in Energy-Momentum Tensor 
Fukushima-Pu (2020)

<latexit sha1_base64="B0vFpPmj0ObHwFi2hzTdn3SEYK8="></latexit>

@µSµ = · · ·+
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Symmetric Form
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Contrary to some claims, it is possible to formulate the 
spin hydrodynamics with the symmetric form of the 
energy-momentum tensor.

Spin induced terms are renormalized by conventional

physical quantities (energy density, heat current, etc)

which could be measurable corrections.

Once renormalized, the formulation looks like the 
non-spin hydrodynamics — more clarified in 
S. Li, M. Stephanov, H.-U. Yee (2020)
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This reminds me of…
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Floquet Theory

पظతʹۦಈ͞Εͨྔܥࢠ

Floquet (ϑϩέ)ͷఆཧ

Ĥ(t + T ) = Ĥ(t)ʹର͢Δ࣌ؒൃలԋࢠࢉ Û(t)͸

Û(t) = P̂(t) e−iĤFt/!

ͷܗʹॻ͘͜ͱ͕Ͱ͖Δɻ(BlochͷఆཧΛ͍ࢥग़͢ͱΑ͍)
ͨͩ͠ P̂(t)͸पظత [P̂(t + T ) = P̂(t)]Ͱ͋ΓɺĤF͸࣌ؒʹґଘ͠ͳ͍ɻ

∵ Û(t)΋ ˆU(t + T )΋ಉ࣌ؒ͡ൃలํఔࣜΛຬͨ͢ͷͰ
࣌ؒʹґΒͳ͍ϢχλϦʔԋࢠࢉͰؔ܎ɿ ˆU(t + T ) = Û(t) e−iĤFt/!

ΑΓҰൠʹ t1͔Β t2΁ͷ࣌ؒൃల͸

Û(t2, t1) = P̂(t2) e−iĤFt/! e+iĤFt/! P†(t1) = e−iK̂(t2) e−iĤF(t1−t2)eiK̂(t1)

ͱ෼ղͰ͖Δɻ

࣌ؒʹґΒͳ͍ ĤFΛFloquetϋϛϧτχΞϯɺपظతͳ K̂(t)ΛΩοΫԋࢠࢉͱݺͿɻ

ĤFͱ K̂(t)΁ͷ෼ղ͸ҰҙͰ͸ͳ͍ (“ήʔδ”Λݻఆ͢Δඞཁ͕͋Δ)

ĤFΛ t0Λ (ήʔδ)ύϥϝʔλͱͯ͠ Û(t0 + T, t0) = e−iĤF[t0]t/!Ͱఆٛ͢Δɻ
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Periodically driven system 
(e.g. rotating fields)

<latexit sha1_base64="0FOerSOgZIw/kU2JsF89ZaBqhYg="></latexit>

Û(t2, t1) = e�iK̂(t2)e�iĤF (t1�t2)eiK̂(t1)

Time evolution can be decomposed into

Static System

Kick Operators

Transforming to the rotating frame, and a uniform time 
evolution, and then transforming back.
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This reminds me of…
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Floquet Theory

Decomposition is not unique… (gauge freedom)

Some terms are induced in the static effective Hamiltonian.

Rotating time-dependent H = Static H with induced terms

Chiral anomaly retained?  Yes, not through H, but K
Fukushima-Hidaka-Shimazaki-Taya (2021)



Further Questions

Phase Diagram with B and J not explored yet.

□ Technical difficulties (unremovable divergences)

□ Physics setup not well defined…

 Hydrodynamics with E, B and J not revealed yet.

□ Spin MHD should be developed with anomalous 

couplings.

 Floquet theory with quantum anomaly from the 

kick operator not discussed yet.

□Magnus expansion is a complementary approach to 

understand the anomaly induced phenomena.
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