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Kadanoff-Baym Equations with Spin @
Spin Distribution in Equilibrium @

Spin Distribution in Near Equilibrium @
Damping and Polarization Rates in NJL @

. based on the 2 papers:

1) Equilibrium spin distribution from detailed balance,

: Ziyue Wang, Xingyu Guo and PZ, Eur. Phys. J. C81, 799(2021)
P See = 2) Relaxation time approximation for relativistic quantum systems,
Ziyue Wang and PZ, ArXiv: 2105.00915
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Relaxation Time Approximation (RTA)

Classical RTA: [J.Anderson and H.Witting, Physica 74, 466(1974)]

)
0uf = v, 6f = f ~ feq

T
Quantum RTA:

ih ih SW
(y”pﬂ—m)W+2y“0 W——?y“uﬂ — SW =W — Wy,

A single time scale to control the relaxation process for all the components.

Motivations:
1) A multi-component kinetic theory needs more time scales to control
different degrees of freedom.

2) Calculating the relaxation times in Kadanoff-Baym formalism.
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Kadanoff-Baym Equations

Collision terms:

J.Y.Chen, D.T.Son, M.A.Stephanov, Collisions in chiral kinetic theory, Phys. Rev. Lett. 115, 021601(2015).

D.L.Yang, K.Hattori, Y.Hidaka, Effective quantum kinetic theory ...... with collisional effects, JHEP20, 070(2020).
N.Weickgenannt, E.Speranza, X.L.Sheng, Q.Wang, D.H.Rischke, Generating spin polarization ...... , arXiv:2005.01506.
S.Carignano, C.Manuel, J.M.Torres-Rincon, Chiral kinetic theory ...... collision terms, Phys. Rev. D102, 016003(2020).
S.Li, H.U.Yee, Quantum kinetic Theory of spin polarization ...... QCD: Leading Log, Phys. Rev. D100, 056022(2019).
D. Hou, S. Lin, Polarization of chiral fermions in vortical fluid, arXiv:2008.03862.

Lesser and Greater propagators defined on Schwinger-Keldysh time contour:
Sap(x+y/2,x=y/2) = (Pg(x — y/2)Po(x — y/2))
Sap(x +y/2,x = y/2) = (Yo (x — y/2)Pg(x —y/2) )

Wigner transformation of the Dyson-Schwinger equation:

Kadanoff-Baym transport and constraint equations:
ih ih
{(y*p, —m),S<} + - [y#,8,5<] = — CE,$)

h h
(v =), 5<] + = {#,9,5<} = 5 D 5)

i
S(x,p) = j d*y e’VS(x +y/2,x — y/2)

W(x,p) = S=(x,p)
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Spin Decomposition

Complete and orthogonal matrices in spin space:

{I; iVS; Y Y5V O-[,Lv/z}

— scalar, pseudoscalar, vector, axial — vector and tensor components
of S and X:

S<={F,P,V,, A, S}
s> ={F,P,V,A, S}
< ={Zp 2p, 20, 20, 25 )
2= (55,25, 5, 54, 54 )

® 2 Kadanoff-Baym equations for the Wigner function W = §<
— 16 transport + 16 constraint equations for 16 spin components F, P,V,, A, S,
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Classical Transport Equations

h —expansion for S and X:

F=FO + pFM 4+ p2F@) 4 ...
5r =20 + AZD + 125 + -
Classical limit:
Constraint equations — only 4 independent spin components:
particle number V, and spin density A — covariant V,, A,
under constraints (p#d” + p¥9#)V, = 0 and p#4, = 0

——— i ——

pl/ayvﬂ(()) _ ng‘)) V,u(O) L pyz%?l)jvu(()) _I_pHEEf)J/AJ(/O)

N %E“-‘“uz(so)agfi(m + e arp D A0
m
p’0,A) = — ng)Aﬁo) _ p”zgl)ﬁlﬁm L pMZfiv(O)v
- EEQB)\MEFSQ) BV(O))\ _ Efipy{/y(@)‘

® V, — A, coupling
® l[ocal interaction
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Quantum Transport Equations

At order O(h):
Constraint equations — still 4 independent spin components: V,, A,

p’ o,V = — @y - POy O g0 12 e SO A1) _ %eg,,MZw)U”A(l)A

mz(l)v(ﬂ) _pvz(l’zvu(o) 2(1)VA’(/O> fa,u, p32(1)a”A(0))\ ZIEGVAMZg)UVA(O)A

e (S8 Ve, + 2[5,V Ol - Lo’ [EP VO
n ﬁpyzgﬂv ay/ (0] _ %pyzgy(ﬁlfﬁ) _ %EBI/AMZES)%(O)’\
d
p”&/Af}) _ mE;ﬁAE1) _pyzml) _puzg‘};(n _ %EQBME(;WQA +PMZW>”

_ mZ%)ALO) _ pyzgz;lzo) _ puzmm _ ﬂEQBMZgWO)A +pME(Al,1V(O>”
N ;EWU(VUZ 0y e 1 MOy, L 21 B9 (VN p g — ;EWJPWE(O)VA(O),)
- %Euuaﬂ[Z(/?)V(pﬂA(o)ﬁ)]PB + ?[EQVA(O)’”] - %Pu[zgy(l’% “)lp.p.
s p v, a0m) - Lyveel) a®) - Ly vo@ avm + Lpve sl a®)

@ local and non-local (derivative terms) interactions
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Equilibrium Distribution from Detailed Balance ()

NJL model, a specific self-energy Z:

L =(ihd —m)y + G()” <:> +

A
>

Classical limit:
V, = pufv6(p? — m?)
A= ma, f,6(p? —m?)
collision terms ~ [fV(P1)fV(P)fV(P2)fV(P3) — fv(p)fV(PﬂfV(Pz)fV(Ps)]

Detailed balance principle:
lose and gain terms cancel to each other in equilibrium
_)

Fermi-Dirac distribution f, (p#B,),  Bu = w,/T

fa=0

P,S

By _
o 2, I EEY = 0

@ If the system is not initially polarized, spin density keeps zero in classical limit.
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Equilibrium Distribution from Detailed Balance (1)

Quantum transport equation in equilibrium:

——— e~ e ——

y 0) (1 0w (1 D100 1 y
p 0, AN = —mx AL — p, oAl — p, 2 VO p, VO
1 — —

Detailed balance principle —
equilibrium spin distribution
h ‘
Aqu(x’p) - _ZEW/PUprpgn%’(xvp)5(p2 — 7%2)
Killing condition in global equilibrium

By + 0,6, =0
@ Equilibrium spin distribution is generated through thermal vorticity.

@® Consistent with non-local collisions (N.Weickgenannt, E.Speranza, X.L.Sheng, Q.Wang, D.H.Rischke,
arxiv:2005.01506) and relaxation from spin chemical potential to thermal vorticity in global

equilibrium (W.Florkowski, B.Friman, A.Jaiswal, E.Speranza, PRC97, 041901(2018), F.Becattini, W.Florkowski,
E.Speranza, PLB789, 419(2019), F.Becattini, PRL108, 244502(2012), K.Hattori, M.Hongo, X.Huang, M.Matsuo, H.Taya,
PLB795, 100(2019).).

@ While the relaxation depends on the interaction, the equilibrium distributions
themselves should be model independent.
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Collision Terms in Near Equilibrium

Quantum transport equations to the first order in #.:
F=FO +ar®
_ 20 (1)

A,= A" + h4,

PPy
m

- 1
PrOF = —mXpF — p, X F + h{mZﬁAy — Y7 Ay — §Ea1/appnggﬂAa

| 1 i
— 3 Carpo (O7TL)A" + 5(@2@}1#} L O(H2),
- - - p=— 1 <5
PO, Ay = —mSr Ay = p S A, — h[mEaF — PEESIE — S 0,p ST F
|

I T ‘
— 5o (DTG )F + 5(aﬂzp)F} L O

Equilibrium distributions:

FUx,p) = mnF(&f,P)(S(PQ — mQ)a
h

Ay (@, p) = = Jeuupep WM (@, p)O(p* = m?),

Collisi 5 W in equilibrium
ollision term C(%,W') = C'(Zeq Woq)SW in near equilibrium
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Relaxation Equations (I)

Relaxation equations for F and A,,:

v F . r 0 OF
P9y A, ) \ryr 0A,
Damping and polarization rates are calculated at equilibrium:

r=mXp + p,2y,
Ny 1 vevop  PuPr &y h p Ao N e
Ty =M, — §6m,gpp Xg — - Y — %em,pgp 0725, + 58M2p

@ all the degrees of freedom share a same damping rate

@33, #0and X, Xy, 25" = 0in classical limit
— damping rate at order 0 (#°) and polarization rate at order 0 (A1),

> )
Damping time and polarization time:
1 1
T=-—, Tqg = —
r A Ta
T K Ty

@ Spin polarization still happens when all the degrees of freedom
reach equilibrium.
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Relaxation Equations (II)

Relaxation equations for f, and f,:
F = mf,6(p? — m?)
A, = ma,f,6(p* — m?)

fv r 00 ) fv
pl'o{ fal=—raro 0fa
a r, 0 r oa

damping and polarization rates:

r4 = ('p‘- a)(p-r)/vg —a-r,
ro=la*r+ ((p-a)(p-r)/pi —a-r)al/fa,

Relaxation equations for f, = (f, + f1)/2:

plrofr=—(r+ra/2)0fr —ra/20f_.
Profo=—(r—ra/2)0f- +ra/20f,.

® different damping times: 7, = 1/(r £ 1)
@ spin flipping between the two kinds of fermions: r,
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Damping and Polarization Rates in NJL

Damping and polarization rates in chiral restored phase in NJL:
r(p) = GQ/CZP (m® +p2-ps) (m* +p-p1) (fifofs + fifaf3) 610203,

ru(p) = G2/2fde (m2 + po -pg) 010903

x[(m* +p-p1) @upifi (fofs — fofs) — (pu + 1) P P00, f1 (fofs — f2f3)
+euvapp’ P (07 f1) (fofs — fofs) + éwaﬂp”p’faa (fifafs + fif2f3) ],
Killing condition leads to 7, ~w¢

S P S B 3 P PN S R B
T Ty 206 —m-o%%”‘:'lil_n?-osrc s O-OGW—:
_ i e = ) | BI=5T. :
T_ - ? i —m=0.25TC _m=Tc 1 O.OSEJ-pl c _E
A 2.04- 0_045:-5;6 ——-..._
[ 0.03f——" — ]
2.02[- 3T ]
- i ] 0-02;_23_//\75
I | 0.01—= T, —
K A IR A P 0'002'7'34' o3 oo oz '0|4'7':
3 12: m=0.5TC, (.L):O.'ITC, Qp:{] ] =U. -0. o ./ . R
TR i T
2.10F — |P|I=0  — 2T, 4 P
2.08 — 05T, =3T;

: @ light (high momentum) fermions are easily polarized

2.06¢ — T, — 5T,
3'3;1 1 @ polarization is almost direction independent
3.00: -
1 2 3 4
T/,
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Summary

@ Equilibrium distributions from detailed balance

FUz,p) = mnp(x,p)d(p* —m?),
h

AZ,Q(TP) — _Ze,tuxpcrpywparn}?(I,p)5(p2 — TT?,Q),

@ Damping and polarization process in near equilibrium state

vy F\ r 0 oF
PGy A, - T, 0A,

r=mXp + p,y,
1

L ~ UNOP
ryo= M, — §E,twapp 2g

PuPrv &y h TN 1 v
_ 2 — —¢€ W po Pa _652
m A om M P v 2t P

@ Calculations in QED and QCD are needed.

Thank You /
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Total angular momentum conservation

Question:
Initial orbital angular momentum is partially transferred to spin angular
momentum, is the total angular momentum conservation guaranteed?

Total angular momentum tensor:
M

puv = XuToy = XyTpy + ASp iy
Energy-momentum tensor:
Ty = j d*pV,py
Spin angular momentum tensor:
Suvp = —%j d*p em,p,yél)l

To the zeroth, first, and second order in A,

apMp,W =Ty + hapSp,W =0



