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Spin polarization/transport phenomena
» Spin polarization and spin transport phenomena are very common:
» Heavy ion collisions (HICs) and quark gluon plasma (QGP)
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» Hyperon spin polarization
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Spin polarization/transport phenomena

» Spin polarization and spin transport phenomena are very common

charge)

» Spintronics in solid materials
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Spin polarization/transport phenomena

» Spin polarization and spin transport phenomena are very common:

» Spintronics in liquid materials

/" Liquid flow
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Angular momentum
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Spin-rotation
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Takahashi et al. Nature Physics 12, 52 (2016)
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Spin polarization/transport phenomena

» Spin polarization and spin transport phenomena are very common:
» Cold atoms on optic lattice
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Jepsen et al. Nature 288, 403 (2020)
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Chiral transport phenomena

» Chiral magnetic effect and its cousins:
» Chiral magnetic and separation effects:
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» Chiral vortical effects:
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» Chiral transports are common:
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Construction of spin hydrodynamics
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Hydrodynamics

» Long-time large-distance effective theory of conserved quantities
(hydrodynamic modes).
» Non-hydro modes relax at a finite time scale 7 = 1/T.
Hydro modes relax at Thydro = 1/whydro(k) — 00 when k — 0.
» Hydrodynamics is constructed using derivative expansion.
» Typical hydro modes: energy density, momentum density, baryon
charge density, ---.
» If spin is conserved, the hydro equations would be given by:
Charge conservation : 0, J*(z) =0,
Energy — momentum conservation : 9,0 (z) =0,
Spin conservation : 9,3’ (z) =0,
with J#, O and ¥X#"P expanded order by order in gradient giving
the constitutive relations, e.g.,
JH = nut + 0(9),
O = (e + p)utv” +pn*” + 0(9),
P = g¥Put + O(0)
where O(1) terms usually correspond to ideal hydrodynamics.
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Can spin be a true hydro mode?

» But, spin is not conserved, only the total angular momentum is:
O J"P =0,
JHVP — gV QHP _ pP@HY | SRR
= 0XHP(x) = O — O
» Thus spin is a true hydro mode (conserved quantity) only when ©+
is symmetric.
» In general, not possible. The anti-symmetric part of ©"” is a torque
acting on spin.
» Such torque is spin-orbit coupling (SOC). For Dirac fermions, SOC

o 1/m and thus vanishes at heavy fermion limit. = Spin can be
true hydro mode at non-relativistic limit.

» The transfer of AM between spin part and orbital part is generally
dissipative.

bt by

Spin disordered Spin ordered
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The spin hydro regime

» When spin relaxation rate I'y < relaxation rate of other heavy
modes I", we can formulate an extended hydro framework for true
hydro modes and spin modes.
= Relativistic dissipative spin hydrodynamics

lw(k)| = frequency scale

fast modes

Non-hydro regime
— |Wsouna(k)]
~ — sthcar(k)l

e |wspin‘J_(k)|
“““ |wspin,\|(k)|

Spin hydro regime I s

Pure hydro regime ()

k = wave number

Hongo, XGH, Kaminski, Stephanov, and Yee 2107.14231
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Ambiguity in defining spin current

» The definition of spin current X#”” is ambiguous.

)
|
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» Pseudo-gauge transformation: Transformations that preserve total
AM and the conservation laws (Becattini, Florkowski, and Speranza 1807.10994,
Florkowski, Ryblewski, and Kumar 1811.04409)

SHVP s SV VP,
1
O 5 O 4 S0y (D — BN — @)

» Formulation of spin hydro depends on the choice of pseudo-gauge:

» Non-anti-symmetric gauge, X/ = u"o"” + -+ (Florkowski et al.
1705.00587, Montenegro et al. 1701.08263, Hattori et al. 1901.06615, Gallegos et
al. 2101.04759, She et al. 2105.04060, - - - )

» Anti-symmetric gauge /"7 = M"Y 5., (Hongo et al. 2107.14231, Bhadury
et al. 2002.03937, - - -)

» Relation between different pseudo-gauges (Li, Stephanov, and Yee
2011.12318, Fukushima and Pu 2010.01608)
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Ambiguity in defining spin current

» Let us fix the pseudo-gauge by torsion. The spin current and
energy-momentum tensor defined as gauge currents.
» The currents are gauge invariant, diffeomorphism and local Lorentz
covariant.
» Conservation laws become the Ward-Takahashi identities of
diffeomorphism and local Lorentz invariance of the theory.
» Torsion may be realized in some solid materials as lattice defects.

edge dislocation screw dislocation

» Reminder: If a global symmetry G of S[p] can be gauged into

Slp, A], the gauge current of G is
gu_ 9500, 4]

3A,
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Spin current and energy-momentum tensor

» For Poincare group with translation P and Lorentz transformation
M it can be gauged by promoting

. )
Oy — Dy =0, —ic,"P, — iw#“bMab
. T ab
= [D,,D,) = —iT",, P, — §R“ v Map
» The geometric interpretation of e, = 6% + ¢,%, w,**, T, R,
are vierbein, spin connection, torsion, and curvature tensor of

Einstein-Cartan spacetime (Sciama 1962, Kibble 1961, Hehl etal 1976)
» Energy-momentum tensor and spin current:

1 S 2 58
Gl E— , X)) = —— ———
D= e, T W E T @ |
> For QCD
1
or, = 5 ( ”B 5(17 )q+2tr(G“pGap)+£QCDe

E‘uab = 75(?6“0{’767 z)ab}q
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Spin current and energy-momentum tensor

>

This spin current is totally anti-symmetric so it contains 3
independent variables corresponding to 3 spin orientations. It is also
determined by axial current

1
Z:#u,b = 2 achS

Diffeomorphism and local Lorentz invanriance give Ward-Takahashi
identities (G, = 1%,,)
1

(D — G0+, = —O1T"  + 3% °RP
(D), — G2, = —(Oap — @ba)
The equations of motion for vector and axial charges
(D, —Gpn)J" =0,
(D, — G,)Jt =mP + A

Two interesting limits: heavy quark limit = Spin hydro. Light quark
limit = chiral hydro.

lsll;LL]lL7
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Derivation of spin hydro

» Step 1: Identify (quasi-)hydro modes

4

»

Eight (quasi-)hydro variables: €, n,u®, oo (or 0o = E”b“dubocdﬂ)
with constraints ©? = —1, 0%, = oapu’ = 0.
Local first law of thermodynamics: s = B(e + P — un — papo®/2)
and T'ds = de — pdn — uabdoab/Q.
. . . 0 .
Conjugate variables: inverse temperature § = d—s chemical
€
otentials Os  jab I os

jals p=—, p* =—= .
P f on / 2 00 b
Power counting scheme

{B,n,u% e} = 0(80) and {yab,aab,wuab} = 0(9)

» Step 2: Tensor decomposition

0!, = eutu, + pAE + utdq, — d¢Hu, + 0OH,,

EMab = <{':Nabc(o-c + 5ch)

» Step 3: Calculate divergence of entropy current

(Vi

— Gu)st = (Vi = GL) (05" + Bus ™) — 604, | | (D = T4,8")

= 00| oy (DB = T35 = Bu,2) = 677V, (Bp) — FuwB”] + 0(0%)
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Derivation of spin hydro
» Step 4: Second law of local thermodynamics (V,, — G,)s" >0
5@Ma|(s) = _nuayb(DVub - Tbvcuc)7
004, | 4y = — () (Dou” = T, u® — )

Pl = ( (A Ay + AIAY) — ;A5A5> 4 CAFAY

(775) ab — *WS(A# Agp — A“Ay)

with > 0 shear, ¢ > 0 bulk, and 75 > 0 rotational viscosities.
» This completes the derivation of first order dissipative spin hydro.
» In order to solve the spin hydrodynamic equations, an equation of
state p = p(e, n, 04p) should be given.
» Interesting Kubo formula:

s = 2 hm *I G |(a),@zy‘(a) (UJ ki = 0)
Iy <w<l W ’
X NEOZ‘ EOT -1
= 25 hrrb —ImG Y(w,k =0)
w—0 W

Hongo, XGH, Kaminski, Stephanov, and Yee 2107.14231
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Chiral hydrodynamics

The chiral hydro can be similarly obtained with dynamics of J£
turned on and spin dynamics turned off (Son and Surowka 0906.5044, - - )

(Vi = G)st = (V,u — G) (0¥ + BudJ¥ + Busd i) — 60%,| | (D,p°
—T%,8%) = 6J* [V u(Bu) — Fun 8] — 005V u(Bus) + Bus A+ O(9%)
It is not positive definite with

C - - 1
A= TFFWF‘“’ + Cre"™ | Ry po + §TAWTW +0(8?)
The striking observation by Son and Surowka is that second law is
recovered with §.J#, 6.J', and ds* allowing parity violating

contributions, e.g.
0J  |anom = AsB" + Asuw! + AspetP7 T, 0

The coefficients are also fixed by second law of thermodynamics

2

T
Asp = Cpp, Asw = |Cp(p®+ p2) + —

AsT = C
6 | T =0T
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Spin Cooper-Frye formula
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Freeze-out of particle number

» Hydrodynamics describes the bulk evolution of the hot medium.

time
Pre-reaction Hadronization Detection
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» Cooper-Frye type formula converts hydro outcomes to momentum
space distributions.

N = [ a5 1), @), )

» We need a similar formula to connect spin hydro with obervables.
Stp) = T(),u(@), w@), pas(@)
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Freeze-out of spin polarization

» Such a formula can be obtained via e.g. kinetic theory or local Gibbs
density operator with same type of pseudo-gauge as spin hydro

o= 5 exp{ - [ =W 5o

+ J*(y)aly) — éiupo(y)ﬂpa(y)]}

» Spin Cooper-Frye formula for Dirac fermions (Buzzegoli 2109.12084, Liu
and XGH 2109.15301)

- - 1 _ np(l—n
50 = 5u0) e [ E 0
= p

Euvpo ’n? v v v
x {Gwaﬂpyﬂaﬁ + 27227 [y (€ + A 40 a]}

» Here, ., = 0B,y is thermal shear and Apapg = piap +F)[H/j’1,] is the
difference between spin chemical potential and thermal vorticity.
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Freeze-out of spin polarization

» Spin Cooper-Frye formula for Dirac fermions

_ _ 1 _ np(l—n
Su(P):Sw(P)—m/d:‘p%

€ n?
~ {e;wwﬂpuﬂaﬁ + 2/'"1’;‘7—1; [pk(f’»\ + A/}/V/\) + aya]}

» SIis the polarization induced by finite chirality (Liu et al. 2002.03753,
Shi et al. 2008.08618, Buzzegoli et al. 2009.13449, Gao 2105.08293)

» When Apas = 0, namely, when spin chemical potential is given by
thermal vorticity. It goes to previous results (Liu and Yin 2103.09200,
Becattini, Buzzegoli, and Palermo 2103.10917)

» When global equilibrium is reachedApunp = 0 = €., it goes to
previous results (Becattini et al. 1303.3431, Fang et al. 1604.04036, Liu et al.
2002.03753)

» It is accurate at O(9).

» n* is a unit frame vector to specify helicity.

» With this formula, we can convert spin hydro into momentum space
spin polarization.
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Summary
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Summary

Spin polarization of hyperons are measured in heavy ion collision
experiments.

It is possible to formulate a hydrodynamic theory for spin and
chirality transports.

The first-order dissipative spin hydrodynamics has been constructed.
The Cooper-Frye type spin polarization formula is known.

Numerical spin hydrodynamics.

Higher-order and causal spin hydrodynamics.
Anomalous spin hydrodynamics.

Calculation of rotational viscosity.

Thank you!
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Backups
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Linearized spin hydrodynamics

» Perturbation about global static thermal equilibrium

= € =€y + €
& =60 perturb 0
u"=(10) ut = (1,0) + Sut
c?=0+60%

0 = Hpde + 0;6m" ,

0 = Opdm; + Ciaiée — ’YH(?iaj(Sﬂ'j — (’)/J_ + ’75)((5ZV2 — 0iaj)(5ﬂ'j + %Fsé‘o»;jkaj(sak,

0 = 0pdo; + I'sdo; + 2’}/580ijkaj5ﬂ'k
where we introduced a set of static/kinetic coefficients as

Op 1 4 Ui

2

;= —, = +-n), = ,

9’ W= ¥ Po (C 3”) T e Po
Oo; . s I = 215

X045 aujy Vs 2(60+p0)7 s Xs

» One can obtain the dispersion relation of (quasi-)hydro modes and
hydrodynamic correlation functions.
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Linearized spin hydrodynamics

» Dispersion relations

e One pair of sound modes : wsouna(k) = Fcslk| — 7 k% + O(k?),

e One longitudinal spin mode : Wiy | (k) = —il's,
e Two shear modes : Wghear (k) = —ivy1 k> + O(k*),
e Two transverse spin modes : wepin, 1 (k) = —il's — iv:k? + O(k*).
(a) Longitudinal modes (b) Transverse modes
w(k) w(k)
0.4 .
-0.6 -04 - 2 0.4 0.6 /\
-0.05
0.2

m,s)a/b,z’ N 0.6 k

-0.2
-0.25
-0.4
Re wiouna(k) Im wouna(k) Re Wgpear(h)  ——— Im Wgpear(h)
_____ Re Wypin (k) ——— Im @ypin () ===== Re Wyin 1 (k) ——— Im gy 1 (k)

» Mode mixing between shear and transverse spin mode: One gradient

can affect two modes.
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Green'’s functions

» Spin hydrodynamic retarded spin-spin correlator

- i i Do deee
ae o’ k) = Xsls 54
R (W, ) W+1F5+0(k2) )

. ~0'7;0']' _ _ Zj
I}:IL%GR (w ka) X55

» Recall the scale separation condition:

son| = —(ns)" Yy (Dyub —ufK,,! — p,?) when TI'y<w<T,
al(a) 0 when w < T

The spin hydrodynamic spin-spin correlator gives:

ixswls + O(w?) 5ii Daswsr ixswl's
w+ il w

» Field theoretical retarded spin-spin correlator: Kubo formula for
rotational viscosity

wé”Ri“j (w,k=0)= = 2in,

1 P
=— 1 li ImGg ¢ k
R W s el (w, k)

It agrees with the linear-mode analysis.
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