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From quantum field theory to hydrodynamics
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▶ Want: Polarization dynamics in heavy-ion collisions (see yesterday’s talks) from
microscopic theory
=⇒ Dissipative spin hydrodynamics

▶ Spin is quantum property
=⇒ starting point: quantum field theory

▶ Derived kinetic theory for massive spin-1/2 particles from quantum field theory using
Wigner-function formalism
NW, X.-L. Sheng, E. Speranza, Q. Wang, and D. H. Rischke, PRD100, 056018 (2019)
J.-H. Gao and Z.-T. Liang, PRD100, 056021(2019)
K. Hattori, Y. Hidaka, and D.-L. Yang, PRD100, 096011 (2019)
Y.-C. Liu, K. Mameda, and X.-G. Huang, Chin.Phys.C 44 (2020) 9, 094101
NW, E. Speranza, X.-l. Sheng, Q. Wang, and D.H. Rischke, PRL127 (2021) 5, 052301; PRD104 (2021) 1, 016022

▶ Now: Derive hydrodynamic equations of motion from kinetic theory,
use method of moments
G.S. Denicol, H. Niemi, E. Molnar, D.H. Rischke, PRD 85 (2012) 114047
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Spin kinetic theory
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NW, E. Speranza, X.-l. Sheng, Q. Wang, and D.H. Rischke, PRL127 (2021) 5, 052301; PRD104 (2021) 1, 016022

▶ Phase-space distribution function f(x, p, s), depends on spin variable sµ,
exactly related to Wigner function

▶ Boltzmann equation (derived from quantum field theory)

p · ∂f(x, p, s) = C[f ]

▶ Nonlocal collision term

C[f ] =

∫
dΓ1dΓ2dΓ

′ W [f(x+∆1, p1, s1)

× f(x+∆2, p2, s2)− f(x+∆, p, s)f(x+∆′, p′, s′)]

Particle positions displaced by ∆µ

▶ Nonlocal collision term: conversion of orbital angular momentum into spin
=⇒ spin alignment with vorticity
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Spin hydrodynamic equations of motion
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▶ Spin hydrodynamics is based on conserved quantities:
W. Florkowski, B. Friman, A. Jaiswal, and E. Speranza, PRC 97, no. 4, 041901 (2018)
W. Florkowski, B. Friman, A. Jaiswal, R. Ryblewski, and E. Speranza, PRD 97, no. 11, 116017 (2018)
W. Florkowski, F. Becattini, and E. Speranza, APB 49, 1409 (2018)

charge current
∂ ·N = 0

energy-momentum tensor
∂µT

µν = 0

+ total angular-momentum tensor

Jλ,µν = xµTλν − xνTλµ + ℏSλ,µν

orbital part spin tensor

∂λJ
λ,µν = 0 =⇒ ℏ∂λS

λ,µν = T [νµ]

a[µbν] ≡ aµbν − aνbµ
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Pseudo-gauge choice
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NW, E. Speranza, X.-l. Sheng, Q. Wang, and D.H. Rischke, PRL127 (2021) 5, 052301
E. Speranza, NW, EPJA57 (2021) 5, 155

▶ Definition of energy-momentum and spin tensor depends on choice of pseudo-gauge
F.W. Hehl, Rept. Math. Phys. 9, 55 (1976)

▶ Does pseudo-gauge choice affect dynamics? Yes . . .
F. Becattini, W. Florkowski, E. Speranza, PLB789 (2019) 419-425
K. Fukushima, S. Pu, PLB817 (2021) 136346
A. Das, W. Florkowski, R. Ryblewski, R. Singh, PRD103 (2021) 9, L091502
M. Buzzegoli, 2109.12084

▶ Canonical spin tensor: not conserved even for free fields or in global equilibrium
=⇒ not consistent with physical picture of spin density

▶ Hilgevoord-Wouthuyson (HW) currents:
J. Hilgevoord, S.A. Wouthuysen, Nuclear Physics 40, 1 (1963)

Tµν
HW =

∫
dΓ pµpνf(x, p, s) +O(ℏ2) ,

Sλ,µν
HW =

∫
dΓ pλ

(
1

2
Σµν

s − ℏ
4m2

p[µ∂ν]

)
f(x, p, s) +O(ℏ2)

Dipole-moment tensor Σµν
s ≡ − 1

m
ϵµναβpαsβ
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Hydrodynamic equations of motion
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NW, E. Speranza, X.-l. Sheng, Q. Wang, and D.H. Rischke, PRL127 (2021) 5, 052301
E. Speranza, NW, EPJA57 (2021) 5, 155

▶ Boltzmann equation =⇒ Equations of motion

∂µT
µν
HW =

∫
dΓ pν C[f ] = 0 ,

ℏ ∂λS
λ,µν
HW =

∫
dΓ

ℏ
2
Σµν

s C[f ] = T
[νµ]
HW .

▶ HW spin tensor conserved for free fields or in global equilibrium: C = 0

▶ Nonzero nonlocal collision term ⇐⇒ T
[νµ]
HW ̸= 0 ⇐⇒ Spin not conserved
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Decomposition of currents
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▶ Decompose currents with respect to fluid velocity uµ

Nµ =nuµ + nµ ,

Tµν
sym =ϵuµuν −∆µν(P0 +Π) + u(µhν) + πµν ,

Sλ,µν =uλÑµν +∆λ
αP̃

αµν + 2u(αH̃
λ)µνα + Q̃λµν

+
ℏ
2m

∂[ν
[
ϵ0u

µ]uλ −∆µ]λ(P0 +Π) + πµ]λ
]

∆µν ≡ gµν − uµuν , Ãµν ≡ ϵµναβAαβ , a(µbν) ≡ aµbν + aνbµ

▶ 4+10+24 degrees of freedom ↔ 1+4+6 equations of motion
=⇒ need additional equations of motion to close system of equations

▶ All components can be related to moments of distribution function,
e.g., spin-energy tensor

Ñµν ≡ − 1

2m
ϵµναβuα⟨E2

p sβ⟩

=⇒ derive additional equations of motion from kinetic theory
use method of moments
G.S. Denicol, H. Niemi, E. Molnar, D.H. Rischke, PRD 85 (2012) 114047
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Equilibrium and scale ordering
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▶ Nonlocal collision term vanishes only in global equilibrium
=⇒ How to define "local" equilibrium as starting point of hydrodynamic expansion?

▶ Issue about local equilibrium:
Nonlocality scale of collision term smaller than scale on which dissipation happens

▶ Treat vorticity on different scale than other gradients
S. Li, M. Stephanov, H.-U. Yee, PRL127 (2021) 8, 082302

▶ Impose ordering of scales

∆ < lmfp ≪ lhydro , ∆ ≪ lv< lhydro

needed for molecular chaos allows for definition of local equilibrium
with

expansion in spin degrees of freedom
∆

lv
∼ lmfp

lhydro
hydrodynamic expansion

∆: nonlocality of microscopic collision, lmfp: mean free path
lhydro: scale of inverse dissipative gradients, lv: scale of inverse vorticity

▶ Local equilibrium:
neglect O(∆/lhydro) =⇒ Nonlocal collision term vanishes if spin potential equal to

thermal vorticity
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Moment expansion
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▶ Expand distribution function up to first order in ℏ and gradients

f = feq + δf = f0p

[
1 +

ℏ
4
ΩµνΣ

µν
s + ϕp + s · ζp

]
,

equilibrium, deviations from equilibrium
Zeroth-order distribution function

f0p ≡ 1

(2πℏ)3
e−β0u·p+α0

inverse temperature β0, chemical potential α0,
spin potential: thermal vorticity + dissipative corrections

Ωµν = ϖµν +O
(

1

lhydro

)
▶ Define dissipative irreducible moments

ρµ1...µl
n ≡ ⟨En

p p⟨µ1 ...pµl⟩⟩δ
τµ,µ1...µl
n ≡ ⟨En

p sµp⟨µ1 ...pµl⟩⟩δ

A⟨µ1···µn⟩: traceless, symmetric projection orthogonal to uµ

▶ δf can be expressed in basis of dissipative moments
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Matching and equations of motion for thermodynamic potentials
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▶ Matching conditions (Landau frame)

uµN
µ = uµN

µ
eq , uµT

µν
sym = uµT

µν
sym,eq

▶ Additional matching condition in presence of spin

uλJ
λ,µν = uλJ

λ,µν
eq

=⇒ Defines spin potential near local equilibrium

▶ Conservation laws for Nµ, Tµν , and Jλ,µν

=⇒ equations of motion for thermodynamic potentials α0, β0, uµ, Ωµν
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General equations of motion
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▶ Boltzmann equation =⇒ exact equations of motion for spin moments τ
µ,µ1...µl
n ,

e.g.,

τ̇ ⟨µ⟩
r − C

⟨µ⟩
r−1 =[

ξ(0)r θ +
G2(r+1)

D20
Πθ −

G2(r+1)

D20
πλνσλν − G3r

D20
∂ · n

]
ωµ
0 − ℏ

2m
I(r+1)1∆

µ
λ∇νΩ̃

λν

− ℏ
2m

Ω̃⟨µ⟩ν
[
I(r+1)1Iν − I(r+2)1

β0

ϵ0 + P0

(
−Πu̇ν +∇νΠ−∆νλ∂ρπ

λρ
)]

+ r u̇ντ
⟨µ⟩,ν
r−1 + (r − 1)σαβτ

⟨µ⟩,αβ
r−2 −∆µ

λ∇ντ
λ,ν
r−1 −

1

3

[
(r + 2)τ ⟨µ⟩

r − (r − 1)m2τ
⟨µ⟩
r−2

]
θ

− ℏ
2m

I(r+1)0ϵ
µναβuνΩ̇αβ

∇µ ≡ ∆µ
ν∂

ν , θ ≡ ∇ · u, σµν ≡ ∇⟨µuν⟩, ωµ
0 ≡ −(1/2)ϵµναβuνΩαβ , Iµ ≡ ∇µα0

▶ Collision term
C
µ,⟨µ1···µn⟩
r−1 ≡

∫
dΓEr−1

p sµp⟨µ1 · · · pµn⟩C[f ]
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Truncation procedure and dynamical moments
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▶ Infinite number of coupled equations =⇒ need truncation procedure

▶ Idea (Israel-Stewart): Approximate moments which do not appear in conservation
laws by those which do appear

▶ Conventional hydrodynamics:

nµ ≡ ρµ0 , hµ ≡ ρµ1 , Π ≡ −m2

3
ρ0, πµν ≡ ρµν

0

particle diffusion heat flux bulk viscous pressure shear stress

=⇒ 14-moment approximation

▶ Spin hydrodynamics: additional dynamical moments from spin tensor

nν ≡ τν
2 , pµ ≡ τµ

0 , zλµ ≡ τ
(⟨µ⟩,λ)
1 , qλµν ≡ τν,µλ

0

spin energy spin pressure spin diffusion spin stress

=⇒ 14+24-moment approximation

▶ Dynamical spin moments determined by form of spin tensor
=⇒ Pseudo-gauge dependence enters!

Nora Weickgenannt Spin hydrodynamics 11 / 25



Collision terms
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▶ General form of collision terms

C
µ,⟨µ1···µl⟩
r−1 =

Nl∑
n=0

B(l)
rnτ

µ,⟨µ1···νl⟩
n +

∫
[dΓ]W Er−1

p p⟨µ1 · · · pµl⟩sµf0pf0p′

×
[
−ℏ
4
(Ωαβ −ϖαβ)Σ

αβ
s +

1

2
∂(ββα)∆

βpα
]

dissipative spin moments
difference between spin potential and thermal vorticity
from nonlocal collision term, thermal shear,

∆µ ≡ − ℏ
2m(p · t̂+m)

ϵµναβpν t̂αsβ

▶ Invert matrix B
(l)
rn to obtain final form of equations of motion
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Closed second-order equations of motion
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Obtain equations of motion of all dynamical spin moments, e.g.,

τq∆
µ
ρ∆

νλ
αβ

d

dτ
q⟨ρ⟩αβ + q⟨µ⟩νλ

=− d(2)β0σ
⟨ν

ρ ϵλ⟩µαρuα + K
(2)
ΩI Ω̃

⟨µ⟩⟨νIλ⟩ + K
(2)
∇Ω∆

νλ
αβ∇αΩ̃µβ − K(2)

ωσσ
νλωµ

0

− K
(2)
ΩΠΩ̃

⟨µ⟩⟨ν
(
−Πu̇λ⟩ +∇λ⟩Π−∆λ⟩

α ∂βπ
αβ
)
+ g

(2)
1 zµ⟨νFλ⟩ + g

(2)
2 zµ⟨νIλ⟩

+ g
(2)
3 ∆µ

ρ∆
νλ
αβ∇βzρα + g

(2)
4 q⟨µ⟩νλθ + g

(2)
5 q⟨µ⟩ρ⟨νσλ⟩

ρ + 2τqq
⟨µ⟩ρ⟨νωλ⟩

ρ

+ g
(2)
6 p⟨µ⟩σνλ − 6g

(2)
7 qρµρσ

νλ + g
(2)
8 Fµz⟨νλ⟩ + g

(2)
9 p⟨ν∇λ⟩uµ + g

(2)
10 q

ρ⟨ν
ρ∇λ⟩uµ

relaxation time
transport coefficients

and similar equations for p⟨µ⟩ and zλµ

=⇒ closed set of relaxation equations
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Relaxation times
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▶ Calculate relaxation times for spin moments in dependence of mβ0

▶ Relaxation times of same order as those for spin-independent dissipative moments
(Π, nµ, πµν)

0 0.2 0.4 0.6 0.8 1

1

1.1

1.2

mβ0

τp/lmfp

τz/lmfp

τq/lmfp

Calculations on spin relaxation times in different context can be found in
J. I. Kapusta, E. Rrapaj, S. Rudaz, PRC 101, 024907, 031901, 102 6, 064911 (2020)
A. Ayala, D. de la Cruz, L. Hernández, J. Salinas, PLB 801, 135169, PRD 102 5, 056019 (2020)
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Pauli-Lubanski vector
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▶ Observable in heavy-ion collisions: Pauli-Lubanski vector
F. Becattini, V. Chandra, L. Del Zanna, E. Grossi, AP338, 32 (2013)
F. Becattini, arXiv:2004.04050
E. Speranza, NW, EPJA 57 (2021) 5, 155
L. Tinti, W. Florkowski, arXiv:2007.04029

Πµ(p) =
1

2N

∫
dΣλp

λdS sµf(x, p, s)

▶ Equilibrium:

Πµ
eq(p) = − ℏ

4mN

∫
dΣλp

λΩ̃µν(Epuν + p⟨ν⟩)

▶ Express dissipative corrections through dynamical spin moments:

δΠµ(p) =
1

2N

(
gµν − pµpν

p2

)∫
dΣλp

λ

{
χpp

⟨ν⟩ − 6χnq
ρν

ρ + xpu
νzλλ

+

[
χzz

να +
(
xqq

λα
λ + xpp

⟨α⟩
)
uν

]
p⟨α⟩ +

(
χqq

⟨ν⟩αβ + xzu
νz⟨αβ⟩

)
p⟨αpβ⟩

}
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Navier-Stokes limit
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▶ So far: kept terms up to second order in equations of motion
=⇒ transient hydrodynamics

▶ Now: keep only first-order terms =⇒ Navier-Stokes limit

▶ No additional dynamical quantities,
everything can be expressed in terms of α0, β0, uµ, Ωµν and their derivatives

▶ Full expression of Pauli-Lubanski vector lengthy

▶ From nonlocal collision term: contributions independent of spin potential

δΠµ(p) ≃ 1

2N

(
gµν − pµpν

p2

)∫
dΣλp

λχσσ
⟨α

ρ ϵβ⟩ντρuτp⟨αpβ⟩ + . . .

=⇒ contribution from shear to local polarization, vanishes after momentum
integration
Effects of shear important for description of local Λ polarization
B. Fu, S. Y.F. Liu, L. Pang, H- Song, Y. Yin, PRL127 (2021) 14, 142301
F. Becattini, M. Buzzegoli, A. Palermo, arXiv:2103.10917
F. Becattini, M. Buzzegoli, A. Palermo, G. Inghirami, I. Karpenko, arXiv:2103.14621
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What comes next?
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▶ Numerical implementation of second-order equations of motion?
=⇒ Causality and stability?

▶ So far: No work in that direction done in dissipative spin hydrodynamics
But: Causality and stability for chiral hydrodynamics
E. Speranza, F. Bemfica, M. Disconzi, J. Noronha, 2104.02110

▶ So far: spin-1/2 fermions
=⇒ What happens for higher spins? → ϕ-polarization in heavy-ion collisions

▶ First step:
Derive kinetic theory for massive spin-1 particles from Wigner-function formalism
D. Wagner, NW, E. Speranza, D. H. Rischke, in preparation
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Ideal chiral hydrodynamics from kinetic theory
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E. Speranza, F. Bemfica, M. Disconzi, J. Noronha, 2104.02110

▶ Constitutive equations in ideal chiral hydrodynamics
e.g., Chen, Son, Stephanov, PRL 115, no.2, 021601 (2015); Yang, PRD 98, no.7, 076019 (2018)

Tµν = εuµuν + P∆µν + ξT (ω
µuν + ωνuµ)

Jµ
V = nV uµ + ξV ωµ

Jµ
A = nAu

µ + ξA ωµ

Jµ
V , Jµ

A - Vector- and axial-vector current, ωµ vorticity vector

▶ Equations of motion

∂µT
µν = 0 , ∂ · JV = ∂ · JA = 0

▶ One can prove:
solution of system of equations either does not exist or is not unique
=⇒ cannot be numerically implemented
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Ideal chiral hydrodynamics in Landau frame
 

 

CRC -  TR 

E. Speranza, F. Bemfica, M. Disconzi, J. Noronha, 2104.02110

▶ Shift fluid velocity such that it becomes eigenvector of Tµν

▶ Drop terms of order O(∂2)

▶ Resulting constitutive equations:

Tµν = εuµuν + P∆µν

Jµ
V = nV uµ + ξV ωµ

Jµ
A = nAu

µ + ξA ωµ

▶ Impose nontrivial conditions on ξV , ξA
=⇒ equations of motion have unique solution and are causal and stable
=⇒ numerical implementation possible
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Interacting Proca fields
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▶ Proca fields V µ interacting with electromagnetic fields Aµ

▶ Starting point: Maxwell-Proca Lagrangian
H. C. Corben. J. Schwinger, PR58, 953 (1940)

LP = ℏ

(
−1

2
V ∗µνVµν +

m2

ℏ2
V ∗µVµ

)
− 1

4
FµνFµν − iqκFµνV

µV ∗ν

Field strength tensors V µν ≡ DµV ν −DνV µ , Fµν ≡ ∂µAν − ∂νAµ,
covariant derivative Dµ ≡ ∂µ + (iq/ℏ)Aµ

▶ Magnetic moment µ ≡ (1 + κ)qℏ/2m
=⇒ Choosing κ = 1 sets gyromagnetic ratio g = 2
S. Ferrara, M. Porrati, V. L. Telegdi, PRD46, 3529 (1992)
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Spin-one Wigner-function formalism
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D. Wagner, NW, E. Speranza, D. H. Rischke, in preparation

▶ Idea: Calculate Wigner function and its equations of motion in presence of
electromagnetic fields by ℏ-expansion in collisionless regime
NW, X.-L. Sheng, E. Speranza, Q. Wang, and D. H. Rischke, PRD100, 056018 (2019)

=⇒extend formalism used for Dirac fields to Proca fields

▶ Spin-one Wigner function:

Wµν(x, k) ≡ 1

(2πℏ)4

∫
d4v e−

i
ℏ kαvα

〈
: V ∗µ

(
x+

v

2

)
U+−V

ν

(
x− v

2

)
:

〉

gauge link

▶ Proca equation
=⇒ mass-shell relations, constraints and kinetic equations for Wigner function
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Decomposition of Wigner function
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D. Wagner, NW, E. Speranza, D. H. Rischke, in preparation

▶ Decompose Wigner function into symmetric and antisymmetric part
Huang, Mitkin, Sadofyev, Speranza, JHEP 10 (2020) 117

Wµν = Wµν
S +Wµν

A

▶ Decompose both parts with respect to kµ

Wµν
S = EµνfE +KµνfK +

k(µ

2
√
k2

F
ν)
S + Fµν

K

Wµν
A =

k[µ

2
√
k2

F
ν]
A + ϵµναβ kα

m
Gβ

Eµν ≡ kµkν/
√
k2, Kµν ≡ gµν − Eµν

Fµ
S kµ = Fµ

Akµ = Gµkµ = Fµ
K,µ = 0 , kµF

µν
K = 0 , Fµν

K = F νµ
K

independent components, determined by mass-shell conditions and kinetic equations
dependent components, fixed by constraint equations

=⇒ Solve these equations order by order in ℏ
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Results: equations of motion I
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D. Wagner, NW, E. Speranza, D. H. Rischke, in preparation

▶ Scalar distribution function V ≡ on-shell part of fK

0 = δ(k2 −m2c2)

[
k · ∇̂(0)3

(
V +

1

3

qℏ
4k2

FµνΣ̄µν

)
+

qℏ
2
(∂γFαβ)∂k,γΣ̄αβ

]
−δ′(k2 −m2c2)qℏFαβk · ∇̂(0)Σ̄αβ

∇̂(0)µ ≡ ∂µ
x − qFµν∂kν

▶ Dipole-moment tensor

Σ̄µν ≡ −iWµν
A,on-shell − 2ℏ q

k2

kρk
[µ

k2
F ν]ρV (0) +

ℏq
k2

FµνV (0)

0 = δ(k2 −m2c2)

[
k · ∇̂(0)Σ̄µν − qF [µ

ρ Σ̄ν]ρ

−qℏ
2
(∂γF [µ

ρ )∂k,γ

(
Fν]

K ρ+ gν]ρV
)
− qµ0

k2
NαFα[µ

K kν]

]
+2δ′(k2 −m2c2)qℏF [µ

ρ

[
k · ∇̂(0)Fν]ρ

K + qF (ν]
σ Fρ)σ

K +Kν]ρk · ∇̂(0)V

]
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Results: equations of motion II
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D. Wagner, NW, E. Speranza, D. H. Rischke, in preparation

▶ Tensor polarization Fµν
K ≡ on-shell part of Fµν

K

0 = δ(k2 −m2c2)

[
k · ∇̂(0)Fρσ

K + qF (ρ
α Fσ)α

K +
qℏ
2
Kρσ

µν (∂
γFµ

α)∂k,γΣ̄
να

]
+δ′(k2 −m2c2)qℏKρσ

µνF
µ

β

(
k · ∇̂(0)Σ̄νβ − qF

[ν
λ Σ̄β]λ

)

▶ Scalar distribution and dipole moment: analogous to spin-1/2

Tensor polarization: new degrees of freedom for spin 1
=⇒ Effects in heavy-ion collisions?

▶ Kinetic theory is starting point to derive dissipative hydrodynamics for spin-1
particles
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Conclusions and outlook
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▶ Derived second-order spin hydrodynamics from kinetic theory using method of
moments

▶ Dissipative corrections to Pauli-Lubanski vector
=⇒ depend on all dynamical spin moments
=⇒ Navier-Stokes limit: contributions from spin potential and shear
=⇒ Need numerical implementation to compare to experiment

▶ Presence of vorticity in spin/ chiral hydrodynamics leads to causality issues even in
ideal case
E. Speranza, F. Bemfica, M. Disconzi, J. Noronha, 2104.02110

=⇒ Causality and stability analysis of second-order equations of motion needed

▶ Derived kinetic theory for spin-1 particles
D. Wagner, NW, E. Speranza, D. H. Rischke, in preparation

=⇒ Derive spin-1 kinetic theory with particle collisions and spin-1 hydrodynamics

▶ Include electromagnetic fields
=⇒ dissipative spin magnetohydrodynamics
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