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Introduction

• There are unstable resonance hadrons, with finite lifetime 
- there is non-zero variation in the rest energy (mass).


• This can be quantified as the probability distribution, 
or density of states within specific mass bin 
- the spectral function (SF)


• Why do we care about SF and finite width in hybrid approach 
for heavy ion collisions? 
- It can alter hadronic chemistry as the variation in resonance 
  mass can change the multiplicity. 
- It is also crucial in electromagnetic probes. 
  (e.g. dileptons and photons)
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In SMASH, which is a microscopic transport of hadronic system,
Spectral functions in SMASH

Breit-Wigner SF

J. Weil et al. (2016)

with mass-dependent width from D. M. Manley and E. M. Saleski (1992)
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Framework
Spectral functions in SMASH
Thermodynamics with spectral functions
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Framework
Spectral functions in SMASH
Thermodynamics with spectral functions
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• In the case of vanishing chemical potentials, 
difference introduced by SF is less than 5%.


• TO DO : extend HRG EoS to finite                    .µB , µS , µQ

<latexit sha1_base64="DlHC2qr01BeS0M2uoQPAS6NYlOo=">AAACAnicbZDLSgMxFIYzXmu9jboSN8EiuJAyIxVduCi6cdmivUBnGDJppg1NMkOSEcpQ3Pgqblwo4tancOfbmLaDaOshgY//P4fk/GHCqNKO82UtLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcHA99lv3RCoaizs9TIjPUU/QiGKkjRTY+x5Pg6sT6Jlj6PaH6oFdcsrOpOA8uDmUQF61wP70ujFOOREaM6RUx3US7WdIaooZGRW9VJEE4QHqkY5BgThRfjZZYQSPjNKFUSzNFRpO1N8TGeJKDXloOjnSfTXrjcX/vE6qows/oyJJNRF4+lCUMqhjOM4DdqkkWLOhAYQlNX+FuI8kwtqkVjQhuLMrz0PztOxWymf1Sql6mcdRAAfgEBwDF5yDKrgBNdAAGDyAJ/ACXq1H69l6s96nrQtWPrMH/pT18Q0UXpVM</latexit>

4



Framework

Beginning with the energy-stress tensor
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spectral function
Cooper-Frye with spectral function

Energy/momentum conservation

Extension of the Cooper-Frye formalism F. Cooper and G. Frye (1972)
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Beginning with the energy-stress tensor
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spectral function
Cooper-Frye with spectral function
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Extension of the Cooper-Frye formalism
Framework

F. Cooper and G. Frye (1972)
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Framework

Viscous corrections to the distribution function

Extension of the Cooper-Frye formalism F. Cooper and G. Frye (1972)

There are a few formalisms in the market.
• Grad’s expansion with 14-moments approximation 

- Expansion in the power of momentum 
    D. Teaney (2003)


• Chapman-Enskog expansion with relaxation time approximation 
- Expansion in the power of Knudsen number                              
    P. Bozek (2010)


• Resummed viscous correction 
- Exponentiate the distribution function 
    M. McNelis, D. Everett and U. Heinz 1912.08271 
    S. Pratt and G. Torrieri (2010)

(Kn ⇠ lmfprµu
µ)

<latexit sha1_base64="8IzOKOE9ybH7CssXzNYXu2rSIlA="></latexit>
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Framework

Bulk viscous correction to the distribution function

Extension of the Cooper-Frye formalism F. Cooper and G. Frye (1972)

In the case of the (leading-order) Chapman-Enskog expansion
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Viscous correction to the number density :
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Framework

Shear viscous correction to the distribution function

Extension of the Cooper-Frye formalism F. Cooper and G. Frye (1972)

Grad’s expansion with 14-moment approximation is used for the             
in the current MUSIC+SMASH hybrid simulations.

�fshear

<latexit sha1_base64="lekJacD1mh9OJS1KfKSN/y3zV+8=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgFXYlooVFwMYygnlANoTZyd1kyOyDmbtiXPIFNv6KjYUittZ2/o2TR6GJBy4czrmXe+/xEyk0Os63lVtZXVvfyG8WtrZ3dvfs/YOGjlPFoc5jGauWzzRIEUEdBUpoJQpY6Eto+sOrid+8A6VFHN3iKIFOyPqRCARnaKSuXfJ6IJHRoJt5miuRoBYPQD2Ee1RhpgfA1HjctYtO2ZmCLhN3TopkjlrX/vJ6MU9DiJBLpnXbdRLsZEyh4BLGBS/VkDA+ZH1oGxqxEHQnm74zpiWj9GgQK1MR0qn6eyJjodaj0DedIcOBXvQm4n9eO8XgopOJKEkRIj5bFKSSYkwn2dCeUMBRjgxhJgtzK+UDphhHk2DBhOAuvrxMGqdlt1I+u6kUq5fzOPLkiByTE+KSc1Il16RG6oSTR/JMXsmb9WS9WO/Wx6w1Z81nDskfWJ8/zPqdOQ==</latexit>
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TO DO : determine           ,           and                 from thermodynamic 
              integrals within a single and consistent framework.

�fshear

<latexit sha1_base64="lekJacD1mh9OJS1KfKSN/y3zV+8=">AAACDnicbVC7SgNBFJ2Nrxhfq5Y2gyFgFXYlooVFwMYygnlANoTZyd1kyOyDmbtiXPIFNv6KjYUittZ2/o2TR6GJBy4czrmXe+/xEyk0Os63lVtZXVvfyG8WtrZ3dvfs/YOGjlPFoc5jGauWzzRIEUEdBUpoJQpY6Eto+sOrid+8A6VFHN3iKIFOyPqRCARnaKSuXfJ6IJHRoJt5miuRoBYPQD2Ee1RhpgfA1HjctYtO2ZmCLhN3TopkjlrX/vJ6MU9DiJBLpnXbdRLsZEyh4BLGBS/VkDA+ZH1oGxqxEHQnm74zpiWj9GgQK1MR0qn6eyJjodaj0DedIcOBXvQm4n9eO8XgopOJKEkRIj5bFKSSYkwn2dCeUMBRjgxhJgtzK+UDphhHk2DBhOAuvrxMGqdlt1I+u6kUq5fzOPLkiByTE+KSc1Il16RG6oSTR/JMXsmb9WS9WO/Wx6w1Z81nDskfWJ8/zPqdOQ==</latexit>

�fbulk

<latexit sha1_base64="WNcvjuFaPBPUMCRbfySwR+IRgmc=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwCrsS0cIiYGMZwTwgG8Ls5G4yZPbBzF0xLvkBG3/FxkIRW3s7/8bJo9DEAxcO59zLvff4iRQaHefbyi0tr6yu5dcLG5tb2zv27l5dx6niUOOxjFXTZxqkiKCGAiU0EwUs9CU0/MHV2G/cgdIijm5xmEA7ZL1IBIIzNFLHPvK6IJHRoJN5miuRoBYPQD2Ee1Rh5qdyMBp17KJTciagi8SdkSKZodqxv7xuzNMQIuSSad1ynQTbGVMouIRRwUs1JIwPWA9ahkYsBN3OJt+M6LFRujSIlakI6UT9PZGxUOth6JvOkGFfz3tj8T+vlWJw0c5ElKQIEZ8uClJJMabjaGhXKOAoh4YwE4W5lfI+U4yjCbBgQnDnX14k9dOSWy6d3ZSLlctZHHlyQA7JCXHJOamQa1IlNcLJI3kmr+TNerJerHfrY9qas2Yz++QPrM8fABOcyg==</latexit>

�fdi↵usion

<latexit sha1_base64="2rnfod4Nsh68xw14l/qiUPDwRdM=">AAACEnicbVC7SgNBFJ2NrxhfUUubwSBoE3YlooVFwMYygnlANoTZ2bvJkNkHM3fFuOQbbPwVGwtFbK3s/Bsnj0ITDwwczrmHO/d4iRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GjlPFoc5jGauWxzRIEUEdBUpoJQpY6EloeoOrsd+8A6VFHN3iMIFOyHqRCARnaKRu8cT1QSKjQTdzNVciQS0egLoI96jCzBdBkI7Do1G3WLLL9gR0kTgzUiIz1LrFL9ePeRpChFwyrduOnWAnYwoFlzAquKmGhPEB60Hb0IiFoDvZ5KQRPTKKT4NYmRchnai/ExkLtR6GnpkMGfb1vDcW//PaKQYXnUxESYoQ8emiIJUUYzruh/pCAUc5NISZPsxfKe8zxTiaFgumBGf+5EXSOC07lfLZTaVUvZzVkScH5JAcE4eckyq5JjVSJ5w8kmfySt6sJ+vFerc+pqM5a5bZJ39gff4ANXqfFQ==</latexit>

NOTE : All of the shear, bulk and diffusive corrections can be obtained 
            within each framework mentioned before.

9



Framework
Sampling Procedure

1. Determine the mean multiplicity of each hadronic specie 
 

2. In the case of resonance, sample the mass from 
 

3. Then sample momentum from 
 

In each (discretized) hypersurface element

hNi = uµ�3⌃µ

Z
dmAi(m) [n0,i(x,m) + �nbulk,i(x,m)]

<latexit sha1_base64="m6fIV2ekgIr/hlH+hamNfjF3hak="></latexit>

PDF(m) / Ai(m) [n0,i(x,m) + �nbulk,i(x,m)]

<latexit sha1_base64="kRIrLaxJI1TAq36u10I7fSK59j0="></latexit>

Go over all hypersurface elements.

dNi

d3p
/ pµ�3⌃µ

Ep
[f0,i(x,p,m) + �fshear,i(x,p,m) + �fbulk,i(x,p,m)]
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Results
Verification of mass sampling in a thermal box

Mass distribution is different from the spectral function itself, 
due to the mass-dependent number density.
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Results
Energy/momentum conservation check in a box

Calculation by Scott Pratt

For an arbitrary shear stress tensor 
satisfying                              ,⇡xx = ⇡yy = �⇡zz/2

<latexit sha1_base64="u/N8/GAkEH6U9g0mrTmCB8Wzg1A=">AAACDXicbZC7TsMwFIadcivlFmBksShILJSkKoIBpEosjEWiF6kNleM6rVXnIttBTaO8AAuvwsIAQqzsbLwNTpoBCr9k6fN/zpF9fjtgVEjD+NIKC4tLyyvF1dLa+sbmlr690xJ+yDFpYp/5vGMjQRj1SFNSyUgn4AS5NiNte3yV1tv3hAvqe7cyCojloqFHHYqRVFZfP+gF9C6eTBJ4CTOMohSPZ5fpNIEnsNrXy0bFyAT/gplDGeRq9PXP3sDHoUs8iRkSomsagbRixCXFjCSlXihIgPAYDUlXoYdcIqw42yaBh8oZQMfn6ngSZu7PiRi5QkSurTpdJEdivpaa/9W6oXTOrZh6QSiJh2cPOSGD0odpNHBAOcGSRQoQ5lT9FeIR4ghLFWBJhWDOr/wXWtWKWauc3tTK9Ys8jiLYA/vgCJjgDNTBNWiAJsDgATyBF/CqPWrP2pv2PmstaPnMLvgl7eMbYqCadA==</latexit>

• Chapman-Enskog            works 
better to yield the desired value 
of      , for small       .


• Resummed            results in a slight 
deviation in      , but it is not an 
issue for typical size of       in 
ultra-relativistic heavy ion collisions. 
(                                    )

�fshear
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⇡µ⌫

<latexit sha1_base64="2vSboImY6mx1yU1M1AtsuEx4Dvw=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgKexKRA8eAl48RjAPyK5hdjJJhszODvMQwpLf8OJBEa/+jDf/xkmyB00saCiquunuiiVn2vj+t1dYW9/Y3Cpul3Z29/YPyodHLZ1aRWiTpDxVnRhrypmgTcMMpx2pKE5iTtvx+Hbmt5+o0iwVD2YiaZTgoWADRrBxUhhK9piFiQ2FnfbKFb/qz4FWSZCTCuRo9MpfYT8lNqHCEI617ga+NFGGlWGE02kptJpKTMZ4SLuOCpxQHWXzm6fozCl9NEiVK2HQXP09keFE60kSu84Em5Fe9mbif17XmsF1lDEhraGCLBYNLEcmRbMAUJ8pSgyfOIKJYu5WREZYYWJcTCUXQrD88ippXVSDWvXyvlap3+RxFOEETuEcAriCOtxBA5pAQMIzvMKbZ70X7937WLQWvHzmGP7A+/wBgtiR/A==</latexit>

TO DO : conservation check 
              with bulk viscous correction

p
⇡µ⌫⇡µ⌫ ⇠ 0.02 (✏+ P )

<latexit sha1_base64="0eq2c2hMyQ6Hi+RK58V2agliDIc=">AAACJXicbVDLSgMxFM3UV62vUZdugkWoKGWmVHTRRcGNywr2AZ06ZNJMG5pkxiQjlKE/48ZfcePCIoIrf8X0IWjrhcB53MvNPUHMqNKO82llVlbX1jeym7mt7Z3dPXv/oKGiRGJSxxGLZCtAijAqSF1TzUgrlgTxgJFmMLie+M1HIhWNxJ0exqTDUU/QkGKkjeTbFU89SJ16Mb1PPZ54IhlBQ/wfYpiiHDpFpwS9c1jwSKwoiwQ8g7VT384bY1pwGbhzkAfzqvn22OtGOOFEaMyQUm3XiXUnRVJTzMgo5yWKxAgPUI+0DRSIE9VJp1eO4IlRujCMpHlCw6n6eyJFXKkhD0wnR7qvFr2J+J/XTnR41UmpiBNNBJ4tChMGdQQnkcEulQRrNjQAYUnNXyHuI4mwNsHmTAju4snLoFEquuXixW05X63M48iCI3AMCsAFl6AKbkAN1AEGT+AFvIGx9Wy9Wu/Wx6w1Y81nDsGfsr6+AesJpCM=</latexit>
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Results
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- There is up to ~30% change in the multiplicity of     . 
- Modification of the momentum space distribution is negligible.

Single-particle distributions of resonances at particlization

�

<latexit sha1_base64="HtYOOZXJfB+d4lw7qM/6P+faTio=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIioIVlBPMByRH2NnvJmr3bY3dOCEf+g42FIrb+Hzv/jZvkCk18MPB4b4aZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGlUqhlvMCWVbgfUcCli3kCBkrcTzWkUSN4KRjdTv/XEtREqfsBxwv2IDmIRCkbRSs3uLZdIe+WKW3VnIMvEy0kFctR75a9uX7E04jEySY3peG6CfkY1Cib5pNRNDU8oG9EB71ga04gbP5tdOyEnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi09dJX2jOUI4toUwLeythQ6opQxtQyYbgLb68TJpnVe+8enF/Xqld53EU4QiO4RQ8uIQa3EEdGsDgEZ7hFd4c5bw4787HvLXg5DOH8AfO5w9hVo7+</latexit>
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Results
Flow anisotropy of resonances at particlization
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- There is up to ~30% change in the multiplicity of     . 
- Modification of the momentum space distribution is negligible.

�

<latexit sha1_base64="HtYOOZXJfB+d4lw7qM/6P+faTio=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIioIVlBPMByRH2NnvJmr3bY3dOCEf+g42FIrb+Hzv/jZvkCk18MPB4b4aZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGlUqhlvMCWVbgfUcCli3kCBkrcTzWkUSN4KRjdTv/XEtREqfsBxwv2IDmIRCkbRSs3uLZdIe+WKW3VnIMvEy0kFctR75a9uX7E04jEySY3peG6CfkY1Cib5pNRNDU8oG9EB71ga04gbP5tdOyEnVumTUGlbMZKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MrPRJykyGM2XxSmkqAi09dJX2jOUI4toUwLeythQ6opQxtQyYbgLb68TJpnVe+8enF/Xqld53EU4QiO4RQ8uIQa3EEdGsDgEZ7hFd4c5bw4787HvLXg5DOH8AfO5w9hVo7+</latexit>
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Results
Single-particle distributions of final-state hadrons
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- Spectral functions have small effect (~ 10% for proton), 
  in the case of ultra-relativistic heavy ion collisions.
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Results
Flow anisotropy distributions of final-state hadrons
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- Spectral functions have quite small effect (< 5%), 
  in the case of ultra-relativistic heavy ion collisions.
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Conclusions

• Finite widths of resonances are taken into account 
by having spectral functions at the Cooper-Frye particlization.


• At the             regime, spectral functions do not change 
the thermodynamics much. (less than 5% difference)


• In the case of ultra-relativistic heavy ion collisions, 
spectral functions also have small effects 
on the final-state flow anisotropy of hadrons.

µB = 0

<latexit sha1_base64="/tEtaHi3djaCUJdj5aYCDUGeL1k=">AAAB8HicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrFT0oFL14rGA/pF1KNs22oUl2SbJCWforvHhQxKs/x5v/xrTdg7Y+GHi8N8PMvDDhTBvP+3YKK6tr6xvFzdLW9s7unrt/0NRxqghtkJjHqh1iTTmTtGGY4bSdKIpFyGkrHN1O/dYTVZrF8sGMExoIPJAsYgQbKz12Rdq7QdfI67llr+LNgJaJn5My5Kj33K9uPyapoNIQjrXu+F5iggwrwwink1I31TTBZIQHtGOpxILqIJsdPEEnVumjKFa2pEEz9fdEhoXWYxHaToHNUC96U/E/r5Oa6DLImExSQyWZL4pSjkyMpt+jPlOUGD62BBPF7K2IDLHCxNiMSjYEf/HlZdI8q/jVyvl9tVy7yuMowhEcwyn4cAE1uIM6NICAgGd4hTdHOS/Ou/Mxby04+cwh/IHz+QNBbI9i</latexit>

µB , µS , µC

<latexit sha1_base64="XgOdt18ZSvPUYgjhGBpXVg+r70U=">AAACAnicbZDLSgMxFIYzXmu9jboSN8EiuJAyIxVduCh247KivUBnGDJppg1NMkOSEcpQ3Pgqblwo4tancOfbmLaDaOshgY//P4fk/GHCqNKO82UtLC4tr6wW1orrG5tb2/bOblPFqcSkgWMWy3aIFGFUkIammpF2IgniISOtcFAb+617IhWNxZ0eJsTnqCdoRDHSRgrsfY+nwdUJ9MwxdPtDtcAuOWVnUnAe3BxKIK96YH963RinnAiNGVKq4zqJ9jMkNcWMjIpeqkiC8AD1SMegQJwoP5usMIJHRunCKJbmCg0n6u+JDHGlhjw0nRzpvpr1xuJ/XifV0YWfUZGkmgg8fShKGdQxHOcBu1QSrNnQAMKSmr9C3EcSYW1SK5oQ3NmV56F5WnYr5bObSql6mcdRAAfgEBwDF5yDKrgGddAAGDyAJ/ACXq1H69l6s96nrQtWPrMH/pT18Q3/F5U+</latexit>

TO DO list
• Extend toward finite                    regime as it should be addressed 

in low-energy heavy ion collisions.


• Consistently determine shear, bulk and diffusive corrections 
to distribution function and corresponding transport coefficients.
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