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LaMET calculation of the PDF
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h̃(λ, Pz, a) = ⟨P | ψ̄0(z)γ0W0[z,0]ψ0(0) |P⟩/(2P0)

h̃X(λ, Pz, μR) = lim
a→0

Z−1
X (z, a, μR) h̃(λ, Pz, a)

Bare quasi light-front 
correla3on (QLFC):

La;ce renormaliza3on:

λ = zPzQuasi light-cone distance:

Quasi-PDF from 
Fourier Transform:

Matching to the PDF through 
large-momentum expansion:

f = C−1 ⊗ f̃

[Ji, 1305.1539]

[Ji, 1305.1539, 1404.6680]

[Xiong, Ji, Zhang and YZ, 1310.7471]

[Ma and Qiu, 1404.6860]

[Izubuchi, YZ et al., 1801.03917]

[Ji, Liu, Schaefer et al., 2008.03886]
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Renormalization schemes
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Mass subtrac3on:

RI/MOM:

Ra3o schemes:

ZX = eδm|z|Zj1Zj2

ZX = ⟨q |OΓ(z) |q⟩

ZX = ⟨Pz
0 = 0 |OΓ(z) |Pz

0 = 0⟩

ZX = ⟨Ω |OΓ(z) |Ω⟩

• : includes linear divergence, can be determined 
from e.g. staIc  potenIal, etc.; 

• : RenormalizaIon of the “heavy-to-light” current, 

independent of ; 
• Corresponds to the MSbar scheme.

δm
qq̄

Zj

z

• PerturbaIve window:  

• SIll introduces nonperturabIve z-dependence as 

Λ2
QCD ≪ − q2 ≪ 1/a2

z ≳ Λ−1
QCD

• Introduces higher-twist effects as .z ≳ Λ−1
QCD

[Ji, Zhang and YZ, 1706.08962; Ishikawa, Ma, Qiu and Yoshida, 1707.03107, Green, Jansen and Steffens, 1707.07152.]

[Musch et al., 1011.1213;

Ishikawa, Ma, Qiu and Yoshida, 1609.02018;

Chen, Ji and Zhang, 1609.08102;

Green, Jansen and Steffens, 1707.07152.]

[Constantinou and Panagopoulos, 1705.11193;

I. Stewart and YZ, 1709.04933;

C. Alexandrou et al., 1706.00265;

Chen et al., 1706.01295.]

[A. Radyushkin, 1705.01488; K. Orginos, et al., 1706.05373]

[Braun, Vladimirov and Zhang, 1810.00048; 
Li, Ma and Qiu, 2006.12370.]

OΓ
B(z, a) = ψ̄0(z)ΓW0[z,0]ψ0(0) = eδm|z| Zj1(a)Zj2(a)OΓ

R(z)

 considered by [X. Gao, et al. (BNL/SBU/THU), 2007.06590].Pz
0 ≠ 0
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Renormalization schemes
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Scheme Short-distance Long-distance

Mass 
subtrac3on

Not the expected ln z2 behavior due to 
discreIzaIon effects when z~a, e.g., 
the funcIon

Works well except for the         
ambiguity in the determinaIon of 
Wilson line mass correcIon. 

RIMOM
ln z2 dependence cancelled out, 

therefore the discreIzaIon error is 
cancelled to a large degree

Uncontrolled nonperturbaIve z-
dependence

Ra3os
ln z2 dependence cancelled out, 

therefore the discreIzaIon error is 
cancelled to a large degree

Uncontrolled higher-twist effects

ln [(z2 + a2)/a2]

𝒪(ΛQCD)

A cancellaIon of higher-twist effects in 
the raIo? Cannot be quanIfied.
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• For short distance , use RI/MOM or ratio schemes:0 ≤ z ≤ zS

Hybrid renormalization scheme
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Lattice
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Comparison of  laYce matrix element 
[X. Gao, et al. (BNL/SBU/THU), 2007.06590] (a=0.06 
fm) a_er  subtracIon with one-loop OPE

Pz = 0

δm

Comparison of 3-loop perturbaIve predicIon 
of the  potenIal with calculaIon from 

laYce QCD
qq̄

,         zS ≤ zLT zLT ∼ 0.3 fm

[Ji, Liu, Schaefer and YZ et al., 2008.03886] [G.S. Bali et al., 0001312; C. Aubin et al., 0402030]
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• For long distance , use Wilson-line mass subtraction 
scheme:

zS < z ≤ zL

Hybrid renormalization scheme
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δm =
m−1

a
+ m0

Determine  by fiYng  to: 

•  

•  

•  

• The gauge-invariant Polyakov loop 

•  in a fixed gauge

δm eδm|z|

⟨P |OΓ
B(z, a) |P⟩

⟨q |OΓ
B(z, a) |q⟩

⟨Ω |OΓ
B(zS, a) |Ω⟩

⟨Ω |W[z, a] |Ω⟩

 should be universal for different methods, 
whereas  has an uncertainty of .
m−1

m0 𝒪(ΛQCD)

f̃′ (z, Pz) = e−δm0|z|f̃(z, Pz)

⟶ | f̃(y, Pz) − f(y, Pz) | ∼
δm0

Pz

See J.-H. Zhang’s talk for further discussion.

: independent of zZhybrid

 is limited by laYce volume and acceptable uncertainty.zL

OΓ
R(z, μR) = Zhybrid(a, μR)e−δm|z|OΓ

B(z, a)

[Green, Jansen and Steffens, 1707.07152, 2002.09408.]

[Izubuchi et al., 1905.06349; 
Huo and Sun, 1912.06056.]
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• Matching the renormalized matrix elements at :z = zS

Hybrid renormalization scheme
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Zhybride−δm|zS|⟨P |OΓ
B(zS, a) |P⟩ =

⟨P |OΓ
B(zS, a) |P⟩

ZX(zS, a)
,

⟶ Zhybrid(zS, a) = eδm|zS|/ZX(zS, a)

For example, for , the matching coefficient for 
the corresponding quasi-PDF is

ZX(zS, a) = ⟨Pz
0 = 0 |OΓ

B(z, a) |Pz
0 = 0⟩

Chybrid(ξ, μ2/p2
z , z2

S μ2) = Cratio(ξ, μ2/p2
z ) +

αsCF

2π
3
2 [−

1
|1 − ξ |+

+
2Si((1 − ξ)λS)

π(1 − ξ) ]
ξ =

y
x

, λs = zS pz, pz = xPz1
|1 − ξ |+

≡ lim
β→0+ [ θ( |1 − ξ | − β)

|1 − ξ |
+ 2δ(1 − ξ)ln β]

[Ji, Liu, Schaefer and YZ et al., 2008.03886]



YONG ZHAO, 09/08/2020

• When  is larger than the correlation length of the spacelike 
correlator ( ), the latter falls close to zero. The uncertainty from 
truncated Fourier transform (FT) at  will be negligible; 

• Otherwise, for , one can extrapolate to  to do the FT: 

• The contribution from  affects the small-x region; 

• The extrapolation can be achieved by using models inspired by the Regge-
behavior; 

• The extrapolation does not provide prediction for small-x PDF, but it 
changes the small-x behavior in the right direction.

zL
∝ Pz

zL

z > zL z = ∞

z > zL

Hybrid renormalization scheme

10

See J. Zhang and J. Hua’s talks for further discussions.
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• Equivalent when ; 

• However, when  is finite, the two approaches are practically 
different.

Pz → ∞

Pz

Large-Momentum V.S. Coordinate-Space Factorizations
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f̃X(y, Pz) = ∫
1

−1

dx
|x |

C ( y
x

,
μ

xPz ) f(x, μ)+𝒪 (
Λ2

QCD

(yPz)2
,

Λ2
QCD

((1 − y)Pz)2 )

Large-Momentum Expansion:

• Quasi-PDF is obtained by integraIng over ; 
• Due to power correcIons, a sub region  is under systemaIc control 

for finite , which can be improved with larger momenta; 
• Direct computaIon of the x-dependence of PDF.

−∞ < z < ∞
[xmin, xmax]

Pz

[Ji, Zhang and YZ, 1706.07416; Izubuchi, Ji, 
Jin, Stewart and YZ, 1801.03917]
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• Equivalent when ; 

• However, when  is finite, the two approaches are practically 
different.

Pz → ∞

Pz

Large-Momentum V.S. Coordinate-Space Factorizations
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Coordinate-Space Factoriza3on (CSF):

• The requirement for  severely limits  for available , 
which makes FT unreliable; 

• One has to parametrize the PDF with models, which are not unique and usually 
have broad parameter space; 

• For finite  , only sensiIve to several moments due to suppression by .

z ≤ zLT ∼ 0.3 fm λmax Pz

λmax λn/n!

h̃(λ, z2μ2) = ∫
1

0
dα 𝒞(α, z2μ2) h(αλ, μ)+𝒪(z2Λ2

QCD)

h̃(λ, z2) =
∞

∑
n=0

(−iλ)n

n!
Cn (z2μ2)an(μ)+𝒪(z2Λ2

QCD)

“Ioffe-time distribution”, 
[Radyushkin, 1705.01488; 
Orginos, et al., 1706.05373]

Current-current correlator, 
[Braun and Mueller, 0709.1348; 
Ma and Qiu, 1709.03018]

[Ji, Zhang and YZ, 1706.07416; Izubuchi, Ji, 
Jin, Stewart and YZ, 1801.03917]

[Izubuchi, et al., 1905.06349; Sufian, 2001.04960]
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Large-Momentum V.S. Coordinate-Space Factorizations
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zLT = 0.3 fm, zL = 1.0 fm

λLT = 4.5, λL = 15.0

e.g.,

Pz = 3.0 GeV

h̃(λ, z2)

λλLT = 4.5 λL = 15.0

LaMET

CSF

zmax = 1.0 fm
0.72 fm
0.72 fm

0.75 fm

• by B. Joo, J. Karpie, et al.,1909.08517; 


• by B. Joo, J. Karpie, et al., 2004.01687;


• by X. Gao et al., 2007.06590;


• by M. Bhat, K. Cichy et al., 2005.02102.

Beyond NLO matching, it requires running 
the coupling from  to , which could 
hit the Landau pole if  is too large.

μ ∼ 1/z
z

In recent CSF applica3ons:
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Large-Momentum V.S. Coordinate-Space Factorizations
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[X. Ji, 2007.06613.]
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•The Hybrid Renormalization Scheme 

• Review of existing renormalization schemes 

• Hybrid renormalization scheme 

•Comparison between Large-Momentum and 
Coordinate-Space Factorization Approaches 

•Application to Lattice Data

Outline
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Preliminary!
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• Bare matrix elements for pion valence quasi-PDF:

Lattice matrix elements

17

a = 0.06 fm , L = 48a , mv
π = 300 MeV , msea

π = 160MeV .

nz = {0,1,2,3,4,5} , Pz = nz 2π
L

= {0, 0.43, 0.86, 1.29, 1.72, 2.15}GeV

[X. Gao, et al. (BNL/SBU/THU), 2007.06590]
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• Renormalized matrix element in the hybrid scheme

Lattice matrix elements
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 from staIc  potenIalδma = 0.1586 qq̄ [Izubuchi, et al., 1905.06349]

Pz = 1.29 GeV



YONG ZHAO, 09/08/2020

• Renormalized matrix element in the hybrid scheme

Lattice matrix elements
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• Extrapolation beyond :zL

Quasi-PDF from the Fourier transform
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h̃(λ) =
c1 + c2 cos(λ)

|λ |d

zL = 15a = 0.9 fm, Pz = 1.29 GeV
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• Fourier transform (FT): Discrete FT for  and analytical FT for 
.

z ≤ zL
z > zL

Quasi-PDF from the Fourier transform

21
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Perturbative matching
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zL = 15a, Pz = 1.29 GeV
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Perturbative matching
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zL = 15a, Pz = 1.29 GeV
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• The hybrid renormalization scheme has been introduced for 
renormalizing QLFC at short and large distances and for a smooth FT; 

• The large-momentum expansion can be used to directly obtain the x-
dependence in an effective range with systematic control, whereas 
CSF approaches relies on the model assumption of the PDF; 

• A preliminary application of the hybrid scheme shows that it meets 
the expectation.

Conclusion

24
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[B. Joo, J. Karpie, et al., 2004.01687]

by M. Bhat, K. Cichy et al., 2005.02102.
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FIG. 23. Valence PDF of pion at µ = 3.2 GeV extracted from RI-MOM renormalized matrix elements. The left and the right
panels show data for a = 0.06 fm and a = 0.04 fm. The red and blue bands are the PDFs that best describes the RI-MOM data
at two di↵erent RI-MOM scales (PR

z , PR
? ). For comparison, the PDF as extracted using ratio scheme with P 0

z = 2⇡n0
z/(La)

with n0
z = 1 is shown as the green band. The JAM estimate [70] of f⇡

v (x) is shown as the black band.

0
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4
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Ratio! MSf
⇡ v
(x
)

x

µ = 3.2 GeV; a = 0.06 fm

x↵(1� x)�

x↵(1� x)� (1 + s
p
x+ tx)

FIG. 24. Comparison of PDF as extracted using a simple
two-parameter x↵(1� x)� ansatz and from a four-parameter
x↵(1� x)�(1 + s

p
x+ tx) ansatz.

For the results we discussed above, we limited our-
selves to a specific fit range in z from 2a up to 0.5 fm
using an ansatz f⇡

v
(x;↵,�). The obvious addendum to

this discussion is to also specify what happens when we
change the various choices we used in the fits. First, we
check that the constructed PDF is not sensitive to the
PDF ansatz. We used both the ansatz in Eq. (46) in our
analysis, and in fact, the simpler ansatz f⇡

v
(x;↵,�) by

itself is su�cient to describe our pion matrix elements
in real space; in all the cases �2/dof varied between 0.5
to 0.9. The ansatz f⇡

v
(x;↵,�, s, t) includes terms that

a↵ect only the small-x behavior and therefore more flex-

ible. In Fig. 24, we compare the best fit PDFs using the
two ansatz for a sample case that used ratio scheme with
n0
z
= 1. It is clear that the ansatz dependence is very

little, and the e↵ect of including more free parameters
in f⇡

v
(x;↵,�, s, t) is to increase the uncertainties in the

fitted PDFs without changing the overall shape.
It would be cumbersome to describe one dependence

after another in terms of the resulting PDFs. There-
fore, we summarize the results of fitted PDFs using var-
ious choices for z-range [z1, z2] and the renormalization
schemes via their first four moments hxiv, hx2

iv, hx3
iv

and hx4
iv in Fig. 25. It is noteworthy that even though

we cannot access the odd moments directly, we can ob-
tain them indirectly from model PDFs. Let us focus on
one of the panels in Fig. 25 to unpack the details. Each
point is an estimate of the moment labeled in the x-axis
of the panel. The red and blue points result from using
f⇡

v
(x;↵,�) and f⇡

v
(x;↵,�, s, t) respectively, and demon-

strates the variation due to fitted ansatz. For each of the
ansatz (i.e., red or blue), the variation due to the range of
z used, [z1, z2], is shown as one moves up along the y-axis.
The results with the same [z1, z2] are enclosed within the
dashed lines. For each [z1, z2], the variation coming from
the renormalization scheme used for the equal time ma-
trix elements is shown. We have shown four such renor-
malized results with each set of [z1, z2] — ratio scheme
with n0

z
= 1, 2 (denoted as ratio-1 and ratio-2 in the

figure), and RI-MOM scheme at two di↵erent (PR

z
, PR

? )
(denoted as RI-1 and RI-2). For a = 0.06 fm, the two
RI-MOM scales are (1.29,2.98) GeV and (1.93,2.98) GeV,
and for a = 0.04 fm, the two scales are (1.93,3.34) GeV
and (2.9,3.34) GeV. It is satisfactory that the results for
hx2

iv and hx4
iv obtained here indirectly agrees well with

the direct determination in the last section, and serves as
a cross-check. One sees comparatively larger renormal-
ization dependence in the more stringent two-parameter

[X. Gao, et al. (BNL/SBU/THU), 2007.06590]


