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Parton Distribution Functions(PDFs)

@ Big fundamental

o fundamental inputs to
predict hadron-collider
cross section

@ longitudinal momentum
distributions

e nonperturbative

@ Big question

o how are these partons
arranged in a hadron?

@ Big goal
(1-D/3-D/5-D images)
EIC, 1602.03922

The Electron-lon Collider

A machine that will unlock thegsecrets of the strongest force in Nature
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PDFs from the global fit
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We know some (more on perturbative aspects) of the PDFs at many
different facilities over 50 years effort, however, we understand less
from first principle of QCD



Lattice QCD+LaMET
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a very attractive and active frontier to understand hadron structure
from first principle of QCD



Outline

@ LaMET Formula

e Two Loop Calculation of Quark Quasi PDF
@ Two Loop Feynman Diagrams and Amplitudes
@ Calculation of Master Integrals by Differential Equations

e NNLO Results for Quark PDF
@ Renormalization and Factorization
@ Extraction of PDF with NNLO Matching Coefficients



LaMET Formula

Large Momentum Effective Theory (LaMET)

@ LaMET factorization formula

P oo = [ o (Y XP? 2 Mo
fiyn(y, ) = [Ci/(a >fj/H(X7M)} +0| 5o

11X X

x €[-1,1], y € [-00, ]

X. Ji, PRL110,262002 (2013), ...

o

Matching procedure

Parton

distribution

functions
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LaMET Formula

() @
-

Perturbative calculation of C,S-O), C,-j :

0 as 1 as\2 A2
o Cj=CP+ 20V + (7) cP + ...

@ LO matching trivial: ( )=06(1—y)

@ Higher-order matchlng and Quasi pdf are renormalization
scheme dependent.

@ NLO matching coefficient C,-(j1)(y7 %Z)
3 regions for y ( [—o0, 0], [0, 1], [1, +oc])and 1 color factor Cr

MS: Izubuchi,Ji,Jin,Stewart,Zhao,1801.03917;
MMS: Alexandrou,Cichy,Constantinou, Jansen, Scapellato, Steffens, 1803.02685;
RI/MOM: Stewart, Zhao,1709.04933; Wang, Zhang, Zhao, Zhu, 1904.00978;
Others: Ji,Xiong,Zhang, Zhao,1310.7471; Ma,Qiu,1404.6860,
2) .
° C,S- )is needed
o higher-order corrections are important in QCD
o If u=2GeV, as(u = 2GeV) ~ 0.3 and then a2-correction
is needed for a precision prediction
o factorization proof at NNLO is nontrivial



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Outline

9 Two Loop Calculation of Quark Quasi PDF
@ Two Loop Feynman Diagrams and Amplitudes



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Two Loop Feynman Diagrams and Amplitudes

@ Higher order corrections bring about a large number (797 at
NNLO) of Feynman diagrams

@ We treat Wilson line as an auxiliary quark field with linear
propagator

@ We use FeynRules and FeynArts to auto produce the Feynman
diagrams and amplitudes

Christensen et al,1310.1921, T. Hahn, 0012260
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

An example in Feynman gauge

—k +27+1m ky+p+p

@ From auxiliary field back to Wilson line, we need to do the cuts.

For cut1, we have py = —p — ko

2 gh2ep
Mo =i // ! ke ————ampeutl X & (k3 +p° — yp°) ,

(2my4—2¢ (2m)4—2¢

@ For cut2, we have py = —p + ki ; both them give real
contribution
Mcutz = / / (Z;):Ei ‘:; jez ampeut2 X & (—kf + p* — yp°) ,
@ For cut3, we have py, = —p and it gives virtual contribution
Miaso =it [ [ ;‘; L.} ‘;‘; 24 s x 51— y),
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

An example in Feynman gauge

IR R

Ptk

@ Use the identity
1 1 1
ki -nky-n :(k1 -n—&—kg-n)kg-n+ ki -n(ky - n+ ko - n)’
@ do the momentum transformation, then

d3 2ek d4 2ek2 ,
M cutt-+euta+cuts = [ // D)2 (2m)" S-ampeutl’|e—yp,
+

d3 26k d4 25 2 /
|: // 27T 4—2¢ (271_)4 2¢ ampcutZ |kf—ypz]

@ |t includes both the virtual and real contributions

+
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Cutkosky rules

(] Cutkosky rules, s.uach.phys. 1,429 (1960)

1 1 1
Sk, — = - .
(ke = xp;) ori <kz —xp, —i0 Kk, — Xxp, + i0>

@ All the real integrals become covariant integrals

@ Solve real part of the real integrals = Solve imaginary part of
covariant integrals

d3 26k1 d4 26 2
(2m)4—2¢ (27 )4—2¢ ampeutl|:—yp,

// d*=2¢ky d*“%¢k;  ampcutl
= Im
27.‘. 4— 25 271.)4 2¢ 47T(kz _ ypz)
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Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Integration By Parts (IBP) reduction

@ Simplify Feynman / Fao= [ s \
amplitudes to scalar it
integrals ¢

@ Reduce all the scalar /d’l\;—i/\ﬁ -

integrals into Master

Integrals (Mls) ¢

(d —2a)F(a) — 2am*F(a + 1) = 0.

d9k 9% 8
/ (2m)d (2m)d W [klul(kiaL7 pi)} =0 ‘
© dK a9k 0 "
— [P I(ki, L, pi)] =0 1—2a+2
(2m)®  (2m)9 Okl [t &, 1 ] F(a) = 7; ax _F(a—1).
m?

2(a—1)
Chetyrkin, Tkachov, NPB192,159(1981) k /
@ Inright box, F(1) is called
MIs. If the number of Mis is

larger than 1, we may have

a matrix relation.
14/28



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Outline

9 Two Loop Calculation of Quark Quasi PDF

@ Calculation of Master Integrals by Differential Equations

15/28



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Master Integrals Calculation:Differential Equations

@ To calculate Mis f;, we can set up a differential equation with
respect to Lorentz invariant kinematics z, for example z = g—Z(or
2
p°)
@ If the number of Mls is larger than 1, Ais n x n coefficient matrix
and depends on both z and ¢

d

f1(Z,6) A11(Z,6) A1n(Z,€) f1(Z,6)
dz

£.(z, €) An(z€) . Am(z ) | \ f(z0)

A.V.Kotikov, PLB254,158(1991); PLB267,123(1991)

@ It is not easy to determine all the boundary condition for Mis f;

16/28



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

A suitable choice of basis: Canonical basis

g (9 (z:¢€) Bi1(2) Bin(2) gi(z;€)
9z : =€ : : :
g,,(z, 6) Bp (Z) Bnn(z) gn(z; 6)
where .
f=Tg

B=T"AT - T710,T

@ New strategy in dimensional regularization with D = 4 — 2¢
@ A linear transformation of Mls to the canonical basis
@ The coefficient matrix B only depends on z

J.M.Henn,PRL110,251601(2013)

17/28



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Three families of Mls

@ For quasi PDF, we have three families of Mls
@ The first family of Mls is

// DPk; DPksy 1
k2 (k5™ (( kz = P)?) (ki + k2)?)™ (ki + ke — p)?)™

1 1 1
((P1 +:o)ns (P = /o)"e a0+ o e = iO)”7)’

where the linear propagators are

Pi=n-ki+yn-p, Q =n-ky,

the integration measure is

(=)
DDK. — % &g de
| Iﬂ-D/Ze ’YE [

18/28



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Determine boundary condition

@ Direct calculation(Feynman/Alpha parametrization, Residue
theory, ...)
For Q;, =e(y - 1)Pz/c1>,2.,0,o,2,1,01

g5 =San(y —1)( — 2+ ¢[4In(4(y — 1)*)]
— %62[12 In((y — 1)?)In(16(y — 1)?) + 57% + 12In%(4)] + O(%)).
@ Regular condition

dg; €[8g 697 —95 67+

0z 4| z z—2y+1_z+2y—1

205 —60; + 05 205 +607 + 0
z—1 zZ+1

z=0=0 (P> = —p,?) is regular point for all y regions, which

implies g3|,—0 = 0. In addition z=2y — 1 (0 < y < 1) and
z=1(y > 1ory < 0) are also regular points. 19/28



Two Loop Calculation of Quark Quasi PDF Two Loop Feynman Diagrams and Amplitudes
Calculation of Master Integrals by Differential Equations

Numerical check of Mls

@ Check Mls using the numerical integration package FIESTA

A.V.Smirnov,1511.03614

PP 1 p
pz 2

Analytic:
—2.492900960

11{1_11“_2,1_(; = —————— +0.4498613241 + ¢(—21.287203876),
€
FIESTA:
—2.49290 = 0.0000652
I goaro = == R 1 (). 449836 4 0.000847 + €(—21.2872 & 0.004169).
€

20/28



Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

Outline

e NNLO Results for Quark PDF
@ Renormalization and Factorization

21/28



Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

Renormalization

@ Renormalization procedure

fly,—,er)= [ — |ZZ | — Z, 'f ,—€ |-
(v i RR) ] q 2 q n L

Zq is quark renormalization constant, Z is quasi distribution

renormalization factor

; 20 a2 20
20 =00-9 (1220 (52)' %)

—

2w

= 3CrS. - a+9Ccz b
(1) _ _SYFoe (@ _ge(2T9%F P
Z > Z se< 2 +4e>

X. Ji and J.H. Zhang,1505.07699;

Braun, Chetyrkin and Kniehl,2004.01043

22/28



Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

IR behavior in Quasi PDF

@ Soft divergences are cancelled
@ Reducible collinear divergences

2@, P ' _ A (Y IxlP ()] 1
fq/q(}/a 1 aGIR)|d/v.part41 = qu <X’ " ® (1 —X) . EIR.

@ “Irreducible” collinear divergences

2
the same as light cone PDFs, including both _- and <€1R)

I(/zj)(y 22’61R)|div.part.2 = I/j (X GIR)

)
P

€IR

12(x) [Z PP (2) ® PP (x) + P (2 )]

23/28



Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

Factorization formula at NNLO

@ Matching procedure between renormalized quasi and light-cone
PDFs:

10 - (1) o

72 2y (v |x|p* 0
. Z ) = ( ) 2150

24/28



Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

Outline

e NNLO Results for Quark PDF

@ Extraction of PDF with NNLO Matching Coefficients
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Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

NNLO matching coefficients cé,?,’

@ consistent results in MS scheme by Li-Ma-Qiu (see
Zheng-Yang’s talk) Li,Ma,Qiu,2006.12370

® We also obtained C{g (y, &) in both RIMOM and MMS
scheme

@ 4 regions for y and 3 color structures (Cr, Ca, nf Tg)Cr
(2),MMS

Caq |

@ the final asymptotic behavior: Yoo X }%

Mvs, P
Cd ™™ (. )

)

[ A(2),MMS Jod (2),MMS p?
=[Cqq v, ;)|y>1]+ + [Cqq (v, ;)|O<y<1]+

MMS, P° MMs,  P°
+ [CS? MMS(% ;)|—1<y<O]+ + [Cgi) MMS(% ;)|y<—1]+

26/28



Renormalization and Factorization
NNLO Results for Quark PDF Extraction of PDF with NNLO Matching Coefficients

PDFs from NNLO Matching

5 z T
b PDFs

4 E = NNLO Matching
i)

3t NLO Matching

NNPDF3 .1

X
v 2
“
1
0
-1 R R R
-1.0 -0.5 0.0 0.5 1.0 1.5

X

using LPC data with z.,; = 10a, © = 2GeV and in modified MS scheme;

uncertainty is from lattice data
27/28



Summary

Summary

NNLO correction is important
NNLO matching coefficients of quark PDF are obtained

Complete cancellation of IR divergence is confirmed, which
nontrivially validates the LaMET factorization at NNLO

NNLO matching improved the curves of quark PDF

Outlook
@ Gluon quasi distribution functions at NNLO
@ Pion quasi distribution amplitudes at NNLO
@ A new stage of lattice calculation of PDFs
with NNLO matching

28/28



Summary

Canonical bases for family-1 Mls, here only list 10 of them

g1
95

e(y + )15 022010
6'yp:Icl).z.o.z.o.1.0 ’
ely — 1)1’31&2.0.0.2.1.0 ’

) 271
= eyp:pilaai1001.0>

_ 2 /o 1
=€ \/PfT;U?Io.u.o.z.l.o-

= e(pi —yly = Vp2) 5110020 + 82y = Dpdd 110210
(

1 o
+ely = Upalgs0021.0 T €UPLo20201.0:

2/ 1
=+ 100210

= e(pi —4yly — VP 100220 + 662y — Dpdi 100210 -

NP+ 125112010,
= e’(pf —4dy(y + 1)1’5)13.1.1.2.0.2.0 + 852(211 + 1):'721&1.1.2.0.1.0
+ely+1)p-Igo20010 + €UP-I5 202010
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Summary

NLO matching coefficient in MS scheme

cipTE (J *) loe0)

p*
2 [Loo] .
[11+—qu 1ny~%+1+2uh() — o y>1
1]
=Cp {llﬂ; ( In “ = +In(y(1 —y)) ) (H”)Lr( O<y<l1
(o001
{, oty — 1+ 2(137y)}+(1) — oy, Y<0
3 12 5
+Cp [6(1 —y) <§1 17 + 5)]
NLO matching coefficient in MMS scheme
Rtf“‘f 1+1+25] £>1,
c(g._f;‘)x):ou +51Cr [H{; 6'2 ¥ (a1 ) - 5(”5)“/175)} n<e<t,
e € 3
{—]75111571—1+m]‘ £<0,
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Summary

One loop quasi pdf in RI/MOM scheme

?(51/)075 (v:p%)/CF

2 V1—p+2y—1
((5*2)P+2}/ *(5+1)P,V+2) |09(ﬁ) 4
2(1—p)%/2(y—1)
y((4=5p)p—16y*+8(p+3)y° —24py?+4 (0P +3p—2)y) . s

2 = y>1
(0—1)(y—1)<0+4y2—4y) ey

&p(p(p+1)4+167* —40y3+4(p+8)y2 —2(3p+4)y)
2p—1)—1) (pray2—ay)°

VT=p+1 _ 2_
_ EptE—SptayP—2(E+t)y43 '09(17m>((5 2otey (5+1)py+2) 0<y <t
2(p—Ny—1) 2(1—p)3/2(y—1) ’ ’
((572)ﬂ+2y2*(€+1)m/+2) '09(77%%) 5p(p(;)+1]+16y4740y3+4(p+8)y272(3p+4)y)

2(1-p)*/2(—1) 2(p—1)y—1)(p+ar2 —ay)?
y((4=50)p—16y*+8(p+3)y® —24py%+4(p? +3p—2)y)

_ _38
(P*W)(y71)(p+4y274y)2 =z) yeo
o Vi—p+1 e 11— V2 o Vi—p+2y—1 e 2y — V22 — 1
ovizs) T\ \Ve—z2+1) U\ Svicery 1) T T g ve_2 -
[ et = [ avnnla) - o)
i kH kY
iDLV () = — [g“” —(1-9—3 ] :
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Summary

NNLO matching coefficients

Cp(11C4 +9Ck — 2ny) (,2) Crng(5 - 4log(2y))
log (£55) -

P 2), P
My, Wl =C3, Gl

1y »? 4y
CaCr (1321og(2y) + 47% — 159) . C} (~108log(2y) + 1672 + 75)
2y 2y ’
COMIS(, ﬂ/—)\ —Cc@y, ’j—)\

@S, P a8, P
G D) revo =GP0 D)o '

| Cr(1Ca +9Ck ~207) (Li) G u,(: 4log(~2y))

oyaivis, P @), P
Ot Al =CM(y, e

4(1-y) P -v)
CaCr (1321og(—2y) +47* — 159) +(:‘r( 108 log(—2y) + 1672 + 75) )
B 24(1 - y) 24(1 - y)
(@), P Y Cr L Ca T . w
NS, Py = (Crel + Cacl™ 4 2Lpmgel”) O+ (M@)o lon( o).

9 5 D~ T v Ca 9 ¥ (. 201
C‘éa”“‘“(.u.';n“«/d =Cr (Cre§™ + Cack™ + 2Tpnyef) + (rzwnlog%‘;y

+ (i @locyer) = PPV )locyen)) To

9y MS p* v 2
C@NS(y, I,T)‘ 1<y<0 =Cr (CrRe§® + Cac§™ + 2Tengel ) + (C1()|-129<0) = P (=) mg(#).

My>1 -

2) 35, P 2) M8
My, /T)\y@] =—CPM(y, m

The complete analytic expression can be found in our paper.
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