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Transverse Momentum Dependent PDFs

® More detailed picture of nucleon including transverse structure

kr Iy
PDF TMD 'y
fq/P(x) fq/P(xakT) i/,/
longitudinal + transverse ’

® [MDPDFs accessed in e.g.,

Drell-Yan Semi-inclusive DIS
g~ fq/P(xa kT)fq/P(xa kT) g~ fq/P(aj? kT)Dh/q(xa kT)

o

o %4—3
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Fragmentation
h Dh/q(ajva)
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Transverse Momentum Dependent PDFs

® c. g, Drell-Yan, more precisely

2
o (QT7 Q) /d2b GZQT beCI(xaa bT H, CCL) fQ(xbv bT,,LL, Cb) -+ O (Q_T>

Fourier transform

fq(SUa, ET) Iy Ca)

Collins-Soper parameter

Co = (x P ) (Q%Pz)
Renormalisation scale 4
CaCb — Q

® Two evolution equations for TMDPDFs
d

H In fq(z,br, p, ¢) = v (1, ) Collins-Soper kernel
d ; i.e., rapidity anomalous
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Collins-Soper evolution kernel

® More detailed picture of nucleon including transverse structure

PDF TMD
fq/p () fo/p(x, k)
longitudinal + transverse

Collins-Soper Evolution Kernel  ® Governs TMD evolution

d — ® Needed to match quasi-TMD to
", br) =C—1n f,(z, by, u,
3 (psbr) = G In fy (o B s ) S,

® Perturbative at short distances p,b7" > Agcp

® Non-perturbative for b.' < Agep
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Collins-Soper evolution kernel

Estimates of size of nonperturbative
contributions to CS kernel
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Figure: lain Stewart

® |arge uncertainties in estimates of
the size of nonperturbative
contributions to the CS kernel

CS kernel from

ohenomenological fits
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Figure adapted from Vladimirov [2003.02288]
[see also e.g., Kang, Prokudin, Sun,Yuan Phys.Rev.D

93 (2016), Collins, Rogers Phys.Rev.D 91 (2015), Sun,
Yuan Phys.Rev.D 88 (2013)]

LQCD constraints in nonperturbative
region with ~10% uncertainties would
contribute to model differentiation
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Collins-Soper evolution kernel

® Sub-percent precision in measurements of e.g., Drell-Yan differential

® | ack of knowledge of the Collins-Soper kernel in the non-perturbative

do/dqr [pb/GeV]

cross-sections at the LHC

region limits theory predictions to much lower precision
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TMDPDFs from lattice QCD

® More detailed picture of PDF TMD OT@D
nucleon structure fQ/.H(.x ) Joju(@, kr) Collaboration
longitudinal + transverse

® TMDPDF defined by matrix element of non-local light-cone quark
bilinear operator

® Calculate via quasi-TMD prescription analogous to PDF case

[Ji, Sun, Xiong,Yuan 14, Ji, Jin, Yuan, Zhang, Zhao, PRD99 (2019), Ebert, Stewart, Zhao, PRD99 (2019), JHEPO? (2019),
Ji, Liu, Liu, [1911.03840] (2019), Nucl.Phys.B (2020), Vladimirov, Schafer, Phys.Rev.D 101 (2020)]

Spatial staple

calculable in Large boost +

LQCD perturbative matching
3 7 z TMD z\ .S 1 4 (2$P2)2 7
fu—d(xaanu)P ) C (IM,ZEP )gq (bT7:u> eXp 5”@(“7 bT) In C fu—d(vaT7:u7 C)
quasi-TMD perturbative non-pert. Collins-Soper desired
from LQCD matching soft factor evolution kernel TMDPDF
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Collins Soper kernel from lattice QCD

® Collins-Soper kernel calculable from ratios of quasi-TMDPDFs

) [dbZe= =P P lim

1 Cos' > (1, xP5

na_—;é)@ B};ﬁ—s(,ua bzagTaa’anab¥7P1Z)

q — ]
’Yg(luvbT) lIl(Pf/Pf) =

Perturbative matching

Computed at 1-loop
[Ebert, Stewart, Zhao, PRD99+JHEPO9? (2019)]

® Do not need soft factor (cancels in ratio)

® |ndependent of hadron state, choice of
momenta, choice of , up to power
corrections br/n,  1/(p®br), M/p®

® Choose W4 or WS: boost onto W/+and can be
matched to spin-independent TMDPDF in
infinite-momentum limit

Cos™ (11, TFY) [ dbe e~ P5P5 im o0 BNS (11, b%,br, a, 7, bff, P5)
7— 00

Beam function

Calculated from matrix
elements of operators with
staple-shaped Wilson lines
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Collins Soper kernel from lattice QCD

Three steps to CS kernel from lattice QCD:

| Calculation of bare quasi-beam functions
2 Renormalisation and matching to the MS scheme

3 Fourier transform and ratio

Proof-of-principles study in quenched QCD

Work with Michael Wagman and
Yong Zhao

® Exploit state-independence: study heavy
pseudoscalar meson m ~ 1.2 GeV

PRD101, 074505 (2020), PRD102, 014511 (2020)

B alfm] L°XT K  Nsrc Nefg
6.3017 0.06 32° x 64 0.1222 2 200

® \ary momenta to study effect of power
corrections

® Study operator mixing nonperturbatively

B alfm] L°xT K Nefg
6.1005 0.08 24° x 48 0.121,0.1248 30
6.3017 0.06 323 x64  0.1222 30
6.5977 0.04 483 x 96  0.1233 10
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Collins Soper kernel from lattice QCD

| Calculation of bare quasi-beam functions

® 3pt function with wall source and momentum- Quark bilinear operator with
smeared sink, boosted hadron state staple-shaped Wilson line

Cg};?c (ta T, b'u7 a, 1, ﬁ — Pzgz)
= > POl 5 (@ DOV, (Z.r). )l (0)]0)

® Ratio of 3pt and 2pt functions asymptotes to bare

quasi-beam function -
Or (0", 2",m) = Gi(# + V") S Wa (2" + b = b7)

Rr(t,r,b",a,n, P?)
Cg’?(t,T, buaa7nvngz) - Cgézl(t, T, b“,a,n,Pzé’z)

b
p— — FN
Copi(t, P*€x) = Q2" + V) S W b5 24)ai ()

M} BPare(bz’ gTa a’7777pz) REERRE

x WE(2" +nz;br) W1 (2 n) i (2*)

| n/a € {10,12,14} <= n € (0.6,0.9) fm
® Momentum choices P* e {1.29,1.94,2.58} GeV —(n—a) < |by| < (n—a)
({2, 3,4} lattice units) - ] -
—(n—a) <b* < (n—a)
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Bare quasi-beam functions

Example fits to 3pt/2pt ratios: source/sink separations t/a € {9,12,15,18,21, 24}

Automated procedure: consider all time windows, Akaike information criterion to
determine optimal fit form; weighted average of all fit results

~35,660 individual fits (different staple geometries, momenta)

0.04] O t/a=9 O tla=12 A tla=15 |

V tla=18 < t/la=21 [0 tla=24

0.03F br = 0.36 fm &, 7= 0.84 fm -
} ﬁ%ﬁ ‘, = - b* = 0.36 fm, P*=1.3 GeV
[ ‘ "II - ""Vi;:"f’“ jll 1

Re [R,Yzl]

0.02

0-020:‘ O ¢a=9 O tla=12 A tla=15
V tla=18 <& tja=21 [0 tla=24
0.015 ) . ]
— I br = 0.36 fm €,, n=0.84 fm -
i i b* = —0.36 fm, P* = 1.3 GeV
g L J
Q
aat

<t

Im[R.,

0.06¢

0.05F

—

0.02 F

0.01F

V tla=18 < tla=21 [0 tla=24

— 00 E Lﬁ}%ﬁﬁf n

x i
g 0.03;

O tla=12 A tla=15

-

by =0.36 fm &,, n = 0.84 fm |
b* = 0.36 fm, P* =13 GeV |

0.005

0.000 -
~0.005

~0.010F

O t/a=9

V' tla=18

O tla=12 A tla=15

O tla=21 0O t/la=24

by = 0.36 fm &,, n = 0.84 fm |
b* = —0.36 fm, P* = 1.3 GeV |

—0.015"
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Bare quasi-beam functions

by = 0.3 fm, n = 0.84 fm

® Fitsforall P* =n*(2n/L),n,bp,b°, T, Re/Im
0.10F by = 0.3 fm, 5 = 0.84 fm 0.10
:%f%gzg ] I
0.05 L = ] 0.05
g : 'y - oo :
N 0.00f ey oo cmef S =1 m 000f
Q i Exa® % x E i
o' i e _— I
—0.05"- A A 1 —-0.05
l A7k l
—0.10F B »*=2 O n*=3 A n*=4 ] -0.10
—1OI | —5I | 0 | | 5! 10
P
® Asymmetries in P?b® from e
) i 0.04}
inear divergences cancelled ool
by renormalisation £ oo
® Ultimately we are interested in ~0.02
: : oo —0.04}
contributions from mixing to
MS,, 1z 7 . ~0.06}
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an]
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-10 -5 0 5) 10
P*b*
L O Re O Im
n)
®
Ro) ELS
(0]
- T o ¢ B o5 & B 3 o
N n® =3, n=0.84 fm
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Collins Soper kernel from lattice QCD

2 Renormalisation and matching

® Renormalise bare beam function via RI'-MOM prescription

B,%S(u,bz,gT,a,n,Pz) S (1, bz,b%a,U)R(bT,bﬁ,a,n)BPam(bz,gTaa,%PZ)-

O_ar

\ summed /

MS renormalisation , ,
Divergence cancellation

Z(I\Q/[S4F (:uabza bTaavn) :RI\O/IS4F (/LapRabZ?bT)n) RI’/MOM ~ N
v . ~ Zo (pr = DR, b* = 0,br,a,n)
< 25! MM (pg, b7, B, a,) R(br,bff,am) = —Riron——— 7
28 M (g = b7 = 0,5, a,m)
Perturbative conversion Introduced to compensate for power-

[Ebert, Stewart, Zhao, JHEPO3 (2020), Constantinou,

Panagopoulos, Spanoudes, PRD99 (2019)] law dlvergences In {777 bT} in both

numerator and denominator of ratio

Nonperturbative renormalisation determining CS kernel
[Shanahan, Wagman, Zhao, PRD101, 074505 (2020)]
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RI'-MOM Renormalisation

® 16x16 matrix: mixing of operators

with different Dirac structures

RI’ MOM _—
MBE/

Orp

® Additional mixing beyond that predicted

by 1-loop lattice perturbation theory (dots)

%QHQHQOQOQOQQQQ
w W NN W NN H W NN RO

-2
o
)

-2
)

=2
w o =
=2

T

ot ot ot ot ot

ﬂ\Q

0.5

0.2

0.1

0.06

0.03

0.01

Local operators

S TR I N N T N S
X o ® B = w v = o

=]

R R
w [ &) —
RS M

(23 ot ot ot ot

=,

= ImMax

[Constantinou, Panagopoulos, PRD%6 (2017),
Green, Jansen, Steffens, PRL 121 (2018), Chen et
al (LP3), Chin. Phys. C43 (2019), Constantinou,
Panagopoulos, Spanoudes, PRDD99 (2019)]

PR 162 Ab[ RIz/Fl:/[OM(pR)]

HE B BEEEEN -
HEEEEEEEREEEEE

EENE B ENolEEEN -

b*/a =11

Straight Wilson lines

0.5

0.2

0.1

0.06

0.03

0.01
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RI'-MOM Renormalisation

: . ZRI'/MOM
16x16 matrix: mixing of operators | rr/mom_ o AbS Zowy  (PR)]
: : : Orp " pr RYﬂMONI
with different Dirac structures PR 5 2 Abs[Zp, [ (pR)]

[Constantinou, Panagopoulos, PRD96 (2017),
Green, Jansen, Steffens, PRL 121 (2018), Chen et
al (LP3), Chin. Phys. C43 (2019), Constantinou,
Panagopoulos, Spanoudes, PRDD99 (2019)]

Additional mixing beyond that predicted
by 1-loop lattice perturbation theory (dots)

— o?\ % NF\ ”ﬁ % % gb g Qb gb OS\ gl ”F .l “%7) LR SRR O; ": “: “; P
T T T T T T T T T T
Ly B orEE B EEEEN g Ly . EEEEN g
| ! e i
Y 0.5 v 0.5
" H N P Hco B R
i HOE EENEE o i . =
" s o N
o H BB 01 o H N .
503 % --
Uiz 0.06 Uz ==== 0.0€
o g
EEE
70y b 0-03 0.5 0.0:
7y |
N 7' H -
4245 | 0.01 25 ... 0.01
vy vy b
e i ER Om Fff

{v* =0,br/a =11,n/a = 14} {b*/a =11,br/a = 11,n/a = 14}

Symmetric staple Wilson lines Asymmetric staple Wilson lines
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T
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200
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=

RI'-MOM Renormalisation

® 16x16 matrix: mixing of operators
with different Dirac structures

® Mixing increases with operator Wilson line extent
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o w w w ot
T T T T T
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MS Renormalisation

® Match from RI'-MOM to MS using
one-loop perturbative conversion

factor

[Ebert, Stewart, Zhao, JHEPO3 (2020), Constantinou,

Panagopoulos, Spanoudes, PRD%9 (2019)]

Z%\QA54F (:ua bza bT7 a, 77) :,R’l(\’)/lilr (:UﬂpR7 bz? bT? 77)

RI’ /MOM
X Z o /
~v4r

(pR7 bz7 gT) a, 77)

50
O b /a=-6 b.Ja=-3 A b,Ja=0
V o bJa=3 < b/Ja=6
20
g |
?\
N L 7
) I -
i &
5 = =
x ,u:2GeV,bT/a=6:

7 [fm]
Diagonal element

Re [ZO;'MM]

Y47Y4

MS

=)/

Z

Re |

2.20 i
2.15F ]
i il |
L m |
2.10F i@ g o 2 3 ]
: O MS RI/MOM |
2.05] e s e
5) 10 15 20 25
2 2
g [GeVT]
0.08 I
- O b,/a=-6 b./Ja=0 A b,/Ja=3
0.06 |
0.04 |
0.02 @ i i X
0.00 &= A # -
[ p=2GeV, br/a=06
_002 T T T T T S T T T T S S H T SO Y T SO N S S
0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90

n [fm]

Off-diagonal/diagonal ratio
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Operator mixing under renormalisation

® Mixing of operators with different Dirac structures into .4 at the level
of 10-20%; signiticant mixing not limited to that predicted by 1-loop PT

® |arge uncertainties: lower statistics (10%) used to calculate quasi-beam

functions for operators Orp.44 for computational expediency

MS

MS
o,

bare
y4

O
yd~4

- BPare/Z

Z

0.257

0.20

0.15

0.10

0.05

0.00

—-0.05"

Re

O Im

n® =3, n=0.84 fm

br = 0.3 fm, b* = —0.18 fm

Example: just one set
of parameters, similar
patterns for other

<{7lza 777prjal)z:}

Phiala Shanahan, MIT



Renormalised quasi-beam functions

Fit beam function to a constant in {n, b} (i.e., constant ansatz for n — oo limit)

B (17 by 0,1, P7) = 205, (15", bt m) R, W ) B 0, ., ).

— 0.30

2 GeV)/R

S(p=

MS
4

&

Re [B

0.00"

0.255—
().2();
0.155—
().1()5—

0.05F

by = 0.3 fm, bX = 0.18 fm |
P*=13GeV -
2 i
i
| b*/a=—6 b/a=0 /A b/a=6
0.55 0.60 065 070 0.75 0.80 0.85 0.90
n [fm]
O p/a=-6 b*/a=0 b /a=6
0]
5
o = bT =0.3 fm
L= n=0.84 fm, P*=1.3 GeV
0.15 0.20 0.25 0.30
R
by [fm]

MS quasi-beam function

0.7 br = 0.3 fm, b% = 0.18 fm |

; PP =13CeV |
0.6 :

0.5}
0.4f
0.2f
0.1} o ]
00 :

2Gwﬂ

(1=

2+
=X

Re [B

0.7f O
0.6F

zewﬂ

05k
04F

S(u=

4

gy 03 5 = ]

Re [B

0.1F by = 0.3 fm
E n=084 fm, P*=13GeV |
OO L v ey ]

b% [fm]

Incl. divergence cancellation factor
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bare]
74

I%e[l?

Renormalised quasi-beam functions

~0.05+

~0.10+

0.10}
0.05F

0.00 F
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5 2
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-0.2}
~0.4F

—-0.6F

Renormalised

0.2F

0.0}

© bp=0.3fm éggq%%
‘ ]
iz ]
il i
it 1|
is 1
5 &
Eﬁ -
[ O p*=2 n®=3 n® =4
_0.87 T T T S S S B S S S
—-10 ) 0 5 10
P?b*

® To determine CS kernel, must take Fourier transform in P*b®

® Quasi-beam functions still oscillatory in data range

Fourier transform

ﬂﬁ?(ﬁbabﬂﬂ) — In

1 Che ™ (1, 2P5

) [dbZe=® =P PZlim

nN— 00

truncation effects in

a—0 B};/AIL—S(,Ua bzng7a7n7b¥7Pf)

In(Pr/P3)

n—00

Phiala Shanahan,
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Collins Soper kernel from lattice QCD

3 Fourier transform and ratio

® Discrete FT of current data would suffer from significant truncation effects
choose to model the P?b*dependence and take FT of model

® Construct models that give x-independent CS kernel ¥ (i.e., assuming
leading-order perturbative matching)

® Models based on Hermite z € (o0, 00)

and Bernstein polys z € (0,1)
(orthogonal polynomial bases)

. by =0.31fm, P*=2.6 GeV

FNI(PF 67 PP {ar}, v, w,0)

N 00
_ Za’kﬁ/ dr ei(bzpz)we—(m—w) /ZU(sz)'ka_l(m)’

k=1 -

FNT(P?,0°P? {ay}, v, A, B)

2

1 1
= ar/ dr ! P A — 2)B(P*r) B, y_1(z),
0

r=

o
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Collins Soper kernel from lattice QCD

3 Fourier transform and ratio

® Discrete FT of current data would suffer from significant truncation effects
choose to model the P?b*dependence and take FT of model

® Construct models that give x-independent CS kernel ¥ (i.e., assuming
leading-order perturbative matching)

® Models based on Hermite z € (o0, 00)

and Bernstein polys z € (0,1)
(orthogonal polynomial bases)

FNI(PF 67 PP {ar}, v, w,0)

N 00

k=1 -

FNT(P?, 0" P* {ay}, v, A, B)

1 1

= ar/ dr ! P A — 2)B(P*r) B, y_1(z),
0

r=

2

o
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Collins Soper kernel from lattice QCD

T | T T T T I I

- 1loop == 2loop =
& Hermite V B

0.3 0.4 0.5 0.6 0.7 0.8
bT [fm]

® Background density indicates relative sensitivity to power corrections
1/(brP*) +br /1, not included in error bars

® Results using different models broadly consistent
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Collins Soper kernel from lattice QCD

I T | I I T I | I

+ 1loop == 2loop
¢ Hermite V

—— SV19 i
-——= SV17 )
Pavial9
Pavial7

I N B N [ v e T S I

0.3 0.4 0.5 0.6
bT [fm]

® Fully-controlled dynamical results at this precision would already impact
phenomenology

® CAUTION: Photoshop overlay of pheno. models with zero-flavour lattice calc
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Collins Soper kernel from lattice QCD

® Ultimate goal: first-principles calculation without modelling
must reduce truncation effects in discrete Fourier transform

i.e., use larger lattice volumes

. . —MS
® Use models to study truncation in  OtuncB

discrete Fourier transform and predict

max

FTo |FRe™] (P?, )

DFTe:  [FN™] (P%,2) 1|

volume needed

—MS
6truncB 4

v

br = 0.3 fm br = 0.6 fm

— 0.85

-0.75

Need to target
sufficiently large
05 for discrete

045 Fourier {b*, P*}
0.35 transform to be

-0.65

0.25 reliable

0.15

b? 0.05

max

[fm] brnax [fm]
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Collins Soper kernel from lattice QCD

Next steps: Dynamical calculation ot CS kernel

® MILC ensemble L3xT = 48*x64 a ~ 0.12 fm

® 1, ~ 140 MeV m, ~ 500 MeV

® Target calculation with ~20% truncation effects in discrete FT
®

Preliminary NPR study confirms 16x16 mixing matrix is similarly important
in dynamical case

—MS
by = 0.36 fm " m, ~ 140 MeV

=3
=
=1
j=3
o

0.85 0.10 - T bp=0.36fm, n= 168 fm

§ Hﬁ@ﬁéﬁﬁ%%ﬁ il
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. S
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S| ) ][’
& 1.57 é -

0.40 -0.05L

1.0

0.5 & o

06 08 10 12 14 16 18 20
D} ax [fm]

m:

0.25 _010f O wnr=3 O n*=4 ~S0measurements |

0.10

| | |
|
(6)]

e

0‘:C)
o1 =
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