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Parton Distributions
provide key information about 
the structure of hadrons
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum
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• More detailed picture of nucleon including transverse structure  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• TMDPDFs accessed in e.g.,  

Transverse Momentum Dependent PDFs

Phiala Shanahan, MIT

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

PDF

longitudinal

TMD

+ transverse 

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

Figures: Iain Stewart 

fq/P (x)
<latexit sha1_base64="qDNas93uOHViA2FtWCIPOJOWkuE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJe6KoMegF48RzAOTEGYnvcmQ2dl1ZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLjwXXxnW/naXlldW19dxGfnNre2e3sLdf11GiGNZYJCLV9KlGwSXWDDcCm7FCGvoCG/7weuI3HlFpHsk7M4qxE9K+5AFn1FjpPuimD6fVcenppFsoumV3CrJIvIwUIUO1W/hq9yKWhCgNE1TrlufGppNSZTgTOM63E40xZUPax5alkoaoO+n04jE5tkqPBJGyJQ2Zqr8nUhpqPQp92xlSM9Dz3kT8z2slJrjspFzGiUHJZouCRBATkcn7pMcVMiNGllCmuL2VsAFVlBkbUt6G4M2/vEjqZ2XPLXu358XKVRZHDg7hCErgwQVU4AaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx/M0pBU</latexit><latexit sha1_base64="qDNas93uOHViA2FtWCIPOJOWkuE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJe6KoMegF48RzAOTEGYnvcmQ2dl1ZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLjwXXxnW/naXlldW19dxGfnNre2e3sLdf11GiGNZYJCLV9KlGwSXWDDcCm7FCGvoCG/7weuI3HlFpHsk7M4qxE9K+5AFn1FjpPuimD6fVcenppFsoumV3CrJIvIwUIUO1W/hq9yKWhCgNE1TrlufGppNSZTgTOM63E40xZUPax5alkoaoO+n04jE5tkqPBJGyJQ2Zqr8nUhpqPQp92xlSM9Dz3kT8z2slJrjspFzGiUHJZouCRBATkcn7pMcVMiNGllCmuL2VsAFVlBkbUt6G4M2/vEjqZ2XPLXu358XKVRZHDg7hCErgwQVU4AaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx/M0pBU</latexit><latexit sha1_base64="qDNas93uOHViA2FtWCIPOJOWkuE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJe6KoMegF48RzAOTEGYnvcmQ2dl1ZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLjwXXxnW/naXlldW19dxGfnNre2e3sLdf11GiGNZYJCLV9KlGwSXWDDcCm7FCGvoCG/7weuI3HlFpHsk7M4qxE9K+5AFn1FjpPuimD6fVcenppFsoumV3CrJIvIwUIUO1W/hq9yKWhCgNE1TrlufGppNSZTgTOM63E40xZUPax5alkoaoO+n04jE5tkqPBJGyJQ2Zqr8nUhpqPQp92xlSM9Dz3kT8z2slJrjspFzGiUHJZouCRBATkcn7pMcVMiNGllCmuL2VsAFVlBkbUt6G4M2/vEjqZ2XPLXu358XKVRZHDg7hCErgwQVU4AaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx/M0pBU</latexit><latexit sha1_base64="qDNas93uOHViA2FtWCIPOJOWkuE=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJe6KoMegF48RzAOTEGYnvcmQ2dl1ZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprvLjwXXxnW/naXlldW19dxGfnNre2e3sLdf11GiGNZYJCLV9KlGwSXWDDcCm7FCGvoCG/7weuI3HlFpHsk7M4qxE9K+5AFn1FjpPuimD6fVcenppFsoumV3CrJIvIwUIUO1W/hq9yKWhCgNE1TrlufGppNSZTgTOM63E40xZUPax5alkoaoO+n04jE5tkqPBJGyJQ2Zqr8nUhpqPQp92xlSM9Dz3kT8z2slJrjspFzGiUHJZouCRBATkcn7pMcVMiNGllCmuL2VsAFVlBkbUt6G4M2/vEjqZ2XPLXu358XKVRZHDg7hCErgwQVU4AaqUAMGEp7hFd4c7bw4787HrHXJyWYO4A+czx/M0pBU</latexit>

fq/P (x, kT )
<latexit sha1_base64="H/w3p6WDfMKOoPPOIlusoAMHmAI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvXis0C9oY9hsN+3SzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eD3xWw9UKhaJuh7F1A1xX7CAEayNdBd46f1pbVx+Ohl69WOvWLIr9hRokTgZKUGGmlf86vYikoRUaMKxUh3HjrWbYqkZ4XRc6CaKxpgMcZ92DBU4pMpNp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eJ9HBpZsyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAjO/MuLpHlWceyKc3teql5lceThAA6hDA5cQBVuoAYNICDhGV7hzXq0Xqx362PWmrOymX34A+vzB2VCkcY=</latexit><latexit sha1_base64="H/w3p6WDfMKOoPPOIlusoAMHmAI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvXis0C9oY9hsN+3SzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eD3xWw9UKhaJuh7F1A1xX7CAEayNdBd46f1pbVx+Ohl69WOvWLIr9hRokTgZKUGGmlf86vYikoRUaMKxUh3HjrWbYqkZ4XRc6CaKxpgMcZ92DBU4pMpNp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eJ9HBpZsyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAjO/MuLpHlWceyKc3teql5lceThAA6hDA5cQBVuoAYNICDhGV7hzXq0Xqx362PWmrOymX34A+vzB2VCkcY=</latexit><latexit sha1_base64="H/w3p6WDfMKOoPPOIlusoAMHmAI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvXis0C9oY9hsN+3SzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eD3xWw9UKhaJuh7F1A1xX7CAEayNdBd46f1pbVx+Ohl69WOvWLIr9hRokTgZKUGGmlf86vYikoRUaMKxUh3HjrWbYqkZ4XRc6CaKxpgMcZ92DBU4pMpNp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eJ9HBpZsyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAjO/MuLpHlWceyKc3teql5lceThAA6hDA5cQBVuoAYNICDhGV7hzXq0Xqx362PWmrOymX34A+vzB2VCkcY=</latexit><latexit sha1_base64="H/w3p6WDfMKOoPPOIlusoAMHmAI=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBahgtREBD0WvXis0C9oY9hsN+3SzSbubtQS+j+8eFDEq//Fm//GbZuDtj4YeLw3w8w8P+ZMadv+tnJLyyura/n1wsbm1vZOcXevqaJEEtogEY9k28eKciZoQzPNaTuWFIc+py1/eD3xWw9UKhaJuh7F1A1xX7CAEayNdBd46f1pbVx+Ohl69WOvWLIr9hRokTgZKUGGmlf86vYikoRUaMKxUh3HjrWbYqkZ4XRc6CaKxpgMcZ92DBU4pMpNp1eP0ZFReiiIpCmh0VT9PZHiUKlR6JvOEOuBmvcm4n9eJ9HBpZsyESeaCjJbFCQc6QhNIkA9JinRfGQIJpKZWxEZYImJNkEVTAjO/MuLpHlWceyKc3teql5lceThAA6hDA5cQBVuoAYNICDhGV7hzXq0Xqx362PWmrOymX34A+vzB2VCkcY=</latexit>

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

b? ⇠ 1

k?<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

Semi-inclusive DISDrell-Yan



• e.g., Drell-Yan, more precisely 
 
 
 
 
 
 
 

• Two evolution equations for TMDPDFs 

fq(xa,~kT , µ, ⇣a)
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TMD Factorization

rigorous QFT based derivation of cross sections 
based on analysis of momentum regions

CSS (Collins, Soper, Sterman)
SCET (Soft Collinear Effective Theory)

eg. Drell-Yan

Hard virtual  
corrections

FT

fq(xa,�kT , µ, �a)

µ = renormalization scale

� = Collins-Soper parameter

�a�b = Q4

Review of TMD factorization

Rapidity (light-cone) divergences

�(~qT ) = Hqq̄!Z(mZ)

Z
d2~bT e

i~qT ·~bT Bq(x1,
~bT )Bq̄(x2,

~bT )S
q(bT )

Hard function H: Describes hard process qq̄ ! Z

Beam functions Bq,q̄: collinear radiation

Soft function S
q: soft radiation

Beam and soft modes have virtuality p
2
⇠ q

2

T

I Induces rapidity (light-cone) singularities
(not regulated by dimension regularization)

Rapidity divergences arise from integrals of type
Z

dk+dk� f(k+
k
�)

(k+k�)1+✏
=

Z
d(k+

/k
�)

2 k+/k�

Z
d(k+

k
�)

f(k+
k
�)

(k+k�)1+✏

Unphysical rapidity divergences cancel in physical TMDPDF:
f
TMD

q (x,~bT ) = Bq(x,~bT )
p

Sq(bT ) = Bq(x,~bT )�
q
S(bT )

p
+

p
�

QqTq
2
T
/Q

Q

qT

q
2
T

Q
p
2 = q

2
T

p
2 = Q

2
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H

fq

fq
�a = (xaP�a )2 = (2xaP z)2

�(qT , Q) = H(Q,µ)
�

d2�bT ei�qT ·�bT fq(xa,�bT , µ, �a) fq(xb,�bT , µ, �b) +O
� q2

T

Q2

�

think: � � Q2

� (qT , Q) ⇠

Z
d2~bT ei~qT ·~bT fq(xa,~bT , µ, ⇣a) fq(xb,~bT , µ, ⇣b) +O

✓
q2T
Q2

◆
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Fourier transform

Renormalisation scale

Collins-Soper parameter

⇣a⇣b = Q4
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Collins-Soper kernel  
i.e., rapidity anomalous 
dimension



Collins-Soper evolution kernel

Phiala Shanahan, MIT

Collins-Soper Evolution Kernel • Governs TMD evolution 

• Needed to match quasi-TMD to 
physical TMD

�q
⇣ (µ, bT ) = ⇣

d

d⇣
ln fq(x,~bT , µ, ⇣)
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• Perturbative at short distances 

• Non-perturbative for 

µ, b�1
T � ⇤QCD
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• More detailed picture of nucleon including transverse structure  
 
 
 
 
k 

Parton Distributions
provide key information about 
the structure of hadrons

Semi-Inclusive DIS

electron 
p

h 

Drell-Yan Dihadron in e+e-

p p

h1 

h2 

Quark TMDs

�[�+]
q h(x, b) = f1(x, b) + i✏µ⌫T bµs⌫Mf?1 (x, b)
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• There are eight TMD 
distributions in leading twist 

• TMD distributions provide a 
more detailed picture of the 
many body parton structure of 
the hadron 

• Interplay with the transverse 
momentum

h
h1

h2e-

e- e-e+

fq/P (x, kT )
longitudinal & Transverse

TMD:

� � Dh1/q(x, kT )Dh2/q(x, kT )� � fq/P (x, kT )Dh/q(x, kT ) � � fq/P (x, kT )fq/P (x, kT )

qT � Q
Fragmentation

Dh/q(x, kT )

µ+

µ�

Q, qT

Pa Pb

PDF

longitudinal

TMD

+ transverse 
fq/P (x)
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FIG. 1: Comparison of extracted values of RAD. The lines
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an anomalous dimension, such as additive structure of

renormalization group equation (3).

The equation (2) essentially mixes the definitions of

two NP functions: a TMD distribution and RAD. For

that reason, the separation of these functions with the

data is a non-trivial phenomenological task. Nonethe-

less, it could be done observing that RAD governs the Q-

behavior of the cross-section, whereas F ’s the x-behavior.

Therefore, analyzing a global set of data with a large span

in x and Q, it is possible to decorrelate these functions.

Such global studies were made recently [14–18]. The val-

ues of RAD obtained in these works are shown in fig.1.

Clearly, there is no agreement between these extraction

for b > 2GeV�1. Another observation is that extrac-

tion based on the joined data of Drell-Yan and SIDIS

cross-sections [14, 17] provide a higher value of RAD at

b ⇠ 1GeV�1 in comparison to extraction based only on

the Drell-Yan data [15, 18]. These contradictions could

be resolved by adding more low-qT data in the analysis,

or by some alternative approaches to access RAD. One of

promising approaches is the recently proposed methods

to compute RAD with lattice QCD [19, 20].

Definition of RAD. To derive the self-contained ex-

pression for RAD, I take a step backward in the deriva-

tion of (1) and recall the origin of scale �. At an interme-

diate stage, the expression for cross-section has the form

d� ⇠ F̃1 ⇥ S ⇥ F̃2 [3, 5], where F̃ are unsubtracted TMD

distributions, and S is the TMD soft factor. Each of

these terms contains the rapidity divergence(s) that can-

cel in the product. To obtain (1), the soft factor is factor-

ized into parts with only rapidity divergences related to a

particular light-like direction. Afterwards, they are com-

bined with F̃ into physical TMD distributions [6, 21, 22].

The scale � in the definition of a physical TMD distribu-

tion (2) is the scale of rapidity divergence factorization.

Thus, the soft factor is the primary object to define RAD.

FIG. 2: Contours defining TMD soft factor (in the Drell-Yan
kinematics) and its derivatives. Axes n and n̄ are light-like
(n

2
= n̄

2
= 0), and the axis T is transverse. The black (blue)

solid line shows contour C (C�). The black dashed lines show
the contour C�. The blue dot shows the insertion of gluon
strength tensor.

The TMD soft factor is defined as

S(b, µ) =
Tr

Nc
�0|WC |0�Z

2
S(µ), (4)

where WC = P exp(ig
�

C dxµAµ(x)) is a gauge link along

the contour C (see fig.2), ZS is the renormalization factor

for light-like cusps. In ref.[6] it has been proven that the

TMD soft factor with a properly designed regularization

has the general form

S(b, µ) = exp (2D(b, µ) ln(�) + B(b, µ) + ...) , (5)

where � is the Lorenz-invariant combination of param-

eters of rapidity divergence regularization(� ! 0). The

function B is the finite part of the soft factor, and the

dots denote terms vanishing at � ! 0. Consequently,

RAD can be obtained from TMD soft factor as

D(b, µ) =
1

2
lim
��0

d ln S(b, µ)

d ln �
. (6)

The expression (5) is a general one, but it is di�cult

to observe outside of the perturbation theory. The main

complication is the definition of an appropriate rapidity

divergence regulator. To guarantee (5) and make use of

(6), the regulator must be given on the level of the oper-

ator, preserve the gauge invariance, and fully regularize

rapidity divergences without generation of extra infrared

divergences. None of commonly used in perturbative cal-

culations regulators (see e.g.[3–5, 23–25]) fulfill these re-

quirements entirely. All these points can be fulfilled by a

deformation of the contour C such that it does not touch

light-like infinities [6]. The most straightforward defor-

mation is the contour C� shown in fig.2. In this case, the

parameters ⇤± regularize rapidity divergences at both

infinities, and � = (⇤+⇤�)�1.

Next, I deform the contour C� further, by setting one

of ⇤’s finite (for definiteness, I choose ⇤� and replace it
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C dxµAµ(x)) is a gauge link along
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TMD soft factor with a properly designed regularization

has the general form

S(b, µ) = exp (2D(b, µ) ln(�) + B(b, µ) + ...) , (5)

where � is the Lorenz-invariant combination of param-
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dots denote terms vanishing at � ! 0. Consequently,

RAD can be obtained from TMD soft factor as
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lim
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The expression (5) is a general one, but it is di�cult

to observe outside of the perturbation theory. The main

complication is the definition of an appropriate rapidity

divergence regulator. To guarantee (5) and make use of

(6), the regulator must be given on the level of the oper-

ator, preserve the gauge invariance, and fully regularize

rapidity divergences without generation of extra infrared

divergences. None of commonly used in perturbative cal-

culations regulators (see e.g.[3–5, 23–25]) fulfill these re-

quirements entirely. All these points can be fulfilled by a

deformation of the contour C such that it does not touch

light-like infinities [6]. The most straightforward defor-

mation is the contour C� shown in fig.2. In this case, the

parameters ⇤± regularize rapidity divergences at both

infinities, and � = (⇤+⇤�)
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FIG. 1. Figure adapted from Ref. [1], showing the quark Collins-Soper kernel as determined

from recent phenomenological fits (in 2017 and 2019) by two independent analysis groups using

di↵erent models, which are represented by the green and orange bands respectively.

processes at low transverse momentum, from ⇠ 1–10 GeV, which are sensitive to the
nonperturbative Collins-Soper evolution. Experiments at the Thomas Je↵erson National
Accelerator Facility 12 GeV Upgrade and the future Electron-Ion Collider at Brookhaven
National Laboratory will provide enormous amount of data in this kinematic regime over
the next two decades, highlighting the timeliness of this research e↵ort.

II. LATTICE QCD

Lattice QCD is a first-principles method of calculating QCD observables numerically on
a discrete four-dimensional representation of spacetime. Monte-Carlo techniques are used
to create a representative set (named an ensemble) of configurations of the background
quark and gluon fields on the spacetime representation, which are then used to perform
calculations of physical observables of interest. As the only known direct method of
studying QCD at low energy, lattice QCD is an important source of information for tests
of the Standard Model and it provides results for various hadronic matrix elements that
are systematically improvable and model-independent. As such, it is the necessary tool
for the calculations we propose.

There are several major computational costs involved in lattice QCD calculations.
Firstly, the background configurations of quark and gluon fields are extremely expensive
to generate and are generally stored and reused. Large lattice QCD collaborations (such
as USQCD) make these available to the community; these resources will be exploited in
this proposal. Calculations of matrix elements such as those involved in the determination
of the Collins-Soper kernel as proposed here additionally involve computing various quark
propagators and the combination of these into the appropriate correlation functions. The
computation of light (up, down and strange) quark propagators involves the inversion
of very large, very sparse, but nearly singular matrices (O(108 ⇥ 108) in our calculation)
which is e�ciently done using iterative solvers similar to the conjugate gradient algorithm.
Multiple inversions are required for each field configuration in the ensemble, and this task
requires significant computational resources.

Figure adapted from Vladimirov [2003.02288] 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• Sub-percent precision in measurements of e.g., Drell-Yan differential 
cross-sections at the LHC 

• Lack of knowledge of the Collins-Soper kernel in the non-perturbative 
region limits theory predictions to much lower precision 
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Collins-Soper evolution kernel



f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z)exp


1

2
�⇣(µ, bT ) ln

(2xP z)2

⇣

�
fu-d(x,~bT , µ, ⇣)
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• More detailed picture of  
nucleon structure 

• TMDPDF defined by matrix element of non-local light-cone quark 
bilinear operator 

• Calculate via quasi-TMD prescription analogous to PDF case 
[Ji, Sun, Xiong,Yuan ’14, Ji, Jin, Yuan, Zhang, Zhao, PRD99 (2019), Ebert, Stewart, Zhao, PRD99 (2019), JHEP09 (2019),  
Ji, Liu, Liu, [1911.03840] (2019),  Nucl.Phys.B (2020), Vladimirov, Schäfer, Phys.Rev.D 101 (2020)] 

 

TMDPDFs from lattice QCD
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Large boost + 
perturbative matching

Midterm Review, Part Part II: Theory - I. Stewart �14

TMD Definitions

fq(x,�bT , µ, �) = lim
��0,��0

Zuv(�, µ, �)Bq(x,�bT , �, �, �)
�

Sq(bT , �, �)

collinear  
region

soft  
region

Reminder (& notation) of TMDPDFs

Definition of TMDPDFs

Motivation: TMD factorization theorem (example: pp ! Z ! l
+
l
�)

�(~qT ) = H(Q,µ)

Z
d2~bT e

i~qT ·~bT f
TMD
q/a (xa,

~bT , µ, ⇣a) f
TMD
q/b (xb,

~bT , µ, ⇣b) + O

⇣
qT

Q

⌘2

I H(Q ⇠ mZ , µ): Hard function (virtual corrections)

Quark TMDPDF: [Collins ’11; Echevarria, Idilbi, Scimemi ’11; Chiu, Jain, Neill, Rothstein ’12, ...]

f
TMD
q (x,~bT , µ, ⇣) = Zuv(µ, ⇣, ✏) lim

⌘!0
Bq(x,~bT , ✏, ⌘, ⇣)

p
Sq(bT , ✏, ⌘)

S0
q(bT , ✏, ⌘)

I Bq: Beam function (collinear matrix element)
I Sq, S

0
q : Soft contributions

I ⌘: Regulates rapidity divergences
I ⇣: Collins-Soper scale [Collins, Soper’81]

Definitions of ⌘ and hence of Bq and Sq

are scheme dependent,
but fTMD

q is scheme independent
l

p p

l

+

-

Soft

Beam
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� :  regulates UV divergences

� :  regulates rapidity divergences
� �

0

dk+

k+

Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

b?

t
z

q

q

b+

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Wilson Lines
Bq = �p|OB |p�

OB :

staple shaped

Sq = �0|OS |0�

OS :

Midterm Review, Part Part II: Theory - I. Stewart �33

Quasi-TMDs

Towards quasi-TMDPDFs from Lattice QCD

Bent soft function

Recall soft and quasi soft function:
S

q(bT ) = h0
��[S†

nSTSn̄](~bT )[S
†
n̄S

†
TSn](~0T )

��0i

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

S
q(bT ) and S̃

q(bT ) not related through Lorentz boost
Define “bent” soft function to remove boost-violating diagrams at NLO:

S̃
q
bent

(bT ) = h0
��[S†

ẑSTS�n̄? ](~bT )[S
†
�n̄?STSẑ](~0T )

��0i

Compare Wilson line paths:

S̃
q(bT ) = b?

x

z

L

y

L

$
b?

x

-z

L

y

L

= S̃
q
bent

(bT )

Yields a perturbative matching relation at NLO
I Proof beyond NLO required
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi soft function

Soft function: (light-cone correlator)

S
q(bT ) = h0

��[S†
nSTSn̄](~bT )[S

†
n̄S

†
TSn](~0T )

��0i

Quasi soft function: (equal-time correlator)

S̃
q(bT ) = h0

��[S†
ẑSTS�ẑ](~bT )[S

†
�ẑSTSẑ](~0T )

��0i

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators not related by Lorentz boost (more on this later)

?

z

t

nn̄

b
z�b

z

�
b z
n̄

�
b
z n

v < 0v > 0

n
µ = (1, 0, 0, 1) , n̄µ = (1, 0, 0,�1)
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b?

t
z

q

q

bz

L

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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Towards quasi-TMDPDFs from Lattice QCD

Constructing the quasi beam function

Beam function: (light-cone correlator)

Bq(x,~bT , . . . ) =

Z
db+

4⇡
e
� i

2b
+
(xP�

)

D
p(P )

���q̄(bµ)W (0,~0T )

(b+,~bT )

�
�

2
q(0)

���p(P )
E

Quasi beam function: (equal-time correlator)

B̃q(x,~bT , . . . ) =

Z
dbz

2⇡
e
ibz

(xP z
)

D
p(P )

���q̄(bµ)W (0,~0T )

(bz,~bT )

�
3

2
q(0)

���p(P )
E

Wilson line path:
I Finite lattice size requires to truncate at length L

I Bare operators related by Lorentz boost

?

z

t

nn̄

b
z�b

z

�
�
b z
n̄

�
b z
n̄

b
µ =

b
+

2
(1, 0, 0, 1) + b

µ
T
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[49] Ji, Jin, Yuan, Zhang, Zhao, 1801.05930
[38] Ebert, Stewart, Zhao, 1901.03685

f̃u-d(x,�bT , µ, P z) = CTMD
u-d (µ, xP z) exp

�
1
2
�q

� (µ, bT ) ln
(2xP z)2

�

�
fu-d(x,�bT , µ, �)

from  
Lattice QCD

perturbation 
theory

Collins-Soper 
kernel

desired 
TMDPDF

Status:  construction found which is confirmed at 1-loop

f̃q = B̃q

�
S̃q fq = Bq

�
Sq

Bq :

Sq :S̃q :

B̃q :Spatial staple 
calculable in 

LQCD

quasi-TMD 
from LQCD

perturbative 
matching

desired 
TMDPDF

Collins-Soper 
evolution kernel

f̃u-d(x,~bT , µ, P
z) = CTMD

u-d (µ, xP z) gSq (bT , µ) exp

"
1

2
�q
⇣ (µ, bT ) ln

(2xP z)2

⇣

#
fu-d(x,~bT , µ, ⇣)

<latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit><latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit><latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit><latexit sha1_base64="FYo0cvlvcppVYRRlpCwbiIKD/RE="></latexit> non-pert. 
soft factor



• Collins-Soper kernel calculable from ratios of quasi-TMDPDFs  

Phiala Shanahan, MIT

Collins Soper kernel from lattice QCD

3

TMDPDFs which define the Collins-Soper evolution ker-
nel by Eq. (2), and will thus not be discussed further
here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences ⇠

1/a that are proportional to the total Wilson line lengths
in the non-local quark bilinear operators Oi

�, but bT de-
pendence and divergent ⌘ dependence cancels between
them [34]. The authors have previously calculated ZMS

O��0

in a quenched lattice QCD study [39], where the opera-
tor Ons

� was nonperturbatively renormalized in a regular-
ization independent momentum subtraction (RI0/MOM)
scheme, and then perturbatively matched to the MS
scheme [34, 38].

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of
introducing power-law divergences in the numerator and
denominator that are canceled by the quasi soft factor
and its renormalization in the original form. Moreover,
to ensure that the renormalization and matching between
RI0/MOM and MS is performed in the perturbative re-
gion, the scale bT must be taken to be much smaller than
⇤�1
QCD, a condition which does not permit an extraction

of the Collins-Soper kernel at bT values in the nonper-
turbative region. It was therefore suggested in Ref. [34]
to define a perturbative renormalization matching scale
bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) by exploiting the bT -

independence of ZMS
�4�(µ, bz, a), and to introduce an addi-

tional factor R̃, constructed to compensate for the power-
law divergences, into the MS-renormalized quasi beam
function. Under this prescription, the MS-renormalized
quasi beam function BMS

� may be defined as

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z) = ZMS
O�4�

(µ, bz,~bR
T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z), (9)

where~bR
T is chosen to be parallel to~bT .2 R̃ is independent

of bz and thus cancels in the ratio that gives the Collins-
Soper kernel3 in Eq. (2):

R̃(bT , bR
T , a, ⌘) =

Z
RI0/MOM
O�4�4

(bT , a, ⌘)

Z
RI0/MOM
O�4�4

(bR
T , a, ⌘)

. (10)

Here, Z
RI0/MOM
O�4�4

(bT , a, ⌘) is defined as a weighted

average of the RI0/MOM renormalization fac-

tors ZRI0/MOM
O�4�4

(pR, bz,~bT , a, ⌘) over orientations

~bT = bT {~ex,~ey} and over a set of choices of the
external quark momenta pR, as detailed in Ref. [39].
This average is taken analogously to the weighted
average over quasi beam function orientations described
in Appendix C. The dependence on bR

T in Eq. (9) should

cancel between R̃(bT , bR
T , a, ⌘) and ZMS

O�4�
(µ, bz, bR

T , a, ⌘).

Nevertheless, bR
T is retained as an argument of BMS

�4 to

account for any uncanceled finite dependence on bR
T , and

an average over several bR
T values is implemented in the

numerical study. For the choice � = �4 in Eq. (3), the
Collins-Soper kernel can thus be obtained as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z
1 )

R
dbze�ibzxP z

2P z
2 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z
2 )

#
.

(11)

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (11). First,
since the kernel is independent of the external state, one
may calculate the quasi beam functions in the state with
the best signal-to-noise properties in a lattice QCD cal-
culation, e.g., for the pion. In a quenched calculation, a
heavier-than-physical valence quark mass can be chosen
for the same reason. Moreover, variation of the choice
of external state, and external state momenta, provides
a test of systematic e↵ects in a numerical calculation.
Second, the Collins-Soper kernel does not depend on the

2
In principle ZMS

O�4�
(µ, bz ,~bRT , a, ⌘) is independent of the orien-

tation of ~bRT , but in practice there is residual dependence re-

maining in lattice QCD results for this quantity after one-loop

matching between RI
0/MOM and MS. To account for this resid-

ual asymmetry, which a↵ects some bare operators with � 6= �4
,

BMS
�4 (µ, bz ,~bT , a, ⌘, bRT , P z

) is formed as shown in Eq. (9) and an

average over ~bT orientations is performed after renormalization

as described in Appendix C.

3
The definition of R̃ used here di↵ers from that in Ref. [34] by the

omission of the quasi soft factor.

3

TMDPDFs which define the Collins-Soper evolution ker-
nel by Eq. (2), and will thus not be discussed further
here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences ⇠

1/a that are proportional to the total Wilson line lengths
in the non-local quark bilinear operators Oi

�, but bT de-
pendence and divergent ⌘ dependence cancels between
them [34]. The authors have previously calculated ZMS

O��0

in a quenched lattice QCD study [39], where the opera-
tor Ons

� was nonperturbatively renormalized in a regular-
ization independent momentum subtraction (RI0/MOM)
scheme, and then perturbatively matched to the MS
scheme [34, 38].

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of
introducing power-law divergences in the numerator and
denominator that are canceled by the quasi soft factor
and its renormalization in the original form. Moreover,
to ensure that the renormalization and matching between
RI0/MOM and MS is performed in the perturbative re-
gion, the scale bT must be taken to be much smaller than
⇤�1
QCD, a condition which does not permit an extraction

of the Collins-Soper kernel at bT values in the nonper-
turbative region. It was therefore suggested in Ref. [34]
to define a perturbative renormalization matching scale
bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) by exploiting the bT -

independence of ZMS
�4�(µ, bz, a), and to introduce an addi-

tional factor R̃, constructed to compensate for the power-
law divergences, into the MS-renormalized quasi beam
function. Under this prescription, the MS-renormalized
quasi beam function BMS

� may be defined as

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z) = ZMS
O�4�

(µ, bz,~bR
T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z), (9)

where~bR
T is chosen to be parallel to~bT .2 R̃ is independent

of bz and thus cancels in the ratio that gives the Collins-
Soper kernel3 in Eq. (2):

R̃(bT , bR
T , a, ⌘) =

Z
RI0/MOM
O�4�4

(bT , a, ⌘)

Z
RI0/MOM
O�4�4

(bR
T , a, ⌘)

. (10)

Here, Z
RI0/MOM
O�4�4

(bT , a, ⌘) is defined as a weighted

average of the RI0/MOM renormalization fac-

tors ZRI0/MOM
O�4�4

(pR, bz,~bT , a, ⌘) over orientations

~bT = bT {~ex,~ey} and over a set of choices of the
external quark momenta pR, as detailed in Ref. [39].
This average is taken analogously to the weighted
average over quasi beam function orientations described
in Appendix C. The dependence on bR

T in Eq. (9) should

cancel between R̃(bT , bR
T , a, ⌘) and ZMS

O�4�
(µ, bz, bR

T , a, ⌘).

Nevertheless, bR
T is retained as an argument of BMS

�4 to

account for any uncanceled finite dependence on bR
T , and

an average over several bR
T values is implemented in the

numerical study. For the choice � = �4 in Eq. (3), the
Collins-Soper kernel can thus be obtained as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z
1 )

R
dbze�ibzxP z

2P z
2 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z
2 )

#
.

(11)

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (11). First,
since the kernel is independent of the external state, one
may calculate the quasi beam functions in the state with
the best signal-to-noise properties in a lattice QCD cal-
culation, e.g., for the pion. In a quenched calculation, a
heavier-than-physical valence quark mass can be chosen
for the same reason. Moreover, variation of the choice
of external state, and external state momenta, provides
a test of systematic e↵ects in a numerical calculation.
Second, the Collins-Soper kernel does not depend on the

2
In principle ZMS

O�4�
(µ, bz ,~bRT , a, ⌘) is independent of the orien-

tation of ~bRT , but in practice there is residual dependence re-

maining in lattice QCD results for this quantity after one-loop

matching between RI
0/MOM and MS. To account for this resid-

ual asymmetry, which a↵ects some bare operators with � 6= �4
,

BMS
�4 (µ, bz ,~bT , a, ⌘, bRT , P z

) is formed as shown in Eq. (9) and an

average over ~bT orientations is performed after renormalization

as described in Appendix C.

3
The definition of R̃ used here di↵ers from that in Ref. [34] by the

omission of the quasi soft factor.

Perturbative matching 
Computed at 1-loop 
[Ebert, Stewart, Zhao, PRD99+JHEP09 (2019)]
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LQCD Setup

LQCD plan:

bz
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Exploit hadron state independence, use heavy pseudoscalar meson        
starting with quenched ensembles for exploratory study

bT /⌘
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1/(pzbT )
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M/pz
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Independent of hadron state, choice of momenta, 
choice of longitudinal Fourier transform scale      
up to power corrections           ,                ,
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Vary momentum to explore size of power corrections

Quasi-beam function calculable from staple-
shaped Wilson line matrix elements

Use three lattice spacings                                            to study continuum limita = 0.04, 0.06, 0.08 fm
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m ⇠ 1.2 GeV
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Constantinou, Panagopoulos, Spanoudes, PRD 99 (2019)

Nontrivial O(a) operator mixing pattern predicted by lattice perturbation theory

— Investigate mixing pattern with NPR studies 
Constantinou, Panagopoulos, PRD 96 (2017)

Beam function 
Calculated from matrix 
elements of operators with 
staple-shaped Wilson lines• Do not need soft factor (cancels in ratio) 

• Independent of hadron state, choice of 
momenta, choice of    , up to power 
corrections 

• Choose      or      : boost onto      and can be 
matched to spin-independent TMDPDF in 
infinite-momentum limit 
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LQCD Setup

Independent of hadron state, choice of momenta, choice of 

…up to power corrections:             ,                       ,          
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Exploit independence, 
calculate for valence pion 
with 

bT /⌘
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Not independent of sea quark mass, 
quenched gauge fields used for 
exploratory calculation 

x
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Variation of        probes 
power corrections

m⇡
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Collins Soper kernel from lattice QCD
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Label � a [fm] L3
⇥ T  nsrc ncfg

E32 6.3017 0.06 323 ⇥ 64 0.1222 2 200

TABLE I: The ensemble of quenched QCD gauge field con-
figurations used in this work [41, 42]. The lattice spacing a is
determined from an analysis of scale setting in Ref. [43], and
the lattice geometry parameters L and T are specified in units
of a. For operator structures with Dirac index � = �4, ncfg

configurations are analyzed, with nsrc source locations chosen
on each. For other operator Dirac structures � 6= �4, a sub-
set with 25 configurations is analyzed, with 1 source location
computed on each.

Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (10). First,
since the kernel is independent of the external state [32],
one may calculate the quasi beam functions in the state
with the best signal-to-noise properties in a lattice QCD
calculation, e.g., for the pion. In a quenched calculation,
a heavier-than-physical valence quark mass can be cho-
sen for the same reason. Moreover, since although the
kernel is state-independent, the power-corrections to the
kernel are not, and so variation of the choice of exter-
nal state, and external state momenta, provides a test of
systematic e↵ects in a numerical calculation. Second, the
Collins-Soper kernel does not depend on the longitudinal
momentum fraction x or on the hadron momenta P z

i , at
O (bT /⌘, 1/(bT P z)). Although the truncation in the bz-
space Fourier integral will induce oscillatory behavior in
x-space, varying these parameters provides insight into
these additional systematic uncertainties.

An alternative approach to extracting the Collins-
Soper kernel by transforming the product of the match-
ing coe�cient and MS quasi beam function in Eq. (10)
into a convolution integral in bz-space was advocated in
Ref. [34]. Appendix E provides an investigation of this
approach and finds that it su↵ers from significant sys-
tematic uncertainties.

III. LATTICE QCD STUDY

The Collins-Soper evolution kernel is computed by
Eq. (10) in a lattice QCD calculation using a single
quenched ensemble, detailed in Table I. The calculation
is undertaken on gauge fields that have been subjected
to Wilson flow to flow-time t = 1.0 [44], in order to in-
crease the signal-to-noise ratio of the numerical results,
and gauge-fixed to Landau gauge, in order to permit the
use of gauge non-invariant quark wall sources. Quasi
beam functions are constructed for a pion external state
using valence quark propagators that are computed with
the tree-level O(a) improved Wilson clover fermion ac-
tion [45] and a  value that corresponds to a heavy pion
mass of 1.207(3) GeV. This choice may be made with-
out introducing systematic bias, since the Collins-Soper
kernel is independent of state. Three external state mo-
menta are studied, ~P = P z~ez with P z = nz2⇡/L for

FIG. 2: E↵ective energy function defined by Eq. (14) for

pion states with momenta |~P | = nz2⇡/L. Shaded bands dis-
play the result of single-exponential fits to the two-point cor-
relation functions for each non-zero momentum, and a two-
exponential fit at zero momentum; the number of states in
each fit is chosen to maximize an information criterion as de-
scribed in the text, and the fit ranges shown correspond to
the highest-weight fits in the weighted average over successful
two-point function fits as discussed in Appendix A.

nz 2 {2, 3, 4}, corresponding to P z 2 {1.29, 1.94, 2.58}
GeV, allowing the kernel to be computed from three
di↵erent momentum ratios. To improve the overlap
of boosted pion interpolating operators onto their re-
spective ground states and improve statistical precision,
a combination of wall sources and momentum-smeared
sinks [46] are used to construct two-point and three-point
correlation functions.

Bare quasi beam functions Bbare
� (bz,~bT , a, ⌘, P z) are

extracted for non-local quark bilinear operators (Eq. (6))
with Wilson line staple geometries defined by staple
extents ⌘ ranging between 0.6 and 0.8 fm (⌘/a 2
{10, 12, 14}), and with staple widths and asymmetries
corresponding to |bT | and bz ranging from �(⌘ � a)
to (⌘ � a). In order for the mixing contributions to
Eq. (10) to be consistently included, bare quasi beam
functions are computed for all Dirac operator structures
�. As detailed in the caption of Table I, however, lower
statistics are used for operators with Dirac structures
� 6= �4, whose contributions to the Collins-Soper kernel
are suppressed by the renormalization factors. Previ-
ously, the 16-dimensional vector of MS renormalization
factors ZMS

O�4�0
(µ, bz,~bT , a, ⌘) was computed for the same

ensemble and operator parameters as studied here [39],
and those results are used in this work.

The two-point correlation function for the pion, pro-
jected to a given three-momentum ~P , is defined as:

C2pt(t, ~P ) =
X

~x

ei~P ·~xh0|⇡~P,S(~x, t)⇡†

~P,W
(0)|0i

t�0�!
Z~P

2aE~P

e�E~P t + . . . , (13)

where Z~P denotes the combination of overlap fac-

Three steps to CS kernel from lattice QCD: 

• Calculation of bare quasi-beam functions  

• Renormalisation and matching to the MS scheme  

• Fourier transform and ratio 

1
2
3

m ⇠ 1.2 GeV
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Label � a [fm] L3 ⇥ T ⌘  ncfg

E24 6.1005 0.08 243 ⇥ 48 7,9,11 0.121,0.1248 30
E32 6.3017 0.06 323 ⇥ 64 10,12,14 0.1222 30
E48 6.5977 0.04 483 ⇥ 96 15,18,21 0.1233 10

TABLE I: Ensembles of quenched QCD gauge field configu-
rations used in this work [64, 65]. � values were chosen in
Ref. [66] to maintain a fixed physical volume, and ncfg con-
figurations are analyzed on each ensemble. L, T , and ⌘ are
given in lattice units, where ⌘ denotes the staple extents of
the staple-shaped Wilson line operators (Eq. (2)) which are
computed. Valence quark propagators are computed with the
tabulated  values, which correspond to pion masses consis-
tent with m⇡ = 1.20(5) GeV, on each ensemble, and for the
E24 ensemble additionallym⇡ = 340(20) MeV, on gauge fields
subjected to Wilson flow as described in the text.

nµ
p

p2 [GeV] pz [GeV] p[4]/(p2)2

(2,2,2,2) 2.4 1.3 0.27
(2,2,2,4) 2.7 1.3 0.25
(2,2,2,6) 3.1 1.3 0.31
(3,3,3,2) 3.5 1.9 0.30
(3,3,3,4) 3.7 1.9 0.26
(3,3,3,6) 4.0 1.9 0.25
(3,3,3,8) 4.3 1.9 0.28
(4,4,4,4) 4.7 2.6 0.28
(4,4,4,6) 4.9 2.6 0.26
(4,4,4,8) 5.2 2.6 0.25

TABLE II: Four-momenta considered in this work, where pµ

is the four-momentum in physical units corresponding to nµ

in lattice units. Results for RI0/MOM renormalization factors
are computed with bT < 0 and are equivalent to results with
bT > 0 and a sign change in the component of pµ along the
axis used to define bT . Final MS results only depend on |bT |
up to neglected two-loop renormalization scheme matching
e↵ects; for convenience all results are given as functions of
|bT | throughout. Note that pµ for a given nµ is the same
in physical units on all three ensembles. The H(4) invariant
p[4] =

P
4

µ=1
p4µ is discussed in Appendix A.

clover fermion action [63] with  values as given in Ta-
ble I; these choices correspond to a pion mass of 1.2 GeV
on each ensemble. For the E24 ensemble, propagators
corresponding to a pion mass of 340 MeV are also com-
puted to enable a study of the mass-dependence of the
renormalization patterns. Ten di↵erent momenta of the
quark state are considered, tabulated in Table II. While
the dependence of the RI0/MOM renormalization on the
matching scales pR and p

z
R would be canceled by an all-

orders matching to the MS scheme, residual dependence
on these scales remains with a matching calculated per-
turbatively to one-loop order. Studying various momenta
at a range of scales p

2

R from 5.7 to 28 GeV2 and p
z
R from

1.3 to 2.6 GeV allows an assessment of the systematic
uncertainties in this matching.

FIG. 2: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for

local quark bilinear operators, calculated on the E32 ensem-
ble. White circles indicate the pattern of mixings predicted
based on the o↵-shell nature of the quark in the relevant
Green’s functions [60].

FIG. 3: Submatrix of the RI0/MOM mixing matrix

MRI
0/MOM

O�P
(pR) (Eq. (26)) for quark bilinear operators with

straight Wilson lines (bT = 0) with various extents bz, for
momentum n⌫ = (2, 2, 2, 2) in lattice units, calculated on the
E32 ensemble.

A. Operator mixing with lattice regularization

Ultimately, MS renormalization factors are computed
by combining nonperturbatively-calculated RI0/MOM
factors with the one-loop perturbative matching to the
MS scheme described in Sec. III B. Comparison of the
mixing patterns revealed in the matrix of nonperturba-
tive RI0/MOM factors with the patterns predicted by
perturbation theory, which have been studied in the spe-
cial cases of local operators, straight Wilson-line opera-
tors, and symmetric staple-shaped Wilson line operators,
provides an indication of the important nonperturbative
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Exploit hadron state independence, use heavy pseudoscalar meson        
starting with quenched ensembles for exploratory study
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Independent of hadron state, choice of momenta, 
choice of longitudinal Fourier transform scale      
up to power corrections           ,                ,
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Vary momentum to explore size of power corrections

Quasi-beam function calculable from staple-
shaped Wilson line matrix elements

Use three lattice spacings                                            to study continuum limita = 0.04, 0.06, 0.08 fm
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tors for the source and sink interpolation opera-
tors and the ellipsis in Eq. (13) denotes contribu-
tions from higher excitations, which are exponentially
suppressed for large t and discussed further in Ap-
pendix A. Wall-source interpolating operators ⇡~P,W (t) =

u(t, ~P/2)�5d(t, ~P/2) are used as sources for correlation
functions, where momentum projected quark fields are

defined by q(t, ~P ) =
P

~x ei~P ·~xq(~x, t) for q = {u, d}.
Momentum-smeared interpolating operators ⇡ ~P,S(~x, t) =
uS(~P/2)(~x, t)�5dS(~P/2)(~x, t) are used as sinks, where

qS(~P )(~x, t) are quasi local smeared quark fields ob-
tained through iterative application of the Gaussian
momentum-smearing operator defined in Ref. [46]. In
particular, 50 steps of iterative momentum-smearing
with smearing radius " = 0.25, as defined in Ref. [46],
are used to construct momentum-smeared sinks for each
momentum corresponding to nz 2 {2, 3, 4}. An e↵ective
energy function that asymptotes to E~P can be defined
from the two-point correlation function by

Ee↵
~P

(t) =
1

a
arccosh

 
C2pt(t + a, ~P ) + C2pt(t � a, ~P )

2C2pt(t, ~P )

!

t�0�! E~P + . . . . (14)

Two-point correlation functions for the three momenta
which are considered here are displayed in Fig. 2. The ex-
tracted energies are slightly smaller than those obtained
with the continuum dispersion relation, with relative de-

viations from E~P =
q

m2
⇡ + |~P |2 ranging from 1.5(4)%

for nz = 2 to 3.5(4)% for nz = 4. These deviations are
consistent with the expected size of lattice artifacts which
are neglected in this exploratory work.

A. Quasi beam functions

Bare quasi beam functions can be computed from
three-point correlation functions with insertions of the
non-local quark bilinear operators Oi

�(bµ, zµ, ⌘), defined
in Eq. (6). For the special case where pion momenta are
taken only in the z-direction (i.e., consistent with the def-
inition of quasi beam functions in Eq. (4)), three-point
correlation functions are defined as

C�,i
3pt(t, ⌧, b

µ, a, ⌘, ~P = P z~ez)

=
X

~x,~z

ei~P ·~xh0|⇡~P,S(~x, t)Oi
�(bµ, (~z, ⌧), ⌘)⇡†

~P,W
(0)|0i

t�⌧�0�����!
Z~P

4aE2
~P

e�E~P tB̃�
i (bz,~bT , a, ⌘, P z) + . . . . (15)

A ratio of three- and two-point correlation functions then
enables the bare isovector quasi beam functions of Eq. (5)

(a) Example of the computed bare quasi beam functions.

(b) Comparison of the values of bare quasi beam functions for
di↵erent Dirac structures �, at the bz parameter indicated by

the orange dotted vertical line in subfigure (a).

(c) Contribution to the renormalized quasi beam function

BMS
�4 /R̃ from each of the bare quasi beam functions shown in

subfigure (b), as a fraction of the dominant contribution. The
large relative uncertainties result from the lower statistics used
to compute the o↵-diagonal renormalization factors and the bare

beam functions with Dirac structures � 6= �4.

FIG. 3: Examples of the extracted bare quasi beam functions
Bbare

� (bz,~bT = bT~ex, a, ⌘, P
z = nz2⇡/L), defined in Eq. (5),

for various parameter choices. Additional examples of the
bare quasi beam functions with di↵erent parameter choices
are displayed in Appendix B.

Calculation of bare quasi-beam functions 1

2

using lattice QCD and LaMET. Section III details the
quenched lattice QCD calculation undertaken here, in-
cluding discussion of the systematic uncertainties in the
calculation, while Sec. IV outlines the requirements for a
fully-controlled calculation of the Collins-Soper kernel to
be achieved by this method.

II. COLLINS-SOPER KERNEL FROM LATTICE

QCD

In Refs. [32, 33] a method was proposed to determine
the quark Collins-Soper kernel using lattice QCD and
LaMET. Precisely, it was shown that �q

⇣ (µ, bT ) can be ex-

tracted from a ratio of nonsinglet quasi TMDPDFs f̃TMD
ns

at di↵erent momenta, which are defined using equal-time
correlation functions within hadron states at large mo-
mentum in the z-direction:

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )

⇥ ln
CTMD

ns (µ, xP z
2 ) f̃TMD

ns (x,~bT , µ, P z
1 )

CTMD
ns (µ, xP z

1 ) f̃TMD
ns (x,~bT , µ, P z

2 )
, (2)

up to power corrections which are discussed further be-
low. In this expression, P z

i � ⇤QCD are the z-component
of the hadron momenta and CTMD

ns is a perturbative
matching coe�cient that has been obtained at one-loop
order [32, 33]. The quasi TMDPDF f̃TMD

ns , defined below,
approximates the physical TMDPDF involving light-like
paths, as detailed in Ref. [33], and complications involv-
ing matching in the soft sector [31, 33, 35, 36] are elim-
inated in the ratio that gives the Collins-Soper kernel.
Similar constructions have been used in calculations of
ratios of x-moments of TMDPDFs from lattice QCD [23–
27].

The unpolarized quasi TMDPDF is defined in terms of
a quasi beam function B̃�

i and a quasi soft factor �̃S [30–
33], both of which are calculable in lattice QCD:

f̃TMD
i

�
x,~bT , µ, P z

�
⌘ lim

a!0
⌘!1

Z
dbz

2⇡
e�ibz(xP z)ZMS

�4�(µ, bz, a)

⇥ P z

E~P

B̃�
i

�
bz,~bT , a, ⌘, P z

�
�̃S (bT , a, ⌘) , (3)

where a denotes the lattice spacing, the subscript i is the
flavor index, and summation over Dirac structures is im-
plied. This summation accounts for the operator mixings
among di↵erent Dirac structures in lattice QCD calcula-
tions defined on a hypercubic space-time lattice [38–40].
Additional mixing with gluon operators, not shown in
Eq. (3), cancels in the flavor nonsinglet combination used
in Eq. (2), which is defined as f̃TMD

ns = f̃TMD
u � f̃TMD

d .
Both B̃�

i and �̃S include logarithmic (⇠ ln a) and lin-
ear (⇠ 1/a) ultraviolet divergences, with the latter pro-
portional to the total lengths of the Wilson lines. Both
functions also include contributions diverging linearly as

T
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<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

q(zµ + bµ)
<latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit><latexit sha1_base64="9ccAEjQZCVKopQ9CH3Q+l76steU=">AAACAnicbVBLSwMxGMzWV62vVU/iJViEilB2i6DHghePFewDumvJptk2NMmuSVaoS/HiX/HiQRGv/gpv/huz7R60dSBhmPmG5JsgZlRpx/m2CkvLK6trxfXSxubW9o69u9dSUSIxaeKIRbITIEUYFaSpqWakE0uCeMBIOxhdZn77nkhFI3GjxzHxORoIGlKMtJF69oEXGTtLp3eTysOtx5PTILtPenbZqTpTwEXi5qQMcjR69pfXj3DCidCYIaW6rhNrP0VSU8zIpOQlisQIj9CAdA0ViBPlp9MVJvDYKH0YRtIcoeFU/Z1IEVdqzAMzyZEeqnkvE//zuokOL/yUijjRRODZQ2HCoI5g1gfsU0mwZmNDEJbU/BXiIZIIa9NayZTgzq+8SFq1qutU3euzcr2W11EEh+AIVIALzkEdXIEGaAIMHsEzeAVv1pP1Yr1bH7PRgpVn9sEfWJ8/U5OXTg==</latexit>

q(zµ)
<latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit><latexit sha1_base64="rb1xwfCm1JXrS3VkxBb4utlrXlQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahXspuKeix4MVjBfsB7VqyabYNTbLbJCvUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdbye3sbm1vZPfLeztHxweFY9PWjpKFKFNEvFIdQKsKWeSNg0znHZiRbEIOG0H45u5336kSrNI3ptpTH2Bh5KFjGBjpc6k/PTQE8llv1hyK+4CaJ14GSlBhka/+NUbRCQRVBrCsdZdz42Nn2JlGOF0VuglmsaYjPGQdi2VWFDtp4t7Z+jCKgMURsqWNGih/p5IsdB6KgLbKbAZ6VVvLv7ndRMTXvspk3FiqCTLRWHCkYnQ/Hk0YIoSw6eWYKKYvRWREVaYGBtRwYbgrb68TlrViudWvLtaqV7N4sjDGZxDGTy4gjrcQgOaQIDDM7zCmzNxXpx352PZmnOymVP4A+fzB4fej5I=</latexit>

qi(z
µ + bµ)

<latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit><latexit sha1_base64="oTdLzm95PLrngoYna2KElOMQITk=">AAACBHicbVBLSwMxGMzWV62vVY+9LBahIpRdEfRY9OKxgn1Aty7ZNNuG5rEmWaEuPXjxr3jxoIhXf4Q3/43Zdg/aOpAwzHxD8k0YU6K0635bhaXlldW14nppY3Nre8fe3WspkUiEm0hQITshVJgSjpuaaIo7scSQhRS3w9Fl5rfvsVRE8Bs9jnGPwQEnEUFQGymwy74wdpZO7yYBqT7c+iw5DrP7KLArbs2dwlkkXk4qIEcjsL/8vkAJw1wjCpXqem6seymUmiCKJyU/UTiGaAQHuGsohwyrXjpdYuIcGqXvREKaw7UzVX8nUsiUGrPQTDKoh2rey8T/vG6io/NeSnicaMzR7KEooY4WTtaI0ycSI03HhkAkifmrg4ZQQqRNbyVTgje/8iJpndQ8t+Zdn1bqF3kdRVAGB6AKPHAG6uAKNEATIPAInsEreLOerBfr3fqYjRasPLMP/sD6/AHm05g6</latexit>

T
<latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit><latexit sha1_base64="OOhYNI0nY2sohpf2VHLcSi8ajP4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t9AvaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLW9s7uXnG/dHB4dHxSPj3r6DhVDNssFrHqBVSj4BLbhhuBvUQhjQKB3WB6v/C7T6g0j2XLzBL0IzqWPOSMGis1W8Nyxa26S5BN4uWkAjkaw/LXYBSzNEJpmKBa9z03MX5GleFM4Lw0SDUmlE3pGPuWShqh9rPloXNyZZURCWNlSxqyVH9PZDTSehYFtjOiZqLXvYX4n9dPTVjzMy6T1KBkq0VhKoiJyeJrMuIKmREzSyhT3N5K2IQqyozNpmRD8NZf3iSdm6rnVr3mbaVey+MowgVcwjV4cAd1eIAGtIEBwjO8wpvz6Lw4787HqrXg5DPn8AfO5w+sp4zO</latexit>

z
<latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit><latexit sha1_base64="J9JDdHFBs2k0q4nHKrk08ded1lg=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF48t2A9oQ9lsJ+3azSbsboQa+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKLSPJb3ZpqgH9GR5CFn1Fip+TQoV9yquwBZJ15OKpCjMSh/9YcxSyOUhgmqdc9zE+NnVBnOBM5K/VRjQtmEjrBnqaQRaj9bHDojF1YZkjBWtqQhC/X3REYjradRYDsjasZ61ZuL/3m91IQ1P+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqtTyOIpzBOVyCBzdQhztoQAsYIDzDK7w5D86L8+58LFsLTj5zCn/gfP4A5j+M9A==</latexit>

zµ + ⌘ẑ
<latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit><latexit sha1_base64="l7BQGQeACphDxUii4+oUOZa8OuY=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRZBEEoigj0WvHisYD+giWWz3bRLdzdhd6K0sT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMCxPONLjut1VYW9/Y3Cpul3Z29/YP7PJhS8epIrRJYh6rTog15UzSJjDgtJMoikXIaTscXc/89gNVmsXyDsYJDQQeSBYxgsFIPbs8ufdFeu5TwP4QQzaZ9uyKW3XncFaJl5MKytHo2V9+PyapoBIIx1p3PTeBIMMKGOF0WvJTTRNMRnhAu4ZKLKgOsvnpU+fUKH0nipUpCc5c/T2RYaH1WISmU2AY6mVvJv7ndVOIakHGZJIClWSxKEq5A7Ezy8HpM0UJ8LEhmChmbnXIECtMwKRVMiF4yy+vktZF1XOr3u1lpV7L4yiiY3SCzpCHrlAd3aAGaiKCHtEzekVv1pP1Yr1bH4vWgpXPHKE/sD5/AJi5lC0=</latexit>

qi(z
µ)
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FIG. 1: Illustration of the staple-shaped Wilson line struc-
ture of the non-local quark bilinear operators O

i
�(b

µ, zµ, ⌘)
defining quasi beam functions, see Eq. (6).

⇠ ⌘/bT in the limit ⌘ ! 1 [33]. The ⌘/a and bT /a
divergences, as well as ⌘/bT -dependence, cancel between

B̃�
i and �̃S in Eq. (3). The factor ZMS

�4�(µ, bz, a) renor-
malizes the remaining linear (⇠ bz/a) and logarithmic
divergences in the quasi TMDPDF and matches it to the
quasi TMDPDF with Dirac structure �4 (where ‘4’ in-
dexes the temporal direction) in the MS scheme at scale
µ [34, 38, 39]. An alternate choice is to consider the quasi
TMDPDF with Dirac structure �3; both �4 and �3 can be
boosted onto �+ and thus define quasi TMDPDFs which
can be matched to the spin-independent TMDPDF in the
infinite-momentum limit.
Quasi beam function: The quasi beam functions in

Eq. (3) are defined as matrix elements of quark bilinear
operators with staple-shaped Wilson lines:

B̃�
i (bz,~bT , a, ⌘, P z) =

D
h(P z)

��Oi
�(bµ, 0, ⌘)

��h(P z)
E

. (4)

Here h(P z) denotes a boosted hadron state with

four-momentum Pµ = (0, 0, P z, E(h)
~P

), with E(h)
~P

=q
~P 2 + m2

h and where mh is the mass of the

hadron h. States are normalized as hh(~P 0)|h(~P )i =

2E(h)
~P

(2⇡)3�(3)(~P � ~P 0). It is convenient to define a di-
mensionless ‘bare’ nonsinglet beam function:

Bbare
� (bz,~bT , a, ⌘, P z) =

1

2E~P

⇣
B̃�

u (bz,~bT , a, ⌘, P z)

�B̃�
d (bz,~bT , a, ⌘, P z)

⌘
. (5)

The operator Oi
�(bµ, 0, ⌘) in Eq. (4) is defined as a quark

bilinear with a staple-shaped Wilson line, depicted in
Fig. 1:

Oi
�(bµ, zµ, ⌘) = q̄i(z

µ + bµ)
�

2
Wẑ(z

µ + bµ; ⌘ � bz)

⇥ W †

T (zµ + ⌘ẑ; bT )W †

ẑ (zµ; ⌘)qi(z
µ)

⌘ q̄i(z
µ + bµ)

�

2
fW (⌘; bµ; zµ)qi(z

µ) , (6)

where fW (⌘; bµ; zµ) is a spatial Wilson line of staple length
⌘ in the ~ez direction connecting endpoints separated by

6

to be extracted:

R�(t, ⌧, bµ, a, ⌘, P z)

=
C�,u

3pt (t, ⌧, b
µ, a, ⌘, P z~ez) � C�,d

3pt (t, ⌧, b
µ, a, ⌘, P z~ez)

C2pt(t, P z~ez)
t�⌧�0�����! Bbare

� (bz,~bT , a, ⌘, P z) + . . . . (16)

Constraining the bare quasi beam functions Bbare
� from

ratios of two- and three- point functions R� for all staple
geometries (specified by {⌘, bµ}), all Dirac structures �,
and all momenta P z, considered in this work, requires
fits for a very large number of operators (35,660) to be
performed. These fits are automated using a fit proce-
dure discussed in Appendix A. An example of the result
of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (16)
are renormalized to the MS scheme by Eq. (11), us-

ing renormalization factors ZMS
O�4�

which were computed

for the same ensemble and operators as studied here
in Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (11)) is shown in Fig. 4. The factor R̃(~bT , bR
T , a, ⌘)

(Eq. (12)) was included in the definition of the renor-
malized quasi beam function to cancel the dependence
of the bare beam function on ⌘ and on bR

T . It is clear
that over choices of bR

T within the perturbative region,
this dependence is indeed removed to better than the
statistical uncertainties of this study. A weighted aver-
age of the renormalized quasi beam function over these
parameters, as well as over di↵erent directions of ~bT , is
thus taken as detailed in Appendix C to define averaged

quasi beam functions B
MS
�4 (µ, bz, bT , a, P z). Examples of

the P zbz-dependence of the resulting quasi beam func-
tions are shown in Fig. 5, and additional examples are

shown in Appendix C. These are the key results used to
extract the Collins-Soper kernel, as discussed in the next
subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (10) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these
e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(17)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the

P z 2 {1.29, 1.94, 2.58} GeV
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• Example fits to 3pt/2pt ratios: source/sink separations 

• Automated procedure: consider all time windows, Akaike information criterion to 
determine optimal fit form; weighted average of all fit results 

• ~35,660 individual fits (different staple geometries, momenta) 
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where n, m index energy eigenstates. Combing Eq. (A1) and Eq. (A2) and isolating the ground-state contributions
yields a spectral representation for ratios of three- and two-point functions:
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(A3)

After determining the spectral quantities appearing on
the left-hand-side of Eq. (A3) from fits to lattice QCD
results for C2pt, where in practice the sum over states
is truncated at n = Nstates as discussed below, the bare
quasi beam functions and other parameters appearing
on the right-hand-side of Eq. (A3) can be determined
from fits to lattice QCD results for three-point to two-
point function ratios. Fitting directly to these ratios
has the advantages that ground-state overlap factors can-
cel exactly between three- and two-point functions and
that correlated ratios are determined more precisely than
three-point functions alone. Including the additional fac-
tor on the left-hand-side of Eq. (A3), which depends only
on energies and overlaps obtained in two-point function
fits, removes the need to model excited-state contami-
nation in the two-point function during fits to the ratio
(which would require fitting several additional parame-
ters entering �2-minimization nonlinearly) without spoil-
ing these correlations.

Three-point correlation functions are computed for six
source/sink separations t/a 2 {9, 12, 15, 18, 21, 24} and
all operator insertion points 0 < ⌧ < t. Signal-to-noise
ratios of two-point and three-point correlation functions

are proportional to e�(E0
~P
�m⇡)t, where m⇡ is the pion

mass, and for nz � 3 the large-separation results are
very noisy and so only results with t/a 2 {9, 12, 15, 18}
are used in fits. Correlated �2-minimization fits of two-
point functions to Eq. (A1), followed subsequently by fits
to Eq. (A3), are performed in an automated manner as
follows:

• The minimum source/sink separation tmin are var-
ied over the range 2  tmin  tmax� tplateau, where
tmax is chosen to be the largest t for which the
signal-to-noise ratio of C2pt(t, a, ~P ) is greater than
a fixed value (a threshold of 2 is used in the re-
sults presented here) and tplateau is a free parame-
ter specifying the minimum number of points in a
fit (results presented here use tplateau = 3). The re-

striction tmin � 2 is set by the degree of nonlocality
in the lattice action. For every possible choice of
tmin within this range, correlated �2-minimization
fits to Eq. (A1) are performed using two-point func-
tion results with tmin  t  tmax. The two-point
function fitting procedure is identical to that de-
scribed in Appendix B of Ref. [58]. To summa-
rize, one-state fits are performed first, followed by
two-state fits. If the Akaike information criterion
(AIC) [59] is improved su�ciently by the addition
of a second state to the fit (a threshold of �AIC
< �2Ndof, where Ndof is the number of degrees of
freedom in the fit, is used in the final results), then
a three-state fit is performed and the same crite-
rion is used to judge whether the three-state fit is
preferred. This procedure is repeated until adding
additional states does not su�ciently improve the
fit, in order to select the optimal number of states
to include in the fit for each tmin. The best-fit pa-
rameters are determined using nonlinear optimiza-
tion for the energies En

~P
, with linear systems of

equations solved to determine Zn
~P

at each iteration.
Covariance matrices are determined using optimal
shrinkage [60] as described in Refs. [58, 61] in order
to reduce finite-statistic e↵ects leading to poorly
conditioned sample covariance matrices. Several
checks on numerical �2 optimization described in
Ref. [58] are then performed to verify the reliabil-
ity of the fit. If these checks are passed, an accept-
able two-point function model has been found for
this choice of tmin, and three- to two-point func-
tion ratios are subsequently analyzed using fits to
Eq. (A3).

• The minimum source/operator and source/sink
separations corresponding to ⌧ 2 [⌧min, ⌧max] are
varied over the ranges 2  ⌧min  (tmin�tplateau)/2
and 2  t � ⌧max  (tmin � tplateau)/2. Three-
point to two-point ratios using all available t 2
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FIG. 9: Examples of fits to the ratio of three- and two-point functions R�(t, ⌧, b
µ, a, ⌘, P z) (Eq. (16)), obtained as described

in the text. Shaded bands of the same colors as the points show 68% bootstrap confidence intervals of the ⌧ and t-dependent
fits from the fit range (specifically the choice of tmin, ⌧min, and ⌧max) that had the highest weight in the weighted average of
successful fits. Gray horizontal bands show the total uncertainty on the bare quasi beam functions extracted from the fits,
including the statistical uncertainty and the systematic uncertainty from variation of the results between di↵erent fit range
choices.
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FIG. 9: Examples of fits to the ratio of three- and two-point functions R�(t, ⌧, b
µ, a, ⌘, P z) (Eq. (16)), obtained as described

in the text. Shaded bands of the same colors as the points show 68% bootstrap confidence intervals of the ⌧ and t-dependent
fits from the fit range (specifically the choice of tmin, ⌧min, and ⌧max) that had the highest weight in the weighted average of
successful fits. Gray horizontal bands show the total uncertainty on the bare quasi beam functions extracted from the fits,
including the statistical uncertainty and the systematic uncertainty from variation of the results between di↵erent fit range
choices.
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tors for the source and sink interpolation opera-
tors and the ellipsis in Eq. (13) denotes contribu-
tions from higher excitations, which are exponentially
suppressed for large t and discussed further in Ap-
pendix A. Wall-source interpolating operators ⇡~P,W (t) =

u(t, ~P/2)�5d(t, ~P/2) are used as sources for correlation
functions, where momentum projected quark fields are

defined by q(t, ~P ) =
P

~x ei~P ·~xq(~x, t) for q = {u, d}.
Momentum-smeared interpolating operators ⇡ ~P,S(~x, t) =
uS(~P/2)(~x, t)�5dS(~P/2)(~x, t) are used as sinks, where

qS(~P )(~x, t) are quasi local smeared quark fields ob-
tained through iterative application of the Gaussian
momentum-smearing operator defined in Ref. [46]. In
particular, 50 steps of iterative momentum-smearing
with smearing radius " = 0.25, as defined in Ref. [46],
are used to construct momentum-smeared sinks for each
momentum corresponding to nz 2 {2, 3, 4}. An e↵ective
energy function that asymptotes to E~P can be defined
from the two-point correlation function by

Ee↵
~P

(t) =
1

a
arccosh

 
C2pt(t + a, ~P ) + C2pt(t � a, ~P )

2C2pt(t, ~P )

!

t�0�! E~P + . . . . (14)

Two-point correlation functions for the three momenta
which are considered here are displayed in Fig. 2. The ex-
tracted energies are slightly smaller than those obtained
with the continuum dispersion relation, with relative de-

viations from E~P =
q

m2
⇡ + |~P |2 ranging from 1.5(4)%

for nz = 2 to 3.5(4)% for nz = 4. These deviations are
consistent with the expected size of lattice artifacts which
are neglected in this exploratory work.

A. Quasi beam functions

Bare quasi beam functions can be computed from
three-point correlation functions with insertions of the
non-local quark bilinear operators Oi

�(bµ, zµ, ⌘), defined
in Eq. (6). For the special case where pion momenta are
taken only in the z-direction (i.e., consistent with the def-
inition of quasi beam functions in Eq. (4)), three-point
correlation functions are defined as

C�,i
3pt(t, ⌧, b

µ, a, ⌘, ~P = P z~ez)

=
X

~x,~z

ei~P ·~xh0|⇡~P,S(~x, t)Oi
�(bµ, (~z, ⌧), ⌘)⇡†

~P,W
(0)|0i

t�⌧�0�����!
Z~P

4aE2
~P

e�E~P tB̃�
i (bz,~bT , a, ⌘, P z) + . . . . (15)

A ratio of three- and two-point correlation functions then
enables the bare isovector quasi beam functions of Eq. (5)

(a) Example of the computed bare quasi beam functions.
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(b) Comparison of the values of bare quasi beam functions for
di↵erent Dirac structures �, at the bz parameter indicated by

the orange dotted vertical line in subfigure (a).

(c) Contribution to the renormalized quasi beam function

BMS
�4 /R̃ from each of the bare quasi beam functions shown in

subfigure (b), as a fraction of the dominant contribution. The
large relative uncertainties result from the lower statistics used
to compute the o↵-diagonal renormalization factors and the bare

beam functions with Dirac structures � 6= �4.

FIG. 3: Examples of the extracted bare quasi beam functions
Bbare

� (bz,~bT = bT~ex, a, ⌘, P
z = nz2⇡/L), defined in Eq. (5),

for various parameter choices. Additional examples of the
bare quasi beam functions with di↵erent parameter choices
are displayed in Appendix B.

• Fits for all

• Asymmetries in            from 
linear divergences cancelled 
by renormalisation 

• Ultimately we are interested in 
contributions from mixing to

Bare quasi-beam functions
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from the two-point correlation function by

Ee↵
~P

(t) =
1

a
arccosh

 
C2pt(t + a, ~P ) + C2pt(t � a, ~P )

2C2pt(t, ~P )

!

t�0�! E~P + . . . . (14)

Two-point correlation functions for the three momenta
which are considered here are displayed in Fig. 2. The ex-
tracted energies are slightly smaller than those obtained
with the continuum dispersion relation, with relative de-

viations from E~P =
q

m2
⇡ + |~P |2 ranging from 1.5(4)%

for nz = 2 to 3.5(4)% for nz = 4. These deviations are
consistent with the expected size of lattice artifacts which
are neglected in this exploratory work.

A. Quasi beam functions

Bare quasi beam functions can be computed from
three-point correlation functions with insertions of the
non-local quark bilinear operators Oi

�(bµ, zµ, ⌘), defined
in Eq. (6). For the special case where pion momenta are
taken only in the z-direction (i.e., consistent with the def-
inition of quasi beam functions in Eq. (4)), three-point
correlation functions are defined as

C�,i
3pt(t, ⌧, b

µ, a, ⌘, ~P = P z~ez)

=
X

~x,~z

ei~P ·~xh0|⇡~P,S(~x, t)Oi
�(bµ, (~z, ⌧), ⌘)⇡†

~P,W
(0)|0i

t�⌧�0�����!
Z~P

4aE2
~P

e�E~P tB̃�
i (bz,~bT , a, ⌘, P z) + . . . . (15)

A ratio of three- and two-point correlation functions then
enables the bare isovector quasi beam functions of Eq. (5)

□□□□□
□□
□
□
□
□
□
□□
□□□□

□
□
□
□
□
□
□
□□

○○○○○○○○
○
○
○
○
○○

○○
○
○

○

○
○
○○○○○

○

△ △ △ △ △ △ △ △
△
△
△
△
△
△ △

△

△

△

△

△
△ △ △

△
△
△
△

□ ○ △

-10 -5 0 5 10

-0.10

-0.05

0.00

0.05

0.10

(a) Example of the computed bare quasi beam functions.

(b) Comparison of the values of bare quasi beam functions for
di↵erent Dirac structures �, at the bz parameter indicated by

the orange dotted vertical line in subfigure (a).

(c) Contribution to the renormalized quasi beam function

BMS
�4 /R̃ from each of the bare quasi beam functions shown in

subfigure (b), as a fraction of the dominant contribution. The
large relative uncertainties result from the lower statistics used
to compute the o↵-diagonal renormalization factors and the bare

beam functions with Dirac structures � 6= �4.

FIG. 3: Examples of the extracted bare quasi beam functions
Bbare

� (bz,~bT = bT~ex, a, ⌘, P
z = nz2⇡/L), defined in Eq. (5),

for various parameter choices. Additional examples of the
bare quasi beam functions with di↵erent parameter choices
are displayed in Appendix B.
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FIG. 10: Bare quasi beam functions Bbare
� (bz,~bT = bT~ex, a, ⌘, P

z = nz2⇡/L), defined in Eq. (5), for various parameter choices.

BMS
�4 (µ, bz,~bT , a, ⌘, P z) =

P zbz
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• Renormalise bare beam function via RI’-MOM prescription  

Phiala Shanahan, MIT

Collins Soper kernel from lattice QCD
Renormalisation and matching2

3

bµ = (~bT , bz, 0). Here T denotes a direction transverse to
~ez, and all spatial Wilson lines are defined as

W↵̂(xµ; ⌘) = P exp


ig

Z ⌘

0
dsA↵(xµ + s↵̂)

�
. (7)

Quasi soft factor: The quasi soft factor �̃S(bT , a, ⌘)
can be computed as the vacuum matrix element of a
closed spatial Wilson loop, whose definition and prop-
erties are detailed in Refs. [30–33]. This factor cancels in
the ratios of quasi TMDPDFs which define the Collins-
Soper evolution kernel by Eq. (2), and will thus not be
discussed further here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences

proportional to ⌘/a and bT /a that cancel between the
two terms, such that the complete renormalization factor
ZMS

�4� is independent of ⌘ and bT . ZMS
O�4�

can be computed

nonperturbatively using the regularization independent
momentum subtraction (RI0/MOM) scheme, with a per-
turbative matching to the MS scheme via a multiplicative
factor RMS

O�4�
as described in Refs. [34, 38]. In this ap-

proach, ZMS
O�4�

can be expressed as

ZMS
O�4�

(µ, bz, bT , a, ⌘) =RMS
O�4�

(µ, pR, bz,~bT , ⌘)

⇥ ZRI0/MOM
O�4�

(pR, bz,~bT , a, ⌘), (9)

where ZRI0/MOM
O�4�

is the RI0/MOM renormalization fac-

tor and pR denotes the matching scale introduced in the
RI0/MOM scheme. At all orders in perturbation theory,

the scheme conversion factor RMS
O�4�

cancels the depen-

dence of ZRI0/MOM
O�4�

on pR and on the direction of ~bT (up

to discretization artefacts).

The authors have previously calculated ZRI0/MOM
O�4�

, and

thereby ZMS
O�4�

, by this approach in a quenched lattice

QCD study [39]; those results are used for the numerical

study in this work. The renormalization factor ZMS
S does

not need to be evaluated for a computation of the Collins-
Soper kernel, as detailed in the following subsection.

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of

introducing power-law divergences in ⌘ and bT separately
in the numerator and denominator (divergences which
were canceled by the quasi soft factor and its renormal-
ization in the original expression for the kernel). More-
over, to ensure that the renormalization and matching
between RI0/MOM and MS is performed in the pertur-
bative region, the scale bT must be taken to be much
smaller than ⇤�1

QCD, a condition which does not permit
an extraction of the Collins-Soper kernel at bT values in
the nonperturbative region. A perturbative renormal-
ization matching scale bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) can,

however, be defined by exploiting the bT -independence of
ZMS

�4�(µ, bz, a), as described in Ref. [34]. In this approach,

for the choice � = �4 in Eq. (3), the Collins-Soper kernel
can be expressed as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

1 )
R

dbze�ibzxP z
2P z

2 lim a!0
⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

2 )

#
,

(10)

where a modified MS-renormalized quasi beam function
BMS

� has been defined as

BMS
�4 (µ, bz,~bT , a, ⌘, P z) = ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z). (11)

Here, the additional factor R̃ has been introduced into
the modified MS-renormalized quasi beam function to
compensate for the power-law divergences ⇠ |bT � bR

T |/a
which would otherwise a↵ect both the numerator and
denominator of Eq. (10):

R̃(bT , bR
T , a, ⌘) =

ZRI0/MOM
O�4�4

(pR = p̃R, bz = 0,~bT , a, ⌘)

ZRI0/MOM
O�4�4

(pR = p̃0R, bz = 0,~bR
T , a, ⌘)

.

(12)

In this definition, fixed choices of p̃R, p̃0R, and of the di-

rections of ~bT and ~bR
T , are taken. Since the factor R̃ is in-

dependent of bz, and thus cancels between the numerator
and denominator of Eq. (10), the specific choice of defini-
tion will not a↵ect the determination of the Collins-Soper
kernel2. In the numerical study in this work, an average
over ~bT and ~bR

T orientations, and over several choices of
p̃R and p̃0R, is performed in the same manner detailed in
Appendix C in the numerator and denominator of R̃.3

2 The definition of R̃ used here di↵ers from that in Ref. [34] by
the omission of the quasi soft factor and by allowing p̃0R to be
di↵erent from p̃R.

3 In the numerical study presented here, a set of ten momenta pR
with p2R ranging from 5.7 to 28 GeV2, as described in Ref. [39],

are used to construct R̃.
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�4�(µ, bz, a), as described in Ref. [34]. In this approach,

for the choice � = �4 in Eq. (3), the Collins-Soper kernel
can be expressed as
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where a modified MS-renormalized quasi beam function
BMS

� has been defined as

BMS
�4 (µ, bz,~bT , a, ⌘, P z) = ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z). (11)

Here, the additional factor R̃ has been introduced into
the modified MS-renormalized quasi beam function to
compensate for the power-law divergences ⇠ |bT � bR

T |/a
which would otherwise a↵ect both the numerator and
denominator of Eq. (10):

R̃(bT , bR
T , a, ⌘) =

ZRI0/MOM
O�4�4

(pR = p̃R, bz = 0,~bT , a, ⌘)

ZRI0/MOM
O�4�4

(pR = p̃0R, bz = 0,~bR
T , a, ⌘)

.

(12)

In this definition, fixed choices of p̃R, p̃0R, and of the di-

rections of ~bT and ~bR
T , are taken. Since the factor R̃ is in-

dependent of bz, and thus cancels between the numerator
and denominator of Eq. (10), the specific choice of defini-
tion will not a↵ect the determination of the Collins-Soper
kernel2. In the numerical study in this work, an average
over ~bT and ~bR

T orientations, and over several choices of
p̃R and p̃0R, is performed in the same manner detailed in
Appendix C in the numerator and denominator of R̃.3

2 The definition of R̃ used here di↵ers from that in Ref. [34] by
the omission of the quasi soft factor and by allowing p̃0R to be
di↵erent from p̃R.

3 In the numerical study presented here, a set of ten momenta pR
with p2R ranging from 5.7 to 28 GeV2, as described in Ref. [39],

are used to construct R̃.

3

bµ = (~bT , bz, 0). Here T denotes a direction transverse to
~ez, and all spatial Wilson lines are defined as
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�
. (7)
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Here, the additional factor R̃ has been introduced into
the modified MS-renormalized quasi beam function to
compensate for the power-law divergences ⇠ |bT � bR
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which would otherwise a↵ect both the numerator and
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In this definition, fixed choices of p̃R, p̃0R, and of the di-

rections of ~bT and ~bR
T , are taken. Since the factor R̃ is in-

dependent of bz, and thus cancels between the numerator
and denominator of Eq. (10), the specific choice of defini-
tion will not a↵ect the determination of the Collins-Soper
kernel2. In the numerical study in this work, an average
over ~bT and ~bR

T orientations, and over several choices of
p̃R and p̃0R, is performed in the same manner detailed in
Appendix C in the numerator and denominator of R̃.3

2 The definition of R̃ used here di↵ers from that in Ref. [34] by
the omission of the quasi soft factor and by allowing p̃0R to be
di↵erent from p̃R.

3 In the numerical study presented here, a set of ten momenta pR
with p2R ranging from 5.7 to 28 GeV2, as described in Ref. [39],

are used to construct R̃.
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mixings for each operator.
Figures 2–7 display graphically the 16 ⇥ 16 matrices

of RI0/MOM renormalization factors for all Dirac struc-
tures � and projectors P, for a range of operators with
di↵erent staple widths and asymmetries bT and b

z, de-
fined in Eq. (2). In each case, percentage mixings relative
to the average diagonal element are displayed, defined as:

M
RI

0/MOM

O�P
= max

pR

M
RI

0/MOM

O�P
(pR)

⌘max
pR

Abs[ZRI
0/MOM

O�P
(pR)]

1

16

P
i Abs[ZRI

0/MOM

O�i�i
(pR)]

, (26)

where to illustrate the importance of mixings the max-
imum over momenta pR is taken over the ten momenta
tabulated in Table II. Due to the o↵-shell nature of the
quark in the Green’s functions and the noncovariance of
the operator Oq

�
(bµ

, 0, ⌘) itself, there can be contributions
from additional Dirac structures involving p

µ
R and b

µ to
the vertex function of O

q
�
(bµ

, 0, ⌘), which do not break
chiral symmetry and are also seen in continuum pertur-
bation theory [60]. In lattice calculations, there are also
operator mixings arising from the breaking of chiral sym-
metry from the UV regularization that have been studied
using one-loop lattice perturbation theory [44, 56], aux-
iliary field methods [47], and symmetry arguments [57].
On Figure 2 and Figures 4-7, the predicted mixing pat-
terns are highlighted for comparison with the numerical
results.4

In general, operators with longer Wilson lines are
seen to su↵er from greater mixing e↵ects than opera-
tors with shorter Wilson lines; this is shown explicitly
for the straight Wilson line operators in Figure 3. Typi-
cally, the mixings predicted by lattice perturbation the-
ory are found to be significant nonperturbatively, but
in many cases other chiral-symmetry-preserving mixings
are found to be equally, or more, important. For the ma-
trix elements of quark bilinear operators with straight
Wilson lines, the nonperturbative mixing pattern is seen
to be block-diagonal for all Wilson line extents. Thus,
while including only the operators expected to mix from
perturbative arguments in a calculation of unsubtracted
quasi PDFs would neglect important contributions, it is
clear that not every Dirac structure must be considered.
The mixing patterns for matrix elements of quark bilin-
ear operators with staple-shaped Wilson lines, however,
are far more extensive and dense in the space of oper-
ator mixings, and almost every operator structure must
be computed to renormalize a calculation of the unsub-
tracted quasi TMDPDFs in this framework.

4
The operator mixing pattern for non-local quark bilinear oper-

ators with generic Wilson lines extending between them only

depends on the directions of the Wilson lines at the end-

points [47, 56] and applies for asymmetric (bz 6= 0) as well as

symmetric staples. We thank Jeremy Green for discussions on

this point.

This suggests that additional operator mixings, for in-
stance chiral-symmetry-breaking mixing between �

0 and
1, arise either from the interplay between symmetry-
breaking operator mixing due to the lattice regulariza-
tion and o↵-diagonal vertex function contributions in-
volving p

µ
R and b

µ, or from some additional mechanism.
This mixing might be reduced by using lattice fermion
actions with approximate chiral symmetry or by choos-
ing a di↵erent definition of the vertex function used to
define the RI0/MOM operator renormalization condition,
and results in this work on the relative importance of
o↵-diagonal renormalization factors are specific to the
RI0/MOM scheme described in Sec. III A, which has been
used in previous studies of nonlocal operators [45, 46].

The patterns of mixings computed on the three en-
sembles with di↵erent lattice spacings are consistent for
each operator shape, with the relative magnitude of o↵-
diagonal mixings relatively larger on the finer ensem-
bles, as shown for the straight Wilson line case in Fig-
ure 5. Studying the dependence of this mixing pattern
on the choice of lattice action, including the e↵ects of
quenching, and nonperturbative renormalization scheme
is left to future work. Future studies including a second
lattice volume will also enable an investigation of the
volume-dependence [67] of the observed mixing patterns,
although it is expected that finite-volume e↵ects in the
renormalization factors are smaller than finite-volume ef-
fects in hadron matrix elements involving the same op-
erator [68].

A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt

�
for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by

Z
MS

O�4�
(µ, pR) = R̃

MS

�4�
0(µ, pR)ZRI

0/MOM

O�0�
(pR), (27)

where the left hand side is independent of the choice of pR

up to discretization e↵ects, nonperturbative e↵ects that
vanish at asymptotically large p

2

R, and neglected two-loop

perturbative matching corrections. Here, Z
MS

O�4�
(µ, pR)

implicitly includes the quasi soft factor included in
R̃

MS

�4�
0(µ, pR) (and thus di↵ers from Z

MS

O�4�
(µ, pR) defined
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tures � and projectors P, for a range of operators with
di↵erent staple widths and asymmetries bT and b

z, de-
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where to illustrate the importance of mixings the max-
imum over momenta pR is taken over the ten momenta
tabulated in Table II. Due to the o↵-shell nature of the
quark in the Green’s functions and the noncovariance of
the operator Oq
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, 0, ⌘) itself, there can be contributions
from additional Dirac structures involving p

µ
R and b

µ to
the vertex function of O
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, 0, ⌘), which do not break
chiral symmetry and are also seen in continuum pertur-
bation theory [60]. In lattice calculations, there are also
operator mixings arising from the breaking of chiral sym-
metry from the UV regularization that have been studied
using one-loop lattice perturbation theory [44, 56], aux-
iliary field methods [47], and symmetry arguments [57].
On Figure 2 and Figures 4-7, the predicted mixing pat-
terns are highlighted for comparison with the numerical
results.4

In general, operators with longer Wilson lines are
seen to su↵er from greater mixing e↵ects than opera-
tors with shorter Wilson lines; this is shown explicitly
for the straight Wilson line operators in Figure 3. Typi-
cally, the mixings predicted by lattice perturbation the-
ory are found to be significant nonperturbatively, but
in many cases other chiral-symmetry-preserving mixings
are found to be equally, or more, important. For the ma-
trix elements of quark bilinear operators with straight
Wilson lines, the nonperturbative mixing pattern is seen
to be block-diagonal for all Wilson line extents. Thus,
while including only the operators expected to mix from
perturbative arguments in a calculation of unsubtracted
quasi PDFs would neglect important contributions, it is
clear that not every Dirac structure must be considered.
The mixing patterns for matrix elements of quark bilin-
ear operators with staple-shaped Wilson lines, however,
are far more extensive and dense in the space of oper-
ator mixings, and almost every operator structure must
be computed to renormalize a calculation of the unsub-
tracted quasi TMDPDFs in this framework.

4
The operator mixing pattern for non-local quark bilinear oper-

ators with generic Wilson lines extending between them only

depends on the directions of the Wilson lines at the end-

points [47, 56] and applies for asymmetric (bz 6= 0) as well as

symmetric staples. We thank Jeremy Green for discussions on

this point.

This suggests that additional operator mixings, for in-
stance chiral-symmetry-breaking mixing between �

0 and
1, arise either from the interplay between symmetry-
breaking operator mixing due to the lattice regulariza-
tion and o↵-diagonal vertex function contributions in-
volving p

µ
R and b

µ, or from some additional mechanism.
This mixing might be reduced by using lattice fermion
actions with approximate chiral symmetry or by choos-
ing a di↵erent definition of the vertex function used to
define the RI0/MOM operator renormalization condition,
and results in this work on the relative importance of
o↵-diagonal renormalization factors are specific to the
RI0/MOM scheme described in Sec. III A, which has been
used in previous studies of nonlocal operators [45, 46].

The patterns of mixings computed on the three en-
sembles with di↵erent lattice spacings are consistent for
each operator shape, with the relative magnitude of o↵-
diagonal mixings relatively larger on the finer ensem-
bles, as shown for the straight Wilson line case in Fig-
ure 5. Studying the dependence of this mixing pattern
on the choice of lattice action, including the e↵ects of
quenching, and nonperturbative renormalization scheme
is left to future work. Future studies including a second
lattice volume will also enable an investigation of the
volume-dependence [67] of the observed mixing patterns,
although it is expected that finite-volume e↵ects in the
renormalization factors are smaller than finite-volume ef-
fects in hadron matrix elements involving the same op-
erator [68].

A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt
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for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by
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vanish at asymptotically large p
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FIG. 4: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with straight Wilson lines (bT = 0),

calculated on the E32 ensemble. The three panels, from left to right, show results for operator extents bz/a = {3, 7, 11}. White
circles indicate the mixings predicted by one-loop lattice perturbation theory and symmetry arguments [44, 47, 57].

FIG. 5: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with straight Wilson lines (bT = 0).

From left to right, panels show results for operators with extent bz/a = 11 calculated on the ensembles E24, E32, E48, with
progressively finer lattice spacing a. White circles indicate the mixings predicted by one-loop lattice perturbation theory and
symmetry arguments [44, 47, 57].

FIG. 6: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with symmetric (bz = 0) staple-shaped

Wilson lines. From left to right, panels show results for operators with bT /a = {3, 7, 11} and ⌘/a = 14, calculated on the E32

ensemble. White circles indicate the mixings predicted by one-loop lattice perturbation theory [56].

bz/a = 11
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Label � a [fm] L3 ⇥ T ⌘  ncfg

E24 6.1005 0.08 243 ⇥ 48 7,9,11 0.121,0.1248 30
E32 6.3017 0.06 323 ⇥ 64 10,12,14 0.1222 30
E48 6.5977 0.04 483 ⇥ 96 15,18,21 0.1233 10

TABLE I: Ensembles of quenched QCD gauge field configu-
rations used in this work [64, 65]. � values were chosen in
Ref. [66] to maintain a fixed physical volume, and ncfg con-
figurations are analyzed on each ensemble. L, T , and ⌘ are
given in lattice units, where ⌘ denotes the staple extents of
the staple-shaped Wilson line operators (Eq. (2)) which are
computed. Valence quark propagators are computed with the
tabulated  values, which correspond to pion masses consis-
tent with m⇡ = 1.20(5) GeV, on each ensemble, and for the
E24 ensemble additionallym⇡ = 340(20) MeV, on gauge fields
subjected to Wilson flow as described in the text.

nµ
p

p2 [GeV] pz [GeV] p[4]/(p2)2

(2,2,2,2) 2.4 1.3 0.27
(2,2,2,4) 2.7 1.3 0.25
(2,2,2,6) 3.1 1.3 0.31
(3,3,3,2) 3.5 1.9 0.30
(3,3,3,4) 3.7 1.9 0.26
(3,3,3,6) 4.0 1.9 0.25
(3,3,3,8) 4.3 1.9 0.28
(4,4,4,4) 4.7 2.6 0.28
(4,4,4,6) 4.9 2.6 0.26
(4,4,4,8) 5.2 2.6 0.25

TABLE II: Four-momenta considered in this work, where pµ

is the four-momentum in physical units corresponding to nµ

in lattice units. Results for RI0/MOM renormalization factors
are computed with bT < 0 and are equivalent to results with
bT > 0 and a sign change in the component of pµ along the
axis used to define bT . Final MS results only depend on |bT |
up to neglected two-loop renormalization scheme matching
e↵ects; for convenience all results are given as functions of
|bT | throughout. Note that pµ for a given nµ is the same
in physical units on all three ensembles. The H(4) invariant
p[4] =

P
4

µ=1
p4µ is discussed in Appendix A.

clover fermion action [63] with  values as given in Ta-
ble I; these choices correspond to a pion mass of 1.2 GeV
on each ensemble. For the E24 ensemble, propagators
corresponding to a pion mass of 340 MeV are also com-
puted to enable a study of the mass-dependence of the
renormalization patterns. Ten di↵erent momenta of the
quark state are considered, tabulated in Table II. While
the dependence of the RI0/MOM renormalization on the
matching scales pR and p

z
R would be canceled by an all-

orders matching to the MS scheme, residual dependence
on these scales remains with a matching calculated per-
turbatively to one-loop order. Studying various momenta
at a range of scales p

2

R from 5.7 to 28 GeV2 and p
z
R from

1.3 to 2.6 GeV allows an assessment of the systematic
uncertainties in this matching.
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FIG. 2: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for

local quark bilinear operators, calculated on the E32 ensem-
ble. White circles indicate the pattern of mixings predicted
based on the o↵-shell nature of the quark in the relevant
Green’s functions [60].

FIG. 3: Submatrix of the RI0/MOM mixing matrix

MRI
0/MOM

O�P
(pR) (Eq. (26)) for quark bilinear operators with

straight Wilson lines (bT = 0) with various extents bz, for
momentum n⌫ = (2, 2, 2, 2) in lattice units, calculated on the
E32 ensemble.

A. Operator mixing with lattice regularization

Ultimately, MS renormalization factors are computed
by combining nonperturbatively-calculated RI0/MOM
factors with the one-loop perturbative matching to the
MS scheme described in Sec. III B. Comparison of the
mixing patterns revealed in the matrix of nonperturba-
tive RI0/MOM factors with the patterns predicted by
perturbation theory, which have been studied in the spe-
cial cases of local operators, straight Wilson-line opera-
tors, and symmetric staple-shaped Wilson line operators,
provides an indication of the important nonperturbative



Phiala Shanahan, MIT

RI’-MOM Renormalisation
• 16x16 matrix: mixing of operators  

with different Dirac structures 

• Additional mixing beyond that predicted  
by 1-loop lattice perturbation theory (dots) 

[Constantinou, Panagopoulos, PRD96 (2017), 
Green, Jansen, Steffens, PRL 121 (2018), Chen et 

al (LP3), Chin. Phys. C43 (2019), Constantinou, 
Panagopoulos, Spanoudes, PRDD99 (2019)]

Symmetric staple Wilson lines
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FIG. 4: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with straight Wilson lines (bT = 0),

calculated on the E32 ensemble. The three panels, from left to right, show results for operator extents bz/a = {3, 7, 11}. White
circles indicate the mixings predicted by one-loop lattice perturbation theory and symmetry arguments [44, 47, 57].

FIG. 5: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with straight Wilson lines (bT = 0).

From left to right, panels show results for operators with extent bz/a = 11 calculated on the ensembles E24, E32, E48, with
progressively finer lattice spacing a. White circles indicate the mixings predicted by one-loop lattice perturbation theory and
symmetry arguments [44, 47, 57].
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FIG. 6: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with symmetric (bz = 0) staple-shaped

Wilson lines. From left to right, panels show results for operators with bT /a = {3, 7, 11} and ⌘/a = 14, calculated on the E32

ensemble. White circles indicate the mixings predicted by one-loop lattice perturbation theory [56].

{bz = 0, bT /a = 11, ⌘/a = 14}
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FIG. 7: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with asymmetric staple-shaped Wilson

lines (bz, bT 6= 0) and ⌘/a = 14, calculated on the E32 ensemble. From left to right, panels show results for operators with
bT /a = {3, 7, 11}, and from top to bottom with bz/a = {3, 7, 11}. For the asymmetric staple, there are no predictions available
for the mixing patterns from one-loop lattice perturbation theory.

{bz/a = 11, bT /a = 11, ⌘/a = 14}
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mixings for each operator.
Figures 2–7 display graphically the 16 ⇥ 16 matrices

of RI0/MOM renormalization factors for all Dirac struc-
tures � and projectors P, for a range of operators with
di↵erent staple widths and asymmetries bT and b

z, de-
fined in Eq. (2). In each case, percentage mixings relative
to the average diagonal element are displayed, defined as:

M
RI

0/MOM

O�P
= max

pR

M
RI

0/MOM

O�P
(pR)

⌘max
pR

Abs[ZRI
0/MOM

O�P
(pR)]

1

16

P
i Abs[ZRI

0/MOM

O�i�i
(pR)]

, (26)

where to illustrate the importance of mixings the max-
imum over momenta pR is taken over the ten momenta
tabulated in Table II. Due to the o↵-shell nature of the
quark in the Green’s functions and the noncovariance of
the operator Oq

�
(bµ

, 0, ⌘) itself, there can be contributions
from additional Dirac structures involving p

µ
R and b

µ to
the vertex function of O

q
�
(bµ

, 0, ⌘), which do not break
chiral symmetry and are also seen in continuum pertur-
bation theory [60]. In lattice calculations, there are also
operator mixings arising from the breaking of chiral sym-
metry from the UV regularization that have been studied
using one-loop lattice perturbation theory [44, 56], aux-
iliary field methods [47], and symmetry arguments [57].
On Figure 2 and Figures 4-7, the predicted mixing pat-
terns are highlighted for comparison with the numerical
results.4

In general, operators with longer Wilson lines are
seen to su↵er from greater mixing e↵ects than opera-
tors with shorter Wilson lines; this is shown explicitly
for the straight Wilson line operators in Figure 3. Typi-
cally, the mixings predicted by lattice perturbation the-
ory are found to be significant nonperturbatively, but
in many cases other chiral-symmetry-preserving mixings
are found to be equally, or more, important. For the ma-
trix elements of quark bilinear operators with straight
Wilson lines, the nonperturbative mixing pattern is seen
to be block-diagonal for all Wilson line extents. Thus,
while including only the operators expected to mix from
perturbative arguments in a calculation of unsubtracted
quasi PDFs would neglect important contributions, it is
clear that not every Dirac structure must be considered.
The mixing patterns for matrix elements of quark bilin-
ear operators with staple-shaped Wilson lines, however,
are far more extensive and dense in the space of oper-
ator mixings, and almost every operator structure must
be computed to renormalize a calculation of the unsub-
tracted quasi TMDPDFs in this framework.

4
The operator mixing pattern for non-local quark bilinear oper-

ators with generic Wilson lines extending between them only

depends on the directions of the Wilson lines at the end-

points [47, 56] and applies for asymmetric (bz 6= 0) as well as

symmetric staples. We thank Jeremy Green for discussions on

this point.

This suggests that additional operator mixings, for in-
stance chiral-symmetry-breaking mixing between �

0 and
1, arise either from the interplay between symmetry-
breaking operator mixing due to the lattice regulariza-
tion and o↵-diagonal vertex function contributions in-
volving p

µ
R and b

µ, or from some additional mechanism.
This mixing might be reduced by using lattice fermion
actions with approximate chiral symmetry or by choos-
ing a di↵erent definition of the vertex function used to
define the RI0/MOM operator renormalization condition,
and results in this work on the relative importance of
o↵-diagonal renormalization factors are specific to the
RI0/MOM scheme described in Sec. III A, which has been
used in previous studies of nonlocal operators [45, 46].

The patterns of mixings computed on the three en-
sembles with di↵erent lattice spacings are consistent for
each operator shape, with the relative magnitude of o↵-
diagonal mixings relatively larger on the finer ensem-
bles, as shown for the straight Wilson line case in Fig-
ure 5. Studying the dependence of this mixing pattern
on the choice of lattice action, including the e↵ects of
quenching, and nonperturbative renormalization scheme
is left to future work. Future studies including a second
lattice volume will also enable an investigation of the
volume-dependence [67] of the observed mixing patterns,
although it is expected that finite-volume e↵ects in the
renormalization factors are smaller than finite-volume ef-
fects in hadron matrix elements involving the same op-
erator [68].

A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt

�
for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by

Z
MS

O�4�
(µ, pR) = R̃

MS

�4�
0(µ, pR)ZRI

0/MOM

O�0�
(pR), (27)

where the left hand side is independent of the choice of pR

up to discretization e↵ects, nonperturbative e↵ects that
vanish at asymptotically large p

2

R, and neglected two-loop

perturbative matching corrections. Here, Z
MS

O�4�
(µ, pR)

implicitly includes the quasi soft factor included in
R̃

MS

�4�
0(µ, pR) (and thus di↵ers from Z

MS

O�4�
(µ, pR) defined
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mixings for each operator.
Figures 2–7 display graphically the 16 ⇥ 16 matrices

of RI0/MOM renormalization factors for all Dirac struc-
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z, de-
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0/MOM

O�P
= max
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0/MOM

O�P
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⌘max
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Abs[ZRI
0/MOM

O�P
(pR)]

1
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P
i Abs[ZRI

0/MOM

O�i�i
(pR)]

, (26)
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iliary field methods [47], and symmetry arguments [57].
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cally, the mixings predicted by lattice perturbation the-
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ator mixings, and almost every operator structure must
be computed to renormalize a calculation of the unsub-
tracted quasi TMDPDFs in this framework.

4
The operator mixing pattern for non-local quark bilinear oper-

ators with generic Wilson lines extending between them only

depends on the directions of the Wilson lines at the end-

points [47, 56] and applies for asymmetric (bz 6= 0) as well as

symmetric staples. We thank Jeremy Green for discussions on

this point.

This suggests that additional operator mixings, for in-
stance chiral-symmetry-breaking mixing between �

0 and
1, arise either from the interplay between symmetry-
breaking operator mixing due to the lattice regulariza-
tion and o↵-diagonal vertex function contributions in-
volving p

µ
R and b

µ, or from some additional mechanism.
This mixing might be reduced by using lattice fermion
actions with approximate chiral symmetry or by choos-
ing a di↵erent definition of the vertex function used to
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o↵-diagonal renormalization factors are specific to the
RI0/MOM scheme described in Sec. III A, which has been
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bles, as shown for the straight Wilson line case in Fig-
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lattice volume will also enable an investigation of the
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although it is expected that finite-volume e↵ects in the
renormalization factors are smaller than finite-volume ef-
fects in hadron matrix elements involving the same op-
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A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.
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The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS
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, given bare matrix elements O
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for all
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Label � a [fm] L3 ⇥ T ⌘  ncfg

E24 6.1005 0.08 243 ⇥ 48 7,9,11 0.121,0.1248 30
E32 6.3017 0.06 323 ⇥ 64 10,12,14 0.1222 30
E48 6.5977 0.04 483 ⇥ 96 15,18,21 0.1233 10

TABLE I: Ensembles of quenched QCD gauge field configu-
rations used in this work [64, 65]. � values were chosen in
Ref. [66] to maintain a fixed physical volume, and ncfg con-
figurations are analyzed on each ensemble. L, T , and ⌘ are
given in lattice units, where ⌘ denotes the staple extents of
the staple-shaped Wilson line operators (Eq. (2)) which are
computed. Valence quark propagators are computed with the
tabulated  values, which correspond to pion masses consis-
tent with m⇡ = 1.20(5) GeV, on each ensemble, and for the
E24 ensemble additionallym⇡ = 340(20) MeV, on gauge fields
subjected to Wilson flow as described in the text.

nµ
p

p2 [GeV] pz [GeV] p[4]/(p2)2

(2,2,2,2) 2.4 1.3 0.27
(2,2,2,4) 2.7 1.3 0.25
(2,2,2,6) 3.1 1.3 0.31
(3,3,3,2) 3.5 1.9 0.30
(3,3,3,4) 3.7 1.9 0.26
(3,3,3,6) 4.0 1.9 0.25
(3,3,3,8) 4.3 1.9 0.28
(4,4,4,4) 4.7 2.6 0.28
(4,4,4,6) 4.9 2.6 0.26
(4,4,4,8) 5.2 2.6 0.25

TABLE II: Four-momenta considered in this work, where pµ

is the four-momentum in physical units corresponding to nµ

in lattice units. Results for RI0/MOM renormalization factors
are computed with bT < 0 and are equivalent to results with
bT > 0 and a sign change in the component of pµ along the
axis used to define bT . Final MS results only depend on |bT |
up to neglected two-loop renormalization scheme matching
e↵ects; for convenience all results are given as functions of
|bT | throughout. Note that pµ for a given nµ is the same
in physical units on all three ensembles. The H(4) invariant
p[4] =

P
4

µ=1
p4µ is discussed in Appendix A.

clover fermion action [63] with  values as given in Ta-
ble I; these choices correspond to a pion mass of 1.2 GeV
on each ensemble. For the E24 ensemble, propagators
corresponding to a pion mass of 340 MeV are also com-
puted to enable a study of the mass-dependence of the
renormalization patterns. Ten di↵erent momenta of the
quark state are considered, tabulated in Table II. While
the dependence of the RI0/MOM renormalization on the
matching scales pR and p

z
R would be canceled by an all-

orders matching to the MS scheme, residual dependence
on these scales remains with a matching calculated per-
turbatively to one-loop order. Studying various momenta
at a range of scales p

2

R from 5.7 to 28 GeV2 and p
z
R from

1.3 to 2.6 GeV allows an assessment of the systematic
uncertainties in this matching.

FIG. 2: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for

local quark bilinear operators, calculated on the E32 ensem-
ble. White circles indicate the pattern of mixings predicted
based on the o↵-shell nature of the quark in the relevant
Green’s functions [60].
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FIG. 3: Submatrix of the RI0/MOM mixing matrix

MRI
0/MOM

O�P
(pR) (Eq. (26)) for quark bilinear operators with

straight Wilson lines (bT = 0) with various extents bz, for
momentum n⌫ = (2, 2, 2, 2) in lattice units, calculated on the
E32 ensemble.

A. Operator mixing with lattice regularization

Ultimately, MS renormalization factors are computed
by combining nonperturbatively-calculated RI0/MOM
factors with the one-loop perturbative matching to the
MS scheme described in Sec. III B. Comparison of the
mixing patterns revealed in the matrix of nonperturba-
tive RI0/MOM factors with the patterns predicted by
perturbation theory, which have been studied in the spe-
cial cases of local operators, straight Wilson-line opera-
tors, and symmetric staple-shaped Wilson line operators,
provides an indication of the important nonperturbative

RI’-MOM Renormalisation

(bT = 0)
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FIG. 4: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with straight Wilson lines (bT = 0),

calculated on the E32 ensemble. The three panels, from left to right, show results for operator extents bz/a = {3, 7, 11}. White
circles indicate the mixings predicted by one-loop lattice perturbation theory and symmetry arguments [44, 47, 57].

FIG. 5: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with straight Wilson lines (bT = 0).

From left to right, panels show results for operators with extent bz/a = 11 calculated on the ensembles E24, E32, E48, with
progressively finer lattice spacing a. White circles indicate the mixings predicted by one-loop lattice perturbation theory and
symmetry arguments [44, 47, 57].

FIG. 6: RI0/MOM mixing pattern MRI
0/MOM

O�P
(Eq. (26)) for quark bilinear operators with symmetric (bz = 0) staple-shaped

Wilson lines. From left to right, panels show results for operators with bT /a = {3, 7, 11} and ⌘/a = 14, calculated on the E32

ensemble. White circles indicate the mixings predicted by one-loop lattice perturbation theory [56].

bz/a = 11
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mixings for each operator.
Figures 2–7 display graphically the 16 ⇥ 16 matrices

of RI0/MOM renormalization factors for all Dirac struc-
tures � and projectors P, for a range of operators with
di↵erent staple widths and asymmetries bT and b

z, de-
fined in Eq. (2). In each case, percentage mixings relative
to the average diagonal element are displayed, defined as:

M
RI

0/MOM

O�P
= max

pR

M
RI

0/MOM

O�P
(pR)

⌘max
pR

Abs[ZRI
0/MOM

O�P
(pR)]

1

16

P
i Abs[ZRI

0/MOM

O�i�i
(pR)]

, (26)

where to illustrate the importance of mixings the max-
imum over momenta pR is taken over the ten momenta
tabulated in Table II. Due to the o↵-shell nature of the
quark in the Green’s functions and the noncovariance of
the operator Oq

�
(bµ

, 0, ⌘) itself, there can be contributions
from additional Dirac structures involving p

µ
R and b

µ to
the vertex function of O

q
�
(bµ

, 0, ⌘), which do not break
chiral symmetry and are also seen in continuum pertur-
bation theory [60]. In lattice calculations, there are also
operator mixings arising from the breaking of chiral sym-
metry from the UV regularization that have been studied
using one-loop lattice perturbation theory [44, 56], aux-
iliary field methods [47], and symmetry arguments [57].
On Figure 2 and Figures 4-7, the predicted mixing pat-
terns are highlighted for comparison with the numerical
results.4

In general, operators with longer Wilson lines are
seen to su↵er from greater mixing e↵ects than opera-
tors with shorter Wilson lines; this is shown explicitly
for the straight Wilson line operators in Figure 3. Typi-
cally, the mixings predicted by lattice perturbation the-
ory are found to be significant nonperturbatively, but
in many cases other chiral-symmetry-preserving mixings
are found to be equally, or more, important. For the ma-
trix elements of quark bilinear operators with straight
Wilson lines, the nonperturbative mixing pattern is seen
to be block-diagonal for all Wilson line extents. Thus,
while including only the operators expected to mix from
perturbative arguments in a calculation of unsubtracted
quasi PDFs would neglect important contributions, it is
clear that not every Dirac structure must be considered.
The mixing patterns for matrix elements of quark bilin-
ear operators with staple-shaped Wilson lines, however,
are far more extensive and dense in the space of oper-
ator mixings, and almost every operator structure must
be computed to renormalize a calculation of the unsub-
tracted quasi TMDPDFs in this framework.

4
The operator mixing pattern for non-local quark bilinear oper-

ators with generic Wilson lines extending between them only

depends on the directions of the Wilson lines at the end-

points [47, 56] and applies for asymmetric (bz 6= 0) as well as

symmetric staples. We thank Jeremy Green for discussions on

this point.

This suggests that additional operator mixings, for in-
stance chiral-symmetry-breaking mixing between �

0 and
1, arise either from the interplay between symmetry-
breaking operator mixing due to the lattice regulariza-
tion and o↵-diagonal vertex function contributions in-
volving p

µ
R and b

µ, or from some additional mechanism.
This mixing might be reduced by using lattice fermion
actions with approximate chiral symmetry or by choos-
ing a di↵erent definition of the vertex function used to
define the RI0/MOM operator renormalization condition,
and results in this work on the relative importance of
o↵-diagonal renormalization factors are specific to the
RI0/MOM scheme described in Sec. III A, which has been
used in previous studies of nonlocal operators [45, 46].

The patterns of mixings computed on the three en-
sembles with di↵erent lattice spacings are consistent for
each operator shape, with the relative magnitude of o↵-
diagonal mixings relatively larger on the finer ensem-
bles, as shown for the straight Wilson line case in Fig-
ure 5. Studying the dependence of this mixing pattern
on the choice of lattice action, including the e↵ects of
quenching, and nonperturbative renormalization scheme
is left to future work. Future studies including a second
lattice volume will also enable an investigation of the
volume-dependence [67] of the observed mixing patterns,
although it is expected that finite-volume e↵ects in the
renormalization factors are smaller than finite-volume ef-
fects in hadron matrix elements involving the same op-
erator [68].

A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt

�
for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by

Z
MS

O�4�
(µ, pR) = R̃

MS

�4�
0(µ, pR)ZRI

0/MOM

O�0�
(pR), (27)

where the left hand side is independent of the choice of pR

up to discretization e↵ects, nonperturbative e↵ects that
vanish at asymptotically large p

2

R, and neglected two-loop

perturbative matching corrections. Here, Z
MS

O�4�
(µ, pR)

implicitly includes the quasi soft factor included in
R̃

MS

�4�
0(µ, pR) (and thus di↵ers from Z

MS

O�4�
(µ, pR) defined
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metry from the UV regularization that have been studied
using one-loop lattice perturbation theory [44, 56], aux-
iliary field methods [47], and symmetry arguments [57].
On Figure 2 and Figures 4-7, the predicted mixing pat-
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In general, operators with longer Wilson lines are
seen to su↵er from greater mixing e↵ects than opera-
tors with shorter Wilson lines; this is shown explicitly
for the straight Wilson line operators in Figure 3. Typi-
cally, the mixings predicted by lattice perturbation the-
ory are found to be significant nonperturbatively, but
in many cases other chiral-symmetry-preserving mixings
are found to be equally, or more, important. For the ma-
trix elements of quark bilinear operators with straight
Wilson lines, the nonperturbative mixing pattern is seen
to be block-diagonal for all Wilson line extents. Thus,
while including only the operators expected to mix from
perturbative arguments in a calculation of unsubtracted
quasi PDFs would neglect important contributions, it is
clear that not every Dirac structure must be considered.
The mixing patterns for matrix elements of quark bilin-
ear operators with staple-shaped Wilson lines, however,
are far more extensive and dense in the space of oper-
ator mixings, and almost every operator structure must
be computed to renormalize a calculation of the unsub-
tracted quasi TMDPDFs in this framework.
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depends on the directions of the Wilson lines at the end-

points [47, 56] and applies for asymmetric (bz 6= 0) as well as
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this point.

This suggests that additional operator mixings, for in-
stance chiral-symmetry-breaking mixing between �

0 and
1, arise either from the interplay between symmetry-
breaking operator mixing due to the lattice regulariza-
tion and o↵-diagonal vertex function contributions in-
volving p

µ
R and b

µ, or from some additional mechanism.
This mixing might be reduced by using lattice fermion
actions with approximate chiral symmetry or by choos-
ing a di↵erent definition of the vertex function used to
define the RI0/MOM operator renormalization condition,
and results in this work on the relative importance of
o↵-diagonal renormalization factors are specific to the
RI0/MOM scheme described in Sec. III A, which has been
used in previous studies of nonlocal operators [45, 46].

The patterns of mixings computed on the three en-
sembles with di↵erent lattice spacings are consistent for
each operator shape, with the relative magnitude of o↵-
diagonal mixings relatively larger on the finer ensem-
bles, as shown for the straight Wilson line case in Fig-
ure 5. Studying the dependence of this mixing pattern
on the choice of lattice action, including the e↵ects of
quenching, and nonperturbative renormalization scheme
is left to future work. Future studies including a second
lattice volume will also enable an investigation of the
volume-dependence [67] of the observed mixing patterns,
although it is expected that finite-volume e↵ects in the
renormalization factors are smaller than finite-volume ef-
fects in hadron matrix elements involving the same op-
erator [68].

A subset of calculations on the E24 ensemble were re-
peated without Wilson flow applied to the gauge fields
or Dirac operator. As outlined in Appendix B, Wilson
flow generically reduces operator mixing, and in partic-
ular reduces some o↵-diagonal elements of the renormal-
ization matrix significantly more than others, such that
one-loop lattice perturbation theory (with an unflowed
action) describes the unflowed mixing pattern somewhat
better than the flowed mixing pattern.

B. Renormalization results

The row of the MS renormalization matrix for bare
quasi beam functions with operator Dirac structure � =
�4 is su�cient to determine MS-renormalized matrix el-
ements of OMS

�4
, given bare matrix elements O

latt
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for all

16 choices of �. These MS renormalization factors are
defined from the nonperturbatively computed RI0/MOM
factor and the perturbative one-loop matching by
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where the left hand side is independent of the choice of pR
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perturbative matching corrections. Here, Z
MS

O�4�
(µ, pR)
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FIG. 8: Scaling of the statistical noise in the nonlocal opera-
tor renormalization with the extent of the Wilson line. The
noise-to-signal ratio shown increases approximately exponen-
tially with the length of the Wilson line, and for example to

achieve 5% uncertainties on ZMS

O�4�4
(µ = 2 GeV) for a sym-

metric staple-shaped operator with bT = 1 fm would require a
statistical ensemble approximately ten times larger than the
one used in this work.

in Eq. (5) by terms which cancel in suitable ratios of

renormalized TMDPDFs), and both Z
MS

O�4�
(µ, pR) and

Z
RI

0/MOM

O�0�
(pR) implicitly depend on a. This renormal-

ization factor is computed for each choice of � with each
of the 10 pR shown in Table II, for staple-shaped opera-
tors with �⌘ < bT < ⌘, �⌘  b

z
 ⌘, for three values of

⌘ on each ensemble shown in Table I.

To determine Z
MS

O�4�
from numerical results at di↵erent

choices of pR, one could fit the data to a model of the
discretization e↵ects in the renormalization matrix. How-
ever, statistical noise in the nonlocal operator renormal-
ization grows exponentially with the length of the Wilson
line as illustrated in Figure 8; in the present study it is
not possible to constrain discretization e↵ects from the
10 momenta used for all but the smallest nonlocal opera-
tor separations. In particular Bayes and Akaike informa-
tion criteria prefer constant fits to more complicated fit
forms including the leading discretization artifacts in the
data (the functional form of these e↵ects is made explicit
in Appendix A). Moreover, the covariance matrices for
nonlocal operators are not reliably estimated from the
current data.

Rather than performing uncorrelated fits to correlated
results, weighted averages are used to remove residual pR
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FIG. 9: Numerical results for ZRI
0/MOM

O�4�4
(pR) and

ZMS

O�4�4
(µ, pR) for the E32 ensemble with ⌘/a = 12,

bz/a = 4, bT /a = 3, µ = 2 GeV, are displayed as orange
circles and blue squares, respectively. Results at ten choices
of pR given in Table II are shown. The blue shaded band
shows the result of the weighted average in Eq. (28) for

ZMS

O�4�4
(µ)± �ZMS

O�4�4
(µ).

dependence,

Z
MS

O�4�
(µ) =

X

n

wnZ
MS

O�4�
(µ, p

n
R) ,

�statZ
MS

O�4�
(µ)2 =

X

n

wn�Z
MS

O�4�
(µ, p

n
R)2 ,

�sysZ
MS

O�4�
(µ)2 =

X

n

⇣
Z

MS

O�4�
(µ) � Z

MS

O�4�
(µ, p

n
R)

⌘2

,

�Z
MS

O�4�
(µ)2 = �statZ

MS

O�4�
(µ)2 + �sysZ

MS

O�4�
(µ)2,

(28)

where the weights are chosen to sum to unity and to be
proportional to the inverse variance of the result for each
momentum:

wn =
w̃nP
n w̃n

, w̃n =
1

�ZMS

O�4�
(µ, pn

R)2
. (29)

The central value of this weighted average is identical to
the central value of an uncorrelated fit and ensures that
the fit is constrained most heavily by the most precise
data. The inverse variance of this weighted average is
the average inverse variance of the data, while the inverse
variance of an uncorrelated �

2-minimization fit is equal
to the same quantity times the number of data points.
Uncorrelated fits to correlated data therefore lead to a
spurious reduction in the uncertainty of the fit result that
is avoided by Eq. (28). The systematic uncertainty term
in Eq. (28) is included to reflect the uncertainty arising
from unresolved discretization and nonperturbative ef-
fects. The resulting systematic error on Z

MS

O�4�4
is < 15%

in all cases; for all but the largest Wilson line extents
the systematic uncertainty is . 2%. Similar results hold
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FIG. 13: ⌘ dependence of the MS renormalization constants ZMS

O��0 (µ = 2 GeV) for the E32 ensemble with bT /a = 6, µ = 2
GeV, and di↵erent bz as indicated. The left figure shows diagonal elements of the renormalization matrices, while the right
figure shows ratios of o↵-diagonal to diagonal elements. Dashed lines show fits to the exponential dependence on ⌘ in Eq. (30),
with independent normalization for each ⌘ and a single common exponent � = 0.08051(71).

(a) (b)

FIG. 14: Lattice spacing dependence of MS renormalization constants ZMS

O�4�4
(µ = 2 GeV), for quark bilinear operators with

Wilson line geometry defined by ⌘ = 0.72 fm, bT = 0.36 fm, µ = 2 GeV, and di↵erent bz as indicated. The left figure shows

results for ZMS

O�4�4
(µ = 2 GeV), while the right figure shows the same results rescaled by e��`/a, with the best-fit value of

� = 0.10 taken from a simultaneous fit to all three ensembles by Eq. (30), as described in the text.

3

bµ = (~bT , bz, 0). Here T denotes a direction transverse to
~ez, and all spatial Wilson lines are defined as

W↵̂(xµ; ⌘) = P exp


ig

Z ⌘

0
dsA↵(xµ + s↵̂)

�
. (7)

Quasi soft factor: The quasi soft factor �̃S(bT , a, ⌘)
can be computed as the vacuum matrix element of a
closed spatial Wilson loop, whose definition and prop-
erties are detailed in Refs. [30–33]. This factor cancels in
the ratios of quasi TMDPDFs which define the Collins-
Soper evolution kernel by Eq. (2), and will thus not be
discussed further here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences

proportional to ⌘/a and bT /a that cancel between the
two terms, such that the complete renormalization factor
ZMS

�4� is independent of ⌘ and bT . ZMS
O�4�

can be computed

nonperturbatively using the regularization independent
momentum subtraction (RI0/MOM) scheme, with a per-
turbative matching to the MS scheme via a multiplicative
factor RMS

O�4�
as described in Refs. [34, 38]. In this ap-

proach, ZMS
O�4�

can be expressed as

ZMS
O�4�

(µ, bz, bT , a, ⌘) =RMS
O�4�

(µ, pR, bz,~bT , ⌘)

⇥ ZRI0/MOM
O�4�

(pR, bz,~bT , a, ⌘), (9)

where ZRI0/MOM
O�4�

is the RI0/MOM renormalization fac-

tor and pR denotes the matching scale introduced in the
RI0/MOM scheme. At all orders in perturbation theory,

the scheme conversion factor RMS
O�4�

cancels the depen-

dence of ZRI0/MOM
O�4�

on pR and on the direction of ~bT (up

to discretization artefacts).

The authors have previously calculated ZRI0/MOM
O�4�

, and

thereby ZMS
O�4�

, by this approach in a quenched lattice

QCD study [39]; those results are used for the numerical

study in this work. The renormalization factor ZMS
S does

not need to be evaluated for a computation of the Collins-
Soper kernel, as detailed in the following subsection.

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of

introducing power-law divergences in ⌘ and bT separately
in the numerator and denominator (divergences which
were canceled by the quasi soft factor and its renormal-
ization in the original expression for the kernel). More-
over, to ensure that the renormalization and matching
between RI0/MOM and MS is performed in the pertur-
bative region, the scale bT must be taken to be much
smaller than ⇤�1

QCD, a condition which does not permit
an extraction of the Collins-Soper kernel at bT values in
the nonperturbative region. A perturbative renormal-
ization matching scale bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) can,

however, be defined by exploiting the bT -independence of
ZMS

�4�(µ, bz, a), as described in Ref. [34]. In this approach,

for the choice � = �4 in Eq. (3), the Collins-Soper kernel
can be expressed as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

1 )
R

dbze�ibzxP z
2P z

2 lim a!0
⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

2 )

#
,

(10)

where a modified MS-renormalized quasi beam function
BMS

� has been defined as

BMS
�4 (µ, bz,~bT , a, ⌘, P z) = ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z). (11)

Here, the additional factor R̃ has been introduced into
the modified MS-renormalized quasi beam function to
compensate for the power-law divergences ⇠ |bT � bR

T |/a
which would otherwise a↵ect both the numerator and
denominator of Eq. (10):

R̃(bT , bR
T , a, ⌘) =

ZRI0/MOM
O�4�4

(pR = p̃R, bz = 0,~bT , a, ⌘)

ZRI0/MOM
O�4�4

(pR = p̃0R, bz = 0,~bR
T , a, ⌘)

.

(12)

In this definition, fixed choices of p̃R, p̃0R, and of the di-

rections of ~bT and ~bR
T , are taken. Since the factor R̃ is in-

dependent of bz, and thus cancels between the numerator
and denominator of Eq. (10), the specific choice of defini-
tion will not a↵ect the determination of the Collins-Soper
kernel2. In the numerical study in this work, an average
over ~bT and ~bR

T orientations, and over several choices of
p̃R and p̃0R, is performed in the same manner detailed in
Appendix C in the numerator and denominator of R̃.3

2 The definition of R̃ used here di↵ers from that in Ref. [34] by
the omission of the quasi soft factor and by allowing p̃0R to be
di↵erent from p̃R.

3 In the numerical study presented here, a set of ten momenta pR
with p2R ranging from 5.7 to 28 GeV2, as described in Ref. [39],

are used to construct R̃.

Diagonal element Off-diagonal/diagonal ratio
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tors for the source and sink interpolation opera-
tors and the ellipsis in Eq. (13) denotes contribu-
tions from higher excitations, which are exponentially
suppressed for large t and discussed further in Ap-
pendix A. Wall-source interpolating operators ⇡~P,W (t) =

u(t, ~P/2)�5d(t, ~P/2) are used as sources for correlation
functions, where momentum projected quark fields are

defined by q(t, ~P ) =
P

~x ei~P ·~xq(~x, t) for q = {u, d}.
Momentum-smeared interpolating operators ⇡ ~P,S(~x, t) =
uS(~P/2)(~x, t)�5dS(~P/2)(~x, t) are used as sinks, where

qS(~P )(~x, t) are quasi local smeared quark fields ob-
tained through iterative application of the Gaussian
momentum-smearing operator defined in Ref. [46]. In
particular, 50 steps of iterative momentum-smearing
with smearing radius " = 0.25, as defined in Ref. [46],
are used to construct momentum-smeared sinks for each
momentum corresponding to nz 2 {2, 3, 4}. An e↵ective
energy function that asymptotes to E~P can be defined
from the two-point correlation function by

Ee↵
~P

(t) =
1

a
arccosh

 
C2pt(t + a, ~P ) + C2pt(t � a, ~P )

2C2pt(t, ~P )

!

t�0�! E~P + . . . . (14)

Two-point correlation functions for the three momenta
which are considered here are displayed in Fig. 2. The ex-
tracted energies are slightly smaller than those obtained
with the continuum dispersion relation, with relative de-

viations from E~P =
q

m2
⇡ + |~P |2 ranging from 1.5(4)%

for nz = 2 to 3.5(4)% for nz = 4. These deviations are
consistent with the expected size of lattice artifacts which
are neglected in this exploratory work.

A. Quasi beam functions

Bare quasi beam functions can be computed from
three-point correlation functions with insertions of the
non-local quark bilinear operators Oi

�(bµ, zµ, ⌘), defined
in Eq. (6). For the special case where pion momenta are
taken only in the z-direction (i.e., consistent with the def-
inition of quasi beam functions in Eq. (4)), three-point
correlation functions are defined as

C�,i
3pt(t, ⌧, b

µ, a, ⌘, ~P = P z~ez)

=
X

~x,~z

ei~P ·~xh0|⇡~P,S(~x, t)Oi
�(bµ, (~z, ⌧), ⌘)⇡†

~P,W
(0)|0i

t�⌧�0�����!
Z~P

4aE2
~P

e�E~P tB̃�
i (bz,~bT , a, ⌘, P z) + . . . . (15)

A ratio of three- and two-point correlation functions then
enables the bare isovector quasi beam functions of Eq. (5)

(a) Example of the computed bare quasi beam functions.

(b) Comparison of the values of bare quasi beam functions for
di↵erent Dirac structures �, at the bz parameter indicated by

the orange dotted vertical line in subfigure (a).
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(c) Contribution to the renormalized quasi beam function

BMS
�4 /R̃ from each of the bare quasi beam functions shown in

subfigure (b), as a fraction of the dominant contribution. The
large relative uncertainties result from the lower statistics used
to compute the o↵-diagonal renormalization factors and the bare

beam functions with Dirac structures � 6= �4.

FIG. 3: Examples of the extracted bare quasi beam functions
Bbare

� (bz,~bT = bT~ex, a, ⌘, P
z = nz2⇡/L), defined in Eq. (5),

for various parameter choices. Additional examples of the
bare quasi beam functions with di↵erent parameter choices
are displayed in Appendix B.

Operator mixing under renormalisation
• Mixing of operators with different Dirac structures into           at the level 

of 10-20%; significant mixing not limited to that predicted by 1-loop PT 

• Large uncertainties: lower statistics (10%) used to calculate quasi-beam 
functions for operators                for computational expediency 
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Example: just one set 
of parameters, similar 
patterns for other

{nz, ⌘, bT , b
z}
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• Fit beam function to a constant in             (i.e., constant ansatz for            limit)

Phiala Shanahan, MIT

Renormalised quasi-beam functions

3

bµ = (~bT , bz, 0). Here T denotes a direction transverse to
~ez, and all spatial Wilson lines are defined as

W↵̂(xµ; ⌘) = P exp


ig

Z ⌘

0
dsA↵(xµ + s↵̂)

�
. (7)

Quasi soft factor: The quasi soft factor �̃S(bT , a, ⌘)
can be computed as the vacuum matrix element of a
closed spatial Wilson loop, whose definition and prop-
erties are detailed in Refs. [30–33]. This factor cancels in
the ratios of quasi TMDPDFs which define the Collins-
Soper evolution kernel by Eq. (2), and will thus not be
discussed further here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences

proportional to ⌘/a and bT /a that cancel between the
two terms, such that the complete renormalization factor
ZMS

�4� is independent of ⌘ and bT . ZMS
O�4�

can be computed

nonperturbatively using the regularization independent
momentum subtraction (RI0/MOM) scheme, with a per-
turbative matching to the MS scheme via a multiplicative
factor RMS

O�4�
as described in Refs. [34, 38]. In this ap-

proach, ZMS
O�4�

can be expressed as

ZMS
O�4�

(µ, bz, bT , a, ⌘) =RMS
O�4�

(µ, pR, bz,~bT , ⌘)

⇥ ZRI0/MOM
O�4�

(pR, bz,~bT , a, ⌘), (9)

where ZRI0/MOM
O�4�

is the RI0/MOM renormalization fac-

tor and pR denotes the matching scale introduced in the
RI0/MOM scheme. At all orders in perturbation theory,

the scheme conversion factor RMS
O�4�

cancels the depen-

dence of ZRI0/MOM
O�4�

on pR and on the direction of ~bT (up

to discretization artefacts).

The authors have previously calculated ZRI0/MOM
O�4�

, and

thereby ZMS
O�4�

, by this approach in a quenched lattice

QCD study [39]; those results are used for the numerical

study in this work. The renormalization factor ZMS
S does

not need to be evaluated for a computation of the Collins-
Soper kernel, as detailed in the following subsection.

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of

introducing power-law divergences in ⌘ and bT separately
in the numerator and denominator (divergences which
were canceled by the quasi soft factor and its renormal-
ization in the original expression for the kernel). More-
over, to ensure that the renormalization and matching
between RI0/MOM and MS is performed in the pertur-
bative region, the scale bT must be taken to be much
smaller than ⇤�1

QCD, a condition which does not permit
an extraction of the Collins-Soper kernel at bT values in
the nonperturbative region. A perturbative renormal-
ization matching scale bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) can,

however, be defined by exploiting the bT -independence of
ZMS

�4�(µ, bz, a), as described in Ref. [34]. In this approach,

for the choice � = �4 in Eq. (3), the Collins-Soper kernel
can be expressed as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

1 )
R

dbze�ibzxP z
2P z

2 lim a!0
⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

2 )

#
,

(10)

where a modified MS-renormalized quasi beam function
BMS

� has been defined as

BMS
�4 (µ, bz,~bT , a, ⌘, P z) = ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z). (11)

Here, the additional factor R̃ has been introduced into
the modified MS-renormalized quasi beam function to
compensate for the power-law divergences ⇠ |bT � bR

T |/a
which would otherwise a↵ect both the numerator and
denominator of Eq. (10):

R̃(bT , bR
T , a, ⌘) =

ZRI0/MOM
O�4�4

(pR = p̃R, bz = 0,~bT , a, ⌘)

ZRI0/MOM
O�4�4

(pR = p̃0R, bz = 0,~bR
T , a, ⌘)

.

(12)

In this definition, fixed choices of p̃R, p̃0R, and of the di-

rections of ~bT and ~bR
T , are taken. Since the factor R̃ is in-

dependent of bz, and thus cancels between the numerator
and denominator of Eq. (10), the specific choice of defini-
tion will not a↵ect the determination of the Collins-Soper
kernel2. In the numerical study in this work, an average
over ~bT and ~bR

T orientations, and over several choices of
p̃R and p̃0R, is performed in the same manner detailed in
Appendix C in the numerator and denominator of R̃.3

2 The definition of R̃ used here di↵ers from that in Ref. [34] by
the omission of the quasi soft factor and by allowing p̃0R to be
di↵erent from p̃R.

3 In the numerical study presented here, a set of ten momenta pR
with p2R ranging from 5.7 to 28 GeV2, as described in Ref. [39],

are used to construct R̃.
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to discretization artefacts).

The authors have previously calculated ZRI0/MOM
O�4�

, and

thereby ZMS
O�4�

, by this approach in a quenched lattice

QCD study [39]; those results are used for the numerical

study in this work. The renormalization factor ZMS
S does

not need to be evaluated for a computation of the Collins-
Soper kernel, as detailed in the following subsection.

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of

introducing power-law divergences in ⌘ and bT separately
in the numerator and denominator (divergences which
were canceled by the quasi soft factor and its renormal-
ization in the original expression for the kernel). More-
over, to ensure that the renormalization and matching
between RI0/MOM and MS is performed in the pertur-
bative region, the scale bT must be taken to be much
smaller than ⇤�1

QCD, a condition which does not permit
an extraction of the Collins-Soper kernel at bT values in
the nonperturbative region. A perturbative renormal-
ization matching scale bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) can,

however, be defined by exploiting the bT -independence of
ZMS

�4�(µ, bz, a), as described in Ref. [34]. In this approach,

for the choice � = �4 in Eq. (3), the Collins-Soper kernel
can be expressed as

�q
⇣ (µ, bT ) =

1

ln(P z
1 /P z

2 )
ln

"
CTMD

ns (µ, xP z
2 )

CTMD
ns (µ, xP z

1 )

⇥

R
dbze�ibzxP z

1 P z
1 lim a!0

⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

1 )
R

dbze�ibzxP z
2P z

2 lim a!0
⌘!1

BMS
�4 (µ, bz,~bT , a, ⌘, P z

2 )

#
,

(10)

where a modified MS-renormalized quasi beam function
BMS

� has been defined as

BMS
�4 (µ, bz,~bT , a, ⌘, P z) = ZMS

O�4�
(µ, bz, bR

T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z). (11)

Here, the additional factor R̃ has been introduced into
the modified MS-renormalized quasi beam function to
compensate for the power-law divergences ⇠ |bT � bR

T |/a
which would otherwise a↵ect both the numerator and
denominator of Eq. (10):

R̃(bT , bR
T , a, ⌘) =

ZRI0/MOM
O�4�4

(pR = p̃R, bz = 0,~bT , a, ⌘)

ZRI0/MOM
O�4�4

(pR = p̃0R, bz = 0,~bR
T , a, ⌘)

.

(12)

In this definition, fixed choices of p̃R, p̃0R, and of the di-

rections of ~bT and ~bR
T , are taken. Since the factor R̃ is in-

dependent of bz, and thus cancels between the numerator
and denominator of Eq. (10), the specific choice of defini-
tion will not a↵ect the determination of the Collins-Soper
kernel2. In the numerical study in this work, an average
over ~bT and ~bR

T orientations, and over several choices of
p̃R and p̃0R, is performed in the same manner detailed in
Appendix C in the numerator and denominator of R̃.3

2 The definition of R̃ used here di↵ers from that in Ref. [34] by
the omission of the quasi soft factor and by allowing p̃0R to be
di↵erent from p̃R.

3 In the numerical study presented here, a set of ten momenta pR
with p2R ranging from 5.7 to 28 GeV2, as described in Ref. [39],

are used to construct R̃.
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FIG. 4: Renormalized quasi beam function BMS
�4 (µ, bz,~bT , a, ⌘, b

R
T , P

z) in Eq. (11) (right column), and the same quantity

divided by the factor R̃(bT , b
R
T , a, ⌘) in Eq. (12) (left column), similarly averaged, for various parameter choices. The horizontal

shaded bands show the results of constant fits in bRT and ⌘ to the renormalized quasi beam function as a function of bz and P z

(at the fixed a of the calculation), as described in the text.
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FIG. 5: Averaged renormalized quasi beam function B
MS
�4 (µ, bz, bT , a, P

z = nz2⇡/L) at small (a) and large (b) bT , after

averaging over directions of ~bT , and weighted averaging over bRT and ⌘, as detailed in Appendix C. Further examples of the
averaged renormalized quasi beam functions at di↵erent choices of bT are also given in Appendix C.
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FIG. 4: Renormalized quasi beam function BMS
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T , P
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divided by the factor R̃(bT , b
R
T , a, ⌘) in Eq. (12) (left column), similarly averaged, for various parameter choices. The horizontal

shaded bands show the results of constant fits in bRT and ⌘ to the renormalized quasi beam function as a function of bz and P z

(at the fixed a of the calculation), as described in the text.
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FIG. 5: Averaged renormalized quasi beam function B
MS
�4 (µ, bz, bT , a, P

z = nz2⇡/L) at small (a) and large (b) bT , after

averaging over directions of ~bT , and weighted averaging over bRT and ⌘, as detailed in Appendix C. Further examples of the
averaged renormalized quasi beam functions at di↵erent choices of bT are also given in Appendix C.
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FIG. 4: Renormalized quasi beam function BMS
�4 (µ, bz,~bT , a, ⌘, b

R
T , P

z) in Eq. (11) (right column), and the same quantity

divided by the factor R̃(bT , b
R
T , a, ⌘) in Eq. (12) (left column), similarly averaged, for various parameter choices. The horizontal

shaded bands show the results of constant fits in bRT and ⌘ to the renormalized quasi beam function as a function of bz and P z

(at the fixed a of the calculation), as described in the text.
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FIG. 5: Averaged renormalized quasi beam function B
MS
�4 (µ, bz, bT , a, P

z = nz2⇡/L) at small (a) and large (b) bT , after

averaging over directions of ~bT , and weighted averaging over bRT and ⌘, as detailed in Appendix C. Further examples of the
averaged renormalized quasi beam functions at di↵erent choices of bT are also given in Appendix C.
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tors for the source and sink interpolation opera-
tors and the ellipsis in Eq. (13) denotes contribu-
tions from higher excitations, which are exponentially
suppressed for large t and discussed further in Ap-
pendix A. Wall-source interpolating operators ⇡~P,W (t) =

u(t, ~P/2)�5d(t, ~P/2) are used as sources for correlation
functions, where momentum projected quark fields are

defined by q(t, ~P ) =
P

~x ei~P ·~xq(~x, t) for q = {u, d}.
Momentum-smeared interpolating operators ⇡ ~P,S(~x, t) =
uS(~P/2)(~x, t)�5dS(~P/2)(~x, t) are used as sinks, where

qS(~P )(~x, t) are quasi local smeared quark fields ob-
tained through iterative application of the Gaussian
momentum-smearing operator defined in Ref. [46]. In
particular, 50 steps of iterative momentum-smearing
with smearing radius " = 0.25, as defined in Ref. [46],
are used to construct momentum-smeared sinks for each
momentum corresponding to nz 2 {2, 3, 4}. An e↵ective
energy function that asymptotes to E~P can be defined
from the two-point correlation function by

Ee↵
~P

(t) =
1

a
arccosh

 
C2pt(t + a, ~P ) + C2pt(t � a, ~P )

2C2pt(t, ~P )

!

t�0�! E~P + . . . . (14)

Two-point correlation functions for the three momenta
which are considered here are displayed in Fig. 2. The ex-
tracted energies are slightly smaller than those obtained
with the continuum dispersion relation, with relative de-

viations from E~P =
q

m2
⇡ + |~P |2 ranging from 1.5(4)%

for nz = 2 to 3.5(4)% for nz = 4. These deviations are
consistent with the expected size of lattice artifacts which
are neglected in this exploratory work.

A. Quasi beam functions

Bare quasi beam functions can be computed from
three-point correlation functions with insertions of the
non-local quark bilinear operators Oi

�(bµ, zµ, ⌘), defined
in Eq. (6). For the special case where pion momenta are
taken only in the z-direction (i.e., consistent with the def-
inition of quasi beam functions in Eq. (4)), three-point
correlation functions are defined as

C�,i
3pt(t, ⌧, b

µ, a, ⌘, ~P = P z~ez)

=
X

~x,~z

ei~P ·~xh0|⇡~P,S(~x, t)Oi
�(bµ, (~z, ⌧), ⌘)⇡†

~P,W
(0)|0i

t�⌧�0�����!
Z~P

4aE2
~P

e�E~P tB̃�
i (bz,~bT , a, ⌘, P z) + . . . . (15)

A ratio of three- and two-point correlation functions then
enables the bare isovector quasi beam functions of Eq. (5)
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(a) Example of the computed bare quasi beam functions.

(b) Comparison of the values of bare quasi beam functions for
di↵erent Dirac structures �, at the bz parameter indicated by

the orange dotted vertical line in subfigure (a).

(c) Contribution to the renormalized quasi beam function

BMS
�4 /R̃ from each of the bare quasi beam functions shown in

subfigure (b), as a fraction of the dominant contribution. The
large relative uncertainties result from the lower statistics used
to compute the o↵-diagonal renormalization factors and the bare

beam functions with Dirac structures � 6= �4.

FIG. 3: Examples of the extracted bare quasi beam functions
Bbare

� (bz,~bT = bT~ex, a, ⌘, P
z = nz2⇡/L), defined in Eq. (5),

for various parameter choices. Additional examples of the
bare quasi beam functions with di↵erent parameter choices
are displayed in Appendix B.

Bare Renormalised

3

TMDPDFs which define the Collins-Soper evolution ker-
nel by Eq. (2), and will thus not be discussed further
here.

Renormalization factor: The renormalization factor
ZMS

�4� can be separated into two parts which renormal-
ize the quasi beam function and soft factor respectively,
denoted by ZMS

O�4�
and ZMS

S :

ZMS
�4�(µ, bz, a) = ZMS

O�4�
(µ, bz, bT , a, ⌘)ZMS

S (µ, bT , a, ⌘).

(8)

Both ZMS
O�4�

and ZMS
S include linear power divergences ⇠

1/a that are proportional to the total Wilson line lengths
in the non-local quark bilinear operators Oi

�, but bT de-
pendence and divergent ⌘ dependence cancels between
them [34]. The authors have previously calculated ZMS

O��0

in a quenched lattice QCD study [39], where the opera-
tor Ons

� was nonperturbatively renormalized in a regular-
ization independent momentum subtraction (RI0/MOM)
scheme, and then perturbatively matched to the MS
scheme [34, 38].

Collins-Soper kernel: In the ratio of quasi TMDPDFs
which gives the Collins-Soper kernel in Eq. (2), �̃S and

its renormalization factor ZMS
S , which do not depend on

bz, cancel between the numerator and denominator. As
a result, �q

⇣ (µ, bT ) can be expressed in terms of the quasi
beam function and its renormalization only, at the cost of
introducing power-law divergences in the numerator and
denominator that are canceled by the quasi soft factor
and its renormalization in the original form. Moreover,
to ensure that the renormalization and matching between
RI0/MOM and MS is performed in the perturbative re-
gion, the scale bT must be taken to be much smaller than
⇤�1
QCD, a condition which does not permit an extraction

of the Collins-Soper kernel at bT values in the nonper-
turbative region. It was therefore suggested in Ref. [34]
to define a perturbative renormalization matching scale
bT = bR

T ⌧ ⇤�1
QCD in Eq. (8) by exploiting the bT -

independence of ZMS
�4�(µ, bz, a), and to introduce an addi-

tional factor R̃, constructed to compensate for the power-
law divergences, into the MS-renormalized quasi beam
function. Under this prescription, the MS-renormalized
quasi beam function BMS

� may be defined as

BMS
�4 (µ, bz,~bT , a, ⌘, bR

T , P z) = ZMS
O�4�

(µ, bz,~bR
T , a, ⌘)

⇥ R̃(bT , bR
T , a, ⌘)Bbare

� (bz,~bT , a, ⌘, P z), (9)

where~bR
T is chosen to be parallel to~bT .2 R̃ is independent

of bz and thus cancels in the ratio that gives the Collins-
Soper kernel3 in Eq. (2):

R̃(bT , bR
T , a, ⌘) =

Z
RI0/MOM
O�4�4

(bT , a, ⌘)

Z
RI0/MOM
O�4�4

(bR
T , a, ⌘)

. (10)

Here, Z
RI0/MOM
O�4�4

(bT , a, ⌘) is defined as a weighted

average of the RI0/MOM renormalization fac-

tors ZRI0/MOM
O�4�4

(pR, bz,~bT , a, ⌘) over orientations

~bT = bT {~ex,~ey} and over a set of choices of the
external quark momenta pR, as detailed in Ref. [39].
This average is taken analogously to the weighted
average over quasi beam function orientations described
in Appendix C. The dependence on bR

T in Eq. (9) should

cancel between R̃(bT , bR
T , a, ⌘) and ZMS

O�4�
(µ, bz, bR

T , a, ⌘).

Nevertheless, bR
T is retained as an argument of BMS

�4 to

account for any uncanceled finite dependence on bR
T , and

an average over several bR
T values is implemented in the

numerical study. For the choice � = �4 in Eq. (3), the
Collins-Soper kernel can thus be obtained as
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#
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Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (11). First,
since the kernel is independent of the external state, one
may calculate the quasi beam functions in the state with
the best signal-to-noise properties in a lattice QCD cal-
culation, e.g., for the pion. In a quenched calculation, a
heavier-than-physical valence quark mass can be chosen
for the same reason. Moreover, variation of the choice
of external state, and external state momenta, provides
a test of systematic e↵ects in a numerical calculation.
Second, the Collins-Soper kernel does not depend on the

2
In principle ZMS

O�4�
(µ, bz ,~bRT , a, ⌘) is independent of the orien-

tation of ~bRT , but in practice there is residual dependence re-

maining in lattice QCD results for this quantity after one-loop

matching between RI
0/MOM and MS. To account for this resid-

ual asymmetry, which a↵ects some bare operators with � 6= �4
,

BMS
�4 (µ, bz ,~bT , a, ⌘, bRT , P z

) is formed as shown in Eq. (9) and an

average over ~bT orientations is performed after renormalization

as described in Appendix C.

3
The definition of R̃ used here di↵ers from that in Ref. [34] by the

omission of the quasi soft factor.

3

TMDPDFs which define the Collins-Soper evolution ker-
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~bT = bT {~ex,~ey} and over a set of choices of the
external quark momenta pR, as detailed in Ref. [39].
This average is taken analogously to the weighted
average over quasi beam function orientations described
in Appendix C. The dependence on bR

T in Eq. (9) should

cancel between R̃(bT , bR
T , a, ⌘) and ZMS

O�4�
(µ, bz, bR

T , a, ⌘).

Nevertheless, bR
T is retained as an argument of BMS

�4 to

account for any uncanceled finite dependence on bR
T , and

an average over several bR
T values is implemented in the

numerical study. For the choice � = �4 in Eq. (3), the
Collins-Soper kernel can thus be obtained as
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Several observations are pertinent to the computation
of the Collins-Soper evolution kernel by Eq. (11). First,
since the kernel is independent of the external state, one
may calculate the quasi beam functions in the state with
the best signal-to-noise properties in a lattice QCD cal-
culation, e.g., for the pion. In a quenched calculation, a
heavier-than-physical valence quark mass can be chosen
for the same reason. Moreover, variation of the choice
of external state, and external state momenta, provides
a test of systematic e↵ects in a numerical calculation.
Second, the Collins-Soper kernel does not depend on the
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In principle ZMS

O�4�
(µ, bz ,~bRT , a, ⌘) is independent of the orien-

tation of ~bRT , but in practice there is residual dependence re-

maining in lattice QCD results for this quantity after one-loop

matching between RI
0/MOM and MS. To account for this resid-

ual asymmetry, which a↵ects some bare operators with � 6= �4
,

BMS
�4 (µ, bz ,~bT , a, ⌘, bRT , P z

) is formed as shown in Eq. (9) and an

average over ~bT orientations is performed after renormalization

as described in Appendix C.
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of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (15)
are renormalized to the MS scheme by Eq. (9), using

renormalization factors ZMS
O�4�

which were computed for

the same ensemble and operators as studied here in
Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (9)) is shown in Fig. 4. It is clear that the inclusion of

the factor R̃(~bT , bR
T , a, ⌘) (Eq. (10)) in the definition of the

renormalized quasi beam function suppresses dependence
on ⌘ and on bR

T , over choices of bR
T within the perturba-

tive region, to better than the statistical uncertainties
of this study. A weighted average of the renormalized
quasi beam function over these parameters, as well as
over di↵erent directions of ~bT , is thus taken as detailed
in Appendix C to define averaged quasi beam functions

B
MS
�4 (µ, bz, bT , a, P z). Examples of the P zbz-dependence

of the resulting quasi beam functions are shown in Fig. 5,
and additional examples are shown in Appendix C. These
are the key results used to extract the Collins-Soper ker-
nel, as discussed in the next subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (11) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
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FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (16-17)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these

Fourier transform and ratio3
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to be extracted:

R�(t, ⌧, bµ, a, ⌘, P z)

=
C�,u

3pt (t, ⌧, b
µ, a, ⌘, P z~ez) � C�,d

3pt (t, ⌧, b
µ, a, ⌘, P z~ez)

C2pt(t, P z~ez)
t�⌧�0�����! Bbare

� (bz,~bT , a, ⌘, P z) + . . . . (16)

Constraining the bare quasi beam functions Bbare
� from

ratios of two- and three- point functions R� for all staple
geometries (specified by {⌘, bµ}), all Dirac structures �,
and all momenta P z, considered in this work, requires
fits for a very large number of operators (35,660) to be
performed. These fits are automated using a fit proce-
dure discussed in Appendix A. An example of the result
of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (16)
are renormalized to the MS scheme by Eq. (11), us-

ing renormalization factors ZMS
O�4�

which were computed

for the same ensemble and operators as studied here
in Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (11)) is shown in Fig. 4. The factor R̃(~bT , bR
T , a, ⌘)

(Eq. (12)) was included in the definition of the renor-
malized quasi beam function to cancel the dependence
of the bare beam function on ⌘ and on bR

T . It is clear
that over choices of bR

T within the perturbative region,
this dependence is indeed removed to better than the
statistical uncertainties of this study. A weighted aver-
age of the renormalized quasi beam function over these
parameters, as well as over di↵erent directions of ~bT , is
thus taken as detailed in Appendix C to define averaged

quasi beam functions B
MS
�4 (µ, bz, bT , a, P z). Examples of

the P zbz-dependence of the resulting quasi beam func-
tions are shown in Fig. 5, and additional examples are

shown in Appendix C. These are the key results used to
extract the Collins-Soper kernel, as discussed in the next
subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (10) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these
e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(17)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
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FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (17-18)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

Fourier transform of FHerm
N (P z, bzP z; {ak}, �, !, �) with

respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-
local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (17) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(18)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (10) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =
�, where � is the model parameter appearing in Eqs. (17)-
(18). That is, the resulting Collins-Soper kernel is in-
dependent of x by construction. The full procedure by
which each functional form is fit to the numerical results
for the quasi beam function is described in Appendix C,
and examples of the resulting fits are shown both in Fig. 6
and in Appendix C. Briefly, the fits are undertaken simul-
taneously at all P z and bz values for a given bT , and an
information criterion is used to choose the model trunca-
tion N for each fit. While both models fit the quasi beam
function well within the range of P zbz values constrained
by the lattice data (with an average �2/Ndof over all fits
of 0.9, tabulated in Appendix C), it is clear from Fig. 6
that they correspond to substantially di↵erent models
outside this range.

The Collins-Soper kernel determined from each set of
model fits is shown in Fig. 7. The results obtained us-
ing the two model forms, i.e., the Hermite polynomial
model, in which the quasi beam function has support on
�1 < x < 1, and the Bernstein polynomial model,
with support on 0 < x < 1, are consistent. This en-

couragingly suggests that �q,MS
⇣ is well-constrained by

the numerical results at the P z and bz values of this cal-
culation, and that the model-dependence introduced in
the Fourier transform is relatively mild. Perturbative
results for the 0-flavor Collins-Soper kernel [47, 48] are

• Discrete FT of current data would suffer from significant truncation effects  
            choose to model the          -dependence and take FT of model 

• Construct models that give x-independent CS kernel        (i.e., assuming 
leading-order perturbative matching) 

• Models based on Hermite  
and Bernstein polys  
(orthogonal polynomial bases)

P zbz
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of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (15)
are renormalized to the MS scheme by Eq. (9), using

renormalization factors ZMS
O�4�

which were computed for

the same ensemble and operators as studied here in
Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (9)) is shown in Fig. 4. It is clear that the inclusion of

the factor R̃(~bT , bR
T , a, ⌘) (Eq. (10)) in the definition of the

renormalized quasi beam function suppresses dependence
on ⌘ and on bR

T , over choices of bR
T within the perturba-

tive region, to better than the statistical uncertainties
of this study. A weighted average of the renormalized
quasi beam function over these parameters, as well as
over di↵erent directions of ~bT , is thus taken as detailed
in Appendix C to define averaged quasi beam functions

B
MS
�4 (µ, bz, bT , a, P z). Examples of the P zbz-dependence

of the resulting quasi beam functions are shown in Fig. 5,
and additional examples are shown in Appendix C. These
are the key results used to extract the Collins-Soper ker-
nel, as discussed in the next subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (11) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
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FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (16-17)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these
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to be extracted:

R�(t, ⌧, bµ, a, ⌘, P z)

=
C�,u

3pt (t, ⌧, b
µ, a, ⌘, P z~ez) � C�,d

3pt (t, ⌧, b
µ, a, ⌘, P z~ez)

C2pt(t, P z~ez)
t�⌧�0�����! Bbare

� (bz,~bT , a, ⌘, P z) + . . . . (16)

Constraining the bare quasi beam functions Bbare
� from

ratios of two- and three- point functions R� for all staple
geometries (specified by {⌘, bµ}), all Dirac structures �,
and all momenta P z, considered in this work, requires
fits for a very large number of operators (35,660) to be
performed. These fits are automated using a fit proce-
dure discussed in Appendix A. An example of the result
of these fits, for � = �4, and specific choices of bT and
⌘, is given in Fig. 3(a); a second example figure hold-
ing bz fixed, but showing all Dirac structures, is shown
in Fig. 3(b). Additional examples of the real and imag-
inary parts of the extracted bare quasi beam functions
are displayed in Appendix B.

The bare quasi beam functions obtained by Eq. (16)
are renormalized to the MS scheme by Eq. (11), us-

ing renormalization factors ZMS
O�4�

which were computed

for the same ensemble and operators as studied here
in Ref. [39]. The fractional contributions to the renor-
malized quasi beam function from the bare quasi beam
functions with di↵erent Dirac structures � is shown in
Fig. 3(c), for a particular choice of parameters. The size
of these contributions is observed to grow with increasing
bT and with increasing (⌘�bz); while the relative magni-
tudes of bare beam functions with di↵erent � do not vary
significantly with these parameters, the relative impor-
tance of the o↵-diagonal renormalization factors varies
significantly as discussed in Ref. [39]. Across the param-
eters studied, the combined contributions from mixing to
the renormalized quasi beam function with Dirac struc-
ture � = �4 are at the 5%–25% level. Calculations of
the quasi beam functions, and the Collins-Soper evolu-
tion kernel, to better than this precision thus require bare
quasi beam functions to be computed for several Dirac
structures �.

The functional dependence of the renormalized quasi
beam function BMS

�4 (µ, bz,~bT , a, ⌘, bR
T , P z) (defined in

Eq. (11)) is shown in Fig. 4. The factor R̃(~bT , bR
T , a, ⌘)

(Eq. (12)) was included in the definition of the renor-
malized quasi beam function to cancel the dependence
of the bare beam function on ⌘ and on bR

T . It is clear
that over choices of bR

T within the perturbative region,
this dependence is indeed removed to better than the
statistical uncertainties of this study. A weighted aver-
age of the renormalized quasi beam function over these
parameters, as well as over di↵erent directions of ~bT , is
thus taken as detailed in Appendix C to define averaged

quasi beam functions B
MS
�4 (µ, bz, bT , a, P z). Examples of

the P zbz-dependence of the resulting quasi beam func-
tions are shown in Fig. 5, and additional examples are

shown in Appendix C. These are the key results used to
extract the Collins-Soper kernel, as discussed in the next
subsection.

B. Collins-Soper kernel

Computing the Collins-Soper evolution kernel by
Eq. (10) requires taking the Fourier transform of the MS-
renormalized quasi beam function with respect to bz. It is
clear from the results shown in Fig. 5, however, that with
the parameter ranges explored in this study the Fourier
transform will su↵er from significant truncation e↵ects
since the quasi beam function is not yet consistent with
zero within uncertainties at the largest bz values that
are used. For this reason, models are used to fit the
P zbz-dependence of the lattice data for the quasi beam
function before the Fourier transform is taken to eval-
uate the Collins-Soper kernel. The results obtained by
taking discrete Fourier transforms instead are shown in
Appendix D, and a discussion of what will be required
for future calculations to achieve robust results for the
Collins-Soper kernel without this modeling step is pre-
sented in Sec. IV.

Two models of the P zbz-dependence of the quasi beam
functions are considered, based on Hermite and Bernstein
polynomial bases. The models are constructed to yield x-
independent Collins-Soper kernels, as would be expected
in the absence of systematic artifacts, assuming the lead-
ing order value for the perturbative matching coe�cient,
i.e., CTMD

ns = 1. Including higher orders in the match-
ing factor while guaranteeing an x-independent kernel
would require more complicated functional forms to be
fit to the quasi beam functions to compensate for the
x-dependence of the matching. It is expected that the
matching uncertainties are small relative to the system-
atic uncertainties inherent in introducing models for the
P zbz-dependence of the quasi beam functions, and these
e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(17)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
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(a)

(b)

FIG. 6: Examples of fits to the averaged renormalized quasi

beam functions B
MS
�4 (µ, bz, bT , a, P

z) using functional forms
based on Hermite and Bernstein polynomials (Eqs. (17-18)).
Further examples of fits at di↵erent choices of the bT and P z

parameters are shown in Appendix C.

Fourier transform of FHerm
N (P z, bzP z; {ak}, �, !, �) with

respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-
local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (17) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(18)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (10) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =
�, where � is the model parameter appearing in Eqs. (17)-
(18). That is, the resulting Collins-Soper kernel is in-
dependent of x by construction. The full procedure by
which each functional form is fit to the numerical results
for the quasi beam function is described in Appendix C,
and examples of the resulting fits are shown both in Fig. 6
and in Appendix C. Briefly, the fits are undertaken simul-
taneously at all P z and bz values for a given bT , and an
information criterion is used to choose the model trunca-
tion N for each fit. While both models fit the quasi beam
function well within the range of P zbz values constrained
by the lattice data (with an average �2/Ndof over all fits
of 0.9, tabulated in Appendix C), it is clear from Fig. 6
that they correspond to substantially di↵erent models
outside this range.

The Collins-Soper kernel determined from each set of
model fits is shown in Fig. 7. The results obtained us-
ing the two model forms, i.e., the Hermite polynomial
model, in which the quasi beam function has support on
�1 < x < 1, and the Bernstein polynomial model,
with support on 0 < x < 1, are consistent. This en-

couragingly suggests that �q,MS
⇣ is well-constrained by

the numerical results at the P z and bz values of this cal-
culation, and that the model-dependence introduced in
the Fourier transform is relatively mild. Perturbative
results for the 0-flavor Collins-Soper kernel [47, 48] are

• Discrete FT of current data would suffer from significant truncation effects  
            choose to model the          -dependence and take FT of model 

• Construct models that give x-independent CS kernel        (i.e., assuming 
leading-order perturbative matching) 

• Models based on Hermite  
and Bernstein polys  
(orthogonal polynomial bases)

P zbz
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FIG. 7: Collins-Soper evolution kernel obtained using fits to the renormalized quasi beam functions based on Hermite and
Bernstein polynomial bases (Eqs. (16-17)), computed as described in the text. The background shading density is proportional
to 1/(bTP

z) + bT /⌘, indicating regions of greater and lesser sensitivity to power corrections which are not included in the
uncertainties presented. The black dotted, dashed and solid lines show perturbative results for the 0-flavor Collins-Soper kernel
up to three-loop order [47, 48]. Perturbative results become singular at bT ⇠ 0.25 fm because they reach the Landau pole

associated with ⇤
MS,Nf=0

QCD = 639 MeV.

e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(16)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
Fourier transform of FHerm

N (P z, bzP z; {ak}, �, !, �) with
respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-

local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (16) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(17)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (11) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =
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e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
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where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
Fourier transform of FHerm

N (P z, bzP z; {ak}, �, !, �) with
respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-

local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (16) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form
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where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
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e↵ects are thus neglected in this work. While a model-
independent result for the Collins-Soper kernel cannot be
achieved from the data presented here, the comparison
between results obtained using the two di↵erent models
considered nevertheless provides some indication of the
severity of the model-dependence, and the quality of fits
to these functional forms not including power corrections
also provides a measure of their importance.

The first functional form which is fit to the MS-
renormalized quasi beam function is

FHerm
N (P z, bzP z; {ak}, �, !, �)

=
NX

k=1

ak

Z
1

�1

dx ei(bzP z)xe�(x�!)2/2�(P zx)�Hk�1(x),

(16)

where Hn(x) is the n-th Hermite polynomial. The fit
parameter ! is taken to be complex, while the other
free parameters are real. Allowing Im(!) 6= 0 allows the
Fourier transform of FHerm

N (P z, bzP z; {ak}, �, !, �) with
respect to bzP z to be complex, and correspondingly en-
ables FHerm

N (P z, bzP z; {ak}, �, !, �) to be an asymmetric
function of bzP z. The real and imaginary parts of the
quasi beam function are symmetric and antisymmetric
functions of bz respectively in the ⌘ ! 1 limit; how-
ever, the numerical results presented in this work show
significant departures from these expectations, particu-
larly for large bT , as shown in Fig. 5(b). The observed
asymmetry could arise from finite-volume e↵ects: e↵ec-
tive field theory calculations [49] have demonstrated that
finite-volume e↵ects for pion matrix elements of non-

local operators with separation ` generically take the
form e�m⇡(L�`). In this work, one therefore expects bz-
dependent finite-volume e↵ects of the form e�m⇡(L�⌘+bz)

as well as additional bz independent finite-volume ef-
fects. In addition, exponential dependence on bz could
arise from an imperfect cancellation between power-law-
divergent lattice artifacts in Bbare

� (bz,~bT , a, ⌘, P z) and

ZMS
O�4�

(µ, bz,~bT , a, ⌘)R̃(bT , bR
T , a, ⌘). Taking Im(!) 6= 0 al-

lows the fit form in Eq. (16) to include exponential depen-
dence on bz and is found to significant improve the quality
of fits to the numerical results with large bT & 0.5 fm.

The second model considered assumes that the Fourier
transform of the quasi beam function has compact sup-
port on the interval 0 < x < 1 [30, 31, 33], which is
expected to become valid for large P z, and takes the
form

FBern
N (P z, bzP z; {ar

n}, �, A, B)

=
N�1X

r=0

ar

Z 1

0
dx ei(bzP z)x xA(1 � x)B(P zx)�Br,N�1(x) ,

(17)

where Br,N�1, for r 2 {0, . . . N � 1} are the N Bern-
stein basis polynomials of degree N � 1 normalized as
in Ref. [50], and asymmetry in bz is accommodated by
taking Im(ar) 6= 0.

Using either functional form, FHerm
N or FBern

N , as a

model for B
MS
�4 , and evaluating Eq. (11) with the tree-

level matching factor CTMD
ns = 1, gives the result �q,MS

⇣ =
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also shown in Fig. 7 for comparison.4 It is noteworthy

that the lattice QCD results for �q,MS
⇣ obtained here are

consistent with perturbative calculations of the 0-flavor
Collins-Soper kernel [47, 48] in the region bT ⇠ 0.2 fm.
For bT < 0.2 fm, the results di↵er significantly from the
perturbative calculation, which is likely due to power cor-
rections to the lattice QCD results of the form 1/(bT P z),
which have not been estimated here.

Although the Collins-Soper kernel shown in Fig. 7 has
been obtained in a 0-flavor calculation, it can also be
compared qualitatively with the results of fits to experi-
mental data, in which several di↵erent parametrizations
of the nonperturbative behavior of the kernel at large
bT have been used. In early fits to Drell-Yan data [4–6],
the Collins-Soper kernel was parametrized as a quadratic
function in bT in the nonperturbative region. It was later
found in Refs. [53, 54], however, that these fits cannot
describe SIDIS data. More recently, it has been argued

that �q,MS
⇣ should approach a constant as bT ! 1; phe-

nomenological fits to Drell-Yan data under this assump-
tion suggest that this constant is ⇠ �0.6 [55]. Finally,
in a recent fit to both SIDIS and Drell-Yan data [14],
the kernel was parametrized to behave linearly at large
bT . The results of this numerical study are qualitatively
consistent with constant or linear behavior of the kernel
in the nonperturbative region. Once lattice QCD results
with controlled systematic uncertainties are available, it
will be possible to test these and other phenomenologi-
cal expectations for the large-bT behavior of the Collins-
Soper kernel with QCD predictions, and begin incorpo-
rating lattice QCD constraints in phenomenological anal-
yses. The requirements for a fully controlled lattice QCD
determination of the Collins-Soper kernel are discussed in
the following section.

IV. OUTLOOK

This manuscript presents an exploratory calculation
of the nonperturbative Collins-Soper kernel in quenched
lattice QCD based on the method developed in Refs. [32–
34]. In this approach, the kernel is computed from
quasi beam functions defined from matrix elements of
quark bilinear operators with staple-shaped Wilson lines
in boosted hadron states. These beam functions are

4 In this work, ↵
MS,Nf=0
s is determined by evolving

↵
MS,Nf=5
s (µ = MZ) from Ref. [51] to lower scales using

the four-loop � function [52], integrating out bottom and charm

quarks, and finally matching ↵
MS,Nf=0
s (µ) to ↵

MS,Nf=3
s (µ) at

the scale µ = 2 GeV where ZMS
O��0 (µ, b

z , bT , a, ⌘) is calculated

in Ref. [39]. This procedure gives the result ⇤
MS,Nf=0
QCD = 639

MeV, which determines ↵
MS,Nf=0
s (µ) at all µ; throughout this

work ↵
MS,Nf=0
s (µ = 2 GeV) = 0.293951.

renormalized to the MS scheme via the RI0/MOM pre-
scription, and a ratio of Fourier-transformed quasi beam
functions at di↵erent hadron boost momenta determines
the Collins-Soper kernel. In this calculation, the kernel
is extracted over a range of scales bT 2 (0.1, 0.8) fm. The
final results presented here rely on modeling the bz-space
quasi beam functions to control truncation e↵ects in the
Fourier transform. Nevertheless, the results are robust
under the variation of models considered here.

For a future controlled and model-independent deter-
mination of the Collins-Soper kernel by this method, sev-
eral improvements will be essential. Critically, larger lat-
tice volumes must be studied; the overwhelming system-
atic in this calculation arises from modeling to facilitate
the Fourier transform, which is necessary because of trun-
cation e↵ects su↵ered due to the limited bz range over
which quasi beam functions could be computed on the
lattice volume used here. One measure of truncation ef-
fects is given by the model truncation error defined as

�truncB
MS

=

�����
DFTbzmax

⇥
FHerm

N

⇤
(P z, x)

FT1

⇥
FHerm

N

⇤
(P z, x)

� 1

����� , (19)

where the truncated discrete Fourier transform (DFT)
and untruncated Fourier transform are defined as

DFTbzmax

⇥
FHerm

N (P z, bzP z)
⇤
(P z, x) (20a)

= P z

bzmaxX

bz=�bzmax

e�ixP zbzFHerm
N (bzP z),

FT1

⇥
FHerm

N (bzP z)
⇤
(P z, x) (20b)

=

Z
1

�1

P zdbz

2⇡
e�ixP zbzFHerm

N (bzP z).

Equation (19) is evaluated by applying both the DFT
and untruncated Fourier transform to the best-fit model
FHerm

N (P z, bzP z; {ak}, �, !, �) obtained by fitting the lat-
tice QCD results at fixed bT , as described in Sec. III.
This provides an estimate, based on the model, of the
e↵ects of extending bz

max to larger values of ⌘ than those
used for the numerical calculations in this work. Fig-

ure 8 shows �truncB
MS

(x) for x = 0.5 and two values of
bT over the range of P z values used in this work, and
at values of bz

max both comparable to the value used
here and considerably larger. For the value of bz

max
used here, truncation e↵ects in the DFT results are O(1)
for large bT and prevent a reliable determination of the
Collins-Soper kernel using a DFT approach. Results with
significantly larger P zbz

max, however, could be used to
obtain a model independent prediction of the Collins-
Soper kernel directly from a DFT of lattice QCD results
(see Appendix D). For example, based on the results of
the present study, quasi beam function calculations with
(bz

max, P
z) ⇠ (2.5 fm, 2.5 GeV) are likely to su↵er from

truncation e↵ects of less than 5% for bT scales across the
range of those studied in this work.

In addition to truncation artifacts, extractions of the
Collins-Soper kernel by the method pursued here su↵er
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FIG. 4. Fractional truncation e↵ects in the MS-renormalized quasi beam functions evaluated

at x = 0.5. The red points show the parameters of the study in Ref. [17], which yielded the

Collins-Soper kernel displayed in Fig. 3. The green points show the parameters of the proposed

calculation. Figure adapted from Ref. [17].

be performed using a publicly available ensemble of gauge field configurations generated
by the MILC collaboration [24] with a lattice volume of L3

⇥T = 483⇥64, a lattice spacing
corresponding to a ⇠ 0.12 fm, and approximately physical values of the sea quark masses.
We will use a mixed-action setup with a clover-improved Wilson action for the valence
quarks. This mixed-action setup greatly simplifies correlation function calculations at
the cost of introducing additional lattice artifacts that must be removed in an eventual
continuum, infinite-volume extrapolation involving these results and future calculations
using additional lattice ensembles.

We will also perform higher-precision calculations at a second value of the valence quark
masses corresponding to m⇡ ⇠ 500 MeV in order to study the quark-mass-dependence of
the Collins-Soper kernel and correct for mistuning of the approximately physical quark
mass results. This second ensemble will also enable a more detailed investigation of
other systematics such as the Fourier transform in bz discussed in the previous section.
Calculations at each set of quark masses will be performed using three values of P z as
shown in Table I in order to allow multiple ratios of beam functions at di↵erent P z to
be formed, and therefore multiple independent extractions of the Collins-Soper kernel
to be performed, enabling quantification of the systematic uncertainties associated with
determining the kernel using calculations at large but finite values of P z. The signal-to-
noise ratios of lattice QCD calculations degrade exponentially with increasing P z, and
therefore calculations with larger P z will be performed on substantially larger number of
gauge field configurations in order to achieve a similar level of precision as calculations
with smaller P z. The calculations atm⇡ ⇠ 140 MeV will be performed for momenta in the
range 0.65  P z

 1.1 GeV. Based on our previous work [17], we expect truncation e↵ects
in the bz Fourier transform (using the largest bz values we expect to resolve) will yield
20� 40% systematic e↵ects in the Collins-Soper kernel evaluated using a discrete Fourier

Next steps: Dynamical calculation of CS kernel 

• MILC ensemble  

• . 

• Target calculation with ~20% truncation effects in discrete FT 

• Preliminary NPR study confirms 16x16 mixing matrix is similarly important 
in dynamical case
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transform. This is illustrated in Fig. 4. We will thus also pursue model alternatives to the
discrete Fourier transform, as explored in Ref. [17]. In order to more rigorously study the
truncation e↵ects in bz without the computational expense of m⇡ ⇠ 140 MeV calculations
with larger P z, calculations with m⇡ ⇠ 500 MeV will be performed over a larger range
of momenta 0.65 GeV  P z

 1.5 GeV, where truncation e↵ects are expected to span
to range 5 � 40%. Although this first calculation of the kernel will be performed at a
single value of the lattice spacing and in a single lattice volume, we plan to perform
additional studies in the future that will eventually enable a continuum, infinite-volume
extrapolation of these results and provide the first systematically controlled prediction of
the Collins-Soper kernel from QCD.

We have obtained preliminary results for quasi beam functions at both m⇡ ⇠ 140 MeV
and m⇡ ⇠ 500 MeV, shown in Fig. 5, on a small number of gauge field configurations in
order to estimate the computational resources required to achieve our target precision of
⇠20-30% for the Collins-Soper kernel for bT values in the range of 0.3–0.5 fm. Based onp
N statistical scaling of the uncertainties of the preliminary data1, and comparison to

the results of our previous quenched study (also shown in Fig. 5), we anticipate requiring
a di↵erent number of measurements at each P z value. For each choice of m⇡ and P z,
the estimated Ncfg required to determine the Collins-Soper kernel at a nonperturbative
scale bT = 0.36 fm with a precision ranging from 10% at P z = 0.65 GeV to 20% at
P z = 1.1 GeV for m⇡ ⇠ 140 MeV is determined and used to set the resource requirements
for our proposed calculation, which are summarized in Table I. As discussed in detail
in the Scaling Document, the multigrid algorithm used to compute quark propagators
with m⇡ ⇠ 140 MeV is most e�cient when several sources are used per configuration
and Nsrc = 4 is taken to maximize computational performance, which is the reason for
this choice. The calculations at m⇡ ⇠ 500 MeV indicated in Table I will explore larger
momentum at comparable precision and allow the finite-P z systematic uncertainties to
be studied more thoroughly.

V. PERSONNEL AND ACCESS TO OTHER RESOURCES

The computations described in this proposal will be carried out by the PI Yong Zhao,
and co-PIs Phiala Shanahan and Michael Wagman. Phiala Shanahan has access to a
small cluster at MIT, but this is not su�cient for the computationally demanding parts
of the calculations in this proposal. However, it can be used for debugging and will help
in performing the data analysis required to translate the numerical results of the lattice
QCD calculation into the physically relevant quantities. Additionally, we are involved
in lattice QCD projects with other physics goals using resources obtained through the
USQCD collaboration. Phiala Shanahan is a co-PI on an existing XSEDE proposal (PI
Daniel Hackett) and also has access to ALCC computing for unrelated projects. These
projects address di↵erent physics problems, using di↵erent lattice ensembles and involving
di↵erent operators, and the resources thus cannot be used or re-used for the project

1
The Collins-Soper kernel is related to the quasi beam function via fits or Fourier transforms whose

uncertainties are di�cult to estimate from low-precision results for the quasi beam function. Since the

Collins-Soper kernel is approximately related to a ratio of quasi beam functions at bz
= 0 corresponding

to symmetric staple-shaped operators, the relative uncertainties of these bz
= 0 quasi beam functions

are used as a proxy for the relative uncertainty of the Collins-Soper kernel determination.
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FIG. 5. Bare beam functions at di↵erent values of m⇡ and di↵erent values of P z
, indicated in

the legends in discrete units of momentum nz
. (left) Quenched calculation of Ref. [17] with

Ncfg = 200 and Nsrc = 2. (center) Preliminary data at m⇡ ⇠ 500 MeV with Ncfg = 7 and

Nsrc = 1. (right) Preliminary data at m⇡ ⇠ 140 MeV with Ncfg = 47 and Nsrc = 1.

m⇡ [MeV] P z
[GeV] Ncfg Nsrc Cost / src [Skylake SU] Total cost [Skylake SU]

140 1.1 600 16 10.3 9.8 ⇥ 10
4

140 0.86 300 8 10.3 2.5 ⇥ 10
4

140 0.65 300 4 10.3 1.2 ⇥ 10
4

500 1.5 600 16 9.2 8.8 ⇥ 10
4

500 1.1 300 4 9.2 1.2 ⇥ 10
4

500 0.65 75 4 9.2 3.0 ⇥ 10
3

TABLE I. Cost breakdown of the proposed computation. Total = 2.4 ⇥ 10
5

SU on stampede2

Skylake partition. Timings were determined on a machine with a similar, but not identical,

architecture and translated as described in the Scaling document.
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