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Lattice cross section (LCS)

in the Qweak experiment arises from the Gs
M(Q2). A precise estimate of Gs

M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1� 4 sin2 ✓W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x)� s̄(x) asymmetry (from high-

lighted 10)
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Spatially separated currents

LCS has well defined continuum limit (          )a ! 0

Shares the same perturbative collinear divergences  
with PDFs

if ⇠ is short distance

Factorization holds for any finite                    and ! ⌘ p · ⇠ p2⇠2



LCS: physics interpretation 

Matrix element

Hard Probe

4

⇠ : spatial separation between two currents

! ⌘ P · ⇠Ioffe time

⇠2 ! 1

Q2
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�n(!, ⇠
2)

How to “see” 3D partonic structure of hadrons?

q Hard probes to “catch” the quantum fluctuation:

Hard probe (t ~ 1/Q < fm) Probability to “catch” the parton!

P

Boost = time dilation

q Observables with two momentum scales: Q1 � Q2 ⇠ 1/R ⇠ ⇤QCD

² Hard scale:           “see” particle nature of  “partons” Q1

² Soft scale:            “sensitive” to the fermi-scale structureQ2

DVCS: Q2 >> |t|
t=(p1-p2)2

GPDs – Spatial imagingTMDs – Confined motion

SIDIS:  Q>>PT

Jianwei Qiu 
Snowmass 2021

Required  
for pQCD 

factorization



Factorization in QCD & LCS 
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= ⌦

 LQCD matrix elements -> continuum, physical limits-> 
-> continuum pQCD factorization -> extract PDFs 

+ Corrections



Next-to-leading order perturbative kernel

RSS, Karpie, Egerer, Edwards, Joo, Ma, Orginos, Qiu, Richards  
(2019 &  2020)
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from this LCS is remarkably consistent with the same
distribution extracted from experimental data over the
entire range of x. We also find that our calculated NLO
coe�cient function is extremely stable without large log-
arithms.

Next-to-leading order perturbative kernel: Following
our previous work [43], we consider the following anti-
symmetrized matrix element in a hadron h

�
[h],µ⌫
V A (⇠, p) = ⇠

4
ZV ZA hh(p)|T{[ �µ ](⇠)

[ �⌫�5 ](0)} |h(p)i+ V $ A, (1)

where �[h],µ⌫
V A depends covariantly on the hadron momen-

tum p and spatial separation ⇠ between the currents;
ZV,A are the renormalization constants of the local cur-
rents determined in [49] for the ensembles used in this
calculation. A Lorentz decomposition of Eq. (1) yields

two scalar functions T
[h]
i=1,2(!, ⇠

2
, p

2) where ! = �p · ⇠

is the Io↵e time of the process [50], T
[h]
i (!, ⇠2, p2) =

�T
[h]
i (�!, ⇠2, p2) from parity and time-reversal invari-

ance, and T
[h]
2

is power suppressed. For su�ciently small

separations, T [h]
1

, which can be isolated by choosing µ = 1
and ⌫ = 2, can be factorized [37]

T
[h]
1

(!, ⇠2, p2) =
X

q

Z
1

0

dxK(x!, ⇠2, x2
p
2
, µ

2)

⇥fqv/h(x, µ
2) +O(⇠2⇤2

QCD
), (2)

where fqv/h(x, µ
2) ⌘ fq/h(x, µ

2)� fq/h(x, µ
2) are valence

PDFs, µ
2 is the factorization scale, and the K is per-

turbative matching coe�cient with K(x!, ⇠2, x2
p
2
, µ

2) =
�K(�x!, ⇠

2
, x

2
p
2
, µ

2). Since K depends on ⇠, conven-
tional techniques used to calculate matching coe�cients
in momentum space cannot be applied directly [51]. To
perturbatively calculate K(x!, ⇠2, 0, µ2) with an on-shell
struck parton, k2 = x

2
p
2 = 0, we introduce a “momen-

tum space” matching coe�cient with a “D-dimensional”
Fourier transform

eT [h]
1

(e!, q2) ⌘
Z

d
D
⇠

⇠4
e
iq·⇠

T
[h]
1

(!, ⇠2, 0)

=

Z
1

0

dx eK(xe!, q2, µ2)fqv/h(x, µ
2) +O(⇤2

QCD
/q

2),(3)

where D = 4� 2✏ and e! = 2p·q
�q2�i0+ . With the perturba-

tively calculated eK, we can obtain K as

K(x!, ⇠2, 0, µ2) = ⇠
4

Z
d
D
q

(2⇡)D
e
�iq·⇠ eK(xe!, q2, µ2) .(4)

To calculate eK, we project h onto an on-shell q state
in Eq. (3), expand both sides in powers of the strong
coupling ↵s, and keep up to NLO,

eT [q](0)
1

(e!, q2) =
R
1

0
dx eK(0)(xe!, q2, µ2)f (0)

qv/q
(x, µ2),(5a)

eT [q](1)
1

(e!, q2) =
R
1

0
dx eK(1)(xe!, q2, µ2)f (0)

qv/q
(x, µ2)

+
R
1

0
dx eK(0)(xe!, q2, µ2)f (1)

qv/q
(x, µ2).(5b)

With the well-known MS perturbative PDFs,

f
(0)

qv/q
(x, µ2) = �(1� x), (6a)

f
(1)

qv/q
(x, µ2) = �

1

✏

(4⇡)✏

�(1� ✏)

↵s

2⇡
CF

✓
1 + x

2

1� x

◆

+

, (6b)

eK(0) and eK(1) are determined by eT [q](0)
1

and eT [q](1)
1

using

Eqs. (5) and (6). The eT [q](0)
1

and eT [q](1)
1

are obtained by
calculating the two-current (V-A) correlator up to O(↵s)
in D-dimension. Due to Ward-Takahashi identities for
vector and axial-vector currents, UV divergences cancel
out within one-loop diagrams and we do not need per-
turbative renormalization, which means ZV = ZA = 1
in the perturbative calculation. One can also verify that

perturbative collinear divergences from eT [q](1)
1

cancel ex-

actly with f
(1)

qv/q
in Eq. (5), resulting in finite eK(0) and

eK(1), and thus up to O(↵s)

eK(e!, q2, µ2) =

⇢
1

1 + e! +
↵sCF

4⇡

⇥

✓
2 + 2e!2

e! + e!2
ln(1 + e!) + 3e!

1� e!2

◆
ln

✓
µ
2

�q2 � i0+

◆

+
5e!

1� e!2
+

2� 2e! � e!2

e! + e!2
ln(1 + e!)

�
1 + e!2

e! + e!2
ln2(1 + e!)

��
� (e! ! �e!). (7)

By performing a Fourier transform, we obtain

K(!, ⇠2, µ2) =
1

⇡2!
[K(0)(!) +

↵sCF

2⇡

{K
(1,0)(!) +K

(1,1)(!) ln(�⇠2µ2
e
2�E/4)}], (8)

with

K
(0)(!) = ! cos!, (9)

K
(1,0)(!) = !

Z
1

0

dy cos(y!)


1

2
�(1� y)

�

✓
2 ln(1� y)

1� y
�

y
2
� 3y + 1

1� y

◆

+

�

K
(1,1)(!) = �!

Z
1

0

dy cos(y!)

✓
1 + y

2

1� y

◆

+

, (10)

where the leading order kernel K(0)(!) in Eq. (9) is the
same as the result in [43]. After the integration over y,
the NLO matching coe�cient K(!, ⇠2, µ2) is very sta-
ble without large logarithms in !. A convergence test
of this NLO kernel is demonstrated in the Supplemen-
tal Material [52]. It is crucial to mention that a large p

alone does not guarantee the applicability of the pertur-
bative expansion - contributions from large ⇠ can invali-
date the perturbative factorization [37, 43]. The pertur-
bative calculation method introduced in this paper can

Independent of hadrons

6
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µ
2
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K
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1

0
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�

y
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1� y
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+

�

K
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Z
1

0

dy cos(y!)

✓
1 + y

2

1� y

◆

+

, (10)

where the leading order kernel K(0)(!) in Eq. (9) is the
same as the result in [43]. After the integration over y,
the NLO matching coe�cient K(!, ⇠2, µ2) is very stable
and without large logarithms in ! in the region where
the lattice QCD data points are available. Like the typi-
cal perturbatively calculated matching coe�cients in mo-
mentum space, the NLO matching kernels K(1,0)(!) and
K

(1,1)(!), before the Fourier transform of y into position
space, have terms with the standard “+” prescription in
Eq. (10). The existence of these “+” prescription terms
is a natural result of perturbative cancelation of infrared
(IR) divergences between the real and virtual contribu-
tions (or Feynman diagrams), and these terms have large
logarithmic corrections at the point of the IR cancela-
tion [52, 53]. When these terms are directly convoluted
with PDFs in momentum space to derive cross sections, a
resummation of such large logarithmic perturbative cor-
rections from the area of IR cancelation is needed to im-
prove the perturbative stability of factorized cross sec-
tions so as to be better compared with experimental data
near the kinematic threshold [11, 54]. On the other hand,
the QCD factorization proved for the LCSs [37] matches
directly the hadron matrix elements calculated in posi-
tion space to the PDFs in the momentum space, and
is valid when the spatial separation ⇠ of two currents is
su�ciently small ⇠2 ⌧ 1/⇤2

QCD
. It is this matching of

matrix elements in position space to the PDFs in momen-
tum space that helps reduce the perturbative sensitivity
to the IR cancelation that takes place at a single point in
phase space. As demonstrated in Ref. [37], the position
space matching coe�cient K(!, ⇠2, µ2) is perturbatively
analytic for all values of ! except ! ! 1. Technically,
the Fourier transform over y in Eq. (10) gives no log(!)
terms to the K(!, ⇠2, µ2) kernel when ! is in a perturba-
tively relevant region, and thus reduces the logarithmic
perturbative sensitivity from the terms with the “+” pre-
scription. With a small spatial separation between two
currents required by the QCD factorization and the lim-
ited values of hadron momentum, the relevant ! is never
too large in a practical lattice QCD calculation.

A convergence test of this NLO kernel is demonstrated
in Sec. III. We highlight that a large hadron momentum
p alone does not automatically guarantee QCD factor-
ization of the hadron matrix element in Eq. (1) into the
PDFs - and the perturbative kernel, and contributions
from the large ⇠ region could invalidate the perturbative
factorization [37, 43]. It is the smallness of the spatial-
separation that defines the short-distance probe to see
the particle nature of the partons inside a hadron and
provides a required hard scale for the QCD factorization.
Although not directly related to this calculation, the need
to prove QCD factorization in momentum space is not
new and is well known for the transverse momentum kT

part of the transverse momentum dependent (TMD) fac-
torization. The factorization formalism was proved in its
conjugated position bT -space, not in the momentum kT

space [55], and the perturbative matching coe�cients, as
well as the evolution kernels, are calculated in position
space and valid only for small bT . The perturbative cal-
culation method introduced in this paper can be used
not only for the current-current operators, but also for
operators defining quasi-PDFs [34] and reduced pseudo-
ITDs [36] whose factorization to the PDFs are also valid
for the region where the spatial-separation between two
active parton fields is small and much less than 1/⇤2

QCD
.

More importantly, our method is not restricted to NLO,
but can be applied to any perturbative order [56]. The
main subtlety of the method lies in the Fourier transfor-
mation, which must be done inD-dimensions as indicated
in Eq. (4).

III. EFFECT OF THE NEXT-TO-LEADING
ORDER KERNEL ON THE IOFFE TIME

DISTRIBUTION

To demonstrate the e↵ect of the NLO kernel on the
Io↵e-time distribution, we select ↵s = 0.303 at µ = 2
GeV and �⇠

2
µ
2 = 1 and compare in Fig. 1 theK(0)(!)/!

and K
(1)(!)/! e↵ects for ! 6= 0. The NLO corrections

are tiny at small ! and increase very slowly towards large
!; this can be partially understood from the ratio be-
tween K

(0) and K
(1) around ! = 0:

K
(1)

K(0)
=

↵s

3⇡
+O(!2) ⇡ 0.03 +O(!2). (11)

It is important to note that as an asymptotic series, the
relative size of K(1)

/K
(0) as a function of ! actually di-

verges as ! ! 1, but, only a small range of ! is relevant
for the convolution with PDFs in Eq. (1). What is impor-
tant is the size of their convolutions with the PDFs in the
relevant Io↵e-time window of the lattice QCD data while
keeping ⇠ small. Therefore, it is also useful to demon-
strate the e↵ect the NLO kernels could have with various
model PDFs in the Io↵e time space. The convolutions

K
(1,i)

⌦ q(!) =

Z
dx

1

x!
K

(1,i)(x!)q(x) (12)

e.g.

Antisymmetric combination of V-A matrix elements for valence PDF
and�1, �2�5 �2, �1�5

3
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1
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�
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�

y
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1� y

◆

+

�

K
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1

0
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✓
1 + y

2

1� y

◆

+

, (10)
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currents required by the QCD factorization and the lim-
ited values of hadron momentum, the relevant ! is never
too large in a practical lattice QCD calculation.

A convergence test of this NLO kernel is demonstrated
in Sec. III. We highlight that a large hadron momentum
p alone does not automatically guarantee QCD factor-
ization of the hadron matrix element in Eq. (1) into the
PDFs - and the perturbative kernel, and contributions
from the large ⇠ region could invalidate the perturbative
factorization [37, 43]. It is the smallness of the spatial-
separation that defines the short-distance probe to see
the particle nature of the partons inside a hadron and
provides a required hard scale for the QCD factorization.
Although not directly related to this calculation, the need
to prove QCD factorization in momentum space is not
new and is well known for the transverse momentum kT

part of the transverse momentum dependent (TMD) fac-
torization. The factorization formalism was proved in its
conjugated position bT -space, not in the momentum kT

space [55], and the perturbative matching coe�cients, as
well as the evolution kernels, are calculated in position
space and valid only for small bT . The perturbative cal-
culation method introduced in this paper can be used
not only for the current-current operators, but also for
operators defining quasi-PDFs [34] and reduced pseudo-
ITDs [36] whose factorization to the PDFs are also valid
for the region where the spatial-separation between two
active parton fields is small and much less than 1/⇤2

QCD
.

More importantly, our method is not restricted to NLO,
but can be applied to any perturbative order [56]. The
main subtlety of the method lies in the Fourier transfor-
mation, which must be done inD-dimensions as indicated
in Eq. (4).

III. EFFECT OF THE NEXT-TO-LEADING
ORDER KERNEL ON THE IOFFE TIME

DISTRIBUTION

To demonstrate the e↵ect of the NLO kernel on the
Io↵e-time distribution, we select ↵s = 0.303 at µ = 2
GeV and �⇠

2
µ
2 = 1 and compare in Fig. 1 theK(0)(!)/!

and K
(1)(!)/! e↵ects for ! 6= 0. The NLO corrections

are tiny at small ! and increase very slowly towards large
!; this can be partially understood from the ratio be-
tween K

(0) and K
(1) around ! = 0:

K
(1)

K(0)
=

↵s

3⇡
+O(!2) ⇡ 0.03 +O(!2). (11)

It is important to note that as an asymptotic series, the
relative size of K(1)

/K
(0) as a function of ! actually di-

verges as ! ! 1, but, only a small range of ! is relevant
for the convolution with PDFs in Eq. (1). What is impor-
tant is the size of their convolutions with the PDFs in the
relevant Io↵e-time window of the lattice QCD data while
keeping ⇠ small. Therefore, it is also useful to demon-
strate the e↵ect the NLO kernels could have with various
model PDFs in the Io↵e time space. The convolutions

K
(1,i)

⌦ q(!) =

Z
dx

1

x!
K

(1,i)(x!)q(x) (12)
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In Fig. 4, we present fit results of the ratio
C4pt(T )/e�m0T on the ensembles a94m278 and a94m358
for momenta in the range p 2 {0.41 � 1.65} GeV and
current separation ⇠ = 3a, both p and ⇠ in along the z-
direction, to demonstrate how reliably we can extract the
asymptotic value of B, and hence the Io↵e time distribu-
tion (ITD) from B/A. The numerical challenges manifest
in this formalism are reflected in the signal-to-noise ratio
(S/N) of the largest momentum p = 1.65 GeV relative to
that of the smallest p = 0.41 GeV; the former is nearly 3
times smaller. Despite this, we can fit these data up to at
least T = 14(⇠ 1.32 fm) even for the largest momentum
p = 1.65 GeV on the lightest pion mass m⇡ = 278 MeV
ensemble. In all the fits, we use the time window such
that S/N � 1. The Wilson clover fermion action explic-
itly connects adjacent lattice sites, introducing spurious
contact terms in the ⇠ = a matrix element signals. These
data are consequently neglected from our analysis.

FIG. 4. Removal of the leading ground-state time depen-
dence exposes the desired matrix elements in the large T limit,
shown here for ensembles a94m278 (above) and a94m358 (be-
low) for current separations ⇠ = 3a. High momenta data
rescaled for S/N comparison.

The matrix elements computed across the four gauge
ensembles are shown in Fig. 5. We only include |⇠|  0.56
fm in our analysis so that ⇠ is su�ciently smaller than

⇤�1

QCD
, thereby ensuring the validity of the short-distance

factorization and minimizing higher-twist contributions
from large ⇠. Exploiting the analyticity of the LCS

FIG. 5. Simultaneous fit to the antisymmetric V-A current
matrix elements on four di↵erent ensembles. The blue band
indicates the ITD in the physical limit. The outer cyan band
shows the combined statistical and systematic uncertainties
of fit (14) added in quadrature.
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�VA(!, ⇠2) in rest of the article and figures, we obtain the
functionally unknown ITD using a flexible z-expansion
fit [58, 59] supplemented with chiral, continuum, finite
volume [60] and higher twist corrections:

�VA(!, ⇠
2) =

kmax=4X

k=0

�k⌧
k + b1(m⇡ �m⇡,physical) + b2a

+ b3⇠
2 + b4a

2
p
2 + b5e

�m⇡(L�⇠)
, (14)

where ⌧ =

p
!cut + ! �

p
!cut

p
!cut + ! +

p
!cut

(15)

and m⇡,physical ' 0.14 GeV is the physical pion mass.
Higher-order terms (kmax > 4) have no statistical signif-
icance and are not considered.
The correction terms of Eq. (14) are selected based on

each being the dominant contribution of its type. We
consider now di↵erent possible correction terms in the fit
to Eq. (14), such as a2, m2

⇡, Le
�m⇡(L�⇠),

p
Le

�m⇡(L�⇠).
These corrections are presented in TABLE II. The second
column indicates the value of the fitted coe�cient of the
correction terms and the �k columns indicate the e↵ect
of these corrections on the z-expansion fit parameters
used to obtain the physical limit �VA(!) distribution.
We note that for all additionally considered corrections,
the e↵ect is indeed observed to be less than the original
corrections of Eq. (14) and the determination of q⇡

v
(x)

remains una↵ected.
In addition, as seen in Fig. 5 the e↵ects of other

possible correction terms such as m
2
⇡, a

2, Le�m⇡(L�⇠),
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direction, to demonstrate how reliably we can extract the
asymptotic value of B, and hence the Io↵e time distribu-
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in this formalism are reflected in the signal-to-noise ratio
(S/N) of the largest momentum p = 1.65 GeV relative to
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times smaller. Despite this, we can fit these data up to at
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ensemble. In all the fits, we use the time window such
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and m⇡,physical ' 0.14 GeV is the physical pion mass.
Higher-order terms (kmax > 4) have no statistical signif-
icance and are not considered.
The correction terms of Eq. (14) are selected based on

each being the dominant contribution of its type. We
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correction terms and the �k columns indicate the e↵ect
of these corrections on the z-expansion fit parameters
used to obtain the physical limit �VA(!) distribution.
We note that for all additionally considered corrections,
the e↵ect is indeed observed to be less than the original
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FIG. 1. A comparison between K(0)(!)/! and K(1)(!)/!
for ↵s(µ = 2 GeV) = 0.303 and �⇠2µ2 = 1. The uncertainty
in K(1)(!)/! is obtained by a 10% variation in ↵s.

with i = 0, 1 for a few PDFs are shown in Figs. 2 and 3,
respectively. Each of the convolutions have similar fea-
tures. These convolutions represent the di↵erence be-
tween the LCS and the Io↵e time distribution (ITD),
applying the appropriate factors proportional to ↵s and
ln(�⇠

2
µ
2
e
2�E/4). The convolutions all rise to a peak

around ! ⇠ 4.0 and begin to decay to 0. The NLO ef-
fects are most significant at the highest Io↵e time range
available to our calculations but the corrections will be
smaller for large Io↵e times. These convolutions demon-
strate a reassuring feature of the position space matching.
These convolutions are at the largest O(1) which means
the NLO term will be O(↵s) for the entire region of Io↵e
time. These convolutions can be compared with those for
matching the reduced pseudo-ITD to the PDF in [47].

FIG. 2. The convolution of the K(1,0) kernel with model
PDFs.

FIG. 3. The convolution of the K(1,1) kernel with model
PDFs.

ID a (fm) m⇡ (MeV) L3 ⇥Nt Ncfg

a127m413 0.127(2) 413(4) 243 ⇥ 64 2124

a127m413L 0.127(2) 413(5) 323 ⇥ 96 490

a94m358 0.094(1) 358(3) 323 ⇥ 64 417

a94m278 0.094(1) 278(4) 323 ⇥ 64 503

TABLE I. Parameters for each gauge ensemble used in this
work: lattice spacing, pion mass, spatial and temporal sizes,
and number of configurations used.

IV. NUMERICAL RESULTS & EXTRACTION
OF THE q⇡v (x)

The LQCD calculation of the pion matrix element in
Eq. (1) is carried out on four di↵erent 2+1 flavor QCD
ensembles (listed in Table I) using the isotropic-clover
fermion action generated by the JLab/W&M Collabo-
ration [57]. We refer to [43] for details about the im-
plementation of a modified sequential source technique,
and a combination of Jacobi and momentum smearing
to obtain matrix elements for a given momentum p and
spatial separation ⇠ between the currents. In this calcula-
tion of the forward matrix elements, the pion source-sink
separation T is systematically increased, while holding
fixed the current insertion time t = T/2, ensuring iden-
tical excited-state contamination from both source and
sink sides. To extract the desired matrix elements, we
assume the following forms of two- and four-point corre-
lation functions:

C2pt(T ) = Ae
�m0T

C4pt(T ) = e
�m0T (B +D e

��mT ), (13)

and perform simultaneous correlated fits to the two- and
four-point functions. We verify that the value of the
ground-state energy m0 obtained from this simultaneous
fit is consistent with that obtained from C2pt(T ) alone
and also agrees with the energy-momentum dispersion
relation.

First attempt to go to physical  
limits in a pion PDF calculation
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Correction term Fit coe�cient �0 �1 �2 �3 �4 �2/d.o.f.

a2 �0.049(34) 0.0104(3) �0.006(3) �0.028(9) �0.901(391) 0.124(135) 1.26

(m2
⇡ �m2

⇡,physical) 0.15(12) 0.0104(3) �0.006(3) �0.029(10) �0.926(388) 0.118(132) 1.18

Le�m⇡(L�⇠) 0.007(3) 0.0104(3) �0.006(3) �0.028(10) �0.915(402) 0.121(136) 1.22p
Le�m⇡(L�⇠) 0.026(14) 0.0104(3) �0.006(3) �0.029(10) �0.914(403) 0.121(136) 1.21

TABLE II. Fit parameters of di↵erent correction terms in fit Eq. (14) for the investigation of systematic uncertainties in �VA(!).

p
Le

�m⇡(L�⇠) are observed to be very mild. We choose
!cut = 1.0 as used in [61]; other choices of !cut were
observed to have no e↵ect on the final band in the physi-
cal limit and vanishing higher-twist O(⇠2) contributions.
The blue band in Fig. 5 shows such �VA(!) distribution
after bi corrections in Eq. (14) are subtracted, and where
the error band is determined from the �k covariances.
The fit yields

�0 = 0.104(3), �1 = �0.006(3), �2 = �0.029(9),

�3 = �0.907(404), �4 = 0.124(136),

b1 = 0.174(96), b2 = �0.083(43), b3 = �0.0004(7),

b4 = 0.007(8), b5 = 0.102(51) (16)

with �
2
/d.o.f = 1.20. As can be seen in Fig. 5, there ap-

pears to be completely negligible ⇠ e↵ects either higher
twist or DGLAP [62–64]. Therefore, we will assign the
⇠ = 2 ⇥ 0.094 fm, the shortest ⇠ used in this study in
the factorization formula (8) while matching the posi-
tion space LCS to q

⇡
v
(x) distribution. With the physical

�VA(!) distribution in hand, we can immediately extract
the physical q⇡

v
(x) with no further extrapolations.

FIG. 6. The pion valence quark distribution obtained from
fitting the convolution of q⇡v (x) and the NLO perturbative
kernel (8) to the determined �VA(!) distribution in the fit
Eq. (14). Fits 1 and 2 label the 2- and 3-parameter functional
forms in Eq. (17).

The extraction of q
⇡
v
(x) is achieved by numerically

evaluating the convolution of the NLO kernel Eq. (8) and
the following phenomenologically motivated functional

forms of the PDF:

q
⇡
v
(x) =

x
↵(1� x)�(1 + �x)

B(↵+ 1,� + 1) + �B(↵+ 2,� + 1)
(17)

using the library ROOT [67]. The high correlation of
the sampled �V A(!) data guarantees that increasing
the sampling density or varying the number of derived
pseudo-data samples will have no impact on the q⇡

v
(x) fit

parameters.
The parameters in the PDF parametrization Eq. (17)

are determined by fitting the convolution of the model
PDF and the NLO perturbative kernel to �VA(!) in a
manner similar to Ref. [61], where the Io↵e-time zero
point is fixed in this calculation by the LO+NLO per-
turbative kernel. The isolation of �V A(!) is a multi-step
process, and begins by performing a correlated fit of lat-
tice data from all four ensembles according to Eq. (14).
This yields �VA(!, ⇠2) plus corrections. Removing the
bi corrections from the obtained �VA(!, ⇠2) distribution,
we obtain the blue band indicated by �VA(!) - now in
the physical limit. The covariance matrix of the �k co-
e�cients from the correlated z-expansion fit provides an
error estimate of the �VA(!) physical distribution. We
choose 30 correlated data points from the continuum
band of �V A(!), equally spaced in the Io↵e-time inter-
val ! 2 [0 � 4.71]; a number in accordance with the 20
data points available from the a94m278 and a94m358
lattice ensembles. Using the mean and covariance matrix
of these data points, we create 200 Gaussian distributed
pseudo-data samples with appropriate correlations and
perform the following numerical fit

�V A(!) =

Z
1

0

dxK
LO+NLO(x,!) q⇡

v
(x) (18)

to obtain q
⇡
v
(x). As these discrete values resulting from

the fit in Eq. (14) are highly correlated, the addition of
more discrete data points from the fitted �VA(!) distri-
bution does not improve the outcome of the q

⇡
v
(x) fit

parameters. We confirmed this by increasing the number
of �VA(!) sampling points to 100. A similar result is ob-
tained if one chooses 20 sampling points or less, as was
done in our previous work (Ref. [43]). One can also see
that increasing or decreasing the number of pseudo-data
samples from 200 will not have any impact on the q

⇡
v
(x)

fit parameters, again due to the �VA(!) data correlations.
What is required to improve the q⇡

v
(x) fit parameters is a

larger range of Io↵e-time. In the above fit, we have used
the constraints ↵  0 and �  4.

Extraction of full x-dependence from limited data is  
a BIG challenge

An important part of CNF activity!

Global fits of PDFs
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Fourier transform of a constant 
 signal is a delta function

Helps producing singular behavior 
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1995

Asymptotic behavior  
power-counting & Regge behavior

Figure 2: Model of the Ioffe time valence-type distribution corresponding to the simple
ansatz qV (u) = Nuα(1 − u)β with α = −0.5 and β = 3. The normalization is such
that

∫ 1
0 duqV (u) = 1. The dashed line shows the asymptotic expansion (2). Note that it

matches almost perfectly the true behaviour for z ≥ 6.
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Recall the black hole image

Kazu Akiyama, Thomas Jefferson National Accelerator Facility, VA, 2019/06/26 (Wed)

Calibrated data sets (before imaging)

April 11 after amplitude and network calibration is also shown
in Figure 10 (bottom right panel). The trend in the visibility
amplitudes is clearly different from the trend seen in M87.
3C 279 appears to have more complex structure on long
baselines, and the structure varies with baseline position angle.

7.3.1. Persistent Structural Features

Figure 13 shows the correlated flux density after amplitude
and network calibration as a function of baseline length for all
four days of observations of M87 via the HOPS pipeline. The
network-calibrated amplitudes show broad consistency over
different days, and are consistent between pipelines
(Section 8.5). The majority of notable low-amplitude outliers
across days are due to reduced efficiency of the JCMT or the
LMT on a select number of scans (caused by, e.g., telescope
pointing issues or surface instability). Although the amplitudes
of these data points are low, closure information remains stable
and is unaffected by station gain. This is shown by comparing
the erratic amplitudes on the LMT–SMT baseline in Figure 13
(cluster of points at about 1 Gλ) with the smooth trends in
closure phase for the ALMA–LMT–SMT triangle (Figure 14,
top left) and in closure amplitude for the ALMA–LMT–
APEX–SMT quadrangle (Figure 14, top right).

The secondary peak in amplitude and the location of the two
nulls are persistent for all four days. These signatures in the
visibility amplitudes suggest that the source is not changing
dramatically over several days, is compact with acharacteristic
spatial scale of 50 μas, and exhibits similar structure over
arange of baseline position angle. Long baselines with various
orientations lie in astable trend along the second peak, and
aminimum in amplitude at 3.4 Gλ is seen on both the east–
west and north–south oriented baselines.

While the overall trend may indicate acompact and nearly
circularly symmetric structure that is stable in time, amore
detailed inspection of the data set suggests the presence of a
slight anisotropy, also made evident by multiple measurements
of non-zero closure phase. This can be seen comparing the
ALMA/APEX–LMT and SMA/JCMT–LMT amplitudes in
Figure 10 (bottom left). Both baselines probe a(u, v) distance
of about 3.4 Gλ, but they have avery different, nearly
perpendicular orientation (Figure 12). Flux density measured
on the north–south oriented ALMA–LMT baseline is afew

times larger than that for the east–west oriented SMA–LMT
baseline. These properties translate to striking source features
in imaging and model fitting, presented in Papers IV and VI,
respectively.

7.3.2. Time Variability

M87 was observed on the two consecutive nights of April 5/6
and again four nights later for the two consecutive nights of
April 10/11. We observe clear indications of modest source
evolution between the two pairs of nights, and broad consistency
within each pair. The evolution can be seen particularly well in
the behavior of robust closure quantities.
Across the full set of closure quantities, some closure phases

formed by wide and open triangles (e.g., ALMA–LMT–SMA,
Figure 14, bottom left) show different closure phase trends
between the first pair of days and the second pair. Additionally,
the east–west oriented LMT–SMA–SMT triangle shows
different closure phase trends between the two pairs of days
(Figure 14, bottom center), but the equivalent triangle in the
opposite orientation, LMT–PV–SMT, shows no such trend
(Figure 14, top middle).
Strong night-to-night variability of closure phases is

associated with baselines probing (u, v) components close to
the first visibility amplitude null, where visibility phases are
particularly sensitive to small structural changes. The LMT–
Hawaiʻi baselines are particularly affected. Rapid swings of
closure phase, as large as 200° in 2 hr, are found for the LMT–
SMA–SMT triangle, but exclusively for the latter pair of nights
on April 10/11. Triangles that do not probe the 3.4 Gλ null
location indicate less variability, e.g., ALMA–LMT–SMT or
LMT–PV–SMT. Despite larger uncertainties, similar trends are
seen in log closure amplitudes (right column of Figure 14). In
particular, significant differences between the two pairs of
nights can be seen on the ALMA–LMT–APEX–SMA quad-
rangle, while the ALMA–LMT–APEX–SMT quadrangle gives
more consistent values.

8. Data Validation and Systematics

In this section, we summarize data set validation tests,
performed using diagnostic tools developed in the eat library
framework and focusing on the properties of the final network-
calibrated data products. The section is structured as follows. In
Section 8.1, we discuss internal consistency tests performed
during the fringe-fitting stage. In Section 8.2, the accuracy of
reported thermal uncertainties is tested. In Section 8.3 we
investigate the robustness of data products against decoherence
with increased coherent averaging time. Section 8.4 presents
internal consistency tests in each pipeline and provides
estimates for the magnitude of non-closing systematic errors,
which become important considerations in the error budget for
high S/N measurements. Finally, in Section 8.5, direct
comparisons between the three pipelines are given. Amore
comprehensive discussion of these automated data validation
procedures is given in atechnical memo (Wielgus et al. 2019).

8.1. Fringe Validation

During fringe detection, a number of basic tests are
performed on the data that check for data integrity, false
fringes, and the overall self-consistency of the detected

Figure 13. Correlated flux density of M87 as a function of projected baseline
length for all four days of observations, from HOPS data that has been fully
averaged. Outliers are due to reduced performance of the LMT or the JCMT.
Error bars denote ± 1σ uncertainty from thermal noise.
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(Greisen 2003; Whitney et al. 2004; McMullin et al. 2007, I. M.
van Bemmel et al. 2019, in preparation).

Data from the fringe-fitting pipelines were scaled from
correlation coefficients to a uniform physical flux density scale
(in Jansky) by using an independent apriori estimate of the
sensitivity of each telescope. The accuracies of the derived
station sensitivities were estimated to be 5%–10% in amplitude,
although certain uncharacterized losses (e.g., from poor
pointing or focus) can exceed the error budget. By assuming
total flux density values derived from ALMA interferometric
data (Goddi et al. 2019) and utilizing array redundancy via
network calibration (Paper III), we refined the absolute
amplitude calibration of telescopes that are colocated and have
redundant baselines, i.e., ALMA/APEX and JCMT/SMA.

The median scan-averaged signal-to-noise ratio for M87*

was > 10 on non-ALMA baselines and > 100 on baselines to
ALMA, leading to small statistical errors in visibility amplitude

and phase. Comparisons between the three independent
pipelines, the two polarizations, and the two frequency bands
enabled estimation of systematic baseline errors of around 1° in
visibility phase and 2% for visibility amplitudes. These small
limiting errors remain after fitting station sensitivities and
unknown station phases via self-calibration (Pearson & Readhead
1984) and affect interferometric closure quantities (Rogers et al.
1974; Readhead et al. 1980). Following data validation and
pipeline comparisons, a single pipeline output was designated as
the primary data set of the first EHT science data release and used
for subsequent results, while the outputs of the other two pipelines
offer supporting validation data sets.
The final calibrated complex visibilities V(u, v) correspond to

the Fourier components of the brightness distribution on the
sky at spatial frequency (u, v) determined by the projected
baseline expressed in units of the observing wavelength (van
Cittert 1934; Thompson et al. 2017). Figure 2 shows the (u, v)
coverage and calibrated visibility amplitudes of M87* for
April11. The visibility amplitudes resemble those of a thin
ring (i.e., a Bessel function J0; see Figure 10.12 in Thompson
et al. 2017). Such a ring model with diameter 46 μas has afirst
null at 3.4 Gλ, matching the minimum in observed flux density
and is consistent with a reduced flux density on the longest
Hawai’i–Spain baseline (JCMT/SMA-PV) near 8 Gλ. This
particular ring model, shown with a dashed line in the bottom
panel of Figure 2, is only illustrative and does not fit all features
in the data. First, visibility amplitudes on the shortest VLBI
baselines suggest that about half of the compact flux density
seen on the ∼2 km ALMA–APEX baseline is resolved out by
the interferometer beam (Paper IV). Second, differences in the
depth of the first minimum as a function of orientation, as well
as highly nonzero measured closure phases, indicate some
degree of asymmetry in the source (Papers III, VI). Finally, the
visibility amplitudes represent only half of the information
available to us. We will next explore images and more complex
geometrical models that can fit the measured visibility
amplitudes and phases.

5. Images and Features

We reconstructed images from the calibrated EHT visibi-
lities, which provide results that are independent of models
(Paper IV). However, there are two major challenges in
reconstructing images from EHT data. First, EHT baselines
sample a limited range of spatial frequencies, corresponding to
angular scales between 25 and 160 μas. Because the (u, v)
plane is only sparsely sampled (Figure 2), the inverse problem
is under-constrained. Second, the measured visibilities lack
absolute phase calibration and can have large amplitude
calibration uncertainties.
To address these challenges, imaging algorithms incorporate

additional assumptions and constraints that are designed to produce
images that are physically plausible (e.g., positive and compact) or
conservative (e.g., smooth), while remaining consistent with the
data. We explored two classes of algorithms for reconstructing
images from EHT data. The first class of algorithms is the
traditional CLEAN approach used in radio interferometry (e.g.,
Högbom 1974; Clark 1980). CLEAN is an inverse-modeling
approach that deconvolves the interferometer point-spread function
from the Fourier-transformed visibilities. When applying CLEAN, it
is necessary to iteratively self-calibrate the data between rounds of
imaging to solve for time-variable phase and amplitude errors in the
data. The second class of algorithms is the so-called regularized

Figure 2. Top: (u, v) coverage for M87*, aggregated over all four days of the
observations. (u, v) coordinates for each antenna pair are the source-projected
baseline length in units of the observing wavelength λ and are given for
conjugate pairs. Baselines to ALMA/APEX and to JCMT/SMA are
redundant. Dotted circular lines indicate baseline lengths corresponding to
fringe spacings of 50 and 25 μas. Bottom:final calibrated visibility amplitudes
of M87* as a function of projected baseline length on April 11. Redundant
baselines to APEX and JCMT are plotted as diamonds. Error bars correspond
to thermal (statistical) uncertainties. The Fourier transform of an azimuthally
symmetric thin ring model with diameter 46 μas is also shown with a dashed
line for comparison.
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Problem associated with attempt to construct complete  
information from limited data

Nothing special to do with any specific method of  
calculating PDF using Lattice QCD
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FIG. 13. NNPDF1.1pol and JAM17 isovector helicity PDF at a scale µ = 3 GeV. Also, shown are the corresponding target-mass
corrected isovector helicity PDFs (dashed lines) for Pz = 1.84 GeV and Pz = 2.31 GeV.

as Pz is increased from 1.84 GeV to 2.31 GeV. In any case, at large z, we see clear tension between the imaginary
part of the lattice qPDF lattice and the results of global analysis. This suggests that the range of applicability of
1-loop matching is perhaps limited to z . 0.2 fm in the case of the nucleon. It remains to be seen if this agreement
gets better with the addition of higher-loop corrections, or this observed discrepancy arises because of contamination
of higher-twist e↵ects at larger z. This observation has an important implication for our ability to described the
x-dependence of PDF within the LaMET framework. For example, if the 1-loop perturbative matching works only
for z ' 0.2 fm, reliable calculations of nucleon PDF down to x ' 0.1 will need Pz & 10 GeV.

VII. HELICITY PDF: PERTURBATIVE MATCHING AND COMPARISONS WITH �hR(z,Pz)

Our analysis of helicity qPDF closely follows the analysis performed in the unpolarized case, namely we start
from the helicity PDF obtained in global analyses, reconstruct the corresponding target-mass corrected qPDF, and
then compare with the lattice results. The helicity PDF have been extracted from the global analysis by NNPDF
collaboration using DIS, inclusive W

± and jet production data from RHIC, as well as the open charm data from
COMPAS resulting in NNPDFpol1.1 [62]. The JAM collaboration used the DIS and SIDIS data in their global analysis,
combined with e

+
e
� data to constrain the fragmentation functions at NLO [63]. The resulting PDF parameterization

is called JAM17. In Fig. 13, we show the isovector helicity PDF �qu � �qd. The positive-x region corresponds to
quark contribution, while the negative-x region corresponds to anti-quark region. The target-mass corrected helicity
PDF, �q

0(x, Pz), was obtained from helicity PDF, �q(x), following Ref. [59]:

�q
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1
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where c = M
2
/4P 2

z , f± =
p
1 + 4c± 1, and for the integration limits +1 (-1) correspond to x > 0 (x < 0).

Although the matching for helicity qPDF has not been explicitly presented in the literature before, it was straight-
forwardly deduced from the results presented in Ref. [24]. The key observation here was the fact that, owing to
the chiral symmetry, for a mass-less quarks in 1-loop perturbation theory Tr[�5�z⇤(p, z, �z�5)] = Tr[�z⇤(p, z, �z)].
Thus, the 1-loop matching of the helicity qPDF in the RI-MOM scheme with minimal projection is same as that
for the unpolarized qPDF with � = �z (instead of the � = �t used before), and with the RI-MOM renormalization
condition corresponding to the projection operator P = �z (instead of the minimal projection). The 1-loop matching
for the � = �z operator is known for two di↵erent RI-MOM projections, the minimal projection and the /p projection,
corresponding to P = �z � (pz/px)�x and P = /p/(4pz), respectively [24]. The function that depends on the RI-MOM
projection operator, i.e. f2,�z,�z , entering the matching coe�cient in Eq. 11 was simply deduced from these known
results. The Lorentz structure of ⇤(p, z, �↵) for a general �↵, ↵ = x, y, z, t is given by

⇤(1)(p, x, �↵) = �↵

h
f̃t(x, ⇢)

i

+
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p↵

pz

h
f̃z(x, ⇢)

i

+
+

/pp↵

p2

h
f̃p(x, ⇢)

i

+
(26)

and f2,�z,mp = f̃t + f̃z and f2,�z,/p = f̃t + f̃z + f̃p [24]. Here, the subscript ‘+’ refers to the standard plus-prescription

and ⇢ = �p
2
/p

2
z. The functions f̃t, f̃z and f̃p have been calculated in Ref. [24], and we use the same notations here.

HT and/or convergence problem of 1-loop matching? 
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FIG. 3. Real (top) and imaginary (bottom) part of the
evolved matrix elements (M0(⌫, z2, µ2) at fixed P3) for
the unpolarized PDF. The scale after evolution is 1/z =
µe�E+1/2/2 ⇡ 2.9 GeV and corresponds to the MS scale µ = 2
GeV. Symbols are the same as used in Fig. 1.
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FIG. 4. Real (top) and imaginary (bottom) part of the
matched MS(µ = 2 GeV) matrix elements (Q(⌫, z2, µ2) at
fixed P3) for the unpolarized PDF. Symbols are the same as
used in Fig. 1.

even smaller. Nevertheless, obviously, a two-loop compu-
tation is still desired to check explicitly this statement.
It is also worth to contrast the one-loop matching for the
case of pseudo-PDFs with the one for quasi-PDFs. In
the latter case, as e.g. in Ref. [45] that used the same
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FIG. 5. Real (top) and imaginary (bottom) part of the re-
duced (M(⌫, z2); orange circles), evolved (M0(⌫, µ2); green
squares) and matched (Q(⌫, µ2); purple stars) Io↵e time dis-
tributions. The matrix elements corresponding to the same
Io↵e time ⌫ coming from di↵erent combinations of (P3, z) were
averaged, keeping only the ones at z/a  8.

bare matrix elements as the present study, the one-loop
matching e↵ects are considerably larger. The matching
for quasi-PDFs is performed in x-space and the di↵er-
ence between a quasi-PDF and a matched PDF are above
100% in many regions of x. Hence, it is plausible that
the matching in the pseudo-distribution approach, at the
level of ITDs (in ⌫-space), is more controlled, i.e. less
subject to truncation e↵ects.

C. Light-cone PDFs

We now present results for the unpolarized PDFs ob-
tained from matched ITDs discussed in the previous sub-
section.
Reconstruction of a PDF from ITDs requires, in prin-

ciple, the knowledge of the full Io↵e time dependence of
the ITDs, from ⌫ = 0 to ⌫ = 1. Obviously, with numer-
ical calculations of ITDs on the lattice, the upper limit,
⌫max, is necessarily finite. It is desirable to take ⌫max

as large as possible, ideally to observe that ITDs have
decayed to zero. However, as Fig. 4 suggests, this is di�-
cult with the currently attained nucleon boosts. The real
part of matched ITDs approaches zero at ⌫ ⇡ 7� 8, but
these Io↵e times are obtained with Wilson line lengths
of order 1 fm at the largest boost, which corresponds
to very low energy scales at which the matching proce-
dure is likely to fail. For the imaginary part of ITDs,
non-zero values are observed even at ⌫ = 8. It is, thus,
clear that a robust extraction of the full x-dependence re-

Convergence problem of matching? 

Several other observations…
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• Renormalized matrix element in the hybrid scheme
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HT effect? If yes…too big? 
Convergence of 1-loop matching? 
Mixture of both?

If “Hybrid renormalization” is unavoidable what about   
the reliability/effect on previous quasi-PDF/LaMET results?



Finally … Pion PDF from LCS

Extraction of PDF using the pQCD expression and  
functional form of PDFs 
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where ⌧ =

p
!cut + ! �

p
!cut

p
!cut + ! +

p
!cut

. (13)

Inclusion of higher-order terms beyond kmax = 4 have no
statistical significance and are not considered in the z-
expansion fit (12). We choose !cut = 1.0 as used in [56];
other choices of !cut were observed to have no e↵ect on
the final band in the physical limit and vanishing higher-
twistO(⇠2) contributions. The blue band in FIG. 2 shows
such �V A(!) distribution after bi corrections in Eq. (12)
are implemented. The fit yields

�0 = 0.104(3), �1 = �0.006(3), �2 = �0.029(9),

�3 = �0.943(404), �4 = 0.124(136),

b1 = 0.174(96), b2 = �0.083(43), b3 = �0.0004(7),

b4 = 0.007(8), b5 = 0.102(51) (14)

with �2/d.o.f = 1.20. With the physical �V A(!) distri-
bution in hand, we can immediately extract the physical
q⇡v (x) with no further extrapolations.

FIG. 3. The pion valence quark distribution obtained from
fitting the convolution of q⇡v (x) and the NLO perturbative
kernel (8) to the determined �V A(!) distribution in the fit
Eq. (12). Fits 1 and 2 label the 2- and 3-parameter functional
forms in Eq. (15). [Inset] A comparison of the reconstructed
�V A(!)-distribution for 4.0 < ! < 5.0 from the PDF fits and
that obtained from (12).

The extraction of q⇡v (x) is achieved by numerically
evaluating the convolution of the NLO kernel (Eq. (8))
and two phenomenologically motivated functional forms
of the PDF:

q⇡v (x) =
x↵(1� x)�(1 + �x)

B(↵+ 1,� + 1) + �B(↵+ 2,� + 1)
(15)

and fit the �V A(!) distribution using the numerical fit-
ting program ROOT [57]. We use the strong coupling
↵s = 0.303 at the initial scale µ0 = 2 GeV [58]. The
systematic uncertainties in the PDF fit parameters are
estimated by a 10% variation in ↵s as in [56]. The 2-
parameter fit, by fixing � = 0 in Eq. (15) yields,

↵ = �0.17(7)stat(2)sys, � = 1.24(22)stat(7)sys (16)

with �2/d.o.f = 1.41. Stated uncertainties are statistical
(systematic) first (second). In a 3-parameter fit, with an
unconstrained �, we obtain

↵ = �0.22(11)stat(3)sys, � = 2.12(56)stat(14)sys,

� = 4.28(1.73)stat(25)sys (17)

with �2/d.o.f ⇡ 1.29. Inclusion of an additional ⇢
p
x-

term in (15) was found to be consistent with zero. Com-
mensurate �2/d.o.f between fits (16) and (17) limits the
selection of one fit over another based solely on the good-
ness of the fit. However, the fit (17) includes the possi-
bility of � = 0 and is more general. These fits are shown
in FIG. 3. We elected not to extrapolate our Io↵e time
distribution obtained from our z-expansion fit beyond
the largest Io↵e time ! = 4.71 when determining the
PDF. However for illustration purposes (FIG. 3 inset),
extrapolating the central value of the �V A(!) distribu-
tion from the z-expansion fit (blue) and the associated
2- (red) and 3-parameter (cyan) fits reveals that precise
LQCD data at large-! are required to distinguish be-
tween di↵erent large-x behaviors of q⇡v (x). We find the
�V A(!)-distribution reconstructed from the 2-parameter
fit slightly underestimates the uncertainties of the distri-
bution in the physical limit. This observation together
with the smaller �2/d.o.f favors the q⇡v (x) extracted using
the 3-parameter fit (17).
Discussion: For a comparison with global fits of q⇡v (x),

we evolve our extracted PDF sets to a scale of µ2 = 27
GeV2, from an initial scale µ0 = 2 GeV shown in FIG. 3,
large enough for the validity of factorization. FIG. 4
shows a comparison with the PDF extraction using LO
factorization of the E615 data [3], which shows a (1� x)
large-x behavior, and the analysis [11] where the next-to-
leading-logarithmic threshold soft-gluon re-summation
e↵ects [59, 60] are included in the calculation of the Drell-
Yan cross section, which shows a softer (1 � x)2 fall-o↵.
Notably, in a NLO analysis of the E615 data [10], the
large-x behavior was found to be ⇠ (1 � x)1.54. Fol-
lowing the discussion in the previous section, we note
from FIG. 4 that our more flexible fit (17), with smaller
�2/d.o.f, has good agreement with the analysis in [11]
over the entire x-region.

When compared to previous LQCD calculations of
q⇡v (x), the present calculation shows good agreement
with the previous LCSs calculation [43] and q⇡v (x) ob-
tained in [56] using the “reduced pseudo Io↵e time dis-
tribution” formalism [36]; although q⇡v (x, µ

2 = 27GeV2)
in [56] shows some tension with the E615 data in the
0.42 < x < 0.8 region. Corresponding calculations using
the “quasi-PDFs” formalism [34] show di↵erences among
themselves and in 0.4 < x < 0.85 region in [62] and in
x > 0.62 region in [45] with our calculation and the ex-
perimental extraction of q⇡v (x).

Conclusion & Outlook: This work presents the first
LCS calculation that incorporates results on four gauge
ensembles, including the lightest pion mass used in any
lattice QCD calculation to access q⇡v (x), along with a
derivation of the one-loop perturbative matching kernel

�V A = K ⌦ qv

14
RSS, Egerer, Karpie, Edwards,Joo, 

Orginos, Qiu, Richards (2020)
In agreement within errors 

in the entire x-region
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FIG. 5: The extrapolation in pion mass of the renormal-
ized matrix elements of the pion (top), and light (middle)
and strange (bottom) valence-quark contributions to the kaon
PDFs as functions of dimensionless zPz. The lines indicate
the central values of the fits to the matrix elements at indi-
vidual pion masses. The pink bands show the uncertainties
of the results after extrapolation to the physical pion mass.

analysis of the FNAL-E615 experiment data [5] with our
result approaching large-x with ⇠ (1 � x)1.01, whereas
there is tension with the x > 0.6 distribution from the re-
analysis of the FNAL-E615 experiment data using next-
to-leading-logarithmic threshold resummation e↵ects in
the calculation of the Drell-Yan cross section [7] (la-
beled as “ASV’10”), which agree better with the distri-
bution from Dyson-Schwinger equations [71]; both prefer
⇠ (1 � x)2 as x ! 1. An independent lattice study
of the pion valence-quark distribution [72], also extrapo-
lated to physical pion mass, using the “lattice cross sec-
tions” (LCSs) [45], reported similar results to ours. Our
lowest 3 moments at the scale of 27 GeV2 are 0.230(18),
0.102(13), 0.057(10), which are consistent with the mo-

ments (0.23, 0.094, 0.048) from chiral constituent quark
model [73].

Figure 7 shows the ratios of the light-quark distri-
bution in the kaon to the one in the pion (uK+

v /u⇡+

v ).
When comparing our result with the original experimen-
tal determination of the valence quark distribution via
the Drell-Yan process by NA3 Collaboration [1] in 1982,
we found good agreement between our results and the
data. Our result approaches 0.4 as x ! 1 and agrees
nicely with other analyses, such as constituent quark
model [74], the Dyson-Schwinger equations (DSE) ap-
proach (“DSE’11”) [75], and basis light-front quantiza-
tion with color-singlet Nambu–Jona-Lasinio interactions
(“BLFQ-NJL’19”) [76]. Our lowest 3 moments for uK+

v
are 0.193(8), 0.080(7), 0.042(6), respectively, which are
close to the QCD model estimates of 0.23, 0.091, 0.045
from chiral constituent quark model [73] and 0.28, 0.11,
0.048 from Dyson-Schwinger equations [71]. Our pre-
diction for xsKv is also shown in Fig. 7 with the lowest
3 moments of sKv being 0.267(8), 0.123(7), 0.070(6), re-
spectively; the moment results are within the ranges of
the QCD model estimates from chiral constituent quark
model [73] (0.24, 0.096, 0.049) and Dyson-Schwinger
equations [71] (0.36, 0.17, 0.092).

FNAL–E615'89
ASV'10
DSE'16
BLFQ–NJL'19
LSC'20
MSULat'20

0 0.2 0.4 0.6 0.8 1.0
0

0.1

0.2

0.3

0.4

0.5

x
x
u vπ+

FIG. 6: Summary comparison of xu⇡
v as a function of x at

scale of 27 GeV2: our result at physical pion mass (labeled
“MSULat’20”, shown as a green band), another lattice work
using lattice good cross-section method (“LSC’20”, shown as
a red band) [72] at physical pion mass, along with the origi-
nal analysis of the FNAL-E615 experiment data [5] (“FNAL-
E615’89”, cyan circles) and the reanalysis (“ASV’10”, blue
squares) [7] which agree perfectly with the distribution ob-
tained from Dyson-Schwinger equations (“DSE’16”) [71], the
obtained from basis light-front quantization with NJL inter-
actions (“BLFQ-NJL’19”).
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FIG. 29. Our determinations of valence PDF of pion,
f⇡
v (x, µ), at factorization scale µ = 3.2 GeV. (Top panel)
The PDF determination from a = 0.04 fm data (red) and
a = 0.04 fm data (blue). (Bottom panel) Our estimate of
PDF in the continuum limit (blue). In both top and bottom
panels, the darker inner band includes only the statistical er-
ror. The lighter outer band includes both statistical error as
well as the systematic errors. Our estimates are compared
with the FNAL E-0615 estimate [37] (green symbols), ASV
estimate [27] (green dashed line), JAM estimate [70] (black
band) and xFitter analysis [75] (purple line). Insets: the same
data are replotted as the traditional xf⇡

v (x) versus x.

Finally, we compare our PDF determinations with
other global fit analysis in the summary plot in Fig. 29.
Along with our determinations of valence PDFs at the
two lattice spacing (top panel) and our estimate of va-
lence PDF in the continuum limit (bottom panel), we
have also shown the Fermilab E-0615 estimate [37] (green
symbols), the ASV reanalysis of the Fermilab result after
taking soft-gluon resummation into account [27] (dashed
green line), the recent JAM Monte-Carlo global analy-

sis [70] (black band) and the result from analysis using
xFitter [75] (purple line), all evolved to the same scale
µ = 3.2 GeV. One can find an overall agreement of
our determinations with the phenomenological results;
with better agreement with JAM, xFitter and the ini-
tial E-0615 estimates, than with the ASV result. Some
caveats are clear — firstly, our computation is for 300
MeV pion, and hence a future computation with physical
pion mass is crucial. Secondly, we used 1-loop matching
coe�cients to match the lattice results to MS PDF, and
it is at present unclear what the e↵ect of adding higher-
loop perturbative terms in the matching kernel (and also
ASV-type resummation of soft-gluon contribution in the
matching kernel, if at all possible) on the extracted PDFs
and moments will be (very recently, works [16–18] related
to 2-loop matching appeared as the present manuscript
was being completed). We leave these questions for the
future.
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Appendix A: E↵ect of lattice periodicity on Pz = 0
three-point function

The value of m⇡Lt measures quantitatively the mag-
nitude of wrap-around e↵ects due to lattice periodicity
in the temporal direction. Its value on the 483 ⇥ 64
lattice is 5.85 and on 644 lattice is 3.9. Thus, we

Beautiful collaborative work between LQCD community 
using different methods/formalisms !
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LCS is a powerful tool for understanding partonic structure 
[Complementary to Hadronic tensor (Liu 1994), Position-space correlators (Braun & Mueller 2008),  
Quasi-PDF (Ji 2013), Pseudo-PDF (Radyushkin 2017) and experiments/global fits]

Very stable and convergent 1-loop coordinate space matching

Precise data around  ! ⇠ 8� 10 ( smaller lattice spacings )

       behavior for pion  required to pin down  

Further theoretical development to achieve precision and 
convenient numerical implementation of LCS  
(Ma, Orginos, Qiu, & Richards)

Thank you!

Precise data, goodness of fits, different fitting methods 
will allow estimate systematics of the inverse problem  
(like global fitting estimates systematics in their analyses)

(1� x)�



Lattice Calculation

Tmax ⇠ 2.5 fm
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Quasi- vs Pseudo- vs LCS
– All integrals of Ioffe-Time Distribution Function 
– Should yield same PDF after matching and systematic controls

P(x,�z23) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xM(⌫,�z23)

<latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit><latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit><latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit><latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit>

Q(x, p23) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xM(⌫,�⌫2/p23)
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Quasi-PDF

Pseudo-PDF and LCS
For pPDF + LCS, z sets short-distance 
scale.

N.B.  All approaches require large momentum - but for pPDF and LCS to 
ensure range in Ioffe time to solve inverse problem.

Collision energy

Hard Probez ⟶ 1
Q

P ⟶ s

z < < 1
ΛQCD
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Nucleon GPDs

The nucleon GPDs are extracted from nucleon FF
data [66–70] choosing specific x- and t-dependences of
the GPDs for each flavor. One then finds the best fit
reproducing the measured FFs and the valence PDFs.
In our analysis of nucleon FFs [56], three free parame-
ters are required: These are r, interpreted as an SU(6)
breaking e↵ect for the Dirac neutron FF, and �p and �n,
which account for the probabilities of higher Fock com-
ponents (meson cloud), and are significant only for the
Pauli FFs. The hadronic scale � is fixed by the ⇢-Regge
trajectory [28], whereas the Pauli FFs are normalized to
the experimental values of the anomalous magnetic mo-
ments.

Helicity Non-Flip Distributions

Using the results from [56] for the Dirac flavor FFs,
we write the spin non-flip valence GPDs H

q(x, t) =
q(x) exp [tf(x)] with

uv(x) =
⇣
2 � r

3

⌘
q⌧=3(x) +

r

3
q⌧=4(x), (16)

dv(x) =

✓
1 � 2r

3

◆
q⌧=3(x) +

2r

3
q⌧=4(x), (17)

for the u and d PDFs normalized to the valence content
of the proton:

R 1
0 dxuv(x) = 2 and

R 1
0 dx dv(x) = 1. The

PDF q⌧ (x) and the profile function f(x) are given by (9)
and (10), and w(x) is given by (15). Positivity of the
PDFs implies that r  3/2, which is smaller than the
value r = 2.08 found in [56]. We shall use the maximum
value r = 3/2, which does not change significantly our
results in [56].

10�4 10�3 10�2 10�1 100

x

0.0

0.2

0.4

0.6

x
q(

x
)

µ2 = 10 GeV2

uv

dv

NNPDF3.0
MMHT2014
CT14
LFHQCD (NNLO)

FIG. 1. Comparison for xq(x) in the proton from LFHQCD
(red bands) and global fits: MMHT2014 (blue bands) [5],
CT14 [6] (cyan bands), and NNPDF3.0 (grey bands) [77].
LFHQCD results are evolved from the initial scale µ0 = 1.06±
0.15GeV.

The PDFs (16) and (17) are evolved to a higher

scale µ with the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) equation [71–73] in the MS scheme using
the HOPPET toolkit [74]. The initial scale is chosen at
the matching scale between LFHQCD and pQCD as µ0 =
1.06 ± 0.15GeV [75] in the MS scheme at next-to-next-
to-leading order (NNLO). The strong coupling constant
↵s at the scale of the Z-boson mass is set to 0.1182 [76],
and the heavy quark thresholds are set with MS quark
masses as mc = 1.28GeV and mb = 4.18GeV [76]. The
PDFs are evolved to µ

2 = 10GeV2 at NNLO to com-
pare with the global fits by the MMHT [5], CT [6], and
NNPDF [77] collaborations as shown in Fig. 1. The value
a = 0.531±0.037 is determined from the first moment of
the GPD,

R 1
0 dx xH

q
v(x, t = 0) = A

q
v(0) from the global

data fits with average values Au
v (0) = 0.261 ± 0.005 and

A
d
v(0) = 0.109±0.005. The model uncertainty (red band)

includes the uncertainties in a and µ0 [78]. We also in-
dicate the di↵erence between our results and global fits
in Fig. 2. The t-dependence of Hq

v(x, t) is illustrated in
Fig. 3. Since our PDFs scale as q(x) ⇠ x

�1/2 for small-x,
the Kuti-Weisskopf behavior for the non-singlet structure
functions F2p(x) � F2n(x) ⇠ x(uv(x) � dv(x)) ⇠ x

1/2 is
satisfied [79, 80].

FIG. 2. Di↵erence between our PDF results and global fits.

Helicity-Flip Distributions

The spin-flip GPDs E
q
v(x, t) = e

q
v(x) exp [tf(x)] follow

from the flavor Pauli FFs in [56] given in terms of twist-4
and twist-6 contributions

e
q
v(x) = �q [(1 � �q) q⌧=4(x) + �q q⌧=6(x)] , (18)

normalized to the flavor anomalous magnetic momentR 1
0 dx e

q
v(x) = �q, with �u = 2�p + �n = 1.673 and

�d = 2�n + �p = �2.033. The factors �u and �d are

�u ⌘ 2�p�p + �n�n

2�p + �n
, �d ⌘ 2�n�n + �p�p

2�n + �p
, (19)

where the higher Fock probabilities �p,n represent the
large distance pion contribution and have the values �p =
0.27 and �n = 0.38 [56]. Our results for E

q
v(x, t) are

displayed in Fig. 3.
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to constrain the nonminimal sea quark.
The value of the isovector axial charge is precisely

determined by the neutron weak decay [62], gA =
1.2732(23). As shown in Table I, its value evaluated with
a minimal sea component, gA,min, is smaller. To obtain
the value of gA with the minimal shift u⌧ ! u⌧ + �⌧,u,
ū⌧ ! ū⌧ + �⌧,u and similarly for the d quark, implies a
positive shift �⌧=5,u and/or �⌧=6,d. Therefore, we satisfy
the relation (26) by the shift �⌧=5,u and �⌧=6,d, and take
the variation between them as part of the theoretical un-
certainty. The maximal ranges, �max

u/d , of this shift are
listed in Table I.

FIG. 1. Polarized distributions of the isovector combina-
tion x[�u+(x)��d+(x)] in comparison with NNPDF global
fit [15] and experimental data [6–12]. Three sets of parame-
ters, see Table I, are determined from the Dirac form factor
and unpolarized valence distributions. The bands represent
the variation with di↵erent approaches to saturate the axial
charge isovector relation (26). The blue dashed curve is the
valence state contribution without saturating the axial charge.

For the universal reparametrization function w(x), we
take the same form as in Ref. [53],

w(x) = x1�x exp[�a(1 � x)2], (27)

with the parameter a fixed with the first moment of unpo-
larized valence quark distributions. One can, in principle,
adopt any parametrization form that fulfills the bound-
ary conditions specified in Ref. [53]. The predictive power
is kept by the universality of w(x) for all PDFs. For com-
parison with measurements, we evolve the PDFs from
Q = 1.06GeV, which is the matching scale determined
from the study of the strong coupling constant [63], to
Q =

p
5GeV. As shown in Figs. 1-3, our numerical re-

sults agree with the global fit [15] and measurements [6–
12]. The isovector combination �u+ � �d+, where u+

and d+ stand for u+ ū and d+ d̄, is the distribution rele-
vant to the relation of the axial charge (26). The dashed
blue curve in Fig. 1 is the contribution from the valence

FIG. 2. Polarized distributions of u, d, ū, and d̄. The bands
and symbols have the same meaning as in Fig. 1.
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FIG. 3. Helicity asymmetries of u+ ū and d+ d̄. The bands
and symbols have the same meaning as in Fig. 1.

state only; the di↵erence with the full results, cases I,
II, and III, which include saturation of the axial charge,
is noticeable. This is consistent with the analysis of the
Pauli form factor in Ref. [64], which demonstrates the
significance of the sea quarks in describing spin-related
quantities.

As shown in Fig. 2, the variation of our predictions for
each flavor from the three sets of coe�cients is large, since
the sea quark coe�cients are not well constrained by the
procedure discussed above. Furthermore, the truncation
of the Fock state up to five-quark states, which allows
only one pair of sea quarks, may potentially result in
greater theoretical uncertainties for each individual fla-
vor. Equation (26) provides an important constraint, but
it still leaves some flexibility, such as adding the same
term to uū and dd̄. Since the goal of this Letter is to in-
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