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Lattice QCD at finite density

Consider lattice QCD with staggered fermions at finite density µ:

Z(β) =
∫

[dUdχdχ̄] e−SG(U)−SF(χ̄,χ,U) =
∫

[dU] e−SG(U) det /D(µ,m; U)

SG = β

∑
x,µ<ν

(
1−

1

N
ReTr(Ux,µUx+µ̂,νU†x+ν̂,µU†x,ν)

)
SF =

∑
x,µ,α

ηxµ(eµαaτ δµτ χ̄
α
x Ux,µχ

α
x+µ̂ − e−µαaτ δµτ χ̄

α
x+µ̂U†x,µχ

α
x ) +

∑
x,α

amαχ̄
α
x χ

α
x�� ��Worldline approach

Integrate out U’s before χ’s =⇒ worldlines of color-neutral objects.
Integration over U’s only possible for β = 0

=⇒ fermionic one-link integrals∫
SU(N)

dU e
Tr(K†x,µU)+Tr(Kx,µU†) =

N∑
k=0

(N − k)!
N!k!

(MxMx+µ̂)k + e+Nµaτ δτµBxBx+µ̂ + (−1)N e−Nµaτ δτµBx+µ̂Bx
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Lattice QCD at finite density

Consider lattice QCD with staggered fermions at finite density µ (Nf = 1):

Z(0) =
∫

[dUdχdχ̄] e−SF(χ̄,χ,U) =
∫

[dχdχ̄] eamχ̄χ
∏

x,µ

∫
dU eTr(K†x,µU)+Tr(Kx,µU†)

Kx,µ ≡ e+µaτ δµτ ηxµχxχ̄x+µ̂

K†x,µ ≡ e−µaτ δµτ ηxµχx+µ̂χ̄x

�� ��Worldline approach

Integrate out U’s before χ’s =⇒ worldlines of color-neutral objects.
Integration over U’s only possible for β = 0 =⇒ fermionic one-link integrals∫

SU(N)

dU e
Tr(K†x,µU)+Tr(Kx,µU†) =

N∑
k=0

(N − k)!
N!k!

(MxMx+µ̂)k + e+Nµaτ δτµBxBx+µ̂ + (−1)N e−Nµaτ δτµBx+µ̂Bx
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MDP models in the strong coupling limit

Integrating out χ̄, χ results in a Monomer-Dimer-Polymer model (MDP):
[Rossi & Wolff 1984] [Karsch & Mütter 1989]

Z(0) =
∑
{n,k,`}

(∏
x

N!
nx!

(am)nx

)(∏
l

(N − kl)!
N!kl!

)(
σ(`) er(`)Nµ/T

N!L(`)

)
�� ��Degrees of freedom

Monomers: nx x

Mesons: kx,µ x x + µ̂

Baryons: bx,µ x x + µ̂

b̄x,µ x x + µ̂�� ��Grassmann constraints N χ̄, χ’s saturate each site:

χ: nx +
∑

µ
(kx,µ + kx,−µ + Nbx,µ) = N

χ: nx +
∑

µ
(kx,µ + kx,−µ + Nb̄x,µ) = N

=⇒
∑

µ
(bx,µ − b̄x,µ) = 0 self-avoiding baryon loops e.g. SU(3),Nf = 1
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MDP models beyond the strong coupling limit

Recent numerical simulations mapped the phase diagram of Nf = 1, SU(3) QCD:

at β = 0 [de Forcrand & Fromm 2010] [Unger & de Forcrand 2012]

including O(β) corrections [de Forcrand et al 2014]

... but it is hard to go further in the strong-coupling expansion.�� ��Challenge: How to approach the regime of continuum physics via MDP models?

Ideally, we would like to know:

Z(β) =
∫

[dχdχ̄]
∫

[dU] e−SG(U)−SF(χ̄,χ,U) =
∫

[dχdχ̄] eamχ̄χ F(β; χ̄, χ)

but the four coupled link variables around a plaquette in the gauge action prevents
the exact integration of the gauge field at β > 0.

Use auxiliary bosonic fields to decouple the link variables
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Gaussian auxiliary fields

Let us multiply partition functions by “1” = Gaussian integral over X ∈ Mat(N,C):

Z =
∫

du eβ|Y|
2
×
∫

γ1(X)︸ ︷︷ ︸
1

, γa(X) =
a

2π
dXdX e−

a
2 |X|

2

and use Hubbard-Stratonovich (HS) transformations to simplify the action:'

&

$

%

HS : X 7−→
√
β (X − Y)

action : −
1
2
|X|2 +

β

2
|Y|2 7−→ −

β

2
|X|2 + β Re(YX)

measure :
1

2π
dXdX 7−→

β

2π
dXdX

partition function : Z 7−→
∫

γβ(X) du eβRe(YX)
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

Start with the usual partition function of pure lattice gauge theory:

Z(β) =
∫

[dU] e
−β
∑

x,µ<ν

(
1− 1

N ReTr(Ux,µUx+µ̂,νU†x+ν̂,µU†x,ν)
)
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

Multiply the partition function of pure lattice gauge theory by “1”: [Fabricius & Haan 1984]

Z(β) =
∫

[dU] e
−β
∑

x,µ<ν

(
1− 1

N ReTr(Ux,µUx+µ̂,νU†x+ν̂,µU†x,ν)
)
×
∫

γ1[Q′]

HS-transform the new auxiliary variable Q′:

Q′µν,x =
√

β
N

(
Qµν,x − Uµ,xUν,x+µ̂ − Uν,xUµ,x+ν̂

)
x

Qx,µν

µ

ν

.

The partition function becomes:

Z(β) =
∫

γ β
N

[Q]
∫

[dU] e
−β
∑

x,µ<ν

(
1− 1

N ReTr(Q†x,µνUx,µUx+µ̂,ν)
)

+
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

Multiply the partition function of pure lattice gauge theory by “1” (again):

Z(β) =
∫

γ β
N

[Q]
∫

[dU] e
−β
∑

x,µ<ν

(
1− 1

N ReTr(Q†x,µνUx,µUx+µ̂,ν)
)
×
∫

γ1[R′]

HS-transform the new auxiliary variable Q′:

R′x,µν =
√

β
N

(
Rx,µν − Qx,µνU†x+µ̂,ν − Ux,µ

)
x

Rx,µν

µ

ν

.

Rx,νµ

The integrand factorizes as a product of (solvable) bosonic one-link integrals:

Z(β) =

∫
γ 3β

N
[Q] γ β

N
[R]
∏
x,µ

∫
dU e

β
N ReTr(J†x,µU) Jx,µ =

∑
ν 6=µ

(
R†x−ν̂,νµQx−ν̂,νµ + Rx,µν

)

++ ++
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

We obtain an exact representation of the partition function of pure lattice gauge
theory without link variables, in terms of bosonic one-link integrals:

Z(β) =

∫
γ 3β

N
[Q] γ β

N
[R]
∏

x,µ
IG

(
β

2N
Jx,µ,

β

2N
J†x,µ

)
IG(A, B) =

∫
G

dU eTr(AU†)+Tr(BU)

The bosonic one-link integral can be solved analytically. [Creutz 1978] [Eriksson et al 1981]�� ��Examples of 0-link partition functions

U(1) : Z(β) =

∫
γ3β [Q] γβ [R]

∏
l

I0(β|Jl|)

SU(2) : Z(β) =

∫
γ 3β

2
[Q] γ β

2
[R]
∏

l

2I1(zl)
zl

, z2
l
= β2

4 [Tr(J
l
J†
l

)+det(J
l
)+det(J†

l
)]

SU(3) : Z(β) =

∫
γβ [Q] γ β

3
[R]
∏

l

∮
0

dx
2πi

ex β
2

18 Re det(Jl) I1(2zl(x))
zl(x)

, z2
l
(x)=x−1 det(1+x β

2

36 J
l
J†
l

)
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

We obtain an exact representation of the partition function of pure lattice gauge
theory without link variables, in terms of bosonic one-link integrals:

Z(β) =

∫
γ 3β

N
[Q] γ β

N
[R]
∏

x,µ
IG

(
β

2N
Jx,µ,

β

2N
J†x,µ

)
IG(A, B) =

∫
G

dU eTr(AU†)+Tr(BU)

�� ��Gauge-invariant loop operators are constructed using effective links, Ũij
l = 〈Uij〉:

U(1) : Ũl =
Jl

|Jl|
I1(β|Jl|)
I0(β|Jl|)

〈W(C)〉 =

〈
1
N

Tr

(
P
∏
l∈C

Ul

)〉
=

〈
1
N

Tr

(
P
∏
l∈C

Ũl

)〉

SU(2) : Ũl =
1
zl

I2(zl)
I1(zl)

[ Jl − J†l + Tr(J†l ) ]

SU(3) : Ũl =
β

6
adj(J†l )

∮
0

dx
2πi

ex β
2

18 Re det(Jl) x I1(2zl(x))
zl(x)

+
β

6

∮
0

dx
2πi

ex β
2

18 Re det(Jl) I2(2zl(x))
zl(x)

[
Jl + x

β

6
Tr(JlJ

†
l )− x

β2

36
JlJ
†
l Jl + x2adj(Jl)

]
[de Forcrand & Roiesnel 1985]
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

Z(β) =

∫
[dU] e

−β
∑

x,µ<ν

(
1− 1

N ReTr(Ux,µU
x+µ̂,νU†

x+ν̂,µU†x,ν )
)

=

∫
γ β

N
[Q]

∫
[dU] e

−β
∑

x,µ<ν

(
1− 1

N ReTr(Q†x,µνUx,µUx+µ̂,ν )
)

=

∫
γ 3β

N
[Q]γ β

N
[R]
∏
x,µ

∫
dU e

β
N ReTr(J†x,µU)

=

∫
γ 3β

N
[Q]γ β

N
[R]
∏
x,µ

I

(
β

2N
Jx,µ,

β

2N
J†x,µ

)

�� ��Gauge covariance is preserved:

Qx,µν 7−→ Ωx Qx,µν Ω†x+µ̂+ν̂ Ux,µ 7−→ Ωx Ux,µ Ω†x+µ̂
Rx,µν 7−→ Ωx Rx,µν Ω†x+µ̂ Jx,µ 7−→ Ωx Jx,µ Ω†x+µ̂
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4-link action 7−→ 2-link action 7−→ 1-link action 7−→ 0-link action

Z(β) =

∫
[dU] e

−β
∑

x,µ<ν

(
1− 1

N ReTr(Ux,µU
x+µ̂,νU†

x+ν̂,µU†x,ν )
)

=

∫
γ β

N
[Q]

∫
[dU] e

−β
∑

x,µ<ν

(
1− 1

N ReTr(Q†x,µνUx,µUx+µ̂,ν )
)

=

∫
γ 3β

N
[Q]γ β

N
[R]
∏
x,µ

∫
dU e

β
N ReTr(J†x,µU)

=

∫
γ 3β

N
[Q]γ β

N
[R]
∏
x,µ

I

(
β

2N
Jx,µ,

β

2N
J†x,µ

)
�� ��Expectation values of the plaquette operator

U(1) SU(2) SU(3)
n-link action β plaquette β plaquette β plaquette

4 1.00 0.58570(23) 2.25 0.586189(37) 5.70 0.549190(51)
2 1.00 0.58572(59) 2.25 0.586161(65) 5.70 0.549098(73)
1 1.00 0.5864(11) 2.25 0.58618(12) 5.70 0.54917(15)
0 1.00 0.5864(11) 2.25 0.58618(12) 5.70 in progress
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0-link action: including fermions

Extending the 1-link partition function to include Nf flavours of staggered fermions is
straightforward, because SF is already linear with respect to the link variables:

β

2N
Jij

x,µ 7−→
β

2N
Jij

x,µ +
∑Nf

α=1
e+µαaτ δµτKαij

x,µ

β

2N
J̄ij

x,µ 7−→
β

2N
J̄ij

x,µ −
∑Nf

α=1
e−µαaτ δµτ K̄αij

x,µ Kαij
x,µ = ηxµχ

αi
x χ̄

αj
x+µ̂

Z(β) =

∫
[dχdχ̄] eamχ̄χ

∫
γ 3β

N
[Q]γ β

N
[R]
∏

l

∫
G

dU e
Tr
[(

β
2N J†

l
+
∑

α
η̄αKα†

l

)
U
]

+Tr
[(

β
2N J

l
−
∑

α
ηαKα

l

)
U†
]

︸ ︷︷ ︸
I

(Nf )
G

�� ��Examples
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0-link action: including fermions

Extending the 1-link partition function to include Nf flavours of staggered fermions is
straightforward, because SF is already linear with respect to the link variables:

β

2N
Jij

x,µ 7−→
β

2N
Jij

x,µ +
∑Nf

α=1
e+µαaτ δµτKαij

x,µ

β

2N
J̄ij

x,µ 7−→
β

2N
J̄ij

x,µ −
∑Nf

α=1
e−µαaτ δµτ K̄αij

x,µ Kαij
x,µ = ηxµχ

αi
x χ̄

αj
x+µ̂

Z(β) =

∫
[dχdχ̄] eamχ̄χ

∫
γ 3β

N
[Q]γ β

N
[R]
∏

l

∫
G

dU e
Tr
[(

β
2N J†

l
+
∑

α
η̄αKα†

l

)
U
]

+Tr
[(

β
2N J

l
−
∑

α
ηαKα

l

)
U†
]

︸ ︷︷ ︸
I

(Nf )
G

�� ��Examples

G = U(1), Nf = 1:

I
(1)

U(1) = I0(β|Jl|)
(

1 + e+µaτ δµτ Ũ†l Kl + e−µaτ δµτ ŨlK
†
l + KlK

†
l

)
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0-link action: including fermions

Extending the 1-link partition function to include Nf flavours of staggered fermions is
straightforward, because SF is already linear with respect to the link variables:

β

2N
Jij

x,µ 7−→
β

2N
Jij

x,µ +
∑Nf

α=1
e+µαaτ δµτKαij

x,µ

β

2N
J̄ij

x,µ 7−→
β

2N
J̄ij

x,µ −
∑Nf

α=1
e−µαaτ δµτ K̄αij

x,µ Kαij
x,µ = ηxµχ

αi
x χ̄

αj
x+µ̂

Z(β) =

∫
[dχdχ̄] eamχ̄χ

∫
γ 3β

N
[Q]γ β

N
[R]
∏

l

∫
G

dU e
Tr
[(

β
2N J†

l
+
∑

α
η̄αKα†

l

)
U
]

+Tr
[(

β
2N J

l
−
∑

α
ηαKα

l

)
U†
]

︸ ︷︷ ︸
I

(Nf )
G

�� ��Examples

G = U(1), arbitrary Nf :

I
(Nf )

U(1) = I0(β|Jl|)
1∑

q̄α,qα=0

(
J†l
|Jl|

)∆q
I|∆q|(β|Jl|)

I0(β|Jl|)
e

aτ δµτ
∑

α
µα∆qαKqα

l K†q̄α
l

∆q=
∑

α
∆qα, ∆qα=qα−q̄α
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0-link action: including fermions

Extending the 1-link partition function to include Nf flavours of staggered fermions is
straightforward, because SF is already linear with respect to the link variables:

β

2N
Jij

x,µ 7−→
β

2N
Jij

x,µ +
∑Nf

α=1
e+µαaτ δµτKαij

x,µ

β

2N
J̄ij

x,µ 7−→
β

2N
J̄ij

x,µ −
∑Nf

α=1
e−µαaτ δµτ K̄αij

x,µ Kαij
x,µ = ηxµχ

αi
x χ̄

αj
x+µ̂

Z(β) =

∫
[dχdχ̄] eamχ̄χ

∫
γ 3β

N
[Q]γ β

N
[R]
∏

l

∫
G

dU e
Tr
[(

β
2N J†

l
+
∑

α
η̄αKα†

l

)
U
]

+Tr
[(

β
2N J

l
−
∑

α
ηαKα

l

)
U†
]

︸ ︷︷ ︸
I

(Nf )
G

�� ��Examples

G = SU(2), Nf = 1:

I
(1)

SU(2) =
2I1( β2 zl)
β
2 zl

2∑
q̄,q,m,̄b,b=0

eµ∆q aτ δµτ

22n+1( β2 zl)n

In+1( β2 zl)
I1( β2 zl)

Tr(J̃†l Kl)q

q!
Tr(J̃lK

†
l )q̄

q̄!
Tr(KlK

†
l )k

k!
det(Kl)

b

b!
det(K†l )b̄

b̄!

∆q=q−q̄, n=q+q̄+k+b+b̄, J̃l=Jl−J†
l

+Tr(J†
l

)
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MDP models at finite β: U(1), Nf = 1

Z(β) =
∫
γ3β [Q]γβ [R]

∏
l

I0(β|Jl|)
∑
{n,k,`}

∏
l∈`

J̄l

|Jl|
I1(β|Jl|)
I0(β|Jl|)

·
∏

x

(am)nx · σ(`)er(`)µ/T

�� ��Degrees of freedom

Monomers: nx x

Dimers: kx,µ x x + µ̂

Electrons: qx,µ x x + µ̂

q̄x,µ x x + µ̂�� ��Grassmann constraints

χ: nx +
∑

µ
(kx,µ + kx,−µ + qx,µ) = 1

χ: nx +
∑

µ
(kx,µ + kx,−µ + q̄x,µ) = 1

=⇒
∑

µ
(qx,µ − q̄x,µ) = 0
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MDP models at finite β: U(1), arbitrary Nf

Z(β) =

∫
γ3β [Q]γβ [R]

∏
l

I0(β|Jl|)
∑
{n,k,`}

∏
l∈`

(
J̄l

|Jl|

)∆ql I|∆ql|(β|Jl|)

I0(β|Jl|)

∏
α,x

(amα)nαx

∏
α

σ(`α)er(`α)µα/T

�� ��Degrees of freedom

Monomers: nαx x

Dimers: kαβx,µ x x + µ̂

Electrons: qαx,µ x x + µ̂

q̄αx,µ x x + µ̂�� ��Grassmann constraints

χα: nαx +
∑

µ

(∑
β

(kαβx,µ + kβαx,−µ) + q̄αx,µ
)

= 1

χα: nαx +
∑

µ

(∑
β

(kβαx,µ + kαβx,−µ) + qαx,µ
)

= 1

=⇒
∑

µ

[
qαx,µ − q̄αx,µ +

∑
β

(kβαx,µ − kαβx,µ) +
∑

β
(kαβx,−µ − kβαx,−µ)

]
= 0
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Conclusion

We decouple all link variables in the gauge action using auxiliary bosonic fields.

We obtain a sequence of n-link partition functions (n = 4,2,1,0) that encode the
same physics. In particular, we integrate out all the link variables exactly for
arbitrary β. Numerical simulations of pure gauge theory are under control.

The extension of the 0-link action to full QCD with Nf staggered flavours at finite
density is straightforward.

By integrating out the lattice fermions a posteriori, we construct MDP models of
lattice gauge theories for arbitrary β.�� ��Challenges

Find a suitable resummation of worldlines that makes the sign problem milder.

Perform numerical simulations of the MDP models at finite β.
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