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● Conformal or not in technicolor : 
!

(a)  Conformal (scale invariance): No chiral symmetry breaking. 

(b)  Non-conformal (ex: QCD-like theories): Chiral symmetry breaking.

Motivations
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● Almost conformal in technicolor : 
!

(a) The mass anomalous dimension in RG evolution is chosen to be approximately 1. 

(b) With (a) and g ~ constant between the cutoff scale of TC & ETC, we have 

condensate enhancement in RG evolution. 

             (The theory is conformal near the IR fixed point)

● Conformal or not in technicolor : 
!

(a)  Conformal (scale invariance): No chiral symmetry breaking. 

(b)  Non-conformal (ex: QCD-like theories): Chiral symmetry breaking.

Motivations
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● Why SU(2), Nf (number of flavor) = 8 ? 

Motivations
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● Why SU(2), Nf (number of flavor) = 8 ? 

(a)  Like the group SU(3), the group SU(2) is a simple Lie group and non- 

Abelian. 

(b) A simple choice to study chiral symmetry breaking comparing with the 

group SU(3).

(c)  No well understanding about the theory so far.

(d) Question for the Nf of the theory developing IR conformal behavior (i.e. 

The IR behavior of the theory is determined by an IR fixed point).

Motivations
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● Unimproved staggered fermions & plaquette gauge action. 

● Lattice sizes:           ,           ,             ,             , and               (Preliminary).                                                

● Periodic boundary conditions for four directions. 

● Save one configuration for every ten HMC-trajectories. 

● Cold-start & Hot-start simulations. 

Simulation  Details  &  Study  Scheme

������ YROXPH � × 63� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]
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]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�
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������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�
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IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH
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IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH
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,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�
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ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�
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● Unimproved staggered fermions & plaquette gauge action. 

● Lattice sizes:           ,           ,             ,             , and               (Preliminary).                                                

● Periodic boundary conditions for four directions. 

● Save one configuration for every ten HMC-trajectories. 

● Cold-start & Hot-start simulations. 

Simulation  Details  &  Study  Scheme

������ YROXPH � × 63� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV
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● Go through weak and strong coupling regimes by tuning βfund. for 

different bare fermion mass (m) input values (                  where 

N=NTC & g is the bare coupling ).                                                                                
- Smallest bare mass value: 0.003.                                                                           

- Largest bare mass value: 0.025.

)HEUXDU\ �� ����

3KDVH VWUXFWXUH VWXG\ RI 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

$EVWUDFW

,Q WKLV SDSHU�

, ,QWURGXFWLRQ

,, 3KDVH VWUXFWXUH VWXG\

ΛTC ≈ ΛEW . ���

βfund. =
2N

g2
, ���

,,�, 3ODTXHWWH

7KH PRVW HOHPHQWDU\ REVHUYDEOH RQ ODWWLFH LV WKH SODTXHWWH�

U(p) ≡ U(x+aν̂)(−ν)U(x+aµ̂+aν̂)(−µ)U(x+aµ̂)νUxµ, ���

�



● Plaquette                                                                                                       

- General study                                                                                                         

- Cold start & hot start runs 

● Polyakov loop                                                                                                  
- General study                                                                                                                                                                                                                                                                                                 

- The constraint Effective potential                                                                                          

● The Dirac operator eigenvalue spectrum (Preliminary)

Results  of  the  Phase  Structure  Study
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● <Plaq> vs β plot : (One phase transition is observed.)

Plaquette—General  Study
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<plaq> does not vanish even at β = 0.1,  
in contrary to the pure gauge theory  
[M. Creutz, Phys. Rev. Lett. 43, 553 (1979)]. 
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GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�
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β

<plaq> vs β ; m0.010

6 x 63

8 x 83

12 x 123

16 x 163

As the volume increases, 
the shifting of the phase 
boundary becomes smaller.

A bulk phase transition.
Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Volume(           )������ YROXPH � × 63� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�
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<
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e

>

β

<plaq> vs β ; m0.015

6 x 63

8 x 83

12 x 123

16 x 163

24 x 243

As the volume increases, 
the shifting of the phase 
boundary becomes smaller.

A bulk phase transition.
Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Volume(               )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Volume(           )������ YROXPH � × 63� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�



● Plaquette                                                                                                       

- General study                                                                                                         

- Cold start & hot start runs 

● Polyakov loop                                                                                                  
- General study                                                                                                                                                                                                                                                                                                 

- The constraint Effective potential                                                                                          

● The Dirac operator eigenvalue spectrum (Preliminary)
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Plaquette—Cold-‐‑start  &  Hot-‐‑start  Runs
● Study the detail around the phase boundary (β=1.387~1.388) for 

m=0.005 with HMC-histories in volume            :������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�
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● Plaquette                                                                                                       

- General study                                                                                                         

- Cold start & hot start runs 

● Polyakov loop                                                                                                  
- General study                                                                                                                                                                                                                                                                                                 

- The constraint Effective potential                                                                                          

● The Dirac operator eigenvalue spectrum (Preliminary)
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Polyakov  loop—General  Study

● APE smearing (To average out local fluctuations without changing IR 

physics). 
!

● One cannot apply smearing too many times because of finite lattice 

sizes with boundaries. 
!

● In our studies, where isometric lattices are applied, the largest 

smearing time for                                             lattice is (N - 2).

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ�

!γδ
µν = Uγl

µ (x)U lm
ν (x+ aµ̂)Umn

µ
†(x+ aν̂)Unδ

ν
†
(x), ����

Nt ×NxNyNz = N ×N3 ����

�
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● <L> ~ 0                                        
(The confining phase)  

● <L> < 0                                         
(The deconfining phase)

Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Volume(           )������ YROXPH � × 63� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�
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Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Volume(           )������ YROXPH � × 63� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

● <L> ~ 0                                        
(The confining phase)  

● <L> < 0                                         
(The deconfining phase)
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<Polyakov loop z> vs Conf. ; beta1.49 m0.010 ; smear-14-time

<Lz> 

Mass  0.010 
Volume(              ) 

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Beta 1.48

Beta 1.49

Indications of 
tunneling around the 
phase transition point.
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<Polyakov loop x> vs Conf. ; beta1.8 m0.010 ; smear-14-time

<Lx> 

Beta 1.6

Beta 1.8

Mass  0.010 
Volume(              ) 

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH
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DQG KHQFH
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��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����
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ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Tunnelings are 
ubiquitous in the 
deconfining phase.
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Polyakov  loop—The  Constraint  Effective  Potential

Construct the effective potential without introducing external 
sources: Introduce delta functions in the functional integrals, 
making constraints on the fields.

The constraint
<0|   (x)|0> =   c as J(x) → 0

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH
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�

Delta function
δ(  0 -   c) in the functional integral
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�
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,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH
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Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

-XQH ��� ����

7KH ZLQGLQJ 1XPEHU� :KDW DQG ZK\�

• :KDW LV WKH ZLQGLQJ QXPEHU" $ VLPSOH H[DPSOH DV D ILUVW JODQFH�

7KLQN RI D FORVHG VWULQJ RQ WKH VXUIDFH RI DQ LQILQLWH ORQJ F\OLQGHU� +HUH� WKH RQO\ FRPSDFW GLPHQVLRQ LV WKH θ�FRRUGLQDWH� )RU D

FORVHG VWULQJ WKDW GRHV QRW ZLQG DURXQG WKH FRPSDFW GLPHQVLRQ� LW FDQ EH FRQWLQXRXVO\ GHIRUPHG LQWR D SRLQW �ZKLFK LV WULYLDO�� ,I ZH

ZHUH WR ZULWH GRZQ DQ HTXDWLRQ GHVFULELQJ SRVLWLRQV RQ WKLV FORVHG VWULQJ� ZLWK WKH SHULRGLF FRQGLWLRQ� ZH KDYH

X(τ,σ + 2π) − X(τ,σ) = 0. ≡ ���

,Q WKLV FDVH� WKH ZLQGLQJ QXPEHU LV ]HUR� 2Q WKH RWKHU KDQG� IRU D FORVHG VWULQJ ZLQG DURXQG WKH FRPSDFW GLPHQVLRQ RQFH� ZH KDYH

WKH HTXDWLRQ GHVFULELQJ SRVLWLRQV RQ LW DV

X(τ,σ + 2π) − X(τ,σ) = 1 × (2πR), ���

ZKHUH 5 LV WKH UDGLXV RI WKH F\OLQGHU� ,Q WKLV FDVH� WKH ZLQGLQJ QXPEHU LV �� 7KH DGGLWLRQDO �π5 FRPHV IURP WKH QRQ�WULYLDO OHQJWK

WKLV FORVHG VWULQJ GHYHORSHG RQ WKH FRYHULQJ VSDFH RI WKH VXUIDFH RI WKH F\OLQGHU� *HQHUDOO\� ZH KDYH

X(τ,σ + 2π) − X(τ,σ) = w × (2πR), ���

ZKHUH ´Z´ LV WKH ZLQGLQJ QXPEHU� RU WKH WRSRORJLFDO FKDUJH� (VVHQWLDOO\� RQH RI WKH SURSHUWLHV RI WKH ZLQGLQJ QXPEHU LV WKDW LW LV

GHILQHG IRU DOO ILHOGV RQ D K\SHUFXELF ODWWLFH ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQV H[FHSW D VLQJXODU VHW RI ILHOGV� ZKLFK KDV ]HUR PHDVXUH

LQ WKH IXQFWLRQDO LQWHJUDO� )LHOGV IRU ZKLFK Z LV QRW GHILQHG� DUH FDOOHG H[FHSWLRQDO >�@�

'LIIHUHQWLDEOH 68��� JDXJH ILHOGV RQ D IRXU GLPHQVLRQDO WRUXV T 4 �= ILQLWH YROXPH ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQV� FDUU\ WKH

ZLQGLQJ QXPEHU

w =
g2

16π2
Tr

∫
Fµν

˜Fµν d4x, ���

ZKHUH

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], ���

�
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Tr
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Fµν
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Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], ���

�

where Vc(  c) is the constraint effective potential,              , Wʹ′[J] is the vacuum 
energy density with an opposite sign in the presence of a constant external source J. 
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,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
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DφH−6[φ][δ(φ0 − φc)], ����
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LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

[R. Fukuda and E. Kyriakopoulos,  
Nucl. Phys. B85 (1975) 354-364]
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−∞
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</>= ∂W ′
∂J

, ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�
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−∞
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�
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Polyakov  loop—The  Constraint  Effective  Potential

Construct the effective potential without introducing external 
sources: Introduce delta functions in the functional integrals, 
making constraints on the fields.

The constraint
<0|   (x)|0> =   c as J(x) → 0

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�
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,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH
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∫
'φ H−{S[φ]+

∫
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∫

d4xJ(x)Φ(x), ���

�

Delta function
δ(  0 -   c) in the functional integral
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,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH
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Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

-XQH ��� ����

7KH ZLQGLQJ 1XPEHU� :KDW DQG ZK\�

• :KDW LV WKH ZLQGLQJ QXPEHU" $ VLPSOH H[DPSOH DV D ILUVW JODQFH�

7KLQN RI D FORVHG VWULQJ RQ WKH VXUIDFH RI DQ LQILQLWH ORQJ F\OLQGHU� +HUH� WKH RQO\ FRPSDFW GLPHQVLRQ LV WKH θ�FRRUGLQDWH� )RU D

FORVHG VWULQJ WKDW GRHV QRW ZLQG DURXQG WKH FRPSDFW GLPHQVLRQ� LW FDQ EH FRQWLQXRXVO\ GHIRUPHG LQWR D SRLQW �ZKLFK LV WULYLDO�� ,I ZH

ZHUH WR ZULWH GRZQ DQ HTXDWLRQ GHVFULELQJ SRVLWLRQV RQ WKLV FORVHG VWULQJ� ZLWK WKH SHULRGLF FRQGLWLRQ� ZH KDYH

X(τ,σ + 2π) − X(τ,σ) = 0. ≡ ���

,Q WKLV FDVH� WKH ZLQGLQJ QXPEHU LV ]HUR� 2Q WKH RWKHU KDQG� IRU D FORVHG VWULQJ ZLQG DURXQG WKH FRPSDFW GLPHQVLRQ RQFH� ZH KDYH

WKH HTXDWLRQ GHVFULELQJ SRVLWLRQV RQ LW DV

X(τ,σ + 2π) − X(τ,σ) = 1 × (2πR), ���

ZKHUH 5 LV WKH UDGLXV RI WKH F\OLQGHU� ,Q WKLV FDVH� WKH ZLQGLQJ QXPEHU LV �� 7KH DGGLWLRQDO �π5 FRPHV IURP WKH QRQ�WULYLDO OHQJWK

WKLV FORVHG VWULQJ GHYHORSHG RQ WKH FRYHULQJ VSDFH RI WKH VXUIDFH RI WKH F\OLQGHU� *HQHUDOO\� ZH KDYH

X(τ,σ + 2π) − X(τ,σ) = w × (2πR), ���

ZKHUH ´Z´ LV WKH ZLQGLQJ QXPEHU� RU WKH WRSRORJLFDO FKDUJH� (VVHQWLDOO\� RQH RI WKH SURSHUWLHV RI WKH ZLQGLQJ QXPEHU LV WKDW LW LV

GHILQHG IRU DOO ILHOGV RQ D K\SHUFXELF ODWWLFH ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQV H[FHSW D VLQJXODU VHW RI ILHOGV� ZKLFK KDV ]HUR PHDVXUH

LQ WKH IXQFWLRQDO LQWHJUDO� )LHOGV IRU ZKLFK Z LV QRW GHILQHG� DUH FDOOHG H[FHSWLRQDO >�@�

'LIIHUHQWLDEOH 68��� JDXJH ILHOGV RQ D IRXU GLPHQVLRQDO WRUXV T 4 �= ILQLWH YROXPH ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQV� FDUU\ WKH

ZLQGLQJ QXPEHU

w =
g2

16π2
Tr

∫
Fµν

˜Fµν d4x, ���

ZKHUH

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], ���

�

where Vc(  c) is the constraint effective potential,              , Wʹ′[J] is the vacuum 
energy density with an opposite sign in the presence of a constant external source J. 
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,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH
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,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���
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�
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∫
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1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�
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∫ ∞

−∞
dJ

∫
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∫
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�

[R. Fukuda and E. Kyriakopoulos,  
Nucl. Phys. B85 (1975) 354-364]

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫
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= < 0|φ(x)|0 >J . ����
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�
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Γ[Φ] = W [J ]−
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∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

�

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

�

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

W ′[J ] = OQ
∫

d/ H−Vc(/)+/J ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�
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Polyakov  loop—The  Constraint  Effective  Potential

Construct the effective potential without introducing external 
sources: Introduce delta functions in the functional integrals, 
making constraints on the fields.

The constraint
<0|   (x)|0> =   c as J(x) → 0

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

Delta function
δ(  0 -   c) in the functional integral

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

-XQH ��� ����

7KH ZLQGLQJ 1XPEHU� :KDW DQG ZK\�

• :KDW LV WKH ZLQGLQJ QXPEHU" $ VLPSOH H[DPSOH DV D ILUVW JODQFH�

7KLQN RI D FORVHG VWULQJ RQ WKH VXUIDFH RI DQ LQILQLWH ORQJ F\OLQGHU� +HUH� WKH RQO\ FRPSDFW GLPHQVLRQ LV WKH θ�FRRUGLQDWH� )RU D

FORVHG VWULQJ WKDW GRHV QRW ZLQG DURXQG WKH FRPSDFW GLPHQVLRQ� LW FDQ EH FRQWLQXRXVO\ GHIRUPHG LQWR D SRLQW �ZKLFK LV WULYLDO�� ,I ZH

ZHUH WR ZULWH GRZQ DQ HTXDWLRQ GHVFULELQJ SRVLWLRQV RQ WKLV FORVHG VWULQJ� ZLWK WKH SHULRGLF FRQGLWLRQ� ZH KDYH

X(τ,σ + 2π) − X(τ,σ) = 0. ≡ ���

,Q WKLV FDVH� WKH ZLQGLQJ QXPEHU LV ]HUR� 2Q WKH RWKHU KDQG� IRU D FORVHG VWULQJ ZLQG DURXQG WKH FRPSDFW GLPHQVLRQ RQFH� ZH KDYH

WKH HTXDWLRQ GHVFULELQJ SRVLWLRQV RQ LW DV

X(τ,σ + 2π) − X(τ,σ) = 1 × (2πR), ���

ZKHUH 5 LV WKH UDGLXV RI WKH F\OLQGHU� ,Q WKLV FDVH� WKH ZLQGLQJ QXPEHU LV �� 7KH DGGLWLRQDO �π5 FRPHV IURP WKH QRQ�WULYLDO OHQJWK

WKLV FORVHG VWULQJ GHYHORSHG RQ WKH FRYHULQJ VSDFH RI WKH VXUIDFH RI WKH F\OLQGHU� *HQHUDOO\� ZH KDYH

X(τ,σ + 2π) − X(τ,σ) = w × (2πR), ���

ZKHUH ´Z´ LV WKH ZLQGLQJ QXPEHU� RU WKH WRSRORJLFDO FKDUJH� (VVHQWLDOO\� RQH RI WKH SURSHUWLHV RI WKH ZLQGLQJ QXPEHU LV WKDW LW LV

GHILQHG IRU DOO ILHOGV RQ D K\SHUFXELF ODWWLFH ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQV H[FHSW D VLQJXODU VHW RI ILHOGV� ZKLFK KDV ]HUR PHDVXUH

LQ WKH IXQFWLRQDO LQWHJUDO� )LHOGV IRU ZKLFK Z LV QRW GHILQHG� DUH FDOOHG H[FHSWLRQDO >�@�

'LIIHUHQWLDEOH 68��� JDXJH ILHOGV RQ D IRXU GLPHQVLRQDO WRUXV T 4 �= ILQLWH YROXPH ZLWK SHULRGLF ERXQGDU\ FRQGLWLRQV� FDUU\ WKH

ZLQGLQJ QXPEHU

w =
g2

16π2
Tr

∫
Fµν

˜Fµν d4x, ���

ZKHUH

Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ], ���

�

where Vc(  c) is the constraint effective potential,              , Wʹ′[J] is the vacuum 
energy density with an opposite sign in the presence of a constant external source J. 

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

[R. Fukuda and E. Kyriakopoulos,  
Nucl. Phys. B85 (1975) 354-364]

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

�

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

:H WKHUHE\ JHW

Vc(φc)
Ω→∞−−−−→ V (φc) = (φcJ −W ′[J ])φc= ∂W ′

∂J
, ����

EHLQJ HTXLYDOHQW WR RXU XVXDO GHILQLWLRQ RI WKH HIIHFWLYH SRWHQWLDO �6HH (T� (�)��

,Q ODWWLFH VLPXODWLRQ� :LOVRQOLQH LV RXU REVHUYDEOH� ,Q SXUVXLW RI D FRUUHVSRQGLQJ HTXDWLRQ RI(T� (��) IRU FRQVWUXFWLQJ WKH HIIHFWLYH

SRWHQWLDO� ZULWH

HΩVc(</>) = FRQVW.
∫

D/ H−6[/][δ(/0− < / >)]

= FRQVW′.
∫

DU H−6[/][δ(/0− < / >)], ����

ZKHUH Vc(<:>) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH ODWWLFH DFWLRQ�:0 LV WKH ]HUR�PRPHQWXP PRGH RI :LOVRQOLQH� DQG 8 LV

WKH OLQN YDULDEOH� +HUH XQGHU FRQVLGHUDWLRQ WKDW WKH +DDU PHDVXUH LV JDXJH LQYDULDQW� ZH KDYH '8 = & (':)� ZKHUH & LV D FRQVWDQW

QRW H[SOLFLWO\ GHSHQGLQJ RQ:� 7KHUHIRUH� FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO IRU :LOVRQOLQH LV SRVVLEOH� ,Q IDFW� WKHUH LV D VWXG\ RI

WKH HIIHFWLYH SRWHQWLDO IRU SXUH 68(�) 3RO\DNRY ORRSV DQG :LOVRQ ORRS [�]� <HW� WKH\ FRQVWUXFW WKH HIIHFWLYH SRWHQWLDO LQ WKH XVXDO ZD\

E\ GRLQJ WKH /HJHQGUH WUDQVIRUPDWLRQ RQ WKH JHQHUDWLQJ IXQFWLRQDO�

7R JHW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO RI :LOVRQOLQH LQ RXU VWXG\� ZH FDOFXODWH WKH SUREDELOLW\ GLVWULEXWLRQ 3� EHLQJ SURSRUWLRQDO

WR QXPEHUV RI GDWD SRLQWV IDOOLQJ LQWR GLIIHUHQW HQVHPEOH DYHUDJHV RI :LOVRQOLQH� E\ GRLQJ KLVWRJUDP� :H WKHQ REWDLQ

Vc(< / >) = −ln(1), ����

ZKHUH 1 LV WKH QXPEHU RI GDWD SRLQWV IDOOLQJ LQWR VSHFLILF <:>�

,I RQH REVHUYH D GRXEOH�ZHOO SDWWHUQ IRU WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO DW β YDOXHV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� LW LV D JRRG

LQGLFDWLRQ IRU D ILUVW RUGHU SKDVH WUDQVLWLRQ WR FRQILQLQJ�GHFRQILQLQJ WUDQVLWLRQ� 2Q WKH RWKHU KDQG� LI RQH JHWV D SRWHQWLDO WKDW JUDGX�

��

where N is the number of data points falling into specific <L>.
~ probability distribution (P) for <L>

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����
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d4xφ′(x) = 0. ����
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7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����
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�
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Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

W ′[J ] = OQ
∫

d/ H−Vc(/)+/J ����
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−∞
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�
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Relatively strong coupling regime

In relative weak coupling regime

Around the phase transition point

Symmetric potential

Double-well shape potential (1st order)

Broadened shape potential (2nd order)

Tilted, asymmetric potential

-10

-8

-6

-4

-2

 0

-1.2 -0.8 -0.4  0  0.4

V
c 

(<
L
y>

)

<Polyakov loop y>

Vc (<Ly>) ; m0.010 ; binSize0.02 ; Volume 16 x 163

β=1.45
β=1.48
β=1.6
β=1.8

β1.45β1.48β1.60β1.80



21

Relatively strong coupling regime

In relative weak coupling regime

Around the phase transition point

Symmetric potential

Double-well shape potential (1st order)
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Vc (<Ly>) ; m0.010 ; binSize0.02 ; Volume 16 x 163

β=1.45
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β1.45β1.48β1.60β1.80

(1) The simulation was very close to the phase boundary. 

(2) Combining this study with histories of <Ly>, we may have a weakly 1   order phase transition.st
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The  Dirac  Operator  Eigenvalue  Spectrum

● The chiral condensate (an order parameter for the spontaneous chiral 
symmetry breaking) can be determined from 
!

!
!
!

● The distribution of ⍴(  ) at two bare fermion masses (0.010 & 0.015) in 
various volumes. 
!!

● Related studies: arXiv:1207.7164 [hep-lat], and arXiv:1301.1355 [hep-lat].

-XQH �� ����

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP IRU WKH 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP SURYLGHV LPSRUWDQW LQIRUPDWLRQ IRU WKH FKLUDO SKDVH WUDQVLWLRQ DQG WKH SK\VLFV FRQ�

FHUQHG� ,Q SDUWLFXODU� WKH FKLUDO FRQGHQVDWH� EHLQJ DQ RUGHU SDUDPHWHU IRU WKH VSRQWDQHRXV FKLUDO V\PPHWU\ EUHDNLQJ� FDQ EH

GHWHUPLQHG IURP WKH HLJHQYDOXH GHQVLW\ DW λ=� >�� �@�

< ψ̄ψ >= −πρ(0). ���

$V D ILUVW VWHS WR REWDLQ WKH FKLUDO FRQGHQVDWH� ZH VWXG\ WKH GLVWULEXWLRQ RI WKH HLJHQYDOXH GHQVLW\ ρ�λ� DW WZR EDUH IHUPLRQ PDVVHV

�PI=����� 	 ������ LQ YDULRXV ODWWLFH YROXPHV� /HDUQLQJ IURP VRPH UHODWHG ZRUNV GRQH SUHYLRXVO\ >�� �@� ZH IRFXV RQ WZR VWXGLHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG YROXPH DQG PDVV DW GLIIHUHQW β YDOXHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG β YDOXH DQG PDVV LQ GLIIHUHQW YROXPHV�

)LJXUHV �� �� 	 � SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� DW YDULRXV β YDOXHV� DQG HDFK SORW FRUUHVSRQGV WR RQH IL[HG YROXPH DQG PDVV

�PI=������� 6LPLODU SORWV IRU PI=����� DUH VKRZQ LQ )LJV. �� �� 	 �� 7KH ORZHVW �� HLJHQYDOXHV ZHUH FDOFXODWHG IRU HDFK JDXJH

FRQILJXUDWLRQ DSSOLHG LQ WKLV VWXG\� :H FDQ VHH WKDW WKHVH GLVWULEXWLRQV JLYH HLWKHU ]HUR RU QRQ�]HUR ρ���� <HW� IRU β O\LQJ DURXQG

WKH FKLUDO SKDVH ERXQGDU\� ZH KDYH YDQLVKLQJ ρ��� >H�J�� β=������ �EOXH OLQH� LQ )LJ. �� β=���� �EOXH OLQH� LQ )LJ. �� DQG β=����

�EOXH OLQH� LQ )LJ. �@� IURP ZKLFK ZH FRQFOXGH WKDW WKH SKDVH WUDQVLWLRQ UXQV VPRRWKO\ ZKHQ PRYLQJ IURP WKH FKLUDOO\ EURNHQ SKDVH

WR WKH V\PPHWULF SKDVH� 7KHUHIRUH� WKH FKLUDO SKDVH WUDQVLWLRQV IRU PI=����� 	 ����� PD\ EH VHFRQG RUGHU RU YHU\ ZHDN ILUVW

RUGHU�

2Q WKH RWKHU KDQG� LQ RUGHU WR HYDOXDWH WKH ILQLWH YROXPH HIIHFW IRU WKH GLVWULEXWLRQV RI ρ�λ� RI RQH IL[HG β DQG PDVV� ZH VWXG\

WKHLU YROXPH GHSHQGHQFH� )LJXUHV � WR �� SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� LQ GLIIHUHQW YROXPHV IRU PI=����� ZLWK β=���� ������

����� ���� DQG ����� UHVSHFWLYHO\� 6LPLODU SORWV IRU PI=����� ZLWK β=����� ������ ���� ����� DQG ��� DUH VKRZQ LQ )LJV. �� WR ���

,Q WKLV VWXG\� WKH ORZHVW �� RU WKH ORZHVW ��� HLJHQYDOXHV ZHUH GHWHUPLQHG IRU HDFK FRQILJXUDWLRQ FRQVLGHUHG �6HH )LJV. � WR ����

,QGHHG� IRU RQH β DQG PDVV� WKH YROXPH HIIHFW JUDGXDOO\ EHFRPHV VPDOOHU DV WKH YROXPH JHWV ODUJHU� LPSO\LQJ WKDW WKH FKLUDO SKDVH

WUDQVLWLRQ LV SRVVLEOH WR EH EXON� ,I WKLV LV WKH FDVH� ZH PD\ FRQFOXGH WKDW WKH SKDVH ERXQGDU\ GHWHUPLQHG WKURXJK WZR VWXGLHV GRQH

KHUH RYHUODSV ZLWK WKH RQHV GHWHUPLQHG E\ RXU PHDVXUHPHQWV RI WKH SODTXHWWH DQG 3RO\DNRY ORRSV GRQH EHIRUH�

�

⍴(  ) is the density with eigenvalue    [T.Banks and A.Casher, Nucl. Phys. B169, 103(1980); E. 

Marinari, G. Parisi, and C. Rebbi, Rhys. Rev. Lett.47, 1795 (1981) & H. Leutwyler and A. Smilga, Phys. Rev. D46 (1992) 5607].

-XQH �� ����
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● The chiral condensate (an order parameter for the spontaneous chiral 
symmetry breaking) can be determined from 
!

!
!
!

● The distribution of ⍴(  ) at two bare fermion masses (0.010 & 0.015) in 
various volumes. 
!!

● Related studies: arXiv:1207.7164 [hep-lat], and arXiv:1301.1355 [hep-lat].
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⍴(  ) is the density with eigenvalue    [T.Banks and A.Casher, Nucl. Phys. B169, 103(1980); E. 

Marinari, G. Parisi, and C. Rebbi, Rhys. Rev. Lett.47, 1795 (1981) & H. Leutwyler and A. Smilga, Phys. Rev. D46 (1992) 5607].
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WKH FKLUDO SKDVH ERXQGDU\� ZH KDYH YDQLVKLQJ ρ��� >H�J�� β=������ �EOXH OLQH� LQ )LJ. �� β=���� �EOXH OLQH� LQ )LJ. �� DQG β=����

�EOXH OLQH� LQ )LJ. �@� IURP ZKLFK ZH FRQFOXGH WKDW WKH SKDVH WUDQVLWLRQ UXQV VPRRWKO\ ZKHQ PRYLQJ IURP WKH FKLUDOO\ EURNHQ SKDVH

WR WKH V\PPHWULF SKDVH� 7KHUHIRUH� WKH FKLUDO SKDVH WUDQVLWLRQV IRU PI=����� 	 ����� PD\ EH VHFRQG RUGHU RU YHU\ ZHDN ILUVW

RUGHU�

2Q WKH RWKHU KDQG� LQ RUGHU WR HYDOXDWH WKH ILQLWH YROXPH HIIHFW IRU WKH GLVWULEXWLRQV RI ρ�λ� RI RQH IL[HG β DQG PDVV� ZH VWXG\

WKHLU YROXPH GHSHQGHQFH� )LJXUHV � WR �� SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� LQ GLIIHUHQW YROXPHV IRU PI=����� ZLWK β=���� ������

����� ���� DQG ����� UHVSHFWLYHO\� 6LPLODU SORWV IRU PI=����� ZLWK β=����� ������ ���� ����� DQG ��� DUH VKRZQ LQ )LJV. �� WR ���

,Q WKLV VWXG\� WKH ORZHVW �� RU WKH ORZHVW ��� HLJHQYDOXHV ZHUH GHWHUPLQHG IRU HDFK FRQILJXUDWLRQ FRQVLGHUHG �6HH )LJV. � WR ����

,QGHHG� IRU RQH β DQG PDVV� WKH YROXPH HIIHFW JUDGXDOO\ EHFRPHV VPDOOHU DV WKH YROXPH JHWV ODUJHU� LPSO\LQJ WKDW WKH FKLUDO SKDVH

WUDQVLWLRQ LV SRVVLEOH WR EH EXON� ,I WKLV LV WKH FDVH� ZH PD\ FRQFOXGH WKDW WKH SKDVH ERXQGDU\ GHWHUPLQHG WKURXJK WZR VWXGLHV GRQH

KHUH RYHUODSV ZLWK WKH RQHV GHWHUPLQHG E\ RXU PHDVXUHPHQWV RI WKH SODTXHWWH DQG 3RO\DNRY ORRSV GRQH EHIRUH�

�

-XQH �� ����

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP IRU WKH 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP SURYLGHV LPSRUWDQW LQIRUPDWLRQ IRU WKH FKLUDO SKDVH WUDQVLWLRQ DQG WKH SK\VLFV FRQ�

FHUQHG� ,Q SDUWLFXODU� WKH FKLUDO FRQGHQVDWH� EHLQJ DQ RUGHU SDUDPHWHU IRU WKH VSRQWDQHRXV FKLUDO V\PPHWU\ EUHDNLQJ� FDQ EH

GHWHUPLQHG IURP WKH HLJHQYDOXH GHQVLW\ DW λ=� >�� �@�

< ψ̄ψ >= −πρ(0). ���

$V D ILUVW VWHS WR REWDLQ WKH FKLUDO FRQGHQVDWH� ZH VWXG\ WKH GLVWULEXWLRQ RI WKH HLJHQYDOXH GHQVLW\ ρ�λ� DW WZR EDUH IHUPLRQ PDVVHV

�PI=����� 	 ������ LQ YDULRXV ODWWLFH YROXPHV� /HDUQLQJ IURP VRPH UHODWHG ZRUNV GRQH SUHYLRXVO\ >�� �@� ZH IRFXV RQ WZR VWXGLHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG YROXPH DQG PDVV DW GLIIHUHQW β YDOXHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG β YDOXH DQG PDVV LQ GLIIHUHQW YROXPHV�

)LJXUHV �� �� 	 � SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� DW YDULRXV β YDOXHV� DQG HDFK SORW FRUUHVSRQGV WR RQH IL[HG YROXPH DQG PDVV

�PI=������� 6LPLODU SORWV IRU PI=����� DUH VKRZQ LQ )LJV. �� �� 	 �� 7KH ORZHVW �� HLJHQYDOXHV ZHUH FDOFXODWHG IRU HDFK JDXJH

FRQILJXUDWLRQ DSSOLHG LQ WKLV VWXG\� :H FDQ VHH WKDW WKHVH GLVWULEXWLRQV JLYH HLWKHU ]HUR RU QRQ�]HUR ρ���� <HW� IRU β O\LQJ DURXQG

WKH FKLUDO SKDVH ERXQGDU\� ZH KDYH YDQLVKLQJ ρ��� >H�J�� β=������ �EOXH OLQH� LQ )LJ. �� β=���� �EOXH OLQH� LQ )LJ. �� DQG β=����

�EOXH OLQH� LQ )LJ. �@� IURP ZKLFK ZH FRQFOXGH WKDW WKH SKDVH WUDQVLWLRQ UXQV VPRRWKO\ ZKHQ PRYLQJ IURP WKH FKLUDOO\ EURNHQ SKDVH

WR WKH V\PPHWULF SKDVH� 7KHUHIRUH� WKH FKLUDO SKDVH WUDQVLWLRQV IRU PI=����� 	 ����� PD\ EH VHFRQG RUGHU RU YHU\ ZHDN ILUVW

RUGHU�

2Q WKH RWKHU KDQG� LQ RUGHU WR HYDOXDWH WKH ILQLWH YROXPH HIIHFW IRU WKH GLVWULEXWLRQV RI ρ�λ� RI RQH IL[HG β DQG PDVV� ZH VWXG\

WKHLU YROXPH GHSHQGHQFH� )LJXUHV � WR �� SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� LQ GLIIHUHQW YROXPHV IRU PI=����� ZLWK β=���� ������

����� ���� DQG ����� UHVSHFWLYHO\� 6LPLODU SORWV IRU PI=����� ZLWK β=����� ������ ���� ����� DQG ��� DUH VKRZQ LQ )LJV. �� WR ���

,Q WKLV VWXG\� WKH ORZHVW �� RU WKH ORZHVW ��� HLJHQYDOXHV ZHUH GHWHUPLQHG IRU HDFK FRQILJXUDWLRQ FRQVLGHUHG �6HH )LJV. � WR ����

,QGHHG� IRU RQH β DQG PDVV� WKH YROXPH HIIHFW JUDGXDOO\ EHFRPHV VPDOOHU DV WKH YROXPH JHWV ODUJHU� LPSO\LQJ WKDW WKH FKLUDO SKDVH

WUDQVLWLRQ LV SRVVLEOH WR EH EXON� ,I WKLV LV WKH FDVH� ZH PD\ FRQFOXGH WKDW WKH SKDVH ERXQGDU\ GHWHUPLQHG WKURXJK WZR VWXGLHV GRQH

KHUH RYHUODSV ZLWK WKH RQHV GHWHUPLQHG E\ RXU PHDVXUHPHQWV RI WKH SODTXHWWH DQG 3RO\DNRY ORRSV GRQH EHIRUH�

�

We focus on studies of (1) ⍴(  ) with fixed V & M at different β. 

                                     (2) ⍴(  ) with fixed β & M in different V.

-XQH �� ����

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP IRU WKH 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP SURYLGHV LPSRUWDQW LQIRUPDWLRQ IRU WKH FKLUDO SKDVH WUDQVLWLRQ DQG WKH SK\VLFV FRQ�

FHUQHG� ,Q SDUWLFXODU� WKH FKLUDO FRQGHQVDWH� EHLQJ DQ RUGHU SDUDPHWHU IRU WKH VSRQWDQHRXV FKLUDO V\PPHWU\ EUHDNLQJ� FDQ EH

GHWHUPLQHG IURP WKH HLJHQYDOXH GHQVLW\ DW λ=� >�� �@�

< ψ̄ψ >= −πρ(0). ���

$V D ILUVW VWHS WR REWDLQ WKH FKLUDO FRQGHQVDWH� ZH VWXG\ WKH GLVWULEXWLRQ RI WKH HLJHQYDOXH GHQVLW\ ρ�λ� DW WZR EDUH IHUPLRQ PDVVHV

�PI=����� 	 ������ LQ YDULRXV ODWWLFH YROXPHV� /HDUQLQJ IURP VRPH UHODWHG ZRUNV GRQH SUHYLRXVO\ >�� �@� ZH IRFXV RQ WZR VWXGLHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG YROXPH DQG PDVV DW GLIIHUHQW β YDOXHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG β YDOXH DQG PDVV LQ GLIIHUHQW YROXPHV�

)LJXUHV �� �� 	 � SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� DW YDULRXV β YDOXHV� DQG HDFK SORW FRUUHVSRQGV WR RQH IL[HG YROXPH DQG PDVV

�PI=������� 6LPLODU SORWV IRU PI=����� DUH VKRZQ LQ )LJV. �� �� 	 �� 7KH ORZHVW �� HLJHQYDOXHV ZHUH FDOFXODWHG IRU HDFK JDXJH

FRQILJXUDWLRQ DSSOLHG LQ WKLV VWXG\� :H FDQ VHH WKDW WKHVH GLVWULEXWLRQV JLYH HLWKHU ]HUR RU QRQ�]HUR ρ���� <HW� IRU β O\LQJ DURXQG

WKH FKLUDO SKDVH ERXQGDU\� ZH KDYH YDQLVKLQJ ρ��� >H�J�� β=������ �EOXH OLQH� LQ )LJ. �� β=���� �EOXH OLQH� LQ )LJ. �� DQG β=����

�EOXH OLQH� LQ )LJ. �@� IURP ZKLFK ZH FRQFOXGH WKDW WKH SKDVH WUDQVLWLRQ UXQV VPRRWKO\ ZKHQ PRYLQJ IURP WKH FKLUDOO\ EURNHQ SKDVH

WR WKH V\PPHWULF SKDVH� 7KHUHIRUH� WKH FKLUDO SKDVH WUDQVLWLRQV IRU PI=����� 	 ����� PD\ EH VHFRQG RUGHU RU YHU\ ZHDN ILUVW

RUGHU�

2Q WKH RWKHU KDQG� LQ RUGHU WR HYDOXDWH WKH ILQLWH YROXPH HIIHFW IRU WKH GLVWULEXWLRQV RI ρ�λ� RI RQH IL[HG β DQG PDVV� ZH VWXG\

WKHLU YROXPH GHSHQGHQFH� )LJXUHV � WR �� SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� LQ GLIIHUHQW YROXPHV IRU PI=����� ZLWK β=���� ������

����� ���� DQG ����� UHVSHFWLYHO\� 6LPLODU SORWV IRU PI=����� ZLWK β=����� ������ ���� ����� DQG ��� DUH VKRZQ LQ )LJV. �� WR ���

,Q WKLV VWXG\� WKH ORZHVW �� RU WKH ORZHVW ��� HLJHQYDOXHV ZHUH GHWHUPLQHG IRU HDFK FRQILJXUDWLRQ FRQVLGHUHG �6HH )LJV. � WR ����

,QGHHG� IRU RQH β DQG PDVV� WKH YROXPH HIIHFW JUDGXDOO\ EHFRPHV VPDOOHU DV WKH YROXPH JHWV ODUJHU� LPSO\LQJ WKDW WKH FKLUDO SKDVH

WUDQVLWLRQ LV SRVVLEOH WR EH EXON� ,I WKLV LV WKH FDVH� ZH PD\ FRQFOXGH WKDW WKH SKDVH ERXQGDU\ GHWHUPLQHG WKURXJK WZR VWXGLHV GRQH

KHUH RYHUODSV ZLWK WKH RQHV GHWHUPLQHG E\ RXU PHDVXUHPHQWV RI WKH SODTXHWWH DQG 3RO\DNRY ORRSV GRQH EHIRUH�

�

-XQH �� ����

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP IRU WKH 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP SURYLGHV LPSRUWDQW LQIRUPDWLRQ IRU WKH FKLUDO SKDVH WUDQVLWLRQ DQG WKH SK\VLFV FRQ�

FHUQHG� ,Q SDUWLFXODU� WKH FKLUDO FRQGHQVDWH� EHLQJ DQ RUGHU SDUDPHWHU IRU WKH VSRQWDQHRXV FKLUDO V\PPHWU\ EUHDNLQJ� FDQ EH

GHWHUPLQHG IURP WKH HLJHQYDOXH GHQVLW\ DW λ=� >�� �@�

< ψ̄ψ >= −πρ(0). ���

$V D ILUVW VWHS WR REWDLQ WKH FKLUDO FRQGHQVDWH� ZH VWXG\ WKH GLVWULEXWLRQ RI WKH HLJHQYDOXH GHQVLW\ ρ�λ� DW WZR EDUH IHUPLRQ PDVVHV

�PI=����� 	 ������ LQ YDULRXV ODWWLFH YROXPHV� /HDUQLQJ IURP VRPH UHODWHG ZRUNV GRQH SUHYLRXVO\ >�� �@� ZH IRFXV RQ WZR VWXGLHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG YROXPH DQG PDVV DW GLIIHUHQW β YDOXHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG β YDOXH DQG PDVV LQ GLIIHUHQW YROXPHV�

)LJXUHV �� �� 	 � SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� DW YDULRXV β YDOXHV� DQG HDFK SORW FRUUHVSRQGV WR RQH IL[HG YROXPH DQG PDVV

�PI=������� 6LPLODU SORWV IRU PI=����� DUH VKRZQ LQ )LJV. �� �� 	 �� 7KH ORZHVW �� HLJHQYDOXHV ZHUH FDOFXODWHG IRU HDFK JDXJH

FRQILJXUDWLRQ DSSOLHG LQ WKLV VWXG\� :H FDQ VHH WKDW WKHVH GLVWULEXWLRQV JLYH HLWKHU ]HUR RU QRQ�]HUR ρ���� <HW� IRU β O\LQJ DURXQG

WKH FKLUDO SKDVH ERXQGDU\� ZH KDYH YDQLVKLQJ ρ��� >H�J�� β=������ �EOXH OLQH� LQ )LJ. �� β=���� �EOXH OLQH� LQ )LJ. �� DQG β=����

�EOXH OLQH� LQ )LJ. �@� IURP ZKLFK ZH FRQFOXGH WKDW WKH SKDVH WUDQVLWLRQ UXQV VPRRWKO\ ZKHQ PRYLQJ IURP WKH FKLUDOO\ EURNHQ SKDVH

WR WKH V\PPHWULF SKDVH� 7KHUHIRUH� WKH FKLUDO SKDVH WUDQVLWLRQV IRU PI=����� 	 ����� PD\ EH VHFRQG RUGHU RU YHU\ ZHDN ILUVW

RUGHU�

2Q WKH RWKHU KDQG� LQ RUGHU WR HYDOXDWH WKH ILQLWH YROXPH HIIHFW IRU WKH GLVWULEXWLRQV RI ρ�λ� RI RQH IL[HG β DQG PDVV� ZH VWXG\

WKHLU YROXPH GHSHQGHQFH� )LJXUHV � WR �� SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� LQ GLIIHUHQW YROXPHV IRU PI=����� ZLWK β=���� ������

����� ���� DQG ����� UHVSHFWLYHO\� 6LPLODU SORWV IRU PI=����� ZLWK β=����� ������ ���� ����� DQG ��� DUH VKRZQ LQ )LJV. �� WR ���

,Q WKLV VWXG\� WKH ORZHVW �� RU WKH ORZHVW ��� HLJHQYDOXHV ZHUH GHWHUPLQHG IRU HDFK FRQILJXUDWLRQ FRQVLGHUHG �6HH )LJV. � WR ����

,QGHHG� IRU RQH β DQG PDVV� WKH YROXPH HIIHFW JUDGXDOO\ EHFRPHV VPDOOHU DV WKH YROXPH JHWV ODUJHU� LPSO\LQJ WKDW WKH FKLUDO SKDVH

WUDQVLWLRQ LV SRVVLEOH WR EH EXON� ,I WKLV LV WKH FDVH� ZH PD\ FRQFOXGH WKDW WKH SKDVH ERXQGDU\ GHWHUPLQHG WKURXJK WZR VWXGLHV GRQH

KHUH RYHUODSV ZLWK WKH RQHV GHWHUPLQHG E\ RXU PHDVXUHPHQWV RI WKH SODTXHWWH DQG 3RO\DNRY ORRSV GRQH EHIRUH�

�
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(1) ⍴ with fixed V & M at different β

β1.425
β1.45
β1.475
β1.48
β1.50
β1.55

 0

 0.02

 0.04

 0.06

 0.08

 0  0.01  0.02  0.03  0.04  0.05  0.06  0.07  0.08

ρ(
λ)

eigenvalue λ

eigenvalue density vs eigenvalue ; m0.010 ; Volume 16 x 163

β=1.425
β=1.45
β=1.475
β=1.48
β=1.5
β=1.55

● ⍴( 0 ) ~ 0                            
(Chirally-symmetric phase)  

● ⍴( 0 ) > 0                                        
(Chirally-broken phase)
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(2) ⍴ with fixed β & M in different V
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8 x 83

12 x 123

16 x 163

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0  0.02  0.04  0.06  0.08  0.1  0.12

ρ(
λ)

eigenvalue λ

eigenvalue density vs eigenvalue ; β=1.45 m0.010 ; binSize0.006
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Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

Mass  0.010

Beta 1.4

Beta 1.425

Beta 1.45
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(2) ⍴ with fixed β & M in different V
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Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����
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Mass  0.010

As β increases, the volume 
dependence becomes more 
and more apparent.
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Beta 1.425
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As β increases, the volume 
dependence becomes more 
and more apparent.

Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�
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The volume effect gradually decreases in larger volumes, which means that 
if we have the chiral phase transition, it is possibly to be bulk.
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If the chiral phase transition is bulk, what can we conclude so far?
Any other possible realization to explain the observation?
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Summary  &  Future  Work

● From studies of plaquette and Polyakov loops, one weakly first order, bulk 

phase transition is observed. 

● From the Dirac operator eigenvalue spectrum, one phase transition is observed, 

yet the properties & order of this phase transition take further investigations. 
!

● String tension studies (More precise identification for confinement).  

● Spectrum studies (ex: Looking for light scalar bound states). 

●  Include results of the distributions of ⍴(  ) for lighter mass in various volumes 

and β. 

● Study the chiral condensate for fixed topology pertaining to the onset of the ϵ-

regime.

-XQH �� ����

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP IRU WKH 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

7KH 'LUDF RSHUDWRU HLJHQYDOXH VSHFWUXP SURYLGHV LPSRUWDQW LQIRUPDWLRQ IRU WKH FKLUDO SKDVH WUDQVLWLRQ DQG WKH SK\VLFV FRQ�

FHUQHG� ,Q SDUWLFXODU� WKH FKLUDO FRQGHQVDWH� EHLQJ DQ RUGHU SDUDPHWHU IRU WKH VSRQWDQHRXV FKLUDO V\PPHWU\ EUHDNLQJ� FDQ EH

GHWHUPLQHG IURP WKH HLJHQYDOXH GHQVLW\ DW λ=� >�� �@�

< ψ̄ψ >= −πρ(0). ���

$V D ILUVW VWHS WR REWDLQ WKH FKLUDO FRQGHQVDWH� ZH VWXG\ WKH GLVWULEXWLRQ RI WKH HLJHQYDOXH GHQVLW\ ρ�λ� DW WZR EDUH IHUPLRQ PDVVHV

�PI=����� 	 ������ LQ YDULRXV ODWWLFH YROXPHV� /HDUQLQJ IURP VRPH UHODWHG ZRUNV GRQH SUHYLRXVO\ >�� �@� ZH IRFXV RQ WZR VWXGLHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG YROXPH DQG PDVV DW GLIIHUHQW β YDOXHV�

• 7KH GLVWULEXWLRQV RI ρ�λ� IRU RQH IL[HG β YDOXH DQG PDVV LQ GLIIHUHQW YROXPHV�

)LJXUHV �� �� 	 � SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� DW YDULRXV β YDOXHV� DQG HDFK SORW FRUUHVSRQGV WR RQH IL[HG YROXPH DQG PDVV

�PI=������� 6LPLODU SORWV IRU PI=����� DUH VKRZQ LQ )LJV. �� �� 	 �� 7KH ORZHVW �� HLJHQYDOXHV ZHUH FDOFXODWHG IRU HDFK JDXJH

FRQILJXUDWLRQ DSSOLHG LQ WKLV VWXG\� :H FDQ VHH WKDW WKHVH GLVWULEXWLRQV JLYH HLWKHU ]HUR RU QRQ�]HUR ρ���� <HW� IRU β O\LQJ DURXQG

WKH FKLUDO SKDVH ERXQGDU\� ZH KDYH YDQLVKLQJ ρ��� >H�J�� β=������ �EOXH OLQH� LQ )LJ. �� β=���� �EOXH OLQH� LQ )LJ. �� DQG β=����

�EOXH OLQH� LQ )LJ. �@� IURP ZKLFK ZH FRQFOXGH WKDW WKH SKDVH WUDQVLWLRQ UXQV VPRRWKO\ ZKHQ PRYLQJ IURP WKH FKLUDOO\ EURNHQ SKDVH

WR WKH V\PPHWULF SKDVH� 7KHUHIRUH� WKH FKLUDO SKDVH WUDQVLWLRQV IRU PI=����� 	 ����� PD\ EH VHFRQG RUGHU RU YHU\ ZHDN ILUVW

RUGHU�

2Q WKH RWKHU KDQG� LQ RUGHU WR HYDOXDWH WKH ILQLWH YROXPH HIIHFW IRU WKH GLVWULEXWLRQV RI ρ�λ� RI RQH IL[HG β DQG PDVV� ZH VWXG\

WKHLU YROXPH GHSHQGHQFH� )LJXUHV � WR �� SUHVHQW WKH GLVWULEXWLRQV RI ρ�λ� LQ GLIIHUHQW YROXPHV IRU PI=����� ZLWK β=���� ������

����� ���� DQG ����� UHVSHFWLYHO\� 6LPLODU SORWV IRU PI=����� ZLWK β=����� ������ ���� ����� DQG ��� DUH VKRZQ LQ )LJV. �� WR ���

,Q WKLV VWXG\� WKH ORZHVW �� RU WKH ORZHVW ��� HLJHQYDOXHV ZHUH GHWHUPLQHG IRU HDFK FRQILJXUDWLRQ FRQVLGHUHG �6HH )LJV. � WR ����

,QGHHG� IRU RQH β DQG PDVV� WKH YROXPH HIIHFW JUDGXDOO\ EHFRPHV VPDOOHU DV WKH YROXPH JHWV ODUJHU� LPSO\LQJ WKDW WKH FKLUDO SKDVH

WUDQVLWLRQ LV SRVVLEOH WR EH EXON� ,I WKLV LV WKH FDVH� ZH PD\ FRQFOXGH WKDW WKH SKDVH ERXQGDU\ GHWHUPLQHG WKURXJK WZR VWXGLHV GRQH

KHUH RYHUODSV ZLWK WKH RQHV GHWHUPLQHG E\ RXU PHDVXUHPHQWV RI WKH SODTXHWWH DQG 3RO\DNRY ORRSV GRQH EHIRUH�

�



-‐‑  The  End  -‐‑  
Thanks  for  Your  Attention!  :)  
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● Why technicolor (Beyond Standard Model) ?              
!

(a) Standard Model (SM) with Higgs: Higgs field provides the mechanism for 

electroweak (EW) symmetry breaking. Yet, it is a scalar and it has problems like 

triviality & hierarchy. 

(b) Technicolor:                                                                                                                 

(i) It does not have fundamental scalar fields.                                                              

(ii) It is asymptotically free, giving non-trivial theories without triviality &  

hierarchy problems. 

Backup: Motivations
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● Technicolor (TC) :    
(a) Technigauge (Gauge field) + Techniquarks (Massless fermions). 

(b) Techniquarks carry both technicolor & EW charges. 

(c) Chiral symmetry breaking in technicolor        EW symmetry breaking. 

(d) Cutoff scale :  

Backup:  Motivations

)HEUXDU\ �� ����

3KDVH VWUXFWXUH VWXG\ RI 68��� ODWWLFH JDXJH WKHRU\ ZLWK � IODYRXUV

$EVWUDFW

,Q WKLV SDSHU�

, ,QWURGXFWLRQ

,, 3KDVH VWUXFWXUH VWXG\

ΛTC ≈ ΛEW . ���

,,�, 3ODTXHWWH

7KH PRVW HOHPHQWDU\ REVHUYDEOH RQ ODWWLFH LV WKH SODTXHWWH�

U(p) ≡ U(x+aν̂)(−ν)U(x+aµ̂+aν̂)(−µ)U(x+aµ̂)νUxµ, ���

ZKLFK IRUPV D ´VTXDUH´ RQ µν−SODQH DQG [ DQG ´D´ DUH ODWWLFH VLWH DQG ODWWLFH VSDFLQJ� UHVSHFWLYHO\� )RU RXU SODTXHWWH

�

● Extended-technicolor (ETC) :     
     To explain fermion masses, besides having technicolor, one introduces an interaction  

     coupling SM fermions & techniquarks.
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● Phase structure study of SU(3) lattice gauge theory with 12 flavors 

(Anqi Cheng, Anna Hasenfratz, David Schaich, arXiv:1111.2317 

[hep-lat]).

Backup:  A  Related  Work

3

FIG. 1. The chiral condensate
⌦
  

↵
(on a log scale) and

the blocked Polyakov loop hTrLbi indicate two well-separated
transitions at m = 0.005.

renormalization group equation predicts the dependence

of �(c)
F on Nt. In order for the theory to be confining

and chirally broken at zero temperature, �(c)
F ! 1 as

Nt ! 1.
Zero-temperature systems with Nt � L deconfine and

become chirally symmetric when L is so small that the
physics is volume-squeezed. This is a finite-volume ef-
fect and not a real phase transition, though it could be
accompanied by a discontinuity. In few-flavor QCD-like
systems no discontinuity is observed at zero temperature.

Much less is known about the finite-temperature be-
havior of IR-conformal systems. At strong enough cou-
pling, lattice artifacts create a confining, chirally broken
phase on the lattice [31]. This strong-coupling phase
must be separated from the weak-coupling conformal
phase by a bulk (non-thermal) phase transition in the
chiral limit. The bulk transition has to be a real infinite-
volume transition, with the chiral condensate

⌦
  

↵
serv-

ing as an order parameter in the chiral limit. While
remnants of the finite-temperature phase transition can
coexist with the bulk transition, the finite-temperature
transitions must occur at stronger couplings than the
bulk transition, and converge to the bulk transition as
Nt ! 1. This, in principle, gives a signal that distin-
guishes confining and conformal systems.

Refs. [4, 7, 14] investigated the 12-flavor SU(3) system
and found indication for a bulk transition. Refs. [7, 14,
19] also discussed a second discontinuity in

⌦
  

↵
. Our

investigations confirm the existence of both bulk phase
transitions, as illustrated in Fig. 1. In the chiral conden-
sate we observe a clear discontinuity around �F ⇡ 2.0 for
m = 0.005 on zero-temperature 84, 124 and 164 volumes.⌦
  

↵
has another, much smaller, discontinuity around

�F ⇡ 2.65, where the Polyakov loop, an observable re-
lated to confinement, shows a much stronger signal. Be-
cause the usual Polyakov loop becomes small and noisy
as Nt increases, we consider an improved observable by
measuring the Polyakov loop on renormalization group
blocked lattices. This blocked Polyakov loop hTrLbi has

the same Z3 symmetry as the standard one, and can also
be thought of as an extended observable on the original,
unblocked lattices.

The chiral condensate
⌦
  

↵
has very little volume de-

pendence across the phase transitions, consistent with
bulk transitions. The apparent volume dependence of
the blocked Polyakov loop is due to the di↵erent number
of blocking steps performed: the 164 lattices are blocked
three times with scale factor s = 2, while the 124 lattices
can be blocked only twice.

Fig. 2 shows how the locations of the two phase tran-
sitions depend on the volume, temperature and fermion
mass. In both cases, the transitions at finite tempera-
ture converge to zero-temperature bulk transitions where
di↵erent observables show the same discontinuity on all
volumes, up to small finite volume e↵ects. Just like
Refs. [4, 7, 14], we observe the stronger-coupling tran-
sitions to converge on smaller volumes than those that
are needed for the weaker-coupling transitions to con-
verge. We encountered long metastability between runs
from hot and cold initial states at both transitions, espe-
cially on larger volumes. These transitions are strongly
first-order, and molecular dynamics evolution is not very
e↵ective flipping the system between phases. Mixed ini-
tial configurations helped to resolve the transition around
�F ⇡ 2.65 more accurately, but they were less reliable at
the transition around �F ⇡ 2.

IV. SINGLE-SITE SHIFT SYMMETRY
BREAKING

We identified two phase transitions in Fig. 1 from the
discontinuities in the chiral condensate and (blocked)
Polyakov loop. This was possible as both phase tran-
sitions are first-order, and almost all observables show a
discontinuity. However, neither

⌦
  

↵
nor the Polyakov

loop is a bona fide order parameter of the intermedi-
ate phase located between the two transitions. While
the Polyakov loop is a good indicator of confinement,
it is only an order parameter in the pure gauge theory,
and does not distinguish between the intermediate and
strong-coupling phases. The chiral condensate is an or-
der parameter in the chiral limit only, and in that limit
it likely vanishes in both the intermediate and weak-
coupling phases.

There is no a priori guarantee that the intermediate
phase is separated from the strong- and weak-coupling
phases by true phase transitions. However, while investi-
gating the phase diagram, we discovered that the single-
site shift symmetry (“S4”) of the staggered fermion ac-
tion is spontaneously broken in the intermediate (“⇢⇢S4 ”)
phase. This ensures the existence of an order parameter
characterizing the ⇢⇢S4 phase, and full separation of the
phases.

The single-site shift symmetry of the staggered action
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● Definition & Picture (A plaquette on µν−plane as an example): 

!
!

                    x: Lattice site.  

         a: Lattice spacing. 

         γ, l, m, n, 𝛿: Color indices. 

!

!

● It constructs the lattice Yang-Mills action.

Backup:  Plaquette—General  Study

35

The smallest Wilson loop
x x   a+ µ

+x   aν

Figure 10: Plaquette p in lattice directions µ and ν

has been used by Wilson to construct a lattice Yang-Mills action. He pro-
posed

SW = −
∑

p

β

N
Re(Tr(U(p))), (90)

which is gauge invariant and purely real by construction. The constant β is
to be determined in the continuum limit requiring that the standard Yang-
Mills action is recovered in that case. If we introduce gauge field variables
by

Uxµ ≡ exp ig0aAb
µ(x)Tb (91)

then we obtain in a naive continuum limit, where a goes to zero,

SW =
βg2

0

8N

∑

x

a4F b
µνF

b
µν + O(a5), (92)

and we can read off

β =
2N

g2
0

. (93)

For the quantum theory we have to specify how to do functional integrals.
The integral over all gauge field configurations on the lattice amounts to an
integral over all link variables U(b). So, for the expectation value of any
observable A we write

⟨A⟩ =
1

Z

∫

∏

b

dU(b) A e−SW , (94)

20

PHDVXUHPHQWV� DV RQH FDQ VHH LQ )LJ� �� ZH REVHUYH D SKDVH WUDQVLWLRQ DURXQG β ��� DQG ��� DW EDUH IHUPLRQ PDVV�PI� HTXDOV WR

������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

x x+ µ̂ x+ ν̂ x+ ν̂ + µ̂ ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Lt(n) =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

�

PHDVXUHPHQWV� DV RQH FDQ VHH LQ )LJ� �� ZH REVHUYH D SKDVH WUDQVLWLRQ DURXQG β ��� DQG ��� DW EDUH IHUPLRQ PDVV�PI� HTXDOV WR

������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

x x+ aµ̂ x+ aν̂ x+ aν̂ + aµ̂ ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Lt(n) =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

�

PHDVXUHPHQWV� DV RQH FDQ VHH LQ )LJ� �� ZH REVHUYH D SKDVH WUDQVLWLRQ DURXQG β ��� DQG ��� DW EDUH IHUPLRQ PDVV�PI� HTXDOV WR

������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

x x+ aµ̂ x+ aν̂ x+ aν̂ + aµ̂ ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Lt(n) =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

�

PHDVXUHPHQWV� DV RQH FDQ VHH LQ )LJ� �� ZH REVHUYH D SKDVH WUDQVLWLRQ DURXQG β ��� DQG ��� DW EDUH IHUPLRQ PDVV�PI� HTXDOV WR

������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

x x+ aµ̂ x+ aν̂ x+ aν̂ + aµ̂ ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Lt(n) =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

�

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ�

!γδ
µν = Uγl

µ (x)U lm
ν (x+ aµ̂)Umn

µ
†(x+ aν̂)Unδ

ν
†
(x), ����

�
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Backup:  Plaquette—General  Study  (Fixed  Volume)

● Zoom-in <Plaq> vs β plot : (One phase transition is observed.)
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<plaq> vs beta ; volume L8T8 (finerPlot)

<plaq>-m0.005 of coldstart 
<plaq>-m0.010 of coldstart 
<plaq>-m0.015 of coldstart 

 Volume                ������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

m0.005 m0.010 m 0.015

The phase boundary shifts to larger β values  
as we increase mass.
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Backup:  Polyakov  loop—General  Study

● Definition & Picture (t-direction as an example):

������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Lt(n) =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

where n is the lattice site. t-direction

������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Lt(n) =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

<Polyakov loop (0, 1, 2, 3)> is <Polyakov loop (x, y, z, t)> throughout 

the slides.

● In the pure gauge theory, Polyakov loop is an order parameter 

for confining-deconfining phase transition.

● With dynamical fermions, it is no longer a good order parameter, 

yet giving some information for the phase structure study.
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Backup:  Polyakov  loop—General  Study  (APE  smearing)

● Our smearing procedure : (for one link variable U)
VPHDULQJ� 7KH VPHDULQJ SURFHGXUH IRU D OLQN YDULDEOH 8 LV DV IROORZV[�]

Uµ(n) → (1 − α)× Uµ(n) +
α

6
×
∑

i ̸=j

P 1,2
i j , ���

ZKHUH P 1,2
i j LV WKH RULHQWHG GHIHFW SODTXHWWH �L�H� SURGXFW RI � OLQN YDULDEOHV� O\LQJ RQ WKH L M −SODQH� DQG WKH XSSHU ODEHO RI 3� � 	 �

FRUUHVSRQGV WR WKH OHIW RU ULJKW HGJH RI Uµ(n)� UHVSHFWLYHO\� 6PHDUHG OLQN LV SURMHFWHG WR 68��� JURXS DQG α LV FKRVHQ WR EH ����IL[HG�

LQ RXU VPHDULQJ SURFHGXUH� ,Q DGGLWLRQ� ZLWK VDPH VSDWLDO DQG WHPSRUDO VL]HV DSSOLHG LQ RXU ODWWLFH VLPXODWLRQV� ZH VPHDU OLQN YDULDEOHV

IRU ERWK VSDWLDO�/� DQG WHPSRUDO�7� GLUHFWLRQV�

$IWHU VPHDULQJ DSSOLHG� VLJQDOV RI<:LOVRQOLQH> LPSURYHG PXFK� $V RQH FDQ VHH LQ )LJ� � 	 �� WKHUH DUH LQGLFDWLRQV RI WXQQHOLQJ

IRU KLVWRULHV RI :LOVRQOLQH DURXQG WKH SKDVH WUDQVLWLRQ SRLQW DW WKLV OLJKWHVW EDUH PDVV� PI=����� �/�7��� LQ RXU VLPXODWLRQV� 0RUH�

RYHU� IURP )LJ.� WR )LJ.��� RQH FDQ VHH WKH HIIHFWV RI VPHDULQJ DV VPHDU WLPH JHWV ODUJHU� $QG IRU DOO SORWV VKRZLQJ KHUH� UHG FRORU

FRUUHVSRQGV WR KRW VWDUW VLPXODWLRQV DQG EOXH FRORU FRUUHVSRQGV WR FROG VWDUW RQHV�

+RZHYHU� RQH FDQQRW DSSO\ VPHDULQJ WRR PDQ\ WLPHV� :LWK SHULRGLF ERXQGDU\ FRQGLWLRQ� LI WKH UHVXOWLQJ VPHDUHG OLQNV KLW WKH

ERXQGDU\ RI WKH ODWWLFH� ZH HQG XS QRW FDOFXODWLQJ WKH:LOVRQOLQH� 7KHUHIRUH� LQ RXU VPHDULQJ VWXGLHV� WKH ODUJHVW VPHDULQJ WLPH DSSOLHG

ZRXOG EH WKH VSDWLDO �RU WKH WHPSRUDO� VL]H PLQXV WZR� 7KDW LV� ZH GR QRW DSSO\ VPHDULQJ PRUH WKDQ VL[ WLPHV IRU /�7� VLPXODWLRQV�

+HUH ZH VKRZ VRPH RWKHU VPHDULQJ UHVXOWV IRU :LOVRQOLQH� YROXPH /�7� �6HH )LJ� �� 	 ����

7R LQFUHDVH WKH QXPEHU RI VPHDULQJ WLPH ZKLOH REWDLQLQJ UHDVRQDEOH UHVXOWV� ZH KDYH WR UHVRUW WR ODUJHU ODWWLFH VL]HV� +HUH ZH

VKRZ WKH VPHDULQJ UHVXOW IRU :LOVRQOLQH� YROXPH /��7�� �6HH )LJ.����

�

,,�,,�, $3( VPHDULQJ IRU :LOVRQOLQH

)RU WKH SXUSRVH WR DYHUDJH RXW ORFDO IOXFWXDWLRQV RI :LOVRQOLQH PHDVXUHPHQWV ZLWKRXW FKDQJLQJ ,5 SK\VLFV� ZH DSSO\ $3(

VPHDULQJ� 7KH VPHDULQJ SURFHGXUH IRU D OLQN YDULDEOH 8 LV DV IROORZV

Uµ(n) → (1 − α)× Uµ(n) +
α

6
×
∑

i ̸=j

P 1,2
i j , ���

ZKHUH P 1,2
i j LV WKH RULHQWHG GHIHFW SODTXHWWH �L�H� SURGXFW RI � OLQN YDULDEOHV� O\LQJ RQ WKH L M −SODQH� DQG WKH XSSHU ODEHO RI 3� � 	 �

FRUUHVSRQGV WR WKH OHIW RU ULJKW HGJH RI Uµ(n)� UHVSHFWLYHO\� 6PHDUHG OLQN LV SURMHFWHG WR 68��� JURXS DQG α LV FKRVHQ WR EH ����IL[HG�

LQ RXU VPHDULQJ SURFHGXUH� ,Q DGGLWLRQ� ZLWK VDPH VSDWLDO DQG WHPSRUDO VL]HV DSSOLHG LQ RXU ODWWLFH VLPXODWLRQV� ZH VPHDU OLQN YDULDEOHV

IRU ERWK VSDWLDO�/� DQG WHPSRUDO�7� GLUHFWLRQV�

$IWHU VPHDULQJ DSSOLHG� VLJQDOV RI<:LOVRQOLQH> LPSURYHG PXFK� $V RQH FDQ VHH LQ )LJ� � 	 �� WKHUH DUH LQGLFDWLRQV RI WXQQHOLQJ

IRU KLVWRULHV RI :LOVRQOLQH DURXQG WKH SKDVH WUDQVLWLRQ SRLQW DW WKLV OLJKWHVW EDUH PDVV� PI=����� �/�7��� LQ RXU VLPXODWLRQV� 0RUH�

RYHU� IURP )LJ.� WR )LJ.��� RQH FDQ VHH WKH HIIHFWV RI VPHDULQJ DV VPHDU WLPH JHWV ODUJHU� $QG IRU DOO SORWV VKRZLQJ KHUH� UHG FRORU

FRUUHVSRQGV WR KRW VWDUW VLPXODWLRQV DQG EOXH FRORU FRUUHVSRQGV WR FROG VWDUW RQHV�

+RZHYHU� RQH FDQQRW DSSO\ VPHDULQJ WRR PDQ\ WLPHV� :LWK SHULRGLF ERXQGDU\ FRQGLWLRQ� LI WKH UHVXOWLQJ VPHDUHG OLQNV KLW WKH

ERXQGDU\ RI WKH ODWWLFH� ZH HQG XS QRW FDOFXODWLQJ WKH:LOVRQOLQH� 7KHUHIRUH� LQ RXU VPHDULQJ VWXGLHV� WKH ODUJHVW VPHDULQJ WLPH DSSOLHG

ZRXOG EH WKH VSDWLDO �RU WKH WHPSRUDO� VL]H PLQXV WZR� 7KDW LV� ZH GR QRW DSSO\ VPHDULQJ PRUH WKDQ VL[ WLPHV IRU /�7� VLPXODWLRQV�

+HUH ZH VKRZ VRPH RWKHU VPHDULQJ UHVXOWV IRU :LOVRQOLQH� YROXPH /�7� �6HH )LJ� �� 	 ����

7R LQFUHDVH WKH QXPEHU RI VPHDULQJ WLPH ZKLOH REWDLQLQJ UHDVRQDEOH UHVXOWV� ZH KDYH WR UHVRUW WR ODUJHU ODWWLFH VL]HV� +HUH ZH

VKRZ WKH VPHDULQJ UHVXOW IRU :LOVRQOLQH� YROXPH /��7�� �6HH )LJ.����

�

lapels

P  is the oriented defect plaquette lying on the i j −plane.

Upper label of P: 1, 2 corresponds to the left or 

right edge of Uμ(n).

Smeared link is projected to SU(2) group and α = 0.5 (fixed).	
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● HMC-histories for smeared <L>: Around the phase transition point, there are 
indications of tunneling.

Backup:  Polyakov  loop—General  Study
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Volume(              )  Mass  0.010

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�
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Volume(              )  Mass  0.005������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�
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● HMC-histories for smeared <L>: In the deconfining phase (relatively weak 
coupling regime), tunneling phenomena is ubiquitous.
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Volume(              )  Mass  0.005������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )  Mass  0.010

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����

�

<Lx>  Beta 1.475

<Lz>  Beta 1.6

<Lz>  Beta 1.7

<Lx>  Beta 1.8

<Lx>  Beta 1.55

<Ly>  Beta 1.6

<Lz>  Beta 1.7

<Lt>  Beta 1.8



• In quantum field theory, taking a single scalar field      as an 

example, the Euclidean partition function is 

!

• We can thereby define the Schwinger function
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)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}. ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

Backup:  Polyakov  loop—  The  Constraint  Effective  potential



• The effective action Γ is the Legendre transformation of the 

Schwinger function
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)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

J(x) is an external source.ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�



• When J(x) → 0, Φ(x) → <0|  (x)|0> =   c , and

43

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

where Ω is the total volume of spacetime.

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

V is the effective potential.

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�



• Constructing the effective potential without introducing external 

sources:

Introduce delta functions in the functional integrals, 

making constraints on the fields.
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Backup:  Polyakov  loop—  The  Constraint  Effective  potential



• Consider a scalar field    (x), expressing as

45

Introduce delta functions in the functional integrals, 

making constraints on the fields

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

     0 : Zero four-momentum component of the field. 

     ʹ′(x): The rest part of the field,

 satisfying

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�



• Now treat the constraint that <0|   (x)|0> =   c when J(x) → 0 to be 

equivalent to introducing δ(   0 −   c) in the functional integral:               

[R. Fukuda and E. Kyriakopoulos, Nucl. Phys. B85 (1975) 354-364]
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We have

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

const. does not depend on    c.

Vc(  c) is the constraint effective potential.

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

.

Introduce delta functions in the functional integrals, 

making constraints on the fields



• Connect this realization and the usual one, where Legendre 

transformation is introduced :
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ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

C and C’ are different constants.

Wʹ′[J]: The vacuum energy density with an opposite sign in the    

           presence of a constant external source J.

Replace δ(  0 −   c) by its integral representation.

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�

)LJ� � ± 3ORW RI VPHDU����WLPH <:LOVRQOLQH�> YV β DW PI=������ YROXPH /��7���

,,�,,�,, (IIHFWLYH SRWHQWLDO RI :LOVRQOLQH

%\ DSSO\LQJ $3( VPHDULQJ� ZH FDQ VHH VRPH LQGLFDWLRQV IRU WXQQHOLQJ LQ KLVWRULHV RI :LOVRQOLQH� 1RZ IRFXVLQJ RQ WKHVH KLVWRULHV�

ZH DUH JRLQJ WR FRQVWUXFW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO WKURXJK <:LOVRQOLQH>�

,Q TXDQWXP ILHOG WKHRU\� WDNLQJ D VLQJOH VFDODU ILHOG φ DV DQ H[DPSOH� WKH (XFOLGHDQ SDUWLWLRQ IXQFWLRQ LV

Z[J ] =

∫
'φ H−{S[φ]+

∫
d4xJ(x)φ(x)}, ���

IURP ZKLFK ZH FDQ GHILQH WKH 6FKZLQJHU IXQFWLRQ

W [J ] = −OQZ[J ]. ���

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ���

�



!

• When Ω→∞ the prime contribution to the integral comes 

from the stationary point of the phase of integrand :
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ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

We have

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

:H WKHUHE\ JHW

Vc(φc)
Ω→∞−−−−→ V (φc) = (φcJ −W ′[J ])φc= ∂W ′

∂J
, ����

EHLQJ HTXLYDOHQW WR RXU XVXDO GHILQLWLRQ RI WKH HIIHFWLYH SRWHQWLDO �6HH (T� (�)��

,Q ODWWLFH VLPXODWLRQ� :LOVRQOLQH LV RXU REVHUYDEOH� ,Q SXUVXLW RI D FRUUHVSRQGLQJ HTXDWLRQ RI (T� (�) IRU FRQVWUXFWLQJ WKH HIIHFWLYH

SRWHQWLDO� ZULWH

HΩVc(<:>) = FRQVW.
∫

D: H−6[:][δ(:0− < : >)]

= FRQVW′.
∫

DU H−6[:][δ(:0− < : >)] ����

ZKHUH Vc(<:>) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH ODWWLFH DFWLRQ�:0 LV WKH ]HUR�PRPHQWXP PRGH RI :LOVRQOLQH� DQG 8 LV

WKH OLQN YDULDEOH� +HUH XQGHU FRQVLGHUDWLRQ WKDW WKH +DDU PHDVXUH LV JDXJH LQYDULDQW� ZH KDYH '8 = & (':)� ZKHUH & LV D FRQVWDQW

QRW H[SOLFLWO\ GHSHQGLQJ RQ :� 7KHUHIRUH� FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO IRU :LOVRQOLQH LV SRVVLEOH� ,Q IDFW� WKHUH LV D VWXG\ RI

WKH HIIHFWLYH SRWHQWLDO IRU SXUH 68(�) 3RO\DNRY ORRSV DQG :LOVRQ ORRS [�]� <HW� WKH\ FRQVWUXFW WKH HIIHFWLYH SRWHQWLDO LQ WKH XVXDO ZD\

E\ GRLQJ WKH /HJHQGUH WUDQVIRUPDWLRQ RQ WKH JHQHUDWLQJ IXQFWLRQDO�

7R JHW WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO RI :LOVRQOLQH LQ RXU VWXG\� ZH FDOFXODWH WKH SUREDELOLW\ GLVWULEXWLRQ 3� EHLQJ SURSRUWLRQDO

WR QXPEHUV RI GDWD SRLQWV IDOOLQJ LQWR GLIIHUHQW HQVHPEOH DYHUDJHV RI :LOVRQOLQH� E\ GRLQJ KLVWRJUDP� :H WKHQ REWDLQ

Vc(< : >) = −ln(1), ����

ZKHUH 1 LV WKH QXPEHU RI GDWD SRLQWV IDOOLQJ LQWR VSHFLILF <:>�

,I RQH REVHUYH D GRXEOH�ZHOO SDWWHUQ IRU WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO DW β YDOXHV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� LW LV D JRRG

LQGLFDWLRQ IRU D ILUVW RUGHU SKDVH WUDQVLWLRQ WR FRQILQLQJ�GHFRQILQLQJ WUDQVLWLRQ� 2Q WKH RWKHU KDQG� LI RQH JHWV D SRWHQWLDO WKDW JUDGX�

��

being equivalent to our usual definition of the effective 

potential (                             ).

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�



• In pursuit of a corresponding equation of

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ���

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ���

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ���

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)], ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (�) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�

for constructing the constraint effective potential for Polyakov 

loop, write

Vc(<L>) is the constraint effective potential.

49

Backup:  Polyakov  loop—  The  Constraint  Effective  potential

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

�

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

ZKHUH & DQG &¶ DUH FRQVWDQWV� DQG :′[-] LV WKH YDFXXP HQHUJ\ GHQVLW\ ZLWK DQ RSSRVLWH VLJQ LQ WKH SUHVHQFH RI D FRQVWDQW H[WHUQDO

VRXUFH -� :KHQ Ω→∞ WKH SULPH FRQWULEXWLRQ WR WKH LQWHJUDO RI (T� (��) FRPHV IURP WKH VWDWLRQDU\ SRLQW RI WKH SKDVH RI LQWHJUDQG�

�

7KH HIIHFWLYH DFWLRQ Γ LV WKH /HJHQGUH WUDQVIRUPDWLRQ RI WKH 6FKZLQJHU IXQFWLRQ

Γ[Φ] = W [J ]−
∫

d4xJ(x)Φ(x), ����

ZKHUH -�[� LV DQ H[WHUQDO VRXUFH� DQG

Φ(x) ≡ δW [J ]

δJ(x)
= < 0|φ(x)|0 >J . ����

:KHQ -([) → �� Φ([) → <�|φ([)|�> = φc� DQG

Γ[φc] = −ΩV (φc), ����

ZKHUH Ω LV WKH WRWDO YROXPH RI VSDFHWLPH�

7KH HIIHFWLYH SRWHQWLDO FDQ EH FRQVWUXFWHG ZLWKRXW LQWURGXFLQJ H[WHUQDO VRXUFHV� 2QH LQWURGXFHV GHOWD IXQFWLRQV LQ WKH IXQFWLRQDO

LQWHJUDOV� PDNLQJ FRQVWUDLQWV RQ WKH ILHOGV� &RQVLGHU D VFDODU ILHOG φ([)� H[SUHVVLQJ DV

φ(x) = φ0 + φ′(x), ����

ZKHUH φ0 LV WKH ]HUR IRXU�PRPHQWXP FRPSRQHQW RI WKH ILHOG� φ′([) EHLQJ WKH UHVW SDUW RI WKH ILHOG� VDWLVI\LQJ

∫
d4xφ′(x) = 0. ����

1RZ ZH WUHDW WKH FRQVWUDLQW WKDW<�|φ([)|�>=φc ZKHQ -([)→ � WR EH HTXLYDOHQW WR LQWURGXFLQJ δ(φ0−φc) LQ WKH IXQFWLRQDO LQWHJUDO�

7KHQ ZH KDYH [�]

HΩVc(φc) = FRQVW.
∫

DφH−6[φ][δ(φ0 − φc)] = FRQVW.′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

HΩVc(</>) = const.′′
∫ ∞

−∞
dJH−(W ′[J]−</>J)Ω, with

Vc(</>)
Ω→∞−−−−→V (</>)=(</>J−W ′[J])

</>= ∂W ′
∂J

, ����

W ′[J ] = OQ
∫

d/ H−Vc(/)+/J ����

ZKHUH FRQVW� GRHV QRW GHSHQG RQ φc� Vc(φc) LV WKH FRQVWUDLQW HIIHFWLYH SRWHQWLDO� 6 LV WKH FODVVLFDO DFWLRQ GHVFULELQJ WKH V\VWHP�

DQG Ω≡
∫
d4[� 7R FRQQHFW WKLV UHDOL]DWLRQ IRU FRQVWUXFWLQJ WKH HIIHFWLYH SRWHQWLDO DQG WKH XVXDO RQH ZKHUH WKH /HJHQGUH WUDQVIRUP LV

LQWURGXFHG� UHSODFH δ(φ0−φc) LQ (T� (��) E\ LWV LQWHJUDO UHSUHVHQWDWLRQ� :H KDYH

HΩVc(φc) = &
∫ ∞

−∞
dJ

∫
DφH−6[φ]−

∫
d4x[φ0J]HφcJΩ

= &′
∫ ∞

−∞
dJH−(W ′[J]−φcJ)Ω, ����

�
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Backup:  Polyakov  loop—The  Constraint  Effective  Potential

● Plots of the constraint effective potential for smeared <L> (take <Ly> in 
volume(              ), mass 0.010 as an example):

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����
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Backup:  Polyakov  loop—The  Constraint  Effective  Potential

● Plots of the constraint effective potential for smeared <L> (take <Ly> in 
volume(              ), mass 0.010 as an example):

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�
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Backup:  Polyakov  loop—The  Constraint  Effective  Potential

● Plots of the constraint effective potential for smeared <L> (take <Ly> in 
volume(              ), mass 0.010 as an example):

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�
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Backup:  Polyakov  loop—The  Constraint  Effective  Potential

● Plots of the constraint effective potential for smeared <L> (take <Ly> in 
volume(              ), mass 0.010 as an example):

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�
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Backup:  Polyakov  loop—The  Constraint  Effective  Potential

● Plots of the constraint effective potential for smeared <L> (take <Ly> in 
volume(              ), mass 0.010 as an example):

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����
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Backup:  Polyakov  loop—The  Constraint  Effective  Potential

● Plots of the constraint effective potential for smeared <L> (take <Ly> in 
volume(              ), mass 0.010 as an example):

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����
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Backup:  (2) ⍴ with fixed β & M in different V
 Mass  0.010 [                           ,                               ,                               ]: Volume(              )������ YROXPH �� × 123� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(           )������ YROXPH � × 83� ,Q DGGLWLRQ� ZH FDQ VHH WKDW DV RQH UXQV WR YHU\ ORZ EHWD YDOXHV� FOHDUO\ <SODT> ZRXOG QRW YDQLVK� DV

FRQWUDU\ WR WKH FDVH RI SXUH 68��� JDXJH WKHRU\ [�]�

7R KDYH D WKRURXJK XQGHUVWDQGLQJ RI WKH QDWXUH RI WKH SKDVH WUDQVLWLRQ� ZH ZRXOG OLNH WR VWXG\ WKH GHWDLO DURXQG β ��� DQG ���

IRU WKLV EDUH PDVV LQ RXU VLPXODWLRQV� $V RQH FDQ VHH LQ )LJ� �� ZKLFK LV WKH ]RRP�LQ SORW RI )LJXUH �� 7KH EHKDYLRU RI SODTXHWWH LV

VPRRWK DURXQG WKH SKDVH WUDQVLWLRQ SRLQW� 6LPLODU SORWV IRU YROXPH /��7�� DUH VKRZQ LQ )LJ� � 	 �� :H FDQ VHH WKDW WKH SKDVH

WUDQVLWLRQ SRLQW VKLIWV WR ODUJHU EHWD YDOXH LQFUHDVLQJ ODWWLFH VL]H� 7KH VKLIWLQJ EHKDYLRU RI SKDVH WUDQVLWLRQ SRLQW WR ODUJHU EHWD YDOXH

FDQ DOVR EH REVHUYHG LQFUHDVLQJ EDUH IHUPLRQ PDVV� )LJXUH � LV D ]RRP�LQ SORW IRU <SODT> YV EHWD DW PI=������ YROXPH /�7��

6R IDU ZH FDQQRW FRQFOXGH DQ\WKLQJ� :H QHHG RWKHU REVHUYDEOHV WR XQGHUVWDQG PRUH DERXW WKH SKDVH VWUXFWXUH RI WKH WKHRU\�

,,�,, :LOVRQOLQH

,Q SXUH JDXJH WKHRU\� :LOVRQOLQH LV DQ RUGHU SDUDPHWHU IRU FRQILQLQJ�GHFRQILQLQJ SKDVH WUDQVLWLRQ� 7KH RUGHU SDUDPHWHU φ FDQ EH

GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�

]� W�−GLUHFWLRQ� UHVSHFWLYHO\� IRU :LOVRQOLQH PHDVXUHPHQWV� 7R KDYH D EHWWHU SLFWXUH RI WKH SKDVH VWUXFWXUH� ZH KDYH GRQH PRUH

VLPXODWLRQV DURXQG WKH SKDVH WUDQVLWLRQ SRLQW �L�H� ILQHU EHWD YDOXH VFDQLQJ�� 7KH DEUXSW FKDQJH LQ <W0> LQGLFDWHV WKDW WKH SKDVH

WUDQVLWLRQ PD\ EH ILUVW RUGHU� <HW� WR IXUWKHU YHULI\ WKLV� ZH UHVRUW WR VPHDULQJ� ZKLFK ZLOO EH LQWURGXFHG LQ WKH IROORZLQJ VHFWLRQ�

�

Volume(              )

ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑

n

ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243

5HIHUHQFHV

>�@ $�$� %HODYLQ� $OH[DQGHU 0� 3RO\DNRY� $�6� 6FKZDUW]� DQG <X�6� 7\XSNLQ� 3VHXGRSDUWLFOH 6ROXWLRQV RI WKH <DQJ�0LOOV (TXDWLRQV�

3K\V�/HWW�� %�����±��� �����
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The volume effect for these three volumes increases as β increases.
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Backup:  (2) ⍴ with fixed β & M in different V
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For each β, the volume effect gradually decreases in larger volumes, which means the 
chiral phase transition is possible to be bulk.
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ZKHUH Q LV DQ LQWHJHU ODEHOLQJ WKH KRPRWRS\ FODVV� ,W LV FKDUDFWHUL]HG E\ D SDUWLFXODU YDOXH RI θ� DQG WKH FRHIILFLHQWV HLQθ HQVXUH WKH

LQYDULDQFH �XS WR D SKDVH� RI |vac >θ XQGHU JDXJH WUDQVIRUPDWLRQV g1� 7KH\ KDYH WKH HIIHFW

|vac >n
g1−→ |vac >n+1 ����

DQG KHQFH

|vac >θ
g1−→ H−iθ|vac >θ . ����

*DXJH WUDQVIRUPDWLRQV RI WKH W\SH g1 �RU gn�� ZKLFK FKDQJH WKH KRPRWRS\ FODVV� DUH VRPHWLPHV FDOOHG ODUJH WUDQVIRUPDWLRQV� 6PDOO

JDXJH WUDQVIRUPDWLRQV DUH WKRVH FRQWLQXRXVO\ GHIRUPDEOH WR WKH LGHQWLW\ �VD\� LQILQLWHVLPDO RQHV�� ZKLFK GR QRW FKDQJH WKH KRPRWRS\

FODVV� 9DFXD RI WKH W\SH GLVFXVVHG KHUH DUH NQRZQ DV θ�YDFXD�

• 3URSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

%HIRUH SURSRVLQJ WKH WRSRORJLFDO FKDUJH IRU ODWWLFH JDXJH ILHOGV� ILUVW ZH WDNH D ORRN DW VRPH SURSHUWLHV RI WKH WRSRORJLFDO FKDUJH�

��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO

FRQILJXUDWLRQV�

��� T KDV WKH IRUP

q =
∑
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ρ(n), ����

ZKHUH Q UXQV RYHU WKH YHUWLFHV RI WKH ODWWLFH DQG WKH FKDUJH GHQVLW\ ρ(n) LV D ORFDO IXQFWLRQ RI WKH ODWWLFH JDXJH ILHOG�

��� ,Q WKH FODVVLFDO FRQWLQXXP OLPLW� WKH FKDUJH GHQVLW\ ρ(n) DSSURDFKHV WKH IDPLOLDU IRUP

ρ(n) = − a4

16π2
Tr{Fµν

˜Fµν}+ 2(a5), ����

ZKHUH D LV WKH ODWWLFH VSDFLQJ� 16× 163

24× 243
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GHILQHG IURP WKH WKHUPRG\QDPLF SRWHQWLDO� QDPHO\� WKH IUHH HQHUJ\ )� ZKLFK KDV WKH ILHOG + FRQMXJDWH WR φ DW WHPSHUDWXUH 7[�]

φ = − (
∂F

∂H
)T . ���

2Q ODWWLFH� WDNLQJ W�GLUHFWLRQ :LOVRQOLQH DV DQ H[DPSOH� LW LV FDOFXODWHG E\

Wt =
1

NxNyNz
7U[

Nt−1∏

i=0

Ut(n+ it̂)], ���

)LJXUH � VKRZV D ]RRP�LQ SORW RI <:LOVRQOLQ�> YV EHWD DW PI=������ YROXPH /�7�� +HUH <Wi>� L=�� �� �� � FRUUHVSRQG WR �[� \�
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��� T DVVXPHV LQWHJHU YDOXHV RQO\ DQG GRHV QRW FKDQJH� ZKHQ WKH ILHOG LV FRQWLQXRXVO\ GHIRUPHG NHHSLQJ DZD\ IURP WKH H[FHSWLRQDO
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● If the chiral phase transition observed is bulk, we may conclude that:     

Backup:  The  Dirac  Eigenvalue  Spectrum

The phase boundary determined here overlaps with the one determined 
by the measurements of plaquette and smeared Polyakov loops.

● However, it is also possible that the phase transition observed here is 
a crossover from the p-regime to the ϵ-regime, which results in zero 
eigenvalue density.   


