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Motivation

ä Medium properties of QGP in high-energy heavy ion collisions
[Muller:2013dea]

ä shear viscosity over entropy density
η/s ∝ 0.12(RHIC)∝ 0.2(LHC) [Gale:2012rq]

ä η/s close to lower bound of 1/4π ∼ 0.08 predicted by
AdS/CFT duality [Kovtun:2004de]

⇒ Direct determination from first principles in LQCD?
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Motivation

Previous lattice studies:

ä [Karsch:1986cq,Nakamura:2004sy,Meyer:2009jp]

ä only quenched

ä [Meyer:2009jp] has the best errors with multi-level algorithm
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Multi-level not available for simulations with dynamical fermions
⇒ now: use conventional algorithm and smearing/Wilson Flow
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Transport from Spectral Functions

Traceless part Θµν of Tµν in pure gauge theory

Θµν(x) = Fµσ(x)Fνσ(x)− 1

4
δµνFρσ(x)Fρσ(x)

Euclidean correlators

Cµν,ρσ(τ,q) = T−5

∫
d3xeiq·x (〈Θµν(x)Θρσ(0)〉 − 〈Θµν(x)〉〈Θρσ(0)〉)

with spectral representation

Cµν,ρσ(τ,q) =

∫ ∞
0

dωK(τ, ω)ρµν,ρσ(ω,q)

K(τ, ω) =
cosh(ω(τ − 1/(2T )))

sinh(ω/(2T ))
,

Transport from Kubo formulae [Teaney:2006nc,Meyer:2009jp]

π lim
ω→0

lim
q→0

ρ13,13(ω, q)

ω
= η π lim

ω→0
lim
q→0

ρ33,33(ω, q)

ω
=

4

3
η + ζ,
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Finite Temperature Kernel

Systematic problem: Inversion of spectral representation

ä MEM → problems: low frequency, resolution of more than the
spectral weight

ä We use an ansatz like [Meyer:2009jp]

High background: cosh-like kernel

ä at tree level 6/7 of C(1/(2T )) due to high energy,
only 1/7 due to transport [Meyer:2007ic]

ä suppress large energies

Low signal: insensitive kernel

ä only higher order sensitivity to low energy features
[Aarts:2002cc]

K(τ, ω) =
2T

ω
+

(
1

6T
− τ + Tτ2

)
ω +O(ω3)

ä include independent low frequency information: finite
momentum
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Lattice Setup

Preparatory study for dynamical simulations: pure SU(3)

ä Symanzik improved gauge action: O(a2) errors

ä energy momentum tensor Θµν from the clover lattice field
strength tensor Fµν : O(a2) errors

Parameters

ä 0.75 Tc ≤ T ≤ 4.0 Tc

ä 8 ≤ nt ≤ 16

ä 1 ≤ ra ≤ 8 aspect ratio

Algorithm:

ä No multilevel: not available for dynamical simulations

ä update sweep: 1 heatbath + 4 overrelaxation

Simulations on the QPACE machine in Wuppertal
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Renormalization Structure of Θµν

Isotropic case:
Determined by hypercubic symmetry group of the lattice

Θµν =Zµνθµν

θµν =FµσFνσ − 1/4δµνFρσFρσ,

where Zµν = Zdiag for µ = ν, Zµν = Zrest for µ 6= ν

Anisotropic case:
Determined by remaining cubic symmetry group of the lattice:
7 Z factors instead of 2
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Diagonal Renormalization Factors

Isotropic diagonal factor from thermodynamics literature
[Borsanyi:2012ve]

−sT
4

=〈Θ11〉 = Zdiag〈θ11〉

Works also below Tc where s is very small:
calculate Z at the same β above Tc
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Non-Diagonal Renormalization Factors

No scalar thermodynamic expectation value available:

〈Θµ 6=ν〉 = 0.

⇒ use correlators at finite τ and general tensor
decomposition/rotational invariance [Karsch:1986cq,Meyer:2007ic]

(
Zrest

)2
(Zdiag)

2 =
1

4

〈(θ11 − θ22)(τ)(θ11 − θ22)(0)〉
〈θ12(τ)θ12(0)〉

.
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Renormalization Summary

ä Determination of all relative renormalization factors of the
traceless energy momentum tensor

ä Absolute factor can be determined from thermodynamics
(literature)

ä isotropic and anisotropic

ä non-perturbative
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Choice of the Ansatz for the Spectral Function

Different ansätze in literature

ä Breit-Wigner [Karsch:1986cq,Nakamura:2004sy,Sakai:2005fa]

→ no continuum contribution

ä Modified tree-level [Meyer:2007ic] → no momentum
dependence

ä Hydro+Continuum [Meyer:2009jp] → also our choice

Simon Mages — University of Regensburg Shear Viscosity from Pure Yang-Mills Lattice QCD



Choice of the Ansatz for the Spectral Function

Hydrodynamics (valid up to ω, q < πT ) [Teaney:2006nc]

ρ13,13(ω, q)

ω

ω,q→0−→ η

π

ω2

ω2 + (ηq2/(ε+ p))2

ρ33,33(ω, q)

ω

ω,q→0−→ Γs
π

(ε+ p)ω4

(ω2 − vs(q)2q2)2 + (Γsωq2)2
,

with sound attenuation length Γs = (4
3η + ζ)/(ε+ p), speed of

sound vs(q)
vs(q) in a conformal theory [Baier:2007ix]

vs(q) = vs

(
1 +

Γs
2
q2

(
τΠ −

Γs
4v2
s

)
+O(q4)

)
,

with the relaxation time for shear stress τΠ.
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Choice of the Ansatz for the Spectral Function

ρ33,33(ω, q) =ρlow(ω, q) + ρhigh(ω, q)

ρlow(ω, q)

tanh(ω/2T )
=

2Γs
π

(ε+ p)ω4

(ω2 − vs(q)2q2)2 + (Γsωq2)2

1 + σ1ω
2

1 + σ2ω2

ρhigh(ω, q)

tanh(ω/2T )
=ω4 tanh2

( ω
2T

) 2dA
15(4π)2

No Breit-Wigner ρmedium(ω, q) like in [Meyer:2009jp], because it
did not improve the fit.
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Usage of Smearing

NStout steps of stout smearing:

rsmear = a
√

8ρStoutNStout

Stout smearing is used to

1. suppress the statistical errors,

2. damp cutoff effects,

3. suppress the high energy parts of the spectrum down to the
scale π/rsmear =: Ω.

Smearing is done at constant scale in physical units: equivalent to
a discretized Wilson Flow

rsmear =
√

8t
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Usage of Smearing

Model the suppression directly in the spectral function

W tanh,Σ
Ω (ω) =

1

2

(
1 + tanh

(
Ω− ω

Σ
√

6/π

))
,

W erf,Σ
Ω (ω) =

1

2

(
1 + erf

(
Ω− ω

Σ

))
with smearing scale Ω = π/rsmear
Alltogether:

CΩ(τ, q) =

∫ ∞
0

dωK(τ, ω)WΩ(ω)ρ(ω, q).

Also: more datapoints by another effective direction in the dataset,
the smearing scale Ω
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Systematic Error Assessment

Selection of datapoints for the fit

ä Cut in the smearing radius to suppress discretization errors:
rsmearT > λ

ä Choose fit range in Euclidean time depending on the
smearing: τ > rsmearx

ä stronger condition for finite momentum: use xp ·x instead of x

⇒ O(20) - O(80) datapoints for the 6 fit parameters (5 in ρ and Ω
in the parametrization)
⇒ Histogram method for systematic error
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Strategy Summary

ä hydro+continuum ansatz for low energy sensitivity

ä use different rsmear

ä include smearing dependent weightfunction to parameterize
the effect of smearing

ä systematic error by histogram method
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Statistical and Discretization Errors

Both errors decrease with the smearing radius:
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Suppression of high frequency contributions

T = 0.75Tc with different aspect ratios
shear channel C(τ) = 1

T 5

∫
dx〈Θ12(0, 0)Θ12(τ,x)〉
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Finite Volume Errors

T = 1.5Tc with different aspect ratios
shear channel C(τ) = 1

T 5

∫
dx〈Θ12(0, 0)Θ12(τ,x)〉
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τT

C
(τ

)
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Momentum Dependence

momenta qn = 2πTn/ra with n ∈ {0, 1, 2}, ra ∈ {6, 8}
all well in the hydro regime |q| ≤ πT

C33,33(τ, q) = 1
T 5

∫
dxei2πqx/ns〈Θ33(0, 0)Θ33(τ,x)〉

0 0.1 0.2 0.3 0.4 0.5

101

102

τT

C
(τ

)
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ns=64,q=0
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Fit Result

T/Tc 1.5 3.0 4.5

χ2/DOF 1.2(2)(6) 2.2(3)(5) 2.1(3)(8)

η/s 0.24(7)(6) 0.32(5)(5) 0.43(9)(7)
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this work
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Lattice Results Summary

ä Smearing strongly decreases statistical and cutoff effects

ä Negligible finite volume errors

ä η/s without multilevel
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Discussion and Outlook

Technical:

ä non-perturbative renormalization strategy for the (an)isotropic
traceless energy momentum tensor

ä Smearing to increase sensitivity to low energies and to remedy
cutoff effects and to reduce statistical errors

Phenomenological:

ä η/s consistent with expectations

Outlook:

ä method can be extended for dynamical fermions

ä replace smearing by Wilson Flow and get analytical
understanding of the effect of smearing
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Stout Smearing

damp UV fluctuations i.e. high energy part of the spectrum
generate ”fat” links by

U ′µ =eiQµUµ,

Qµ =
i

2

(
Ω†µ − Ωµ −

1

3
tr[Ω†µ − Ωµ]

)
,

Ωµ =

ρStout∑
ν 6=µ

Cµν

U †µ,

with staples Cµν
effective smearing radius

rsmear = a
√

8ρStoutNStout.
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Wilson Flow

flow Bµ(t, x) defined by

d

dt
Bµ = DνGνµ,

Bµ|t=0 = Aµ,

with field strength tensor G at finite t
Generated by stout smearing steps

d

dt̂
Vµ = iQµVµ,

Vµ|t=0 = Uµ,

→ approximation by small stout smearing steps with
r2
smear = 8t = 8Nstoutρstout
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Smoothing Wilson Flow

The Wilson flow is a smoothing operation on gauge configurations.
This is directly seen by its action on the gauge fields in leading
order of perturbation theory in the bare coupling g0 [Luscher:2010iy]

Bµ(t, x) = g0

∫
d4yKt(x− y)Aµ(y) +O(g2

0),

Kt(z) =
e−z

2/4t

(4πt)2
µ.

This makes the smoothing effect explicit with a radius of
√

8t.
It has also been shown, that all observables measured at finite
Wilson flow time are finite renormalized quantities and in particular
with removed discretization errors.[Luscher:2010iy]
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Renormalization Strategy

Oi: set of multiplicatively renormalizable observables
Ôi: set of discretized operators
Zi: set of renormalization factors

〈Oi〉 = Zi〈Ôi〉.

Zi, Ôi depend on discretization, Oi is independent.

Zi =Zi(a, ξ); 〈Ôi〉 = 〈Ôi〉(a, ξ); Oi = Oi.

⇒〈Oi〉 = Zi(ξ0)〈Ôi〉(ξ0) = Zi(ξ1)〈Ôi〉(ξ1).

If 〈Ôi〉 6= 0 then measure Zi(ξ0)/Zi(ξ1) by two simulations.

Simon Mages — University of Regensburg Shear Viscosity from Pure Yang-Mills Lattice QCD



Renormalization Strategy

If 〈Ôi〉 = 0 and Oi =
∫

d4xoi(x), consider correlators

Cij(τ) :=

∫
d3x〈oi(τ,x)oj(0)〉

=Zi(ξ0)Zj(ξ0)

∫
d3x〈ôi(τ,x)ôj(0)〉(ξ0)

=Zi(ξ1)Zj(ξ1)

∫
d3x〈ôi(τ,x)ôj(0)〉(ξ1).

⇒ overdetermined system of equations for Zi(ξ0)/Zi(ξ1)

ä Choice of τ sets the renormalization scale.

ä For absolute scale compare with isotropic (renormalized) data.
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Renormalization Structure of Θµν

Anisotropic case:
Determined by remaining cubic symmetry group of the lattice

Θiso
00 =ZEE0θEE0

00 + ZBB0θBB0
00

Θiso
kk =ZEE0θEE0

kk + ZBB0θBB0
kk + ZEE1θEE1

kk + ZBB1θBB1
kk

Θiso
0k =ZEBθEB0k

Θiso
kl =ZEE2θEE2

kl + ZBB2θBB2
kl .

7 Z factors instead of 2
degeneration in the isotropic case

Zdiag = ZEE0 = ZBB0 = ZEE1 = ZBB1

Zrest = ZEB = ZEE2 = ZBB2
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Operators and Renormalization Factors

operators E and B Z factor∑
i F

iso
0i

2 ∑
iE

2
i ZEE0

F iso0i

2
− F iso0j

2
E2
i − E2

j ZEE1

F iso0i F
iso
0j EiEj ZEE2∑

i<j F
iso
ij

2 ∑
k B

2
k ZBB0

F isoij

2
− F isojk

2
B2
k −B2

i ZBB1

F isoij F
iso
jk BkBi ZBB2

F iso0i F
iso
ji EiBk ZEB

Table: Operators belonging to irreducible representations of the cubic
group in terms of the anisotropic field strength tensor F isoµν
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Anisotropic Energy Momentum Tensor

Θiso
00 =ZEE0θEE0

00 + ZBB0θBB0
00

Θiso
kk =ZEE0θEE0

kk + ZBB0θBB0
kk + ZEE1θEE1

kk + ZBB1θBB1
kk

Θiso
0k =ZEBθEB0k

Θiso
kl =ZEE2θEE2

kl + ZBB2θBB2
kl .

where

θEE0
00 = +

1

2

∑
i

F iso0i

2
= +

1

2

∑
i

E2
i

θBB0
00 =− 1

2

∑
i<j

F isoij

2
= −1

2

∑
l

B2
l
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Anisotropic Energy Momentum Tensor

θEE0
kk =− 1

6

∑
i

F iso0i

2
= −1

6

∑
i

E2
i = −1

3
θEE0

00

θBB0
kk = +

1

6

∑
i<j

F isoij

2
= +

1

6

∑
k

B2
k = −1

3
θBB0

00

θEE1
kk = +

1

3
(2 F iso0k

2
−
∑
i 6=k

F iso0i

2
) = +

1

3
(2E2

k −
∑
i 6=k

E2
i )

θBB1
kk =− 1

3
(2

∑
i<j,i6=k 6=j

F isoij

2
−
∑
i 6=k

F isoki

2
) = −1

3
(2B2

k −
∑
j 6=k

B2
j )

θEB0k =
∑
l 6=k

F iso0l F
iso
kl =

∑
l 6=k

∑
k 6=i 6=l

ElBi

θEE2
kl =F isok0 F

iso
l0 = EkEl

θBB2
kl =

∑
k 6=i 6=l

F isoki F
iso
li = BlBk.
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Diagonal Renormalization Factors

ä cubic symmetry: 〈ΘXX1
kk 〉 = 0 = 〈ΘEB

0k 〉 = 〈ΘXX2
kl 〉

ä two diagonal factors ZXX0 remaining

isotropic diagonal factor from from thermodynamics study
[Borsanyi:2012ve]

sT

4
=〈Θiso

11 〉 = Zdiag〈θiso11 〉

measure the anisotropic counterparts

ZXX0〈θXX0
11 〉(ξ) =Zdiag〈θXX0

11 〉(0).

Works also below Tc where s is very small:
calculate Z at the same β above Tc
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Non-Diagonal Renormalization Factors

ä ZXX1 by degeneracy of the factors in the isotopic Zdiag

ä BUT: 〈ΘXX1
kk 〉 = 0 ⇒ use correlators at finite τ

(
ZXX1

)2 ∫
dx〈θXX1

11 (τ,x)θXX1
11 (0,0)〉(ξ) =

=
(
Zdiag

)2
∫
dx〈θXX1

11 (τ,x)θXX1
11 (0,0)〉(0),

Analogously relate ZXX2 , ZEB to Zrest.
BUT: @ scalar expectation value ∝ Zrest for absolute scale
Use general tensor decomposition [Karsch:1986cq,Meyer:2007ic](

Zrest
)2 〈θ12(τ,x)θ12(0,0)〉 =

=
1

4

(
Zdiag

)2
〈(θ11 − θ22)(τ,x)(θ11 − θ22)(0,0)〉.
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General tensor decomposition

[Karsch:1986cq,Meyer:2007ic]

〈Θij(x)Θkl(y)〉 = A(x− y)(δikδjl + δilδjk) +B(x− y)δijδkl,

where i,j,k, and l are spatial indices. Valid for the continuum and
makes use of periodic boundary conditions and the cubic symmetry
in the spatial directions.

〈Θ12(τ,x)Θ12(0,0)〉 =
1

4
〈(Θ11 −Θ22)(τ,x)(Θ11 −Θ22)(0,0)〉

⇔ 〈θ12(τ,x)θ12(0,0)〉 =

(
Zdiag

)2
4 (Zrest)2 〈(θ11 − θ22)(τ,x)(θ11 − θ22)(0,0)〉.
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Anisotropic Renormalization

ä simulations @ T = 1.5 TC

ä ξ = 1.0, 4.0

ä physically equivalent smearing/flow

ä ”renormalization scale” is at a Euclidean time Tτ = 0.25

ä Shear channel buildt from diagonal components
C(τ) = 1

T 5

∫
dx〈Θ12(0, 0)Θ12(τ,x)〉
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Anisotropic Renormalization

0 0.1 0.2 0.3 0.4 0.5

101

102

103

Tτ

C
(τ

)
ξ = 4
ξ = 1

ä Good overall agreement between the (an)isotropic correlator

ä resulting factors: ZBB1 = 0.937(2) and ZEE1 = 13.19(6)
(tree-level: ZBB1

t.l. = 1 and ZEE1
t.l. = ξ2 = 16)
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Systematic Parameter Choices

choices for fixed parameters
3x λ, 2x x, 3x xp, 3x smearing width Σ, 2x smearing form, 3x fit
initial conditions

λ 0.1, 0.14, 0.20

x 1.2, 1.4

xp 1.2, 1.4, 1.6

smearing width Σ 0.5T , 1T , 2T

smearing form W tanh, W erf

fit i.con. Γ 0.2T 3, 0.35T 3, 0.5T 3

⇒ 324 separate analyses for every temperature, systematic error
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Anisotropic Parameters

nt ns β ξ0 NSto ρSto ξSto Nconf Nsep Nstr
8 16 4.81166 1.0 1 0.0791572 1.0 8.7 · 105 1 5
32 16 5.06027 3.59877 11 0.00719611 4.0 2.9 · 106 1 23

Table: Parameters of the simulation to demonstrate the anisotropic
renormalization strategy.
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Discretization Parameters

T/TC nt ns β NSto ρSto Nconf Nsep Nstr
0.75 16 16 4.81166 25 0.0837365 5.4 · 104 16 2
0.75 20 20 4.98659 36 0.0872255 4.8 · 104 24 4
0.75 24 24 5.13241 49 0.0942036 3.7 · 104 32 8
0.75 32 32 5.36624 72 0.111649 1.6 · 104 48 22
1.5 8 16 4.81166 25 0.0837365 4.8 · 104 8 6
1.5 10 20 4.98659 36 0.0872255 1.1 · 105 12 3
1.5 12 24 5.13241 49 0.0942036 1.4 · 105 16 6
1.5 16 32 5.36624 72 0.111649 6.2 · 104 24 18
3.0 8 16 5.36624 25 0.0837365 5.9 · 104 8 1
3.0 10 20 5.54986 36 0.0872255 4.3 · 104 12 2
3.0 12 24 5.70092 49 0.0942036 5.4 · 104 16 4
3.0 16 32 5.94063 72 0.111649 4.0 · 104 24 25
4.5 8 16 5.70092 25 0.0837365 7.6 · 104 8 1
4.5 10 20 5.88676 36 0.0872255 4.5 · 104 12 3
4.5 12 24 6.03933 49 0.0942036 3.7 · 104 16 2
4.5 16 32 6.29871 72 0.111649 3.8 · 104 24 19

Table: Parameters of the simulations used to estimate discretization
errors.
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Finite Volume Parameters

T/TC nt ns β NSto ρSto Nconf Nsep Nstr
1.5 8 16 4.81166 25 0.0837365 4.8 · 104 8 6
1.5 8 48 4.81166 25 0.0837365 1.8 · 104 32 9
1.5 8 64 4.81166 25 0.0837365 7.7 · 103 32 9

Table: Parameters of the simulations used to estimate finite volume
effects.
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Viscosity Parameters

T/TC nt ns β NSto ρSto Nconf Nsep Nstr
1.5 8 48 4.81166 25 0.0837365 5.6 · 104 32 27
1.5 8 64 4.81166 25 0.0837365 2.4 · 104 32 27
3.0 8 48 4.81166 25 0.0837365 2.2 · 104 32 9
3.0 8 64 4.81166 25 0.0837365 9.4 · 103 32 9
4.5 8 48 5.70092 25 0.0837365 2.7 · 104 32 18
4.5 8 64 5.70092 25 0.0837365 1.1 · 104 32 18

Table: Parameters of the finite momentum runs.
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Viscosity Fit Details

ä correlated in Euclidean time, flow time, and momentum

ä completely inside a Jackknife

ä given results are averaged over subset of the analyses with
0.7 ≤ χ2/DOF ≤ 3.0
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Error Details

ä The first error is the statistical error. It is the average of the
standard error from the jackknife procedure.

ä The second error is a systematic error. It is the standard error
over all analyses from the histogram method.
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Fit Result

ρlow(ω, q)

tanh(ω/2T )
=

2Γs
π

(ε+ p)ω4

(ω2 − vs(q)2q2)2 + (Γsωq2)2

1 + σ1ω
2

1 + σ2ω2

vs(q) =vs

(
1 +

Γs
2
q2

(
τΠ −

Γs
4v2
s

)
+O(q4)

)
,

T/Tc 1.5 3.0 4.5

χ2/DOF 1.2(2)(6) 2.2(3)(5) 2.1(3)(8)
η/s 0.24(7)(6) 0.32(5)(5) 0.43(9)(7)
σ1 -0.07(3)(4) -0.14(2)(3) -0.12(4)(4)
σ2 0.03(2)(3) 0.09(4)(4) 0.1(2)(2)
τ 3(11)(5) 7(22)(26) 20(70)(40)
v 4(2)(2) 2(1)(2) 2(2)(1)

Ωr 0.97(2)(1) 0.93(2)(3) 0.94(2)(3)
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