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Motivation
A precise determination of  |Vub| allows a strong test of the standard model. 

The constraint on the apex            of the 
CKM triangle from |Vub| will strengthen tests 
of the Standard-Model CKM framework.

|Vub|
|Vcb|

=
�

1� �2/2

p
⇢̄2 + ⌘̄2

(⇢̄, ⌘̄)

‣  λ = |Vud| known to ~ 1 %    
‣ |Vcb| known to ~2 %

 ~3σ discrepancy between exclusive (B→πlν) 
and inclusive (B→Xulν) determination.
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Dominant error (yellow ring) comes 
from the uncertainty of |Vub| (~6%).

There has been a long standing puzzle  
in the determination of |Vub|.

Quark Flavor Physics Review Aida X. El-Khadra

Figure 7: Example of a UT fit obtained in Refs. [7, 120] using the FLAG-2 averages from Ref. [9]. See
Refs. [7, 120] for more details.

calculations. With further improvements the inclusion of sub leading corrections via simulations
with non-degenerate light sea quarks (using, for example, reweighting techniques) and also via
adding QED to the simulations are all part of the overall program. However, the calculation of the
long-distance radiative corrections (which are currently estimated using cPT) with lattice methods
requires new methods.

In the D- and B-meson systems, results from physical-mass ensembles have so far been re-
ported only for decay constants. In the next few years physical mass ensembles will certainly
find their way into calculations of D- and B-meson semileptonic decay form factors and B-meson
mixing quantities. The recently reached sub percent accuracy in D-meson decay constant results
demonstrates the potential effect that physical-mass ensembles can have in reducing the errors in
the charm sector. But even prior to these results, the now widespread use of improved light-quark
actions and the availability of ensembles at small lattice spacings made possible lattice-QCD results
for D-meson decay constants and form factors with uncertainties in the range of 1�5%. B-meson
decay constants have received a lot of attention with a similar (to the D-meson case) number of
independent lattice-QCD results available, all using different heavy-quark methods. The present
situation for B-meson form factors and mixing quantities is much more sparse. However, as dis-
cussed in Section 6, there are many different processes and quantities to consider and for each pro-
cess several new results were presented at this conference. Given the level of activity, we should
see a significant improvement in the reported uncertainties for many of these quantities in the
next few years. This is good news since the B-meson decay constants, semileptonic form factors,
and mixing parameters are important inputs to CKM fits. Already, lattice calculations of several
D- and B-meson quantities have reached the level of precision where isospin breaking and EM
effects are becoming relevant. Strong (and EM induced) isospin breaking effects are straightfor-
ward to include, the same as for kaon decays. However, quantitative phenomenological predictions
of structure dependent EM effects in (semi)leptonic D- and B-meson decays similar to the ones
for kaon decay [41] (including an error budget), don’t currently exist. Such calculations are now
needed.

With the FLAG-2 averages in hand, one can now consider how the lattice results affect the
SM CKM picture. This is done in a global analysis that takes the relevant averages of experimental

23

Figure 23: Comparison of the results for |Vub| and |Vcb| obtained from lattice methods with
non-lattice determinations based on inclusive semileptonic B decays. In the left plot, the
results denoted by squares are from leptonic decays, while those denoted by triangles are
from semileptonic decays. The grey band indicates our Nf = 2 + 1 average.
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f+(q2) is crucial for the determination of the CKM matrix element  |Vub|.

Experiment Known factor Hadronic part CKM matrix 

Goal

•Experiment can only measure the CKM matrix element times hadronic form factor.  
•The hadronic form factor must be computed nonperturbatively via lattice QCD.

•The exclusive B → πlν semileptonic decay allows the determination of |Vub| via:
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Exclusive determination of |Vub|
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• Non-perturbative form factors f+(q2) and f0(q2) parametrize the hadronic matrix 
element of the b → u quark flavor-changing vector current Vµ . 

• On the lattice, we calculate the form factors f|| and f⊥ .	

   ▶ Proportional to vector current matrix elements in the B(s) meson rest frame:

   ▶ Easy to relate to the desired form factor f+(q2) and f0(q2).
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Form-factor definitions
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Lattice actions and parameters
•We use the 2+1 flavor dynamical domain-wall fermion gauge field configurations 
generated by the RBC/UKQCD Collaborations.  

C. Allton et al. (RBC/UKQCD Collaboration), Phys. Rev. D78, 114509 (2008)  
Y. Aoki et al. (RBC/UKQCD Collaboration), Phys.Rev. D83, 074508 (2011) 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• For the b-quark we use the relativistic heavy quark (RHQ) action developed  
by Li, Lin, and Christ in Refs. N. H. Christ, M. Li, and H.-W. Lin, Phys.Rev. D76, 074505 (2007)  
                                                 H.-W. Lin and N. Christ, Phys.Rev. D76, 074506 (2007)	


• We use the nonperturbative determinations of the parameters of the RHQ action 
obtained in Y.Aoki et. al Phys. Rev. D 86, 116003 (2012).	


• Provides important cross-check of existing Nf = 2+1 calculations using the MILC 
staggered ensembles.

  L×T  a [fm] mud ms mπ [MeV] # of configs. # of sources

32 × 64 ≈ 0.08 0.004 0.03 289 628 2

32 × 64 ≈ 0.08 0.006 0.03 345 445 2

32 × 64 ≈ 0.08 0.008 0.03 394 544 2

24 × 64 ≈ 0.11 0.005 0.04 329 1636 1

24 × 64 ≈ 0.11 0.01 0.04 422 1419 1

Fine  
Lattice

Coarse 
Lattice



• Extract the lattice form factor from the ratio of the 3pt function to 2pt functions:
J. A. Bailey et al. (Fermilab Lattice and MILC), Phys. Rev. D79, 054507 (2009). 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Calculation of lattice form factors

p ≠ 0 pB = 0

Gaussian-smeared 
sequential source 

Relativistic heavy quark action The 2+1 flavor dynamical domain-wall 
fermion gauge field configurations

Domain wall fermion action
O(αsa) improved vector 
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Three-point correlator fits

• We use the lattice data up to (1,1,1) for B→π and (2,0,0) for Bs→K.	


• After a careful study, we fix source-sink separations T = tB − tπ  
• We fit the ratio to a plateau in the region 0 ≪ t ≪ T. 7
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• The continuum form factors are given by

Renormalization of lattice form factors

compute 
nonperturbatively

compute with 1-loop mean-field 
improved lattice perturbation theory

‣ ρ-factor calculated in PhySyHCAl (framework for automated lattice perturbation theory). 	


‣ ZVll  obtained by the RBC/UKQCD collaborations by exploiting the fact ZA=ZV  for domain-wall fermions.	


‣ ZVbb obtained from the matrix element of the b→b vector current between two Bs mesons.

• We calculate the heavy-light current renormalization factor ZVbl using the 
mostly nonperturbative method. A. X. El-Khadra et al.  Phys.Rev. D64, 014502 (2001)  

Y. Aoki et al. (RBC/UKQCD Collaboration), Phys.Rev. D83, 074508 (2011)  

≈1

Zbl
Vµ

= �bl
Vµ

�
Zbb

V Zll
V

N. H.Christ et al. (RBC/UKQCD Collaboration), arXiv:1404.4670  

C. Lehner arXiv:1211.4013
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Chiral-continuum extrapolations of  f||  and  f⊥
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 The function δf  indicate non-analytic “log” functions of the pion mass.

• Correlated simultaneous chiral-continuum fit (mπ → mπphys, a → 0 )  
to f⊥ and f|| data using Hard-pion NLO SU(2) χPT.	


‣ Strange quark integrated out	


‣ Applies to regime where EP >> mπ 

J. Bijnens and I. Jemos, Nucl. Phys. B 840, 54 (2010) 

• The hard-pion SU(2) logarithms are given by simply taking the limit mπ /EP → 0.
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Black curves show chiral-continuum extrapolated f|| and  f⊥ with statistical errors. 10
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  Preliminary error budgets 

• Show error budgets for three q2 points within the range of simulated lattice momenta.	


• Dominant uncertainties from statistics and chiral extrapolation. 

• Estimate error from chiral extrapolation from difference  
between SU(2) χPT and analytic fits.
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Synthetic data for f+  and  f0
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Using the output of the chiral-continuum fit, we generate 3 synthetic data points 
for f+ and f0 (black) evenly spaced in the range of simulated z values to use in the 
extrapolation to q2=0

0.0

1.0

2.0

3.0

4.0

 0.5  0.55  0.6  0.65  0.7  0.75  0.8  0.85  0.9  0.95

f + 
/ 0

 (q / MBs
 )2 

f+

f0

ml / ms = 0.005/0.04  coarse
ml / ms = 0.01/0.04    coarse
ml / ms = 0.004/0.03  fine
ml / ms = 0.006/0.03  fine
ml / ms = 0.008/0.03  fine
chiral-continuum  f+/0

0.0

1.0

2.0

3.0

4.0

 0.5  0.55  0.6  0.65  0.7  0.75  0.8  0.85

f + 
/ 0

 (q / MBs
 )2

f+

f0

ml / ms = 0.005/0.04  coarse
ml / ms = 0.01/0.04    coarse
ml / ms = 0.004/0.03  fine
ml / ms = 0.006/0.03  fine
ml / ms = 0.008/0.03  fine
chiral-continuum  f+/0

Bs → K B → π

Prel
imina

ry

Prel
imina

ry



z-expansion of  f+  and  f0

•Consider mapping the variable q2 onto a new variable z. z =

�
t+ � q2 �

�
t+ � t0�

t+ � q2 +
�

t+ � t0

t± = (mB ± m�)2
semileptonic region  
  0 < q2 < t−  →  −0.34<z<0.22  (when we choose t0 = 0.65t+ )

•The form factor f (q2) is analytic in the semileptonic region except at B* pole.  
→ f (q2) can be expressed as convergent power series.

f(q2) =
1

P (q2)�(q2, t0)

��

k=0

a(k)(t0)z(q2, t0)
k

contains subthreshold poles Arbitrary analytic function which affects the 
numerical values of the series coefficients

•The sum of the series coefficients is bounded by unitarity.

•Therefore this bound combined with the small |z| ensures that only a small number of 
terms is needed to accurately describe the shape of the form factor.

N�

k=0

a(k)2 � 1

Boyd, Grinstein, Lebed, Phys.Rev.Lett. 74 (1995) 4603

 We employ the model-independent z-expansion fit to extrapolate lattice results to 
full kinematic range.
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z-expansion of  f+  and  f0

Pφf+/0  vs  z f+/0  vs  q2 

f+ (q2 = 0) =  f0 (q2 = 0)

Our data determines normalization and slope, but only loosely constrains curvature.
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7.3 Fit results

Table 41: Results of the BGL z-fit for f+ and f0. In the column of par., the number of parameters used in the fit
is shown: “-1” means a z-fit using the kinematic constraint f0(0) = f+(0).

# of par. a

(0)

+

a

(1)

+

a

(2)

+

P
(a

(n)

+

)2 a

(0)

0

a

(1)

0

a

(2)

0

P
(a

(n)

0

)2 �

2

/d.o.f p-value

f

+

2 0.0231(28) -0.022(11) 0.0010 0.40 53%
3 0.0223(31) -0.056(55) -0.18(29) 0.0368 — –%

f

0

2 0.077(12) -0.233(24) 0.0604 0.91 34%
3 0.071(13) -0.35(12) -0.33(35) 0.2358 — –%

f

+

+ f

0

2 + 2 � 1 0.0199(26) -0.0390(82) 0.0019 0.089(11) -0.216(23) 0.0545 3.27 2%
3 + 2 � 1 0.0228(27) -0.0429(83) -0.130(44) 0.0192 0.077(12) -0.233(24) 0.0603 0.46 63%
2 + 3 � 1 0.0229(28) -0.020(11) 0.0009 0.084(11) -0.137(39) 0.27(11) 0.0987 1.68 19%
3 + 3 � 1 0.0219(29) -0.068(29) -0.25(14) 0.0673 0.072(13) -0.34(12) -0.31(34) 0.2171 0.07 79%

Table 42: Ratios of coe�cients
# of par. a(1)

+ /a(0)
+ a(2)

+ /a(0)
+ a(1)

+ /a(0)
+ a(2)

+ /a(0)
+

f+ 2 -0.97(50)

3 -2.5(2.5) -8(13)

f0 2 -3.02(55)

3 -4.9(1.9) -4.7(5.0)

f+ + f0 2 + 2� 1 -1.96(20) -2.44(50)

3 + 2� 1 -1.89(40) -5.7(1.8) -3.02(55)

2 + 3� 1 -0.87(55) -1.62(1.4) 3.2(1.6)

3 + 3� 1 -3.1(1.1) -11.4(4.6) -4.7(1.9) -4.4(5.2)
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Figure 16: Individual BGL z-fits for f+ and f0. Solid black lines indicate results of linear z-fits.

Figure 17: Simultenious BGL z-fits for both f+ and f0. Solid black lines indicate results of linear z-fits.
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4 Form factors f+ and f0
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Figure 4: B ! ⇡ (left) form factors f+ and f0 and B

s

! K (right) form factors f+ and f0. A black line
shows chiral-continuum extrapolations with SU(2) NLO Hard-pion ChPT in m

Bs mass units. The square symbols
indicate a ⇡ 0.08 fm lattice data points while the circular symbols indicate a ⇡ 0.11 fm coarse data points. Black
data points are synthetic data.

To obtain f+ and f0 we take the following linear combinations of f? and fk .
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Then we generate 3 synthetic data points each for f+ and f0, evenly spaced in z throughout the range where
we have data. Because the expressions for fk and f? each have 5 free parameters, and once we set a ! 0 and
m

ll

! m

⇡

, then there are only 3 e↵ective degrees of freedom left in the fit parameterization corresponding to the
LO coe�cient and the LECs in front of the E

⇡

and E

2
⇡

terms.

4.1 Comparison with other calculations
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Figure 5: The f+ and f0 form factors from FNAL/MILC and HPQCD collaborations.
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7.3 Fit results

Table 41: Results of the BGL z-fit for f+ and f0. In the column of par., the number of parameters used in the fit
is shown: “-1” means a z-fit using the kinematic constraint f0(0) = f+(0).

# of par. a

(0)

+

a

(1)

+

a

(2)

+

P
(a

(n)

+

)2 a

(0)

0

a

(1)

0

a

(2)

0

P
(a

(n)

0

)2 �

2

/d.o.f p-value

f

+

2 0.0231(28) -0.022(11) 0.0010 0.40 53%
3 0.0223(31) -0.056(55) -0.18(29) 0.0368 — –%

f

0

2 0.077(12) -0.233(24) 0.0604 0.91 34%
3 0.071(13) -0.35(12) -0.33(35) 0.2358 — –%

f

+

+ f

0

2 + 2 � 1 0.0199(26) -0.0390(82) 0.0019 0.089(11) -0.216(23) 0.0545 3.27 2%
3 + 2 � 1 0.0228(27) -0.0429(83) -0.130(44) 0.0192 0.077(12) -0.233(24) 0.0603 0.46 63%
2 + 3 � 1 0.0229(28) -0.020(11) 0.0009 0.084(11) -0.137(39) 0.27(11) 0.0987 1.68 19%
3 + 3 � 1 0.0219(29) -0.068(29) -0.25(14) 0.0673 0.072(13) -0.34(12) -0.31(34) 0.2171 0.07 79%

Table 42: Ratios of coe�cients
# of par. a(1)

+ /a(0)
+ a(2)

+ /a(0)
+ a(1)

0 /a(0)
0 a(2)

0 /a(0)
0

f+ 2 -0.97(50)

3 -2.5(2.5) -8(13)

f0 2 -3.02(55)

3 -4.9(1.9) -4.7(5.0)

f+ + f0 2 + 2� 1 -1.96(20) -2.44(50)

3 + 2� 1 -1.89(40) -5.7(1.8) -3.02(55)

2 + 3� 1 -0.87(55) -1.62(1.4) 3.2(1.6)

3 + 3� 1 -3.1(1.1) -11.4(4.6) -4.7(1.9) -4.4(5.2)

# of par. a

(0)
+ a

(1)
+ /a

(0)
+ a

(2)
+ /a

(0)
+ �

2
/d.o.f p-value a

(0)
0 a

(1)
0 /a

(0)
0 a

(2)
0 /a

(0)
0 �

2
/d.o.f p-value

2 0.0231(28) -0.97(50) 0.40 53% 0.077(12) -3.02(55) 0.91 34%
3 0.0223(31) -2.5(2.5) -8(13) — –% 0.071(13) -4.9(1.9) -4.7(5.0) — –%

Figure 16: Individual BGL z-fits for f+ and f0. Solid black lines indicate results of linear z-fits.
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7.6 Determination of |Vub|
Table 54: Results of the BGL z-fit for f+ and f0.

f

+

# of par. a

(0)

+

a

(1)

+

a

(2)

+

a

(3)

+

a

(4)

+

P
a

2

+

|Vub| ⇥ 103 �

2

/d.o.f p-value

Babar 3+1 0.0259(27) -0.0278(39) -0.124(36) 0.017 3.37(36) 0.51 90%
4+1 0.0256(27) -0.0232(79) -0.110(41) -0.17(25) 0.041 3.38(36) 0.52 88%
5+1 0.0247(29) -0.0299(111) -0.040(92) 0.08(37) -1.9(2.3) 3.78 3.50(41) 0.50 88%

Belle 3+1 0.0212(25) -0.0337(44) -0.018(36) 0.00190 4.02(50) 1.12 28%
4+1 0.0221(25) -0.0509(99) -0.057(42) 0.58(30) 0.345 4.00(45) 1.02 44%
5+1 0.0240(30) -0.047(11) -0.21(10) 0.37(34) 3.7(2.3) 14.19 3.77(47) 0.90 58%

Babar 3+1 0.0245(24) -0.0299(36) -0.089(29) 0.0095 3.54(36) 1.03 42%
+ 4+1 0.0247(25) -0.0326(66) -0.099(35) 0.10(20) 0.0218 3.53(36) 1.06 38%

Belle 5+1 0.0251(27) -0.0307(81) -0.127(77) 0.03(26) 0.7(1.7) 0.53 3.47(37) 1.08 34%

# of par. a

(1)
+ /a

(0)
+ a

(2)
+ /a

(0)
+ a

(3)
+ /a

(0)
+ |V

ub

|⇥ 103 �

2
/d.o.f p-value

2+1 -1.76(22) 4.20(37) 1.42 6%
3+1 -1.22(19) -3.6(1.2) 3.54(36) 1.03 42%
4+1 -1.32(30) -4.0(1.5) 4(8) 3.53(36) 1.06 38%

35

Determination of |Vub|

•  q2 dependence of lattice form factor agrees well with experiment.	


• Experimental measurements determine both slope and curvature well.	

• Error on normalization (and hence |Vub|) saturates with 3-parameter z-fit.

Now add experimental data to z-fit to obtain |Vub|.
BaBar Collaboration, Phys. Rev. D 86, 092004 (2012) [arXiv:1208.1253 [hep-ex]]  
Belle Collaboration, Phys. Rev. D 88, no. 3, 032005 (2013) [arXiv:1306.2781 [hep-ex]]
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7.6 Determination of |Vub|
Table 54: Results of the BGL z-fit for f+ and f0.

f

+

# of par. a

(0)

+

a

(1)

+

a

(2)

+

a

(3)

+

a

(4)

+

P
a

2

+

|Vub| ⇥ 103 �

2

/d.o.f p-value

Babar 3+1 0.0259(27) -0.0278(39) -0.124(36) 0.017 3.37(36) 0.51 90%
4+1 0.0256(27) -0.0232(79) -0.110(41) -0.17(25) 0.041 3.38(36) 0.52 88%
5+1 0.0247(29) -0.0299(111) -0.040(92) 0.08(37) -1.9(2.3) 3.78 3.50(41) 0.50 88%

Belle 3+1 0.0212(25) -0.0337(44) -0.018(36) 0.00190 4.02(50) 1.12 28%
4+1 0.0221(25) -0.0509(99) -0.057(42) 0.58(30) 0.345 4.00(45) 1.02 44%
5+1 0.0240(30) -0.047(11) -0.21(10) 0.37(34) 3.7(2.3) 14.19 3.77(47) 0.90 58%

Babar 3+1-1 0.0245(24) -0.0299(36) -0.089(29) 0.0095 3.54(36) 1.03 42%
+ 4+1-1 0.0247(25) -0.0326(66) -0.099(35) 0.10(20) 0.0218 3.53(36) 1.06 38%

Belle 5+1-1 0.0251(27) -0.0307(81) -0.127(77) 0.03(26) 0.7(1.7) 0.53 3.47(37) 1.08 34%

0.00

0.02

0.04

-0.3 -0.2 -0.1  0  0.1  0.2  0.3

  P  
  φ

 f +
 / 

0

 z 

χ2/d.o.f. = 1.03,   p-value = 42%

Preliminary

BELLE  B0 → π+lν
BELLE  B-  → π0lν
BABAR combined  B  → πlν
lattice data f+
3+1 par. simultaneous BGL  z-fit

0.0

1.0

2.0

3.0

4.0

5.0

 0  5  10  15  20  25

f + 
/ 0

 q2  [GeV2]

χ2/d.o.f. = 1.03,   p-value = 42%

q2
maxPreliminary

BELLE  B0 → π+lν
BELLE  B-  → π0lν
BABAR combined  B  → πlν
lattice data f+
3+1 par. simultaneous  BGL z-fit

Figure 25: 3+1 par. BGL simultenious z-fit of lattice data and Experimental data from the BELLE and BABAR
collaboration.
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Conclusions and future prospects

• We have calculated the B → π and Bs → K form factors  using 2+1 flavor dynamical 
domain-wall fermion gauge field configurations with relativistic heavy quark action.	


•Provide important independent check on existing calculations using staggered light quarks.	


•Will present final results for B → π and Bs → K  
lattice form factors as coefficients of the  
z-expansion and their correlations.	


• |Vub| is determined by combined z-fit with  
experimental data from Babar and Belle 
to about 10% precision.

RBC/UKQCD + Babar + Belle (BGL z-fit)

HPQCD + Babar + Belle (q2 > 16 GeV2, HFAG)

FNAL/MILC + Babar + Belle (BCL z-fit, HFAG)

CKM unitarity (CKM fitter)

CKM unitarity (UTFit)

B → τ ν (HFAG ave.)

B →  Xu l ν (HFAG ave.)

 3  3.5  4  4.5  5
|Vub|  x 103

This work

Still to do: 	


•  Implement unitarity and heavy-quark constraints on sum of coefficients.	


•  Compare with result using BCL parameterization.



Backup slides
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Dispersion relation and amplitude Zπ

• The pion energies satisfy the continuum dispersion relation:	

!

• The pion amplitude                               is independent of momentum 

E2
⇡ = |~p⇡|2 +m2

⇡

Z⇡ = |h0|O⇡|⇡i|

18

2 Dispersion relation and amplitudes of ⇡ and K meson.

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.05  0.1  0.15  0.2  0.25

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.005,  mspec = 0.005

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.05  0.1  0.15  0.2  0.25  0.3

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.005,  mspec = 0.0343

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.05  0.1  0.15  0.2  0.25

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.01,  mspec = 0.01

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.05  0.1  0.15  0.2  0.25  0.3

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.01,  mspec = 0.0343

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.004,  mspec = 0.004

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.004,  mspec = 0.0272

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.006,  mspec = 0.006

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.006,  mspec = 0.0272

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.008,  mspec = 0.008

|p|2

linear fit

 0.8

 0.85

 0.9

 0.95

 1

 1.05

 1.1

 1.15

 1.2

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16

E2  / 
(m

2 +
p2 )

p2 = (2πn/L)2

mdaug = 0.008,  mspec = 0.0272

|p|2

linear fit

Figure 7: dispersion relation of pion and keon
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Figure 8: Amplitudes of pion and keon
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O(a) improved vector current operator

Vµ,0(x) = q̄(x)Oµ,0Q(x), Oµ,0 = �µ

The heavy-light current operator at tree level is 

Four single derivative operators are needed for O(a) improvement.

O1,µ = 2
��
Dµ

O2,µ = 2
��
Dµ

O3,µ = 2�µ�i
��
D i

O4,µ = 2�µ�i
��
D i

Oimp
0 = O0,0 + cV0

3 O0,3 + cV0
4 O0,4

Oimp
i = Oi,0 + cVi

1 Oi,1 + cVi
2 Oi,2 + cVi

3 Oi,3 + cVi
4 Oi,4

The O(a) improved vector current operator is given by

temporal (µ = 0):  
spatial (µ = i):

Coefficients are determined by 1-loop lattice perturbation theory.
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Relativistic heavy quark action for b-quarks

• The Fermilab group showed that you can remove all errors of O((ma)n) by 
appropriately tuning the parameters of the anisotropic clover action 

• Errors are of O(a2p2).	


•  Li, Lin, and Christ showed that the parameters {m0, ζ, cP} can be tuned 
nonperturbatively.	


• We use the results for the parameters of the RHQ action obtained for b-quarks in 
Y. Aoki et. al Phys. Rev. D 86, 116003 (2012)

Heavy quark mass introduces discretization errors of O((ma)n).  
 - At bottom quark mass, it becomes severe: mb ~ 4 GeV and 1/a ~ 2 GeV, then mba > O(1).  

SRHQ =
X

n,n0

 ̄n

(
m0 + �0D0 �

aD2
0

2
+ ⇣

"
~� · ~D � a ~D2

2

#
� a

X

µ⌫

icP
4
�µ⌫Fµ⌫

)

n,n0

 0
n

Relativistic heavy quark action (RHQ action)

  A. X. El-Khadra, A. S. Kronfeld and P. B. Mackenzie, Phys. Rev. D55, 3933 (1997)

 N. H. Christ, M. Li, and H.-W. Lin, Phys.Rev. D76, 074505 (2007) 
 H.-W. Lin and N. Christ, Phys.Rev. D76, 074506 (2007) 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Renormalization factor ZVbb

2.4 The flavor-conserving renormalization factor ZV hh

The flavor-conserving renormalization factor Z

bb
V can be determined by a ratio of B ! B 3pt

function to single B meson 2pt function as follow.

Z

bb
V ⇥ hmB

0

|V bb
0

|mB
0

i = 2mB (18)

C

B
2

(T )

C

B!B
3,µ (t, T )

t,T!1�����! Z

bb
V (19)

where

C

B
2

(t) =
X

n

Z

B
n

src

Z

B
n

⇤
sink

e

�mB
n t

2mB
n

(20)

C

B!B
3,µ (t, T ) =

X

m,n

Z

B
m

src

2mB
m

hmB
m|Vµ|mB

n i
Z

B⇤
n

sink

2mB
n

e

�mB
mt

e

�mB
n (T�t) (21)

The use of the heavier spectator quark significantly reduces the statistical uncertainty because
ZV hh is independent of spectator mass. Here Bs meson is empolyed to obtain the ZV hh insted of B
meson.

2.4.1 Bs meson

Table 8: folded 2pt Bs meson and unfolded 2pt Bs meson
l2464f21b213m005m040 m0.0343

Smeared source - point sink

Folding Unfolding

n2

fitting range �2/d.o.f p-value fitting range �2/d.o.f p-value

0 [10:25] 3.1025(12) 0.41 98% [10:25] 3.1040(18) 0.76 73%

Smeared source - point sink

0 [6:20] 3.1037(13) 1.03 42% [6:20] 3.1057(18) 1.24 24%

12

At tree level, the expression of ZVbb is given by

2.4.2 ZV hh

The expression for Zbb
V and Z

ll
V at tree level is given by

Z

bb
V = u

0

exp(M
1

), M

1

= log[1 + m̃

0

], m̃

0

=
m

0

u

0

� (1 + 3⇣)(1� 1

u

0

) (22)

Z

ll
V =

u

0

1� !̃

2

, !̃ = 1� [M
5

� 4(1� u

0

)] (23)

where the values from this simulation is m
0

= 7.80, ⇣ = 3.20 and u

0

= 0.8757. As a result,

m̃

0

= 10.412 (24)

Z

bb
V = 9.993 (25)

Below are results for ZV hh with folded/unfolded Bs meson. As shown in results, unfolded Bs meson
su�ciently reduces the statistical uncertainty of ZV hh since noise cancellation would exist in the ratio
of 3pt to 2pt.j

Table 9: The results of ZV hh with folded Bs meson and unfolded Bs meson: For unfolding case, The
several fitting ranges are tried to find out un optimal one. The fitting range should be ended at t = 11,
because there is a jump at t = 12 in the data of ZV hh

l2464f21b213m005m040 m0.0343

Smeared source - point sink

Folding Unfolding

n2

fitting range �2/d.o.f p-value fitting range �2/d.o.f p-value

0 [6:11] 10.28(31) 1.21 30% [6:11] 9.966(46) 1.22 29%

[7:11] 9.979(48) 1.28 27%

[6:12] 9.993(45) 1.94 7%

[6:14] 9.982(43) 1.74 8%
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Figure 13: ZV hh with folded Bs meson and unfolded Bs meson
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Here  m0 = 7.80,  ζ = 3.20,  u0 = 0.8757 .

Table 5: Fit results for the ratio of 3pt to 2pt function R

0

and Ri with higher derivative operator
O

1

±O
2

and O
3

±O
4

on the ml = 0.005 243 ensemble with {m
0

a, cSW , ⇣} = {8.45, 5.80, 3.10}.
Temporal Spatial

Operator (pL
2⇡ )

2 fit range R

3,0
�2

d.o.f.

p-value fit range R

3,i
�2

d.o.f.

p-value
O

0

0 [6:10] 0.4222(60) 1.50 20%
1 [6:10] 0.3424(88) 0.12 98% [6:10] 0.1600(46) 1.00 41%
2 [6:10] 0.307(16) 0.28 89% [6:10] 0.1216(67) 1.68 15%
3 [6:10] 0.262(29) 0.57 68% [6:10] 0.110(11) 0.68 60%

O
1

+O
2

0 [6:10] 0.3990(56) 1.40 23%
1 [6:10] 0.2296(61) 0.07 99% [6:10] -0.0467(23) 1.60 17%
2 [6:10] 0.1491(92) 0.20 94% [6:10] -0.0579(33) 1.46 21%
3 [6:10] 0.077(16) 0.80 53% [6:10] -0.0528(61) 1.11 35%

O
1

�O
2

0 [6:10] 5.351(75) 1.80 12%
1 [6:10] 4.24(11) 0.44 78% [6:10] -0.1230(38) 1.15 33%
2 [6:10] 3.74(18) 0.77 54% [6:10] -0.0954(67) 0.42 79%
3 [6:10] 3.18(33) 0.77 54% [6:10] -0.080(12) 0.21 93%

O
3

+O
4

0 [6:10] -0.3564(50) 1.55 19%
1 [6:10] -0.2016(55) 0.23 92% [6:10] 0.0236(20) 1.84 12%
2 [6:10] -0.1275(82) 0.62 65% [6:10] -0.0027(26) 1.98 9%
3 [6:10] -0.052(15) 1.20 31% [6:10] -0.0194(56) 0.27 90%

O
3

�O
4

0 [6:10] 0.3564(50) 1.55 19%
1 [6:10] 0.2682(66) 0.43 79% [6:10] -0.1934(50) 1.01 40%
2 [6:10] 0.232(12) 0.68 61% [6:10] -0.1496(76) 1.06 37%
3 [6:10] 0.192(23) 1.37 24% [6:10] -0.115(14) 0.29 89%

improved 0 0.4456(64)
1 0.3594(92) 0.1621(47)
2 0.322(16) 0.1232(68)
3 0.273(30) 0.112(12)

4.1.4 Renormalization factor Z
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time slice  t  [lattice unit]

mspec = 0.0343,   m8.45 csw5.80 zeta3.10,   n2 = 0

SMEARED-SMEARED      [7:19]  3.1025(14)   p-val = 43%
SMEARED-POINT             [10:19]  3.1020(12)   p-val = 92%
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Zvhh

fit = 10.037(34)

Figure 7: (left) E↵ective mass for Bs meson and (right) Zvhh on the ml = 0.005 243 ensemble with
{m

0

a, cSW , ⇣} = {8.45, 5.80, 3.10}. Shaded band show statistical error and fitting range.
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NP : Zbb
V = 10.037(34)

tree level : Zbb
V = 9.993
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