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 MASS   MeV  (S = 1.1)
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 WIDTH <  MeV   CL=95.0%

Decay Modes
 modes are charge conjugates of the modes below.
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Seen in  ,  , and  . Not seen in  or  .  assignment strongly favored.
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 is natural, width and decay modes consistent with 2 .
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LaTce	  QCD:	  	  
Single	  hadron	  (cs)	  studies	  give	  
too	  high	  values

large	  pion	  mass:	  D⇤
s0

	  small	  pion	  mass:	  D⇤
s0

below	  threshold	  

above	  threshold	  

Namekawa et al., Phys. Rev. D 84, 074505 (2011) 

Mohler/Woloshyn, Phys. Rev. D 84, 054505 (2011)

Bali et al., J. Phys. Conf. Ser. 426, 012017 (2013)

Bali et al., PoS LATTICE2011, 135 (2011), 

Moir et al, JHEP 05, 021 (2013)

Kalinowski et al., A. Phys. Pol. B PS. 6, 991 (2013) 

Wagner et al. 1310.5513. 

Quark	  model:	  
D⇤

s0(2317) and are	  above	  
D⇤KDK and	  thresholds	  

Ds1(2460)

van	  Beveren/Rupp	  PRL	  91(2003)	  012003	  
Godfrey,	  PRD	  72,	  054029	  (2005)	  	  

But:	  threshold	  effects	  may	  be	  
important	  

Include meson meson interpolators!

cf.	  Godfrey/Isgur	  PRD	  32,	  189	  (1985)



C.B. Lang (2014)

Interpolators
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Lattice Quantum numbers Interpolator Operator

irrep JPC in irrep label

A+
1 0+, 4+, . . . 1 q̄q′

2 q̄γi
−→
∇iq

′

3 q̄γtγi
−→
∇iq

′

4 q̄
←−
∇ i
−→
∇iq

′

T+
1 1+, 3+, 4+, . . . 1 q̄γiγ5q

′

2 q̄ϵijkγj
−→
∇kq

′

3 q̄ϵijkγtγj
−→
∇kq

′

4 q̄γtγiγ5q
′

5 q̄γ5
−→
∇ iq

′

6 q̄γtγ5
−→
∇iq

′

7 q̄
←−
∇ iγjγ5

−→
∇iq

′

8 q̄
←−
∇ iγtγjγ5

−→
∇iq

′

T+
2 2+, 3+, 4+, . . . 1 q̄|ϵijk |γj

−→
∇kq

′

2 q̄|ϵijk|γtγj
−→
∇kq

′

TABLE XIII. Table of sc interpolators used for Ds mesons; in
addition we use DK and D∗K interpolators for irreps A+

1 and
T+
1 . Interpolators are sorted by irreducible representation of

the octahedral group Oh and by the parity quantum number
P . The operators ∇k indicate covariant lattice derivatives.
The reduced lattice symmetry implies an infinite number of
continuum spins in each irreducible representation of Oh. The
Dirac matrix for the time direction is denoted by γt.

tin Lüscher for making his DD-HMC software avail-
able. D. M. would like to thank E. Eichten, F.-K. Guo,
M. Hansen, A. Kronfeld, Y. Liu and J. Simone for insight-
ful discussions. The calculations were performed on com-
puting clusters at TRIUMF, the University of Graz and
at Jozef Stefan Institute. This work is supported in part
by the Austrian Science Fund (FWF):[I1313-N27], by the
Slovenian Research Agency ARRS project N1-0020 and
by the Natural Sciences and Engineering Research Coun-
cil of Canada. Fermilab is operated by Fermi Research
Alliance, LLC under Contract No. De-AC02-07CH11359
with the United States Department of Energy. Special
thanks to the Institute for Nuclear Theory (University of
Washington) for hospitality.
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n t0 basis fit
range

fit
type

χ2

d.o.f Ea E − m̄

[MeV]

Ensemble (1)

1 2 O1,2 11-17 1expc 0.28 1.3939(64) 473(10)(5)

Ensemble (2)

1 2 O1,2 3-14 2expc 1.06 1.0852(35) 520(8)(7)

Experiment

D∗
s2(2573) 496

TABLE XII. Ground state energy for T+
2 . The superscript

c indicates a correlated fit and m̄ = 1
4 (mDs + 3mD∗

s
) is the

spin-averaged Ds meson mass. The second uncertainty given
for values in MeV corresponds to the uncertainty in the lattice
scale a.

ment within the single hadron approach rendered the
masses too high. In particular, the effects of DK and
D∗K thresholds were not taken into account explicitly.
In our simulation we include DK and D∗K scattering

operators. We work with two quite different ensembles of
gauge configurations: ensemble (1) with Nf = 2 dynam-
ical fermions and mπ ≃ 266 MeV and ensemble (2) with
Nf = 2+1 dynamical fermions and mπ ≃ 156 MeV. The
necessary correlators involve backtracking quark loops
and the calculation is made feasible by using the stan-
dard distillation and - on large lattices - the stochastic
distillation method.
We determine the low lying energy spectrum from

which the scattering amplitude near threshold is derived
via Lüscher’s finite volume method. This method al-
lows us to study successfully the threshold parameters
and near threshold resonance and bound states. We ex-
tract the binding momenta and the masses of the below-
threshold bound states D∗

s0(2317) and Ds1(2460). The
final mass spectrum is compiled in Fig. 10 for both en-
sembles.
JP = 0+-channel: The D∗

s0(2317) with JP = 0+ bene-
fited most from the inclusion of scattering operators; the
level assigned to it in the single hadron approach was
just slightly above threshold and when DK scattering
operators were included it decoupled into two states, one
attributed to the scattering channel and the other to the
physical bound state. The analytical continuation of the
scattering amplitude combined with Lüscher’s finite vol-
ume method allowed us to establish the existence of a
below threshold state with binding energy 37(17) MeV
which is compatible with the D∗

s0(2317) and which we
therefore identify with the D∗

s0(2317).
JP = 1+-channel: The Ds1(2460) with JP = 1+ ap-

peared below threshold even in the single hadron ap-
proach. However, the inclusion of D∗K scattering op-
erators significantly improved the signal and the detailed
analysis showed that Ds1(2460) indeed has a consider-
able four-quark component. Repeating a similar anal-
ysis as for the scalar channel, we find the binding en-

ergy 44(10) MeV of Ds1(2460) in agreement with ex-
periment. We also find the narrow Ds1(2536), which is
above threshold for ensemble (2) with Pion masses close
to physical. Experiments find this state in d−wave and
s−wave, while the s-wave coupling is expected to disap-
pear in the mc → ∞ limit.
JP = 2+-channel: Here we did not include DK in-

terpolators as the energy of the first such interpolator is
far above the lowest energy state. The mass of 2+ state
D∗

s2(2573), obtained using just q̄q interpolators, is also
presented in Fig. 10.
Comparing the two ensembles, the overall agreement

with the observed Ds spectrum in Fig. 10 improves
for the ensemble with almost physical Pion mass. Un-
like in previous studies, an unambiguous signal for the
D∗

s0(2317) and Ds1(2460) as strong interaction bound
states below the DK and D∗K thresholds is obtained.
To achieve this, close to physical quark masses and the
inclusion ofDK andD∗K operators in the basis of lattice
interpolating fields were crucial ingredients.

Appendix A: Interpolators

In this study quark-antiquark interpolating fields of the
type Osc

i = sAic as well as meson-meson interpolators are
used. All interpolators are projected to total momentum
zero. The operators are irreducible representations of the
octahedral group Oh.
The quark-antiquark interpolator kernels are given in

Table XIII for the three cases with JP = 0+ (irrep A+
1 ),

with JP = T+ (irrep T+
1 ), and with JP = 2+ (irrep T+

2 ),
For the cases JP = 0+ (irrep A+

1 ) and JP = 1+ (irrep
T+
1 ) we also included meson-meson interpolators in s-

wave. The mesons are projected to p⃗ individually, the
total momentum is zero.
For JP = 0+ (irrep A+

1 ) we use DK:

ODK
1 = [s̄γ5u] (p⃗ = 0) [ūγ5c] (p⃗ = 0) + {u → d} ,

ODK
2 = [s̄γtγ5u] (p⃗ = 0) [ūγtγ5c] (p⃗ = 0) + {u → d} ,

ODK
3 =

∑

p⃗=±ex,y,z 2π/L

[s̄γ5u] (p⃗) [ūγ5c] (−p⃗) + {u → d} . (A1)

For JP = 1+ (irrep T+
1 ) we use D∗K:

OD∗K
1,k = [s̄γ5u] (p⃗ = 0) [ūγkc] (p⃗ = 0) + {u → d} ,

OD∗K
2,k = [s̄γtγ5u] (p⃗ = 0) [ūγtγkc] (p⃗ = 0) + {u → d} ,

OD∗K
3,k =

∑

p⃗=±ex,y,z 2π/L

[s̄γ5u] (p⃗) [ūγkc] (−p⃗) + {u → d} .

(A2)

The index k denotes the polarization.
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Experiment
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s2(2573) 496

TABLE XII. Ground state energy for T+
2 . The superscript

c indicates a correlated fit and m̄ = 1
4 (mDs + 3mD∗

s
) is the
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for values in MeV corresponds to the uncertainty in the lattice
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Comparing the two ensembles, the overall agreement

with the observed Ds spectrum in Fig. 10 improves
for the ensemble with almost physical Pion mass. Un-
like in previous studies, an unambiguous signal for the
D∗

s0(2317) and Ds1(2460) as strong interaction bound
states below the DK and D∗K thresholds is obtained.
To achieve this, close to physical quark masses and the
inclusion ofDK andD∗K operators in the basis of lattice
interpolating fields were crucial ingredients.

Appendix A: Interpolators

In this study quark-antiquark interpolating fields of the
type Osc

i = sAic as well as meson-meson interpolators are
used. All interpolators are projected to total momentum
zero. The operators are irreducible representations of the
octahedral group Oh.
The quark-antiquark interpolator kernels are given in

Table XIII for the three cases with JP = 0+ (irrep A+
1 ),

with JP = T+ (irrep T+
1 ), and with JP = 2+ (irrep T+

2 ),
For the cases JP = 0+ (irrep A+

1 ) and JP = 1+ (irrep
T+
1 ) we also included meson-meson interpolators in s-

wave. The mesons are projected to p⃗ individually, the
total momentum is zero.
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Necessary	  contrac?ons
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2	  Configura?on	  ensembles

8

Ensemble	  1:	  	  

Hasenfratz	  et	  al.,	  PRD	  78,	  
014515	  &	  054511	  (2008)	  

nf=2	  Wilson	  improved,	  	  	  
4	  nHYP	  

163x32,	  Lx=2	  fm,	  	  	  	  	  	  	  	  	  	  
279	  configs.	  

mπ=266	  MeV,	  	  	  	  	  	  	  
mK=552	  MeV	  

Ensemble	  2:	  	  

PACS-‐CS,	  Aoki	  et	  al,	  PRD	  
79,	  034503	  (2009)	  

nf=2+1	  Wilson	  improved,	  
3D	  HYP	  

323x64,	  Lx=2.9	  fm,	  	  	  	  	  	  	  
196	  configs.	  

mπ=156	  MeV,	  	  	  	  	  	  	  	  
mK=504	  MeV
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!

Propagators
Dis?lla?on	  

HSC,	  Peardon	  et	  al.,	  PRD80,	  
054506	  (2009)	  

nv=96	  

perambulators

9

Stochas?c	  Dis?lla?on	  	  

Morningstar	  et	  al.,	  PRD	  83,	  
114505	  (2011)	  

nv=192,	  nb=12,n?=8	  

stochas?c	  sources	  

!

(half)	  stochas?c	  perambulators

⌧↵�ij (t0, t) = v⇤i (t
0)G↵�(t0; t) vj(t)

hM(t0)M†(t)i = �tr [�(t0)⌧(t0, t)�(t)⌧(t, t0)]

S

↵[r]
b (~x, c; t) =

X

i

vi(~x, c; t) ⌘
↵[r]
ib

T [r]
ib (t, t0) = v⇤i (t)G(t; t0)S[r]

b (t0)
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!

Quark	  mass	  parameters

10

d mπ=266(6)MeV

valence par?ally	  quenched

c

s

u	  	   mπ=156(7)

mΦ=1016(12)	  MeV	  
mK=552(7)	  MeV

mΦ=1018(14)	  MeV	  
mK=504(7)	  MeV	  
mηs=693(10)MeV

mηs=688(2)	  MeV	  from	  	  
Dowdall	  et	  al.,	  PRD	  88,	  	  
074504(2013)

valencevalence

m̄ = 1
4 (mDs + 3mD⇤

s
)

Fermilab	  method

m� m̄
Tune	  spin-‐average	  mass	  	  	  	  	  	  	  (M2	  in	  the	  d.r.)	  for	  D,	  Ds	  and	  charmonium,	  	  
	  respec?vely	  and	  determine	  

m̄

E(p) = M1 +
p2

2M2
� (p2)2

8M3
4

D.rel.: E.g.

El	  Khadra	  et	  al.,	  PRD	  55,	  3933	  (1997),…,	  
C.	  Bernard	  et	  al.,	  PRD	  83,	  034503	  (2011)	  
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• Determine	  correla?on	  matrix	  for	  many	  interpolators	  
(laTce	  operators	  coupling	  to	  the	  given	  quantum	  
channel)	  

!
!

• Solve	  the	  generalized	  eigenvalue	  problem,	  then	  
!

!

• The	  eigenstates	  approach	  the	  physical	  eigenstates	  when	  
the	  operator	  basis	  is	  sufficiently	  complete	  

!

• Overlap	  factors

11

�(n) ⇠ exp(�Ent)

“VariaConal	  method”	  
Michael	  NPB259	  (1985)	  58	  
Lüscher/Wolff,	  NPB339	  (1990)	  222	  
Blossier	  et	  al.,	  JHEP0904	  (2009)	  094

Energy	  levels	  (a)

hn|Oii

Cij(t) = hOi(t)|O†
j(0)i
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Energy	  levels	  in	  finite	  
volume	  ⟷	  phase	  shis	  in	  
infinite	  volume	  (in	  the	  
elas?c	  region)

12

28811Hadronstructure

Fig.11.2.Thisfigureillustratesthebehaviorofthewavefunction:Outsidethe
interactionregionitisanunperturbedplanewavewhichpicksupanextraphase
shiftintheinteractionregion(indicatedbythearrow)

maybededucedfrom(11.90).Ifthefunctionalformδ(kn)wereknown,one
couldusethisrelationtofindthequantizedvaluesofthemomentuminthis
finitevolume.Ontheotherhand,giventhemomentumspectrumfromsome
measurement,(11.90)allowsthedeterminationofthephaseshiftδ(kn)for
eachkn.

Themomentacanbeobtainedfromtheenergyvaluesofthetwoparti-
clestateswhichareaccessibleinthesimulation.ForgivenLonecomputes
thediscretelevelsW0,W1,W2,...andfromthesethevaluesofknusingthe
dispersionrelation

Wn=2
√

m2+k2
n.(11.91)

Thetechnicalproblemliesintheprecisedeterminationofthesingle-particle
massandoftheenergylevelsWn.

Forthedeterminationoftheenergyspectrumonehastousetechniques
likethevariationalmethod(discussedinSect.6.3.3)consideringcorrelation
functionsofasufficientlylargenumberofinterpolatorswiththecorrectquan-
tumnumbers,capableofrepresentingthespaceofscatteringstates[33,34],
includingthecoupledsingle-particlechannels.Usuallyseveralofthelowest
energyeigenmodescanbedeterminedwithsufficientreliability.Varyingthe
spatialsizeLofthesystemallowsonetocoverdifferentvaluesofthemomen-
tum.In[34]asimple2Dsystemwasstudiedwhichcouplesaheavierandtwo
lighterbosonsonthelattice,withmassandcouplingparametersallowingfora
decaylikeintheρ→ππsystem.Figure11.3demonstratestheexpectedphe-
nomenonoflevel-crossingavoidance,whichleadstoaresonatingphaseshift.

Onehastorespectcarefullythelimitationsoftheapproach:Theinterac-
tionregionandthesingle-particlecorrelationlengthoughttobesmallerthan
thespatialvolume,inparticularmL≫1.Therelationisapplicableonlybe-
lowthefirstinelasticthreshold.Polarizationeffectsduetovirtualparticles
runningaroundthetorusshouldbeundercontrol.Latticeartifactswillturn
upforlargevaluesofk.

Inthephysical4Dsituationtherelationshipbetweenphaseshift,lattice
size,andmomentumbecomessomewhatmorecomplicated:

δ(k)=φ

(
kL

2π

)
modπwithtan(−φ(q))=

qπ3/2

Z00(1;q2),φ(0)=0.

(11.92)

Lüscher,	  CMP	  105(86)	  153,	  
NP	  B354	  (91)	  531,	  NP	  B	  364	  (91)	  237	  	  

Ea

La

D(2)K(-‐2)	  
D(1)K(-‐1)	  
D(0)K(0)	  
———	  
Ds0*

Energy	  levels	  (b)

UChPT	  model	  calcula?ons:	  
Döring	  et	  al.,	  Eur.	  Phys.	  J.	  A	  47,	  139&163	  (2011)	  
Mar?nez	  Torres	  et	  al.,	   PRD	  85,	  014027	  (2012)	  	  
Albaladejo	  et	  al.,	  PRD	  88,	  014510	  (2013)
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Ea

La

D(2)K(-‐2)	  
D(1)K(-‐1)	  
D(0)K(0)	  
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Ds0*

measured	  
energy	  
levels

Energy	  levels	  (b)

UChPT	  model	  calcula?ons:	  
Döring	  et	  al.,	  Eur.	  Phys.	  J.	  A	  47,	  139&163	  (2011)	  
Mar?nez	  Torres	  et	  al.,	   PRD	  85,	  014027	  (2012)	  	  
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Near	  threshold	  
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Eigenstates:	  example	  T1+,	  ensemble	  2
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scissa gives the operator number i according to the order in
Tables XIII (1-8) and A2 (9-11) .

parison to g[D1(2430) → D∗π] ≃ 2 GeV. So it is reason-
able to assume that the coupling Ds1(2536) → D∗K in
s-wave is indeed small. Due to the small coupling the
“avoided level crossing” region is so narrow that we may
treat this state as decoupled from the D∗K scattering
channel. Lüscher’s equation for δ0 then does not affect
this energy level. For this reason the corresponding value
of p cot δ0 is not provided in Table IX. Studies for differ-
ent volumes would be important to support this result.

2. Bound state and threshold behavior

As discussed in Sect. II F we can use the values of
p cot δ(p) from Lüscher’s relation (29) to determine the
effective range parametrization near threshold. From lev-
els 1 and 3 we find the values in Table XI. The pole condi-

-0.1 0 0.1 0.2 0.3 0.4 0.5

p2 [GeV2]

-2
-1.8
-1.6
-1.4
-1.2

-1
-0.8
-0.6
-0.4
-0.2

0

p 
co

t δ
 [G

eV
]

1 2

FIG. 9. Effective range fits for T+
1 , cf. Table XI. Ensemble

(1): black dots, ensemble (2): red open/full (set 1/2) squares.
The vertical arrows show the positions of the bound state, see
Table XI, the dashed line indicates the threshold.

tion δ(pB) = i renders the pole for the Ds1(2460) bound
state (B) with parameters given in Table XI as well. The
resulting mass is shown together with other channels in
Fig. 10.

C. D∗
s2

Experiments observe the decay of D∗
s2(2573) → DK

(with a width of 17(4) MeV). The nearest meson-meson
energy level would be due to DK which have to be in
d-wave thus carrying extra momentum. Unlike the 0+

and 1+ states, this meson was predicted well in potential
models and is commonly expected to be described well
as a c̄s state. Our volume and number of configurations
are unsuitable to study d-wave scattering in this channel,

D⇤(0)K(0)

D⇤(1)K(�1)shised

shised

1.026(5)

1.172(9)

1.081(6)
1.079(5) Ds1(2536)
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set aD∗K
0 rD

∗K
0 (apB)

2 amB mK +mD∗ −mB mB − 1
4 (mDs + 3mD∗

s
)

[fm] [fm] [MeV] [MeV]

Ensemble (1)

-0.665(25) -0.106(37) -0.0301(15) 1.3511(35) 93.2(4.7)(1.0) 404.6(4.5)(4.2)

Ensemble (2)

set 1 -1.15(19) 0.13(22) -0.0071(22) 1.0336(60) 43.2(13.8)(0.6) 408(13)(5.8)

set 2 -1.11(11) 0.10(10) -0.0073(16) 1.0331(41) 44.2(9.9)(0.6) 407.0(8.8)(5.8)

Experiment

44.7 383

TABLE XI. T+
1 Scattering length and effective range computed from the linear interpolation between levels 1 and 3, and

parameters for the position of the Ds1(2460) bound state mB derived from the requirement cot δ(pB) = i. The second
uncertainty given for values in MeV corresponds to the uncertainty in the lattice scale a. The experimental value of mK +
mD∗ −mB is averaged over D∗+K0 and D∗0K+ thresholds.
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FIG. 10. ResultingDs spectrum for all channels. The masses are presented with respect to spin-averaged mass 1
4 (mDs+3mD∗

s
).

The diamonds and crosses display our lattice results, while black full lines correspond to experiment. The magenta diamonds
show masses extracted via phase shift analysis and correspond to the pole position in the T−matrix. Masses extracted as
energy levels in a finite box are displayed as blue crosses. The dotted lines correspond to DK and D∗K lattice thresholds,
while dashed lines on the left of each pane are thresholds in experiment.

where we would expect very small shifts for a relatively
narrow resonance like the D∗

s2(2573). Due to these rea-
sons we therefore use only quark-antiquark operators and
expect qualitative but not quantitative agreement with
experiment.

We find the energy levels shown in Table XII. Identi-
fying this level “naively” with the D∗

s2(2573) gives mass
differences also shown in the table compared to the ex-
perimental value.

IV. SUMMARY AND CONCLUSIONS

Lattice QCD is used to simulateDK andD∗K scatter-
ing in order to study the positive parity charmed strange
mesonsD∗

s0(2317), Ds1(2460), Ds1(2536) and D∗
s2(2573).

These mesons are interesting from a physics point of view
for two main reasons. First, the masses of the scalar and
axial vector mesons are close to their charm light partners
even though the strange quark is much heavier than the
light. Second, contrary to the expectation from quark
models, the D∗

s0(2317) and Ds1(2460) are both narrow
below-threshold states. Many models and lattice QCD
studies attempted to understand this. In lattice calcula-
tions, a combination of unphysical thresholds and treat-
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where we would expect very small shifts for a relatively
narrow resonance like the D∗

s2(2573). Due to these rea-
sons we therefore use only quark-antiquark operators and
expect qualitative but not quantitative agreement with
experiment.

We find the energy levels shown in Table XII. Identi-
fying this level “naively” with the D∗

s2(2573) gives mass
differences also shown in the table compared to the ex-
perimental value.

IV. SUMMARY AND CONCLUSIONS

Lattice QCD is used to simulateDK andD∗K scatter-
ing in order to study the positive parity charmed strange
mesonsD∗

s0(2317), Ds1(2460), Ds1(2536) and D∗
s2(2573).

These mesons are interesting from a physics point of view
for two main reasons. First, the masses of the scalar and
axial vector mesons are close to their charm light partners
even though the strange quark is much heavier than the
light. Second, contrary to the expectation from quark
models, the D∗

s0(2317) and Ds1(2460) are both narrow
below-threshold states. Many models and lattice QCD
studies attempted to understand this. In lattice calcula-
tions, a combination of unphysical thresholds and treat-
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FIG. 5. Ensemble (1), T+
1 with t0 = 3: Effective energies of

the lowest four energy levels. We compare the results obtained
including the D∗K operators (circles, O1−11) with the results
obtained without those (stars, O1−8).The horizontal broken
lines in the upper plot indicate the positions ofD∗(0)K(0) and
D∗(1)K(−1) in the non-interacting case. Note the “missing
state” in the second case.
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FIG. 6. Ensemble (2), T+
1 (O1,2,4,5,9,11): Effective energies of

the lowest four energy levels; the fits are to the eigenvalues
but here we show the result in the effective energy plots: 2-
exponential fits (red) and 1-exponential fits (broken blue line)
are consistent.

ble (1) the highest level (actually the third for that set
of operators) has a plateau-like signal only when includ-
ing the D∗K interpolators. In Fig. 6 we also plot the
results of the 2- and 1-exponential fits (the errors of the
asymptotic values are given in Table IX).
In Fig. 7 we give an overview on the energy levels

resulting from different subsets of interpolators in the
variational analysis. One clearly sees that including the
D∗(0)K(0) interpolators 9 and 10 introduces new levels.
In ensemble (1) the signal for the 4th level is too noisy,
when considering all 11 interpolators, but is clearly seen
for the subset 1, 4, 7− 11.
From ensemble (2) the effect is even more apparent:

Allowing for only the D∗K interpolators one finds ener-
gies very close to the non-interacting case. When cou-

set mDs1(2536)−
1
4 (mDs+3mD∗

s
) mDs1(2536)−mK−mD∗

[MeV] [MeV]

Ensemble (1)

444(12) -53(12)

Ensemble (2)

set 1 507(10) 56(11)

set 2 501(8) 50(8)

Experiment

459 31

TABLE X. Comparison of the mass of Ds1(2536) with exper-
iment.

pling all interpolators one finds level shifts due to inter-
action. For this ensemble the 2nd and 3rd level are very
close when considering all types of interpolators, whereas
in ensemble (1) these are well separated. This supports
the observation that only one of the levels is dominated
by D∗K.

1. Interpretation of the energy levels

The lowest level is identified with the experimental
state Ds1(2460), below D∗K threshold. It couples to
D∗K in s-wave even in the heavy quark (mc → ∞) limit
[2]. The level is seen already for qq interpolators alone
but it is down-shifted by about 20 MeV (ensemble (1))
or 33 MeV (ensemble (2)) if the D∗(0)K(0) interpolators
are included.
The second state in both ensembles is identified with

Ds1(2536). In ensemble (1) with the heavier Pion the
state lies below m∗

D + mK , but in the ensemble (2) we
find it above this threshold. The mass of Ds1(2536) is
given “naively” from the 2nd energy level in Table IX
and compared with experiment in Table X.
In the heavy quark limit, according to Ref. [2]

Ds1(2536) does not couple to D∗K in s-wave. We find
that the composition of the states with regard to the
qq operators is fairly independent of whether the D∗K
operators are included or not. This can be seen by
the eigenvector components as well as the overlap fac-
tors ⟨n = 2|O1−8⟩. The level is not seen if only D∗K
interpolator are used. In Fig. 8 we show the nor-
malised ratios of overlap factors ⟨n|Oi⟩/maxm⟨m|Oi⟩ av-
eraged over 7 ≤ t ≤ 10 for the lowest four eigenstates
of ensemble (2) (first choice, Table IX). Level three is
dominated by D∗(0)K(0) as can be seen by prevailing
⟨n = 3|O9−10⟩ and analogously the 4th level is domi-
nated by D∗(1)K(−1).
Experimentally the state is above D∗K threshold but

has - in spite of this - the very small decay width
Γ ≃ 0.92 MeV; coupling in s- and in d-wave is observed.
The experiment gives g ≃ 0.2 GeV (for a total width
Γ ≡ g2p/s) which indeed seems mc suppressed in com-

Ds1(2460)

Ds1(2536)
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level t0 basis fit
range

fit
type

χ2

d.o.f Ea E − m̄ (ap)2 ap cot(δ) p2 p cot(δ)
[MeV] [GeV2] [GeV]

Ensemble (1)

1 2 O1−7 4-15 2expc 0.07 1.2566(28) 254.1(4.3) -0.0347(14) -0.1560(59) -0.0881(35) -0.2484(94)

2 2 O1−7 4-15 2expc 0.15 1.3922(27) 470.0(4.0) 0.0364(14) -0.1722(74) 0.0924(36) -0.274(12)

3 2 O1−7 4-10 2expc 0.17 1.6124(69) 821(11) 0.1846(52) -0.526(126) 0.4682(133) -0.84(20)

Ensemble (2)

1 2 O1−7 3-12 2expc 0.44 0.9589(70) 245(15) -0.0092 (24) -0.082 (19) -0.0433 (111) -0.178 (41)

2 2 O1−7 3-11 2expc 1.71 1.0195(40) 377(9) 0.0130 (16) -0.049 (15) 0.0616 (76) -0.107 (32)

3 2 O1−7 3-11 2expc 0.66 1.1118(45) 578(10) 0.0531 (22) -0.053 (49) 0.2515 (104) -0.114 (106)

TABLE VII. Energy levels for irrep A+
1 . The superscript c indicates a correlated fit and m̄ = 1

4 (mDs + 3mD∗
s
).

set aDK
0 rDK

0 (apB)
2 amB mK +mD −mB mB − 1

4 (mDs + 3mD∗
s
)

[fm] [fm] [MeV] [MeV]

Ensemble (1)

-0.756(25) -0.056(31) -0.0250(17) 1.2772(32) 78.9(5.4)(0.8) 287(5)(3)

Ensemble (2)

-1.33(20) 0.27(17) -0.0060(26) 0.9683(76) 36.6(16.6)(0.5) 266(17)(4)

Experiment

45.1 241.5

TABLE VIII. A+
1 : Scattering length and effective range computed from the linear interpolation between levels 1 and 2,

and parameters for the position of the D∗
s0(2317) bound state mB derived from the requirement cot δ(pB) = i. The second

uncertainty given for values in MeV corresponds to the uncertainty in the lattice scale a. The experimental value of mK +
mD −mB is averaged over D+K0 and D0K+ thresholds.

level t0 basis fit
range

fit
type

χ2

d.o.f Ea E − m̄ (ap)2 ap cot(δ) p2 p cot(δ)
[MeV] [GeV2] [GeV]

Ensemble (1)

1 3 O1,4,7−11 10-15 1expc 0.12 1.3340(28) 377.4(4.2) -0.0382(11) -0.1701(44) -0.0970(29) -0.2709(69)

2 3 O1,4,7−11 10-15 1expc 1.45 1.3761(75) 444(12)

3 3 O1,4,7−11 10-15 1expc 0.50 1.4645(38) 585.3(5.9) 0.0314(17) -0.1998(101) 0.0796(44) -0.318(16)

4 3 O1,4,7−11 4-11 2expc 0.54 1.6681(80) 909(13) 0.1707(52) -1.09(38) 0.4330(132) -1.73(60)

Ensemble (2)

1 3 O1,4,7−11 4-14 2expc 1.58 1.0260(52) 392(11) -0.0097(19) -0.086(14) -0.0460(88) -0.188(30)

2 3 O1,4,7−11 4-11 2expc 1.00 1.0791(47) 507(10)

3 3 O1,4,7−11 4-11 2expc 0.71 1.0811(64) 511(14) 0.0106(26) -0.071(25) 0.050(12) -0.155(54)

4 3 O1,4,7−11 4-11 2expc 0.45 1.1723(93) 710(20) 0.0506(45) -0.113(116) 0.239(21) -0.24(25)

1 3 O1,2,4,5,9,11 4-20 2expc 0.27 1.0259(35) 391.3(7.6) -0.0098(13) -0.0867(99) -0.0463(63) -0.189(22)

2 3 O1,2,4,5,9,11 4-12 2expc 0.89 1.0765(34) 501.3(7.4)

3 3 O1,2,4,5,9,11 4-12 2expc 1.80 1.0799(24) 508.7(5.2) 0.0101(11) -0.0762(103) 0.0478(50) -0.166(22)

4 3 O1,2,4,5,9,11 4-12 2expc 1.27 1.162(18) 688(40) 0.0458(85) -0.28(55) 0.217(40) -0.6(1.2)

TABLE IX. Energy levels for irrep T+
1 for both ensembles and s-wave phase shifts extracted from them (time-slices start from

t=0 such that t0 = 3 corresponds to the fourth time-slice). The superscript c indicates a correlated fit and m̄ = 1
4 (mDs+3mD∗

s
).

For ensemble (2) we show the fit result for two sets of interpolators to point out the possible systematic error due to the choice.
The second level is identified with Ds1(2536) coupling weakly to s-wave (see the discussion in the text); we therefore do not
include it in the phase shift analysis.
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1 3 O1,4,7−11 10-15 1expc 0.12 1.3340(28) 377.4(4.2) -0.0382(11) -0.1701(44) -0.0970(29) -0.2709(69)

2 3 O1,4,7−11 10-15 1expc 1.45 1.3761(75) 444(12)

3 3 O1,4,7−11 10-15 1expc 0.50 1.4645(38) 585.3(5.9) 0.0314(17) -0.1998(101) 0.0796(44) -0.318(16)

4 3 O1,4,7−11 4-11 2expc 0.54 1.6681(80) 909(13) 0.1707(52) -1.09(38) 0.4330(132) -1.73(60)

Ensemble (2)

1 3 O1,4,7−11 4-14 2expc 1.58 1.0260(52) 392(11) -0.0097(19) -0.086(14) -0.0460(88) -0.188(30)

2 3 O1,4,7−11 4-11 2expc 1.00 1.0791(47) 507(10)

3 3 O1,4,7−11 4-11 2expc 0.71 1.0811(64) 511(14) 0.0106(26) -0.071(25) 0.050(12) -0.155(54)

4 3 O1,4,7−11 4-11 2expc 0.45 1.1723(93) 710(20) 0.0506(45) -0.113(116) 0.239(21) -0.24(25)

1 3 O1,2,4,5,9,11 4-20 2expc 0.27 1.0259(35) 391.3(7.6) -0.0098(13) -0.0867(99) -0.0463(63) -0.189(22)

2 3 O1,2,4,5,9,11 4-12 2expc 0.89 1.0765(34) 501.3(7.4)

3 3 O1,2,4,5,9,11 4-12 2expc 1.80 1.0799(24) 508.7(5.2) 0.0101(11) -0.0762(103) 0.0478(50) -0.166(22)

4 3 O1,2,4,5,9,11 4-12 2expc 1.27 1.162(18) 688(40) 0.0458(85) -0.28(55) 0.217(40) -0.6(1.2)

TABLE IX. Energy levels for irrep T+
1 for both ensembles and s-wave phase shifts extracted from them (time-slices start from

t=0 such that t0 = 3 corresponds to the fourth time-slice). The superscript c indicates a correlated fit and m̄ = 1
4 (mDs+3mD∗

s
).

For ensemble (2) we show the fit result for two sets of interpolators to point out the possible systematic error due to the choice.
The second level is identified with Ds1(2536) coupling weakly to s-wave (see the discussion in the text); we therefore do not
include it in the phase shift analysis.
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compa?ble	  with	  
Liu	  et	  al.,	  PRD	  87,	  014508	  (2013)

see	  also	  
Mohler	  et	  al.,	  PRL	  111,	  222001	  (2013)

and the up-shifted second level would be related to the
interacting scattering threshold on the lattice. Such a sce-
nario was discussed in the context of a simple model in
Ref. [36], and was confirmed for a deuteron bound state pn
[37,38] and for a D !D! bound state Xð3872Þ [39]. The
expected behavior of the energy levels in various scenarios
was discussed in model studies in Ref. [40]. 2. A QCD
resonance (above threshold). In this case the attraction is
not strong enough to form a bound state and the level
associated with the finite volume scattering state will be
found below threshold. A positive scattering length is
expected and the additional level above threshold occurs
due to the presence of a resonance in this channel. This is
the situation encountered forD! scattering in the JP ¼ 0þ

channel with resonance D!
0ð2400Þ [30] or in N! scattering

in the negative parity sector [41].
The crucial insight is that the plausibility of these sce-

narios can be tested by determining the real number p cot"
from energy levels using Lüscher’s formula [6], which
applies above and below threshold. Here " is the scattering
phase shift for the elastic DK scattering in the s-wave,
while p is theD andK momentum related to the energy via
EnðLÞ ¼ EDðpÞ þ EKðpÞ. We perform an effective range
approximation

p cot"ðpÞ ¼ 2ffiffiffiffi
!

p
L
Z00

"
1;
"
pL

2!

#
2
#
& 1

a0
þ 1

2
r0p

2; (3)

which seems well justified for the momenta at hand (given
in Table II along with the values for p cot"). The lowest
two levels give two equations for two unknowns.

For ensemble (1) we obtain

a0 ¼ '0:756ð25Þ fm; r0 ¼ '0:056ð31Þ fm; (4)

while ensemble (2) yields

a0 ¼ '1:33ð20Þ fm; r0 ¼ 0:27ð17Þ fm: (5)

(The effective range value for ensemble (2) has sizeable
systematic uncertainty allowing even small negative values
but has little influence on the final value of the binding
energy.) In both cases the extracted scattering length is
negative with a reasonably small statistical and systematic
uncertainty, and the effective range is small. This is com-
patible with scenario (1) above, where the lower energy

level is associated with a bound state up to corrections
related to the finite volume of the simulation.
Figure 2 compares our results for the scattering length to

the prediction from Ref. [42] where the authors performed
a lattice calculation in a variety of channels and extracted
the relevant low-energy constants of the chiral effective
field theory. These low energy constants were then used to
predict the DK I ¼ 0 scattering length. Two distinct deter-
minations of low energy constants were performed. For the
first set of results only the lattice data were used as input
(larger error band in Fig. 2, central value thick dashed
curve) while for the second set the D!

s0ð2317Þ mass from
experiment was used as further input leading to much
smaller uncertainties (narrower error band in Fig. 2, central
value thick solid curve). As can be seen, our results from
the direct simulation agree qualitatively, although the un-
certainty close to the physical pion and kaon mass is large.
In infinite volume a bound state would correspond to a

pole of the S matrix, which translates to the pole condition
cot"ðpbÞ ¼ i, where pb ¼ ijpbj denotes the binding mo-
mentum of the bound state. Taking the values for a0 and
r0 extracted within the effective range approximation, we
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FIG. 2 (color online). Scattering length a0 for s-wave DK
scattering with I ¼ 0. Our result is compared to the expectation
from the indirect calculation in Ref. [42]. The vertical line
corresponds to the physical pion mass. For an explanation of
the curves please refer to the main text.

TABLE II. Values for p2 and p cot" obtained from the two
lowest energy levels for both ensembles. In addition the values
for the binding momentum pb are tabulated in the last row.

Level Ensemble (1) Ensemble (2)

ðpaÞ2 1 '0:0347ð14Þ '0:0092ð24Þ
2 0.0364(14) 0.0130(16)

ðpaÞ cot" 1 '0:1560ð59Þ '0:082ð19Þ
2 '0:1722ð74Þ '0:049ð15Þ

ðpbaÞ2 ( ( ( '0:0250ð17Þ '0:0060ð26Þ

TABLE III. The final result for the D!
s0ð2317Þ mass M

D!
s0ð2317Þ

L!1 ,
as obtained from the pole condition, compared to the experi-
mental value [1] (right column). The energy levels in the finite-
volume lattice are shown in the left column. The errors are
statistical (first) and due to scale setting (second).

E1ðLÞ 'M1S M
D!

s0ð2317Þ
L!1 'M1S

Ensemble (1) 254.4(4.3)(2.3) 287.2(5.0)(3.0)
Ensemble (2) 245(15)(4) 266(16)(4)

Experiment 241.45(0.60)
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D⇤
s2(2573) DK	  in	  d-‐wave	  	  

	   	   	   	   	   E-‐m	  
Ensemble	  1	   	   473(19)(5)	  MeV	  
Ensemble	  2	  	  	   	   520(8)(7)	  MeV	  
Experiment	  	   	   496	  MeV	  

_
well	  described	  by	  cs:	  -‐
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