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A GENERAL TWO-BARYON FINITE-
VOLUME QUANTIZATION CONDITION 

p2

p1 L

Arbitrary CM momentum, twisted boundary conditions, arbitrary 
masses and relativistic kinematics. 

See R. Briceno, Phys. Rev. D 89, 074507 for generalization to arbitrary spin.

Briceno, ZD, Luu and Savage, Phys. Rev. D 89, 074509.
Briceno, ZD and Luu,  Phys. Rev. D 88, 034502.
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TWO-NUCLEON CORRELATION FUNCTION
T → ∞, a → 0

V−KV σσ� V σV−KVσ� −KV σσ�

VV AA� VV M∞ VV M∞ M∞A AA� A�
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T → ∞, a → 0

V−KV σσ� V σV−KVσ� −KV σσ�
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Parametrized by phase shifts 
and mixing angles

Diagonal in J 
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respectively. The matrix elements of δGV in the positive-parity isoscalar channel in this basis are,

�
δGV

�
JMJ ,LS;J �M �

J ,L
�S� =

iMk∗

4π
δS1δS�1



δJJ �δMJM �
J
δLL� + i

�

l,m

(4π)3/2

k∗l+1
c
d
lm(k∗2; L)

×
�

ML,M �
L,MS

�JMJ |LML1MS��L�
M

�
L1MS |J �

M
�
J�
ˆ

dΩ Y
∗
LML

Y
∗
lmYL�M �

L



 , (2)

and are evaluated at the on-shell momentum of each nucleon in the CM frame, k∗ =
�
ME∗ − |P|2/4.

�JMJ |LML1MS� and �L�M �
L1MS |J �M �

J� are Clebsch-Gordan coefficients, and cdlm(k∗2; L) is a kine-
matic function related to the three-dimensional zeta function, Zd

lm, [20, 21, 41–43],

c
d
lm(k∗2; L) =

√
4π

L3

�
2π

L

�l−2

Zd
lm[1; (k∗L/2π)2] ,

Zd
lm[s;x2] =

�

n

|r|lYl,m(r)

(r2 − x2)s
, (3)

where r = n− d/2 with n an integer triplet.
The finite-volume matrix δGV is neither diagonal in the J basis nor in the LS basis, as is clear

from the form of Eq. (2). As a result of the scattering amplitudes in higher partial waves being
suppressed at low-energies, the infinite-dimensional matrices present in the determinant condition
can be truncated to a finite number of partial waves. For the following analysis of positive-parity
isoscalar channel, the scattering in all but the S- and D-waves are neglected. With this truncation,
the scattering amplitude matrix M can be written as

M =





M1,S M1,SD 0 0
M1,SD M1,D 0 0

0 0 M2,D 0
0 0 0 M3,D



 , (4)

where the first subscript of the diagonal elements, MJ,L, denotes the total angular momentum of
the channel and the second subscript denotes the orbital angular momentum. The off-diagonal
elements in J = 1 sub-block are due to the S-D mixing. In the J = 3 channel, there is a mixing
between L = 2 and L = 4 partial waves, but as scattering in the L = 4 partial wave is being
neglected, the scattering amplitude in this channel remains diagonal. Each element of this matrix
is a diagonal matrix of dimension (2J + 1)× (2J + 1) dictated by the MJ quantum number.

d point group classification Nelements irreps (dimension)
(0, 0, 0) O cubic 24 A1(1),A2(1),E(2),T1(3),T2(3)
(0, 0, 1) D4 tetragonal 8 A1(1),A2(1),E(2),B1(1),B2(1)
(1, 1, 0) D2 orthorhombic 4 A(1),B1(1),B2(1),B3(1)
(1, 1, 1) D3 trigonal 6 A1(1),A2(1),E(2)

TABLE I. Classification of the point groups corresponding to the symmetry of the FV calculations with
boost vectors, d. The forth column shows the number of elements of each group, and the last column gives
the irreducible representations of each point group along with their dimensions.

4

Neglecting scattering with
l > 3

ASSUMPTION Example: Deuteron 1+ (I = 0) L = 0, L = 2

B∞
d = 2.224644(34) MeV
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FINITE-VOLUME FUNCTION
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ON-SHELL KINEMATICS AND 
FINITE-VOLUME FUNCTION

depends on:

R. Briceno, Phys. Rev. D 89, 074507.

Image by M. Savage
r =

1

L
γ̂−1

�
2π(n− αd)− (α− 1

2
)(φ1 + φ2) +

1

2
(φ1 − φ2)

�

Briceno, ZD, Luu and Savage, Phys. Rev. D 89, 074509.

α =
1

2

�
1 +

m2
1 −m2

2

E∗2

�

r2

ψLab(x1 + Ln1,x2 + Ln2) = eiφ1·n1+iφ2·n2ψLab(x1,x2)
n1,n2 ∈ Z3

Volume and its shape, momentum of the CM, and the boundary conditions
Li and Liu, Phys.Lett. B587, 100 (2004).
Detmold W and Savage M J 2004 Nucl.Phys. A743 170–193.
Feng X, Li X and Liu C 2004 Phys.Rev. D70 014505. 
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THE SPECTRUM OF THE DEUTERON
IN A FINITE VOLUME 

Image by J. Rodriguez.

1) Periodic boundary conditions and varying  the CM momentum
See Briceno, ZD Luu and Savage, arXiv:1309.1556 (2013).

2) Varying the twisted boundary conditions with zero CM momentum
Briceno, ZD, Luu and Savage, Phys. Rev. D 89, 074509.
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INPUT: SCATTERING PARAMETERS FROM 
PHENOMENOLOGICAL ANALYSES

phenomenological analyses of the experimental data [45–48] can be used in the QCs, for bound

states, however, it is necessary to use fit functions of the correct form to be continued to negative

energies. The Blatt-Biedenharn (BB) parameterization [17, 44] is chosen for the J = 1 S-matrix,

S(J=1) =

�
cos �1 − sin �1
sin �1 cos �1

��
e2iδ1α 0
0 e2iδ1β

��
cos �1 sin �1
− sin �1 cos �1

�
, (6)

whose mixing angle, �1, when evaluated at the deuteron binding energy, is directly related to the

asymptotic D/S ratio in the deuteron wavefunction. δ1α and δ1β are the scattering phase shifts

corresponding to two eigenstates of the S-matrix; the so called “α” and “β” waves respectively. At

low energies, the α-wave is predominantly S-wave with a small admixture of the D-wave, while the

β-wave is predominantly D-wave with a small admixture of the S-wave. The location of the deuteron

pole is determined by one condition on the α-wave phase shift, cot δ1α|k∗=iκ = i. In addition, �1 in

this parameterization is an analytic function of energy near the deuteron pole (in contrast with �̄
in the barred parameterization [49]). With a truncation of lmax = 2 imposed upon the scattering

amplitude matrix in Eq. (1), the scattering parameters required for the analysis of the FV spectra are

δ1α, δ1β , δ(
3D2), δ(

3D3) and �1. Fits to six different phase-shift analyses (PWA93 [45], Nijm93 [46],

Nijm1 [46], Nijm2 [46], Reid93 [46] and ESC96 [47, 48]) obtained from Ref. [40] are shown in

Fig. 1(a-c). 2 In order to obtain the scattering parameters at negative energies, the fit functions

are continued to imaginary momenta, k∗ → iκ. Fig. 1(d-f) shows the phase shifts and the mixing

angle as a function of κ below the t-channel cut (which approximately corresponds to the positive-

energy fitting range). �1 is observed to be positive for positive energies, and becomes negative when

continued to negative energies (see Fig. 1). The slight difference between phenomenological models

gives rise to a small “uncertainty band” for each of the parameters.

J O D4 D2 D3

1 T1 : (Y11,Y10,Y1−1) A2 : Y10 B1 : Y10 A2 : Y10

E :
�
Y11,

�Y11

�
B2 : Y11, B3 : �Y11 E :

�
Y11,

�Y11

�

TABLE II. Decomposition of the J = 1 irrep of the rotational group in terms of the irreps of the cubic (O),

tetragonal (D4), orthorhombic (D2) and trigonal (D3) groups, see Refs. [21, 50, 51]. The corresponding

basis functions of each irrep are also shown in terms of the SO(3) functions Ylm, where Y lm ≡ Ylm + Yl−m

and �Ylm ≡ Ylm − Yl−m.

For the NN system at rest in the positive-parity isoscalar channel, the only irrep of the cubic

group that has overlap with the J = 1 sector is T1, see Table II, which also has overlap with the

J=3 and higher channels. Using the scattering parameters of the J = 1 and J = 3 channels, the

nine lowest T1 energy levels (including the bound-state level) are shown in Fig. 2(a) as a function

of L. In the limit that �1 vanishes, the T1 QC, given in Eq. (A4), can be written as a product of

two independent QCs. One of these QCs depends only on δ1α → δ(
3S1), while the other depends

on δ1β → δ(
3D1) and δ(

3D3). By comparing the T1 spectrum with that obtained for �1 = 0, the T1

states can be classified as predominantly S-wave or predominantly D-wave states. The dimensionless

quantity k̃2 = ME∗L2/4π2 is shown as a function of volume in Fig. 2(b), from which it is clear that

the predominantly D-wave energy levels remain close to the non-interacting energies, corresponding

2 The α-wave was fit by a pole term and a polynomial, while the other parameters were fit with polynomials alone.
The order of the polynomial for each parameter was determined by the goodness of fit to phenomenological model
data below the t-channel cut.

6

With the aid of the symmetry properties of the FV calculation with different boosts, the determi-
nant condition providing the energy eigenvalues given in Eq. (1) can be decomposed into separate
eigenvalue equations corresponding to different irreps of the point group,

det
�
M−1 + δGV

�
=

�

Γi

det
�
(M−1)Γi + δGV

Γi

�N(Γi)
= 0 , (5)

where Γi labels different irreps of the corresponding point group, and N(Γi) denotes the dimen-
sionality of each irrep. Table I summarizes some characteristics of the cubic (O), tetragonal (D4),
orthorhombic (D2) and trigonal (D3) point groups that correspond to systems with boosts d = 0,
(0, 0, 1), (1, 1, 0) and (1, 1, 1), respectively. Such a reduction has been carried out in Ref. [39] for
all possible NN channels with boosts |d| ≤

√
2. For the boosts considered in Ref. [39], as well

as for d = (1, 1, 1), the necessary QCs for the NN system in the positive-parity isoscalar channel
are given in Appendix A. It is worth noting that for systems composed of equal-mass NR par-
ticles, these QCs can be also utilized for boosts of the form (2n1, 2n2, 2n3), (2n1, 2n2, 2n3 + 1),
(2n1 + 1, 2n2 + 1, 2n3) and (2n1 + 1, 2n2 + 1, 2n3 + 1) where n1, n2, n3 are integers, and all cubic
rotations of these vectors [39].

k∗ [MeV]

k∗ [MeV]

δ(
3S1)

δ1α

(a)
k∗ [MeV]

�1

k∗ [MeV]

δ(
3S1)

(b)
k∗ [MeV]

δ(
3D2)

δ(
3D3)

δ1β

(c)

κ [MeV]

k∗ [MeV]

δ(
3S1)

Re[iδ1α]

(d)
κ [MeV]

�1

(e)
κ [MeV]

k∗ [MeV]

δ(
3S1)

iδ(
3D2)

iδ(
3D3)

iδ1β

(f)

FIG. 1. Fits to the experimental values of (a) the α-wave phase shift, (b) the mixing angle and (c) the J = 1
β-wave and J = 2, 3 D-wave phase shifts (in degrees), in the Blatt-Biedenharn (BB) parameterization [44], as
a function of momentum of each nucleon in the CM frame, k∗, based on six different phase shifts analyses [45–
48]. (d) The α-wave phase shift, (e) the mixing angle and (f) the J = 1 β-wave and J = 2, 3 D-wave phase
shifts (in degrees) as a function of κ = −ik∗ obtained from the fit functions.

Although the ultimate goal is to utilize the QCs in the analysis of the NN spectra extracted
from LQCD calculations, they can be used, in combination with the experimental NN scattering
data, to predict the FV spectra at the physical light-quark masses, providing important guidance
for future LQCD calculations. While for scattering states, the phase shifts and mixing angle from

5

Negative energy

With the aid of the symmetry properties of the FV calculation with different boosts, the determi-
nant condition providing the energy eigenvalues given in Eq. (1) can be decomposed into separate
eigenvalue equations corresponding to different irreps of the point group,
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�
M−1 + δGV

�
=

�

Γi
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�
(M−1)Γi + δGV

Γi

�N(Γi)
= 0 , (5)

where Γi labels different irreps of the corresponding point group, and N(Γi) denotes the dimen-
sionality of each irrep. Table I summarizes some characteristics of the cubic (O), tetragonal (D4),
orthorhombic (D2) and trigonal (D3) point groups that correspond to systems with boosts d = 0,
(0, 0, 1), (1, 1, 0) and (1, 1, 1), respectively. Such a reduction has been carried out in Ref. [39] for
all possible NN channels with boosts |d| ≤

√
2. For the boosts considered in Ref. [39], as well

as for d = (1, 1, 1), the necessary QCs for the NN system in the positive-parity isoscalar channel
are given in Appendix A. It is worth noting that for systems composed of equal-mass NR par-
ticles, these QCs can be also utilized for boosts of the form (2n1, 2n2, 2n3), (2n1, 2n2, 2n3 + 1),
(2n1 + 1, 2n2 + 1, 2n3) and (2n1 + 1, 2n2 + 1, 2n3 + 1) where n1, n2, n3 are integers, and all cubic
rotations of these vectors [39].
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FIG. 1. Fits to the experimental values of (a) the α-wave phase shift, (b) the mixing angle and (c) the J = 1
β-wave and J = 2, 3 D-wave phase shifts (in degrees), in the Blatt-Biedenharn (BB) parameterization [44], as
a function of momentum of each nucleon in the CM frame, k∗, based on six different phase shifts analyses [45–
48]. (d) The α-wave phase shift, (e) the mixing angle and (f) the J = 1 β-wave and J = 2, 3 D-wave phase
shifts (in degrees) as a function of κ = −ik∗ obtained from the fit functions.

Although the ultimate goal is to utilize the QCs in the analysis of the NN spectra extracted
from LQCD calculations, they can be used, in combination with the experimental NN scattering
data, to predict the FV spectra at the physical light-quark masses, providing important guidance
for future LQCD calculations. While for scattering states, the phase shifts and mixing angle from

5

Positive energy

Biedenharn, Blatt, Phys.Rev. 86, 399 (1952).
Biedenharn, Blatt, Phys.Rev. 93, 1387 (1954).M =

4π

MNk∗
S − 1

2i

κ = −ik∗
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DEUTERON SPECTRUM
TWISTED BOUNDARY CONDITIONS AND VOLUME 

IMPROVEMENT
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The remaining coefficients are dictated by the symmetry of the systems,

F1±1 = ∓e∓iπ/4 F10

F2,+2 = −F2,−2 =
1√
2
e∓iπ/4 F2±1

F30 = ∓ 4√
10

e±iπ/4 F3±3 = ±
4√
6
e∓iπ/4 F3±1 , F3−2 = F3+2

F4+2 = −F4−2 = − 2√
7
e∓iπ/4 F4±3 = 2e±iπ/4 F4±1 , F40 =

14√
70

F4±4 . (C8)

The coefficients presented in Table I and Eq. (C8) show that the leading volume dependences of the c0,φ,−φ
lm

functions are c00 = − κ
4π + O(e−2κL/L), c10 = O(e−κL/L), c22 = O(e−

√
2κL/L), c30 = O(e−κL/L), c32 =

O(e−
√
3κL/L), c40 = O(e−2κL/L) and c42 = O(e−

√
2κL/L).
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The coefficients presented in Table I and Eq. (C8) show that the leading volume dependences of the c0,φ,−φ
lm

functions are c00 = − κ
4π + O(e−2κL/L), c10 = O(e−κL/L), c22 = O(e−

√
2κL/L), c30 = O(e−κL/L), c32 =

O(e−
√
3κL/L), c40 = O(e−2κL/L) and c42 = O(e−

√
2κL/L).

i-PBCs: E

(b)

FIG. 3. a) The deuteron binding energy as a function of L from PBCs (green curve) and from APBCs
(purple curve). The black-solid curve represents the average of these energies. b) A closer look at the average
in part (a) compared with energies obtained with i-PBCs, A2 (blue curve) and E (red curve).

in Eq. (18), the QC dictated by S-wave interactions is 11

p∗ cot δ(
3S1)|p∗=iκ + κ =

�

n �=0

ei(α−
1
2 )n·(φ

p+φn)e−i 12n·(φ
p−φn)ei2παn·d

e−|γ̂n|κL

|γ̂n|L
. (19)

The volume dependence of the deuteron binding momentum, κ, originates from the right-hand

side of this equation. For d = 0, the c2m functions vanish for both PBCs and APBCs, leading to

Eq. (19) without further approximation. For the twist angles φp = −φn ≡ φ = (π2 ,
π
2 ,

π
2 ) and boost

d = 0, the first few terms in the summation on the right-hand side of Eq. (19) (n2 ≤ 3) vanish,

leaving the leading volume corrections to scale as ∼ e−2κL/L. A lesser cancellation occurs in the

average of binding energies obtained with PBCs and APBCs, giving rise to deviations from the

infinite-volume energy by terms that scale as ∼ e−
√
2κL/L.

The result of Monte Carlo twist averaging of the deuteron binding energy can be ascertained

from the behavior of the two extreme contributions, the PBC and APBC results. While the average

binding energy obtained from N randomly selected sets of twist angles scales as B(∞)
d +O

�
e−2κL/L

�
,

the standard deviation of the mean scales as ∼ e−κL/(
√
NL), giving rise to a signal-to-noise in the

binding energy that scales as ∼
√
N B(∞)

d L eκL, which even for L ∼ 14 fm allows only for a poor

extraction, as can be deduced from Fig. 3(a). It is clear that such a method is inferior to that of

pair-wise averaging, such as from PBCs and APBCs, or choosing special twists, such as i-PBCs.

We have restricted ourselves to the scenarios where the net twist angles in each Cartesian

direction (the lattice axes) are the same. One reason for this is that systems with arbitrary twists

give rise to three distinct, but nearby, energy eigenvalues associated with combinations of each

of the three MJ -states of the deuteron - a sub-optimal system to analyze in LQCD calculations.

Another reason is that a twist of
π
2 in each direction is optimal in minimizing the FV effects in

both the two-body binding energies and the single-baryon masses. Further, averaging the results of

calculations with PBCs and APBCs also eliminates the leading FV corrections to both quantities.

We re-emphasize that ultimately, one wants to extract as many scattering parameters as feasible

from calculations in a single volume, requiring calculations with multiple boosts of the CM as well

11 In the limit where �1 = 0, the J = 1 α-wave is entirely S-wave, while the β-wave is entirely D-wave. This
approximation neglects FV effects of the form �1e

−κL/L.
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to include only channels with L ≤ 2 (requiring J ≤ 3) because of the size of the low-energy phase

shifts in the other channels. For arbitrary twist angles, the truncated QC can be represented by a

27×27 matrix in the |JMJ(LS)� basis, the eigenvalues of which dictate the energy eigenvalues. Fits

to the experimentally known phase shifts and mixing parameters [67–70] are used to extrapolate

to negative energies [52] to provide the inputs into the truncated QC, from which the deuteron

spectrum in a cubic volume with TBCs are predicted. The scattering parameters entering the

analysis are δ1α, �1, δ1β , δ(
3P0), δ(

3P1), δ(
3P2), δ(

3D2), δ(
3D3), where the Blatt-Biedenharn (BB)

parameterization [71] is used in the J = 1 sector. The twist angles explored in this work are

φp = −φn ≡ φ = (0, 0, 0) (PBCs), (π,π,π) (APBCs) and (π2 ,
π
2 ,

π
2 ). At the level of the quarks,

this implies that the twist angles of the (valence) up and down quarks are φu = −φd = φ. We

also set d = 0 in Eq. (16) so that the np system is at rest in the lab frame. The reason for

this choice of twist angles is that they (directly or indirectly) give rise a significant cancellation

of the leading FV corrections to the masses of the nucleons, as shown in Sec. II. The number of

distinct eigenvalues of (M∞)−1 + δGV
, and their degeneracies, reflect the spatial-symmetry group

of the FV. Calculations with φ = 0 respect the cubic (Oh) symmetry, while for φ = (π2 ,
π
2 ,

π
2 ) the

symmetry group is reduced to the C3v point group.
7

However, for φ = (π,π,π) the system has

inversion symmetry, and respects the D3h point symmetry [72]. By examining the transformation

properties of the c
d,φ1,φ2
lm functions under the symmetry operations of these groups, certain relations

are found for any given l. These relations, which are tabulated elsewhere, e.g. Refs. [12, 33, 52, 73],

can be used to block-diagonalize the 27 × 27 matrix representation of the QCs, where each block

corresponds to an irrep of the point group symmetry of the system. For the selected twist angles,

the QCs of the irreps of the corresponding point groups that have overlap with the deuteron are

given in the appendix B .

For the (π2 ,
π
2 ,

π
2 ) twist, there are two irreps of the C3v group, namely the one-dimensional

irrep A1 and the two-dimensional irrep E, that have overlap with the
3S1-

3D1 coupled channels.

Fig. 2(a) shows the binding energy (the CM energy minus the rest masses of the nucleons), −Bd =
E∗ −Mp −Mn, as a function of L corresponding to A2 irrep (blue curve) and E irrep (red curve),

obtained from the QCs in Eqs. (B5,B6). Even at L ∼ 9 fm, the deuteron binding energies extracted

from both irreps are close to the infinite-volume value. In particular, calculations in the E irrep

of the C3v group provide a few percent level determination of the deuteron binding energy in this

volume. The black solid curve in Fig. 2 represents the S-wave limit of the interactions, when the

S-D mixing parameter and all phase shifts except that in the S-wave are set equal to zero. The

MJ -averaged binding energy, −1
3(2B

(E)
d + B

(A2)
d ), converges to this S-wave limit, as shown in Fig.

2(b) (the A2 irrep contains the MJ = 0 state while E contains the MJ = ±1 states). In order

to appreciate the significance of calculations performed with the φ = (π2 ,
π
2 ,

π
2 ) twist angles, it is

helpful to be reminded of the volume dependence of the deuteron binding energy in calculations

performed with PBCs. For PBCs, the only irrep of the cubic group that has overlap with the
3S1-

3D1

coupled channels is the three-dimensional irrep T1, Eq. (B4), and the corresponding binding energy

is shown in Fig. 3(a) (blue curve). As is well known, the binding energy deviates significantly

from its infinite-volume value, such that at L = 9 fm the FV deuteron is approximately twice as

bound as the infinite-volume deuteron. For APBCs, two irreps of the D3h group overlap with the

deuteron channel, A2 and E (Eqs. (B7,B8)), and yield identical binding energies as shown in Fig.

3(a) (red curve). As seen in Fig. 3(a), the deuteron becomes unbound over a range of volumes and

asymptotes slowly to the infinite-volume limit. However, in analogy with the nucleon masses, the

7 There is a correspondence between the FV spatial symmetry in twisted calculations with the φp �= φn and the
FV symmetry in (boosted) NN calculations with PBCs when the isospin breaking is considered. For example, the
point symmetry group corresponding to twisted calculations with φp = −φn = (0, 0, π

2 ) and that of the physical
np system with P = 2π

L (0, 0, 1) with PBCs are both C4v.

E
S-wave
A2

L = ∞
(2 E+ A2)/3

FIG. 2. The deuteron binding energy as a function of L using i-PBCs (φp = −φn ≡ φ = (π2 ,
π
2 ,

π
2 )). The

blue curve corresponds to the A2 irrep of the C3v group, while the red curve corresponds to the E irrep.
The brown-dashed curve corresponds to the weighted average of the A2 and E irreps, − 1

3 (2B
(E)
d + B(A2)

d ),
while the black-solid curve corresponds to the S-wave limit. The infinite-volume deuteron binding energy is
shown by the black-dotted line.

cubic group that has overlap with the
3S1-

3D1 coupled channels is the three-dimensional irrep T1,

Eq. (B4), and the corresponding binding energy is shown in Fig. 3(a) (green curve). As is well

known, the binding energy deviates significantly from its infinite-volume value, such that the FV

deuteron is approximately twice as bound as the infinite-volume deuteron at L = 9 fm. For APBCs,

two irreps of the D3h group overlap with the deuteron channel, A2 and E (Eqs. (B7,B8)), and yield

degenerate binding energies as shown in Fig. 3(a) (purple curves). As seen in Fig. 3(a), the

deuteron becomes unbound over a range of volumes and asymptotes slowly to the infinite-volume

limit. However, in analogy with the nucleon masses, the volume dependence of the deuteron binding

energy is significantly reduced by averaging the results obtained with PBCs and APBCs, as shown

in Fig. 3(a) (black-solid curve). Fig. 3(b) provides a magnified view of this averaged quantity

(black-solid curve), where the two energy levels associated with i-PBCs are shown for comparison.

In order to understand the observed volume improvements, consider the volume scaling of the

full QC assuming that the phase shifts beyond the α-wave are small. In this limit, for a general set

of twist angles and boosts, the QC collapses to

det



(p∗ cot δ1α − 4πc00)




1 0 0
0 1 0
0 0 1





− 2π√
5p∗2

�√
2 sin 2�1 − sin2 �1

�



c20

√
3c21

√
6c22

−
√
3c2−1 −2c20 −

√
3c21√

6c2−2

√
3c2−1 c20







 = 0 , (18)

which depends upon the α-wave phase shift and the mixing parameter, �1. Shorthand notation has

been used for convenience, clm = cd,φ1,φ2
lm (p∗2; L). For generic twist angles, deviations between the

energy eigenvalues resulting from this truncated QC and the full QC scale as ∼ tan δi e−2κL/(κL2),

where δi denotes phase shifts beyond the α-wave (see Appendix C for expansions of the cd,φ1,φ2
lm

functions). For i-PBCs, the leading corrections are from the P-waves, as can be seen from the

expansions of the clm in Table C. By neglecting the small mixing between the S-wave and D-waves
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The remaining coefficients are dictated by the symmetry of the systems,

F1±1 = ∓e∓iπ/4 F10

F2,+2 = −F2,−2 =
1√
2
e∓iπ/4 F2±1

F30 = ∓ 4√
10

e±iπ/4 F3±3 = ±
4√
6
e∓iπ/4 F3±1 , F3−2 = F3+2

F4+2 = −F4−2 = − 2√
7
e∓iπ/4 F4±3 = 2e±iπ/4 F4±1 , F40 =

14√
70

F4±4 . (C8)

The coefficients presented in Table I and Eq. (C8) show that the leading volume dependences of the c0,φ,−φ
lm

functions are c00 = − κ
4π + O(e−2κL/L), c10 = O(e−κL/L), c22 = O(e−

√
2κL/L), c30 = O(e−κL/L), c32 =

O(e−
√
3κL/L), c40 = O(e−2κL/L) and c42 = O(e−

√
2κL/L).

i-PBCs: A2

19

The remaining coefficients are dictated by the symmetry of the systems,
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14√
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The coefficients presented in Table I and Eq. (C8) show that the leading volume dependences of the c0,φ,−φ
lm

functions are c00 = − κ
4π + O(e−2κL/L), c10 = O(e−κL/L), c22 = O(e−

√
2κL/L), c30 = O(e−κL/L), c32 =

O(e−
√
3κL/L), c40 = O(e−2κL/L) and c42 = O(e−

√
2κL/L).

i-PBCs: E

(b)

FIG. 3. a) The deuteron binding energy as a function of L from PBCs (green curve) and from APBCs
(purple curve). The black-solid curve represents the average of these energies. b) A closer look at the average
in part (a) compared with energies obtained with i-PBCs, A2 (blue curve) and E (red curve).

in Eq. (18), the QC dictated by S-wave interactions is 11

p∗ cot δ(
3S1)|p∗=iκ + κ =

�

n �=0

ei(α−
1
2 )n·(φ

p+φn)e−i 12n·(φ
p−φn)ei2παn·d

e−|γ̂n|κL

|γ̂n|L
. (19)

The volume dependence of the deuteron binding momentum, κ, originates from the right-hand

side of this equation. For d = 0, the c2m functions vanish for both PBCs and APBCs, leading to

Eq. (19) without further approximation. For the twist angles φp = −φn ≡ φ = (π2 ,
π
2 ,

π
2 ) and boost

d = 0, the first few terms in the summation on the right-hand side of Eq. (19) (n2 ≤ 3) vanish,

leaving the leading volume corrections to scale as ∼ e−2κL/L. A lesser cancellation occurs in the

average of binding energies obtained with PBCs and APBCs, giving rise to deviations from the

infinite-volume energy by terms that scale as ∼ e−
√
2κL/L.

The result of Monte Carlo twist averaging of the deuteron binding energy can be ascertained

from the behavior of the two extreme contributions, the PBC and APBC results. While the average

binding energy obtained from N randomly selected sets of twist angles scales as B(∞)
d +O

�
e−2κL/L

�
,

the standard deviation of the mean scales as ∼ e−κL/(
√
NL), giving rise to a signal-to-noise in the

binding energy that scales as ∼
√
N B(∞)

d L eκL, which even for L ∼ 14 fm allows only for a poor

extraction, as can be deduced from Fig. 3(a). It is clear that such a method is inferior to that of

pair-wise averaging, such as from PBCs and APBCs, or choosing special twists, such as i-PBCs.

We have restricted ourselves to the scenarios where the net twist angles in each Cartesian

direction (the lattice axes) are the same. One reason for this is that systems with arbitrary twists

give rise to three distinct, but nearby, energy eigenvalues associated with combinations of each

of the three MJ -states of the deuteron - a sub-optimal system to analyze in LQCD calculations.

Another reason is that a twist of
π
2 in each direction is optimal in minimizing the FV effects in

both the two-body binding energies and the single-baryon masses. Further, averaging the results of

calculations with PBCs and APBCs also eliminates the leading FV corrections to both quantities.

We re-emphasize that ultimately, one wants to extract as many scattering parameters as feasible

from calculations in a single volume, requiring calculations with multiple boosts of the CM as well

11 In the limit where �1 = 0, the J = 1 α-wave is entirely S-wave, while the β-wave is entirely D-wave. This
approximation neglects FV effects of the form �1e

−κL/L.
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PARTIALLY TWISTED BOUNDARY CONDITIONS

NN sector

of the nuclear potential, as this is the longest range contribution of the potential. The

equation determining the K-matrix at finite volume is (after projecting in the spin singlet)

K(k, p) = V (k, p) −
1

L3

∑

!q

K(k, y)
1

E − q2

M

g2
πN

(q − p)2 + m2
(15)

= V (k, p) −
1

L3

∑

!q

∫

d3yδ("q − "y)K(k, y)
1

E − y2

M

g2
πN

(y − p)2 + m2
(16)

= V (k, p) −
∑

!l

∫
d3y

(2π)3
eiL!l.!y−ilzφK(k, y)

1

E − y2

M

g2
πN

(y − p)2 + m2

︸ ︷︷ ︸

mL!1
→ Ae−mL(4+2 cos(φ))

,

(17)

where the allowed values of "q are like in Eq. (9) and "l = 2π"n/L. The factor 4 + 2 cos(φ)

comes from summing e−ilzφ over the six points in wave vector space with unit length. Notice

that this is not true for the T -matrix. In the infinite volume limit the integral in Eq. 11 is

dominated by q ∼
√

ME and for these values the integral is not well approximated by the

discrete sum. The argument presented above in the Q $ mπ regime can now be applied to

the
√

Mmπ > Q ∼ mπ regime just by changing
∑

n C2n(ME)n by 1/K(
√

ME,
√

ME).

FIG. 2: Contribution to nucleon-nucleon scattering involving sea quarks.

1. Meson-meson and meson-nucleon scattering

In systems containing mesons, the presence of valence anti-quarks may invalidate the

point in the previous section. It is important to distinguish two kinds of channels. In the

8

* No s-channel diagram with 
intermediate mesons containing a sea quark.

Two-meson sector

* s-channel diagrams with intermediate 
mesons containing a sea quark exist.

FIG. 4: Diagrams contributing to I = 0 π − π scattering in QCD (top row), in an effective theory

(χPT) valid below the confinement scale (second row) and in a effective theory valid below the

pion mass (lower row). Sea quarks and mesons containing sea quarks are denoted by red, dashed

lines.

can occur (see Fig.(4)). In these diagrams the rest mass of the incoming hadrons is released

and the intermediate states can go on-shell. They generate cuts in the amplitude all the

way down to zero momentum and cannot be integrated out. Even at low energies the lack

of unitarity is evident and there is no way to relate energy levels to phase shifts in an exact

way. One can, of course, develop a chiral perturbation theory adequate to partially twisted

QCD in the molds of partially quenched chiral perturbation theory, and then relate lattice

observables to low energy constants 1. This method, however, can only be accurate to a

certain order in the chiral expansion and it is unclear if there is any advantage in using

partially twisted QCD in these cases.
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SUMMARY AND CONCLUSIONS
A general quantization condition 
for the two-hadron systems in a 
finite volume with twisted 
boundary conditions is presented.

The quantization condition 
holds for partial twisting 
scenario in the two-nucleon 
sector and makes this approach 
computationally plausible. 

Calculations with 
optimized TBCs make 
the extraction of 
binding energies 
feasible at smaller 
volumes.

Volume improvement in three
(and higher)-particle bound 
states energies using optimized 
boundary conditions?
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√

Mmπ > Q ∼ mπ regime just by changing
∑

n C2n(ME)n by 1/K(
√

ME,
√

ME).

FIG. 2: Contribution to nucleon-nucleon scattering involving sea quarks.

1. Meson-meson and meson-nucleon scattering

In systems containing mesons, the presence of valence anti-quarks may invalidate the

point in the previous section. It is important to distinguish two kinds of channels. In the

8
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 ϕ = 0  ϕ = 1 radian

k L = 2 ! n + ϕ
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ON-SHELL KINEMATICS AND 
FINITE-VOLUME FUNCTION

ψLab(x1 + Ln1,x2 + Ln2) = eiφ1·n1+iφ2·n2ψLab(x1,x2)

r =
1

L
γ̂−1

�
2π(n− αd)− (α− 1

2
)(φ1 + φ2) +

1

2
(φ1 − φ2)

�

ψLab(x1, x2) = e−iEX0+iP·XϕLab(0,x1 − x2)
X = αx1 + (1− α)x2

α =
1

2

�
1 +

m2
1 −m2

2

E∗2

�

(1)

ϕLab(0,x1 − x2) = ϕCM(γ̂(x1 − x2))(2)
γ̂x = γx� + x⊥

eiαP·(n1−n2)L+iP·n2LϕCM(y∗ + γ̂(n1 − n2)L) = eiφ1·n1+iφ2·n2ϕCM(y∗)(3)
y∗ = x∗

1 − x∗
2
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