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Comparison between two-quark, 
tetra-quark and molecular states of 
the sigma meson from lattice QCD 



● In the conventional       quark model,  
   the sigma meson is one of the scalar ( JP = 0+ ) octet.  

Mo#va#on	

σ or f0(500) :  
I=0, mass = 400 - 550 MeV 
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● Since the sigma meson is considered as the chiral partner of pion,  
   it seems to be related to the mechanism of hadron mass generation. 
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The mass of the sigma meson 
is too light !	



Masses of the scalar mesons can not be explained by the conventional  
      quark model,              .  This suggests an importance of the four-
quark states and glueball states in the scalar mesons. 

Masses of almost all mesons can be explained by the conventional  
      quark model,              . 
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Interpolators for JPC = 0++
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Structure	  of	  the	  sigma	  meson?	
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The study for the structure of the sigma mesons is important in 
understanding the hadron mass generation. 



two-quark state ?	

molecular state ?	

tetra-quark state ?	
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Structure	  of	  the	  sigma	  meson?	
Our goal is to understand the structure 
of the sigma meson using lattice QCD. 

Neglect the glueball state. 
There is a suggestion from 
lattice QCD that the 
glueball state is heavy. 
PRD73, 014516(2006) 

Glue 
ball	

( ※ two-flavor )	



for σ  …………………   

for κ  …………………  

for σ, κ, a0 …………..  

for σ, κ, a0  ………….  

for κ, a0  ……….…….  

and           for κ, a0  …  

6/16	

SCALAR Collaboration, PRD70 (2004) 034504 

SCALAR Collaboration, PLB652 (2007) 250 

UKQCD Collaboration, PRD74 (2006) 114504 
UKQCD Collaboration, PRD74 (2006) 014508 

S. Prelovsek et al, PRD79 (2009) 014503 
S. Prelovsek et al, PRD82 (2010) 094507 

BGR Collaboration, PRD85 (2012) 034508 

ETM Collaboration, JHEP 1304 (2013) 137 
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Previous	  works	  for	  the	  scalar	  mesons	
from	  full	  la9ce	  QCD	

There are no study considered        ,        ,        and these mixing states 
at the same time. 



Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (158)

Gmolec−molec
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(159)

G(t) =

⎛

⎜⎝
Gtwo−two

S1S2
(t) Gtwo−tetra

S3S4
(t) Gtwo−molec

S5S6
(t)

Gtetra−two
S7S8

(t) Gtetra−tetra
S9S10

(t) Gtetra−molec
S11S12

(t)
Gmolec−two

S13S14
(t) Gmolec−tetra

S15S16
(t) Gmolec−molec

S17S18
(t)

⎞

⎟⎠ (160)

Si = 1, 2, 3

G(t) =

⎛

⎜⎝
Gtwo−two(t) Gtwo−tetra(t) Gtwo−molec(t)
Gtetra−two(t) Gtetra−tetra(t) Gtetra−molec(t)
Gmolec−two(t) Gmolec−tetra(t) Gmolec−molec(t)

⎞

⎟⎠ (161)

Otwo
S (t) =

1√
2

∑

x,y a,b α

[
ūa

α(t,x)Sab
t (x,y)ub

α(t,y) + d̄a
α(t,x)Sab

t (x,y)db
α(t,y)

]
(162)

(163)
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S (t) =

1√
2

∑

x,y a,b α

[
ūa

α(t,x)Sab
t (x,y)ub

α(t,y)

+d̄a
α(t,x)Sab

t (x,y)db
α(t,y)

]
(164)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (165)

Omolec
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(166)

Otetra
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (167)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2
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x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(168)

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

ϵabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (169)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(170)
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q̄q̄qq ground state (127)
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3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (130)

1q̄⊗q = 1 (131)
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3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (133)

1q̄⊗q = 1 (134)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (135)

1q̄⊗q ⊗ 1q̄⊗q = 1 (136)
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:	
:	

:	

:	
:	

:	

Analysis	  method	

We evaluate the coefficients c0, c1 and c2  
for the lowest mode with the variational method. 

Source	 Sink	All combination	



        →        :	

        →        :	

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (165)

Gmolec−molec
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(166)

Gtwo−two(t) = −Gconn(t) + 2Gdisc(t)

Gmolec−molec(t) = 2
[
D(t) +

1
2
C(t) − 3A(t) +

3
2
G(t)

]

Gtetra−tetra(t) = 2
(
D′

1(t) + D′
2(t)

)
− 2

(
A′

1(t) + A′
2(t) + A′

3(t) + A′
4(t)

)
+

(
G′

1(t) + G′
2(t) + G′

3(t) + G′
4(t)

)

Gmolec−tetra(t) =
1√
3

[
−3

(
C̃1(t) + C̃2(t)

)
+ 5

(
Ã1(t) + Ã2(t)

)
− 3

(
G̃1(t) + G̃2(t)

)]

Gmolec−two(t) =
√

6
[
−Â(t) + Ĝ(t)

]

Gtetra−two(t) =
4√
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[
−

(
Ǎ1(t) + Ǎ2(t)

)
+

(
Ǧ1(t) + Ǧ2(t)
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S (t) =
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]
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S (t) =
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t (x,y)ub
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]
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]

Gtetra−two(t) =
4√
6

[
−

(
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図 6: The diagrams for four-quark correlators (qq̄qq̄ → qq̄qq̄).

3̄3⊗3 ⊗ 33̄⊗3̄ → 3̄3⊗3 ⊗ 33̄⊗3̄の場合
✲
✲

✛
✛

✲

✛

❄ ✻ ❄✻❄ ✻

D′(t) A′(t) G′(t)

図 7: The diagrams for four-quark correlators (qqq̄q̄ → qqq̄q̄).

13̄⊗3 ⊗ 13̄⊗3 → 3̄3⊗3 ⊗ 33̄⊗3̄の場合

❜❜❜❜✧✧
✧✧

✲

❃
❃ ⑥
⑥

✛

✲

✛

✻ ✻ ❄✻✻ ✻
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)
− 3

(
G̃1(t) + G̃2(t)

)]

Gmolec−two(t) =
√

6
[
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Â(t) Ĝ(t)
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Ǎ(t) Ǧ(t)

図 10: The diagrams for (qqq̄q̄ → qq̄).

11

✲
✛

✲
✛

❜❜❜❜✧✧
✧✧

✲

❂
❂ ⑥
⑥

✲

✲

✛

✻ ❄ ❄✻✻ ❄

D(t) C(t) A(t) G(t)

図 1: The diagrams for four-quark correlators (qq̄qq̄ → qq̄qq̄).

13̄⊗3 ⊗ 13̄⊗3 → 13̄⊗3 ⊗ 13̄⊗3の場合

GI=0
1Γ′=γ5 1Γ=γ5

(t) =
〈
M I=0

1Γ′=γ5
(t)M I=0†

1Γ=γ5
(0)

〉

=
∑

x,y,z,w

1
3

〈
Mπ+(t,x) Mπ−(t,y) M †

π−(0, z) M †
π+(0,w)

−Mπ+(t,x) Mπ−(t,y) M †
π0(0, z) M †

π0(0,w)

+Mπ+(t,x) Mπ−(t,y) M †
π+(0, z) M †

π−(0,w)

−Mπ0(t,x) Mπ0(t,y) M †
π−(0, z) M †

π+(0,w)

+Mπ0(t,x) Mπ0(t,y) M †
π0(0, z) M †

π0(0,w)

−Mπ0(t,x) Mπ0(t,y) M †
π+(0, z) M †

π−(0,w)

+Mπ−(t,x) Mπ+(t,y) M †
π−(0, z) M †

π+(0,w)

−Mπ−(t,x) Mπ+(t,y) M †
π0(0, z) M †

π0(0,w)

+Mπ−(t,x) Mπ+(t,y) M †
π+(0, z) M †

π−(0,w)
〉

GI=0
1Γ′=γ5 1Γ=γ5

(t)

=
1
3

〈 ∑

x,y,z,w a,b,c,d

{
6Trs

[
γ5

(
W−1

)ac(x, z)γ5
(
W−1

)ca(z, x)
]
Trs

[
γ5

(
W−1

)bd(y, w)γ5
(
W−1

)db(w, y)
]

+3Trs

[
γ5

(
W−1

)ac(x, z)γ5
(
W−1

)cb(z, y)γ5
(
W−1

)bd(y, w)γ5
(
W−1

)da(w, x)
]

−18Trs

[
γ5

(
W−1

)ab(x, y)γ5
(
W−1

)bc(y, z)γ5
(
W−1

)cd(z, w)γ5
(
W−1

)da(w, x)
]

+9Trs

[
γ5

(
W−1

)ab(x, y)γ5
(
W−1

)ba(y, x)
]
Trs

[
γ5

(
W−1

)cd(z, w)γ5
(
W−1

)dc(w, z)
]}〉

= 2
[
D(t) +

1
2
C(t) − 3A(t) +

3
2
G(t)

]

1Γ′=γ5 1Γ=γ5

(9)

4

✲
✛

✲
✛

✲
✛

✲
✛

✲
✛

✲
✛

✲
✛

図 5:

✛

✲ ✻ ❄

Gconn(t) Gdisc(t)

図 6: The diagrams for four-quark correlators.

✲
✛

✲
✛

❜❜❜❜✧✧
✧✧

✲

❂
❂ ⑥
⑥

✲

✲

✛

✻ ❄ ❄✻✻ ❄

D(t) C(t) A(t) G(t)

図 7: The diagrams for four-quark correlators.

✲
✲

✛
✛

✲

✛

❄ ✻ ❄✻❄ ✻

D′(t) A′(t) G′(t)

図 8: The diagrams for four-quark correlators.

❜❜❜❜✧✧
✧✧

✲

❃
❃ ⑥
⑥

✛

✲

✛

✻ ✻ ❄✻✻ ✻
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We neglect the doubly disconnected diagrams, because in PRD 88, 074506 (2013), 
they suggest that the contribution of the doubly disconnected diagrams are Nc order 
smaller than one of the singly disconnected diagrams. 

The arrows mean the quark lines. 

D and D’ diagrams are difference 
of quark line contraction.  

Indices mean the 
different of color 
combination. 
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they suggest that the contribution of the doubly disconnected diagrams are Nc order 
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a uu dd
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0
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0

0

0

-

f (ss)0

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

# of Noise = 5 × 4 × 3 × 24 (104)

# of Eigenvector = 12 (105)

∼ O
(

(Nc)1 ×
(

1√
Nc

)2
)

∼ O (1) (106)

(107)

∼ O
(

(Nc)1 ×
(

1√
Nc

)0
)

∼ O (Nc) (108)

(109)

∼ O
(
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∼ O (Nc) (110)
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∼ O
(

(Nc)1 ×
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1√
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)2
)

∼ O (1) (112)

15

One loop of the color line contributes 
by the power of Nc. 

One gluon coupling contributes 
by the power of 1/√Nc. 

Replacement with 
color lines 

One quark line 
↓ 

One color line 

One gluon line 
↓ 

Two color lines 
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ūa

α(t,x)Sab
t (x,y)ub

α(t,y)

+d̄a
α(t,x)Sab

t (x,y)db
α(t,y)

]
(172)

28

13̄⊗3 ⊗ 13̄⊗3 → 13̄⊗3 ⊗ 13̄⊗3の場合
✲
✛

✲
✛

❜❜❜❜✧✧
✧✧

✲

❂
❂ ⑥
⑥

✲

✲

✛

✻ ❄ ❄✻✻ ❄

D(t) C(t) A(t) G(t)

図 6: The diagrams for four-quark correlators (qq̄qq̄ → qq̄qq̄).

3̄3⊗3 ⊗ 33̄⊗3̄ → 3̄3⊗3 ⊗ 33̄⊗3̄の場合
✲
✲

✛
✛

✲

✛

❄ ✻ ❄✻❄ ✻

D′(t) A′(t) G′(t)

図 7: The diagrams for four-quark correlators (qqq̄q̄ → qqq̄q̄).

13̄⊗3 ⊗ 13̄⊗3 → 3̄3⊗3 ⊗ 33̄⊗3̄の場合

❜❜❜❜✧✧
✧✧

✲

❃
❃ ⑥
⑥

✛

✲

✛

✻ ✻ ❄✻✻ ✻
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Off-‐diagonal	  elements	

We neglect the doubly disconnected diagrams, because in PRD 88, 074506 (2013), 
they suggest that the contribution of the doubly disconnected diagrams are Nc order 
smaller than one of the singly disconnected diagrams. 
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]

Gtetra−two(t) =
4√
6

[
−

(
Ǎ1(t) + Ǎ2(t)
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Off-‐diagonal	  elements	

We neglect the doubly disconnected diagrams, because in PRD 88, 074506 (2013), 
they suggest that the contribution of the doubly disconnected diagrams are Nc order 
smaller than one of the singly disconnected diagrams. 
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Heavy quark mass 

Simula#on	  parameters	
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C : Charge conjugate matrix (213)

Lattice size = 123 × 24 (214)

β = 1.8 (215)

κ = 0.143 (216)

Csw = 1.6 (217)

a = 0.2150(22) [fm] (218)

mπ/mρ = 0.753(1) (219)

mπ = 578.6(8) [MeV] (220)

Lattice size = 123 × 24 (221)

β = 1.8 , κ = 0.143 (222)

Csw = 1.6 (223)

a = 0.2150(22) [fm] (224)

mπ/mρ = 0.753(1) (225)

mπ = 578.6(8) [MeV] (226)

Lattice size = 83 × 16 (227)

β = 1.7 , κ = 0.146, 0.147, 0.148 (228)

Csw = 1.68 (229)

a = 0.253(3) [fm] (230)

mπ = 745(14), 666(18), 574(13) [MeV] (231)

31!  Clover fermion action 
!  Z2 noise method with  
    truncated eigenmode approach for disconnected diagrams	

a (du) a (ud)+a 

+

Y

Iz

uu+dd
2

=

a uu dd
2

=

0
0

0

0

0

-

f (ss)0

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

# of Noise = 5 × 4 × 3 × 24 (104)

# of Eigenvector = 12 (105)

# of Noise = 120 × 16 (106)

# of Eigenvector = 12 (107)

15

a (du) a (ud)+a 

+

Y

Iz

uu+dd
2

=

a uu dd
2

=

0
0

0

0

0

-

f (ss)0

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

# of Noise = 5 × 4 × 3 × 24 (104)

# of Eigenvector = 12 (105)

# of Noise = 120 × 16 (106)

# of Eigenvector = 12 (107)

15

The calculation has enormous significance in 
establishment of a technique, heavy quark physics 
of search for four-quark states and contribution to 
quark mass dependence for the scalar mesons. 

a (du) a (ud)+a 

+

Y

Iz

uu+dd
2

=

a uu dd
2

=

0
0

0

0

0

-

f (ss)0

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

Lattice size = 83 × 16 (104)

β = 1.7 , κ = 0.146, 0.147, 0.148 (105)

Csw = 1.68 (106)

a = 0.253(3) [fm] (107)

mπ = 791(11), 725(9), 646(10) [MeV] (108)

mρ = 1116(17), 1059(17), 1017(20) [MeV] (109)

# of Noise = 5 × 4 × 3 × 24 (110)

# of Eigenvector = 12 (111)

# of Noise = 120 × 16 (112)

# of Eigenvector = 12 (113)

15
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# of Conf. = 12888	

Propagator	  results	  before	  varia#onal	  method	

We perform the variational method for the molecular and tetra-quark propagators. 

We obtain the clear signals for the 
molecular and tetra-quark propagators 
in the heavy quark sector. 

The two-quark propagator has  
large error bars which come from  
the disconnected diagram. 

17
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Propagator	  results	  aFer	  varia#onal	  method	
Preliminary!	

# of Conf. = 12888	

We obtain the clear lowest mode after the variational method. 



a (du) a (ud)+a 

+

Y

Iz

uu+dd
2

=

a uu dd
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=

0
0

0

0

0

-

f (ss)0
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Preliminary!	
# of Conf. = 12888	

In the initial time region, the molecular 
state is dominant in the lowest mode. 

The ratio of the tetra-quark state increases 
with the increasing time. 

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

Lattice size = 83 × 16 (104)

β = 1.7 , κ = 0.146, 0.147, 0.148 (105)

Csw = 1.68 (106)

a = 0.253(3) [fm] (107)

mπ = 791(11), 725(9), 646(10) [MeV] (108)

mρ = 1116(17), 1059(17), 1017(20) [MeV] (109)

mπ = 791(11) [MeV] (110)

mπ = 725(9) [MeV] (111)

mπ = 646(10) [MeV] (112)

mρ = 1116(17) [MeV] (113)

mρ = 1059(17) [MeV] (114)

mρ = 1017(20) [MeV] (115)

# of Noise = 5 × 4 × 3 × 24 (116)

# of Eigenvector = 12 (117)

# of Noise = 120 × 16 (118)

# of Eigenvector = 12 (119)
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Preliminary!	
# of Conf. = 12888	

In the initial time region, the molecular 
state is dominant in the lowest mode. 

The ratio of the tetra-quark state increases 
with the increasing time. 

The effective mass of the 
lowest mode might have  
two plateaus,  
the first one consists of  
the molecular state and  
the second one is dominant 
of the tetra-quark state. 

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

Lattice size = 83 × 16 (104)

β = 1.7 , κ = 0.146, 0.147, 0.148 (105)

Csw = 1.68 (106)

a = 0.253(3) [fm] (107)

mπ = 791(11), 725(9), 646(10) [MeV] (108)

mρ = 1116(17), 1059(17), 1017(20) [MeV] (109)

mπ = 791(11) [MeV] (110)

mπ = 725(9) [MeV] (111)

mπ = 646(10) [MeV] (112)

mρ = 1116(17) [MeV] (113)

mρ = 1059(17) [MeV] (114)

mρ = 1017(20) [MeV] (115)

# of Noise = 5 × 4 × 3 × 24 (116)

# of Eigenvector = 12 (117)

# of Noise = 120 × 16 (118)

# of Eigenvector = 12 (119)
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Preliminary!	
Effec#ve	  masses	  of	  the	  lowest	  modes	

Lattice size = 123 × 24 (98)

β = 1.8 , κ = 0.143 (99)

Csw = 1.6 (100)

a = 0.2150(22) [fm] (101)

mπ/mρ = 0.753(1) (102)

mπ = 578.6(8) [MeV] (103)

Lattice size = 83 × 16 (104)

β = 1.7 , κ = 0.146, 0.147, 0.148 (105)

Csw = 1.68 (106)

a = 0.253(3) [fm] (107)

mπ = 791(11), 725(9), 646(10) [MeV] (108)

mρ = 1116(17), 1059(17), 1017(20) [MeV] (109)

mπ = 791(11) [MeV] (110)

mπ = 725(9) [MeV] (111)

mπ = 646(10) [MeV] (112)

mρ = 1116(17) [MeV] (113)

mρ = 1059(17) [MeV] (114)

mρ = 1017(20) [MeV] (115)

# of Noise = 5 × 4 × 3 × 24 (116)

# of Eigenvector = 12 (117)

# of Noise = 120 × 16 (118)

# of Eigenvector = 12 (119)

15

We can obtain the first plateaus for three systems  
although the second ones are ambiguous. 

The results are the effective masses  
for the three different quark masses. 

20
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Summary	
We study the structure of the scalar meson; 
two-quark, molecular, tetra-quark or these mixing state? 

● We perform the variational method for molecular and tetra-quark 
    propagators. 

● We calculate two-quark, molecular and tetra-quark propagators in  
    heavy quark systems. 

● The effective mass of the lowest mode might have two plateaus for  
    the molecular state and the tetra-quark states. 

● The ratio of the molecular and the tetra-quark states in the lowest 
    mode changes with time-dependence. 

● The calculation is applicable to heavy quark (charm or bottom)  
    physics of search for four-quark states by tuning parameters. 

● The two plateaus are needed to more check in a lager lattice size. 
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V : Variance of propagator (63)

C : Total cost (64)
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"   two-quark operator for σ meson 

T.Burch et al, Phys. Rev. D73 (2006) 094505	
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=
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=
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0
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-

f (ss)0

Sab
t (x,y) : Smearing function at timeslice t (59)

S = 1 ⇒ Point Sorce (60)

S = 2 ⇒ Narrow Sorce (61)

S = 3 ⇒ Wide Sorce (62)

(63)
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Two-‐quark	  operator	
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"   pion operator 

"   molecular operator for σ meson 
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Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6
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2
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[
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cd
t (x,y) dd(t,y) (48)
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]
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Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

ϵabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (50)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(51)

N : # of noise (52)

Nev : # of eigen vector (53)

V : Variance of propagator (54)

C : Total cost (55)

C0 + C1Nev : Cost for evaluation of eigen vectors (56)

C2N : Cost for evaluation of propagators (57)

(58)
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δEα = Eα − 2m =
Tα

L3

[
1 + 2.84

(
mTα

4πL

)
+ 6.38

(
mTα

4πL

)2
]

+ O
(
L−6

)
(23)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.84

(
mπTI

4πL

)
+ 6.38

(
mπTI

4πL

)2
]

+ O
(
L−6

)
(24)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.8

(
mπTI

4πL

)
+ 6.4

(
mπTI

4πL

)2
]
+ O

(
L−6

)
· · · (∗) (25)

δEα = Eα − 2m =
Tα

L3

[
1 + 2.8373

mTα

4πL

]
+ O

(
L−5

)
(26)

1q̄⊗q = 1 (27)

1q̄⊗q ⊗ 1q̄⊗q = 1 (28)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (29)

1q̄⊗q = 1 (30)

1q̄⊗q ⊗ 1q̄⊗q = 1 (31)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (32)

Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (33)

Gmol−mol
S1S2

(t) =
〈
Omol

S2
(t)Omol †

S1
(0)

〉
(34)

Gtet−tet
S1S2

(t) =
〈
Otet

S2
(t)Otet †

S1
(0)

〉
(35)

Gmol−tet
S1S2

(t) =
〈
Otet

S2
(t)Omol †

S1
(0)

〉
(36)

Gmol−two
S1S2

(t) =
〈
Otwo

S2
(t)Omol †

S1
(0)

〉
(37)

Gtet−two
S1S2

(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(38)

(39)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)
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Molecular	  operator	



Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (40)

Gmol−mol
S1S2

(t) =
〈
Omol

S2
(t)Omol †

S1
(0)

〉
(41)

Gtet−tet
S1S2

(t) =
〈
Otet

S2
(t)Otet †

S1
(0)

〉
(42)

Gmol−tet
S1S2

(t) =
〈
Otet

S2
(t)Omol †

S1
(0)

〉
(43)

Gmol−two
S1S2

(t) =
〈
Otwo

S2
(t)Omol †

S1
(0)

〉
(44)

Gtet−two
S1S2

(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(45)

(46)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t), Gmol−tet
S1S2

(t), Gmol−two
S1S2

(t), Gtet−two
S1S2

(t)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (47)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (48)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (49)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(50)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (51)

Omolec
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(52)

Otetra
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (53)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(54)

12

a (du) a (ud)+a 

+

Y

Iz

uu+dd
2

=

a uu dd
2

=

0
0

0

0

0

-

f (ss)0

C : Charge conjugate matrix (77)

Lattice size = 123 × 24 (78)

β = 1.8 (79)

κ = 0.143 (80)

Csw = 1.6 (81)

a = 0.2150(22) [fm] (82)

mπ/mρ = 0.753(1) (83)

mπ = 578.6(8) [MeV] (84)

# of Noise = 5 × 4 × 3 (85)

# of Eigenvector = 12 (86)
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"   diquark operator 

"   anti-diquark operator 

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (40)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (41)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (42)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(43)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (44)

Omol
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(45)

Otet
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (46)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(47)

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

ϵabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (48)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(49)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

ϵabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (50)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(51)

N : # of noise (52)

Nev : # of eigen vector (53)

V : Variance of propagator (54)

C : Total cost (55)

C0 + C1Nev : Cost for evaluation of eigen vectors (56)

C2N : Cost for evaluation of propagators (57)

(58)
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Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) (40)

Gmol−mol
S1S2

(t) = 2 [DS1S2(t) − CS1S2(t)] (41)

Gtwo−two
S1S2

(t) = −Gconn
S1S2

(t) + 2Gdisc
S1S2

(t) (42)

Gmol−mol
S1S2

(t) = 2
[
DS1S2(t) +

1
2
CS1S2(t) − 3AS1S2(t) +

3
2
GS1S2(t)

]
(43)

Otwo
S (t) =

∑

x,y a,b α

q̄a
α(t,x)Sab

t (x,y)qb
α(t,y) (44)

Omol
S (t) =

1√
3

[
Oπ+

S (t)Oπ−
S (t) −Oπ0

S (t)Oπ0

S (t) + Oπ−
S (t)Oπ+

S (t)
]

(45)

Otet
S (t) =

∑

a

[ud]aS(t)[ūd̄]aS(t) (46)

Oπ+

S (t) = −
∑

x,y a,b

d̄a(t,x)γ5S
ab
t (x,y)ub(t,y)

Oπ−
S (t) =

∑

x,y a,b

ūa(t,x)γ5S
ab
t (x,y)db(t,y)

Oπ0

S (t) =
1√
2

∑

x,y a,b

[
ūa(t,x)γ5S

ab
t (x,y)ub(t,y)

−d̄a(t,x)γ5S
ab
t (x,y)db(t,y)

]
(47)

Diquark operator for 3̄ of 3 ⊗ 3 = 3̄ ⊕ 6

[ud]aS(t) =
1
2

∑

x,y b,c,d

ϵabc
[
uTb(t,x) Cγ5S

cd
t (x,y) dd(t,y) (48)

−dTb(t,x) Cγ5S
cd
t (x,y) ud(t,y)

]
(49)

Anti-diquark operator for 3 of 3̄ ⊗ 3̄ = 3 ⊕ 6̄

[ūd̄]aS(t) =
1
2

∑

x,y b,c,d

ϵabc
[
ūb(t,x) Cγ5S

cd
t (x,y) d̄Td(t,y) (50)

−d̄b(t,x) Cγ5S
cd
t (x,y) ūTd(t,y)

]
(51)

N : # of noise (52)

Nev : # of eigen vector (53)

V : Variance of propagator (54)

C : Total cost (55)

C0 + C1Nev : Cost for evaluation of eigen vectors (56)

C2N : Cost for evaluation of propagators (57)

(58)

12

δEα = Eα − 2m =
Tα

L3

[
1 + 2.84

(
mTα

4πL

)
+ 6.38

(
mTα

4πL

)2
]

+ O
(
L−6

)
(23)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.84

(
mπTI

4πL

)
+ 6.38

(
mπTI

4πL

)2
]

+ O
(
L−6

)
(24)

δEI = EI − 2mπ =
TI

L3

[
1 + 2.8

(
mπTI

4πL

)
+ 6.4

(
mπTI

4πL

)2
]
+ O

(
L−6

)
· · · (∗) (25)

δEα = Eα − 2m =
Tα

L3

[
1 + 2.8373

mTα

4πL

]
+ O

(
L−5

)
(26)

1q̄⊗q = 1 (27)

1q̄⊗q ⊗ 1q̄⊗q = 1 (28)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (29)

1q̄⊗q = 1 (30)

1q̄⊗q ⊗ 1q̄⊗q = 1 (31)

3̄q⊗q ⊗ 3q̄⊗q̄ = 1 ⊕ 8 (32)

Gtwo−two
S1S2

(t) =
〈
Otwo

S2
(t)Otwo †

S1
(0)

〉
= −Gconn

S1S2
(t) + 2Gdisc

S1S2
(t) (33)

Gmol−mol
S1S2

(t) =
〈
Omol

S2
(t)Omol †

S1
(0)

〉
(34)

Gtet−tet
S1S2

(t) =
〈
Otet

S2
(t)Otet †

S1
(0)

〉
(35)

Gmol−tet
S1S2

(t) =
〈
Otet

S2
(t)Omol †

S1
(0)

〉
(36)

Gmol−two
S1S2

(t) =
〈
Otwo

S2
(t)Omol †

S1
(0)

〉
(37)

Gtet−two
S1S2

(t) =
〈
Otwo

S2
(t)Otet †

S1
(0)

〉
(38)

(39)

Gtwo−two
S1S2

(t), Gmol−mol
S1S2

(t), Gtet−tet
S1S2

(t),
Gmol−tet

S1S2
(t), Gmol−two

S1S2
(t), Gtet−two

S1S2
(t)
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Tetra-‐quark	  operator	

"   tetra-quark operator for σ meson 



The scalar mesons  
in experiments	

Two-quark : P=(+1)(-1)(-1)L 

Four-quark : P=(+1)2(-1)2(-1)L	

M. Wakayama	 SCALAR Collaboration (Lattice 2014)	

Experiment	  data	


