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Sec.1
Intro.

Finite density QCD and sign problem

» Finite density QCD

Neutron stars, Early universe,
Heavy 1on collisions (RHIC, LHC) ,...

QCD phase diagram, Critical point, Inhomogeneous structure, ...
- Sign problem

Approaches to finite ¢ region
Reweighting, Taylor expansion, Imaginary u, Canonical

approach, Complex Langevin, Dual variables, Lefschetz thimble,
Strong coupling...

Lattice 2014@New York 1



Sec.1
Intro.

Strong coupling lattice QCD (SC-LQCD)
« Long history of study (wilson (1974), Creutz (1980), Munster (1981), Kamoto, Smit, Faldt, Petersson,, Damggard,...)
« Strong coupling expansion (l/g2 expansion)
- Expansion in plaquette terms
« Integration procedure (different from standard Lattice QCD)
1. link variables

2. Grassmann variables

Weaker sign problem in SC-LQCD compared with standard Lattice QCD

« Effective action in terms of hadronic d.o.f.
— We expect weaker sign problem in SC-LQCD.

 No sign problem in the mean field (MF) approximation

+ Sign problem with fluctuation effects

Lattice 2014@New York P



Strong coupling lattice QCD

Sec.1

Intro.

with fluctuations in the strong coupling limit (SCL)

« Current numerical approaches

* Monomer-Dimer-Polymer (MDP)

simulation

Karsch, Mutter (1989,1990) . de Forcrand, Fromm (2010), Unger, de.
Forcrand (2011)

 Auxiliary field Monte-Carlo (AFMC)

method 0

* QCD phase diagram in SCL

1.2e-03

» Origin of sign problem
- MDP :Baryon loop configurations

- AFMC : Bosonization procedure

Lattice 2014@NewYork

0.2 0.4 0.6 0.8
T. 1., T. Z. Nakano, A. Ohnishi PoS Lattice2013, 143 (2013), B
T. 1., A. Ohnishi, T. Z. Nakano, arXiv:1401.4647 [hep-lat] AT : the difference of the free energy density

between full and phase quenched simulation

AFMC 1/g°=0, Af

WT=0.0 4°x4




Finite coupling effects on QCD phase diagram in MF Sec.1

MF : Miura, Nakano, Ohnishi, Kawamoto (2009)
Nakano, Miura, Ohnishi (2011)

* Flnlte Coupllng CffCCtS Reweighting: de. Forcrand et. al. (2013), Unger (2014)
NLO(NLO-A)

- To obtain the insight into the
continuum limit

* QCD phase diagram evolution
(1st. order phase line)

- To evaluate the influence on
Critical point

- Density fluctuation can be
included via NLO bosonization,
which 1s important effects on
QCD critical point.

Fujii, Ohtani (2003.2004)

Lattice 2014@NewYork




Purpose Formalism

To develop a method to include both

1. finite coupling
(Next-to-Leading order (NLO) of strong coupling
expansion here)

2. fluctuation effects

To investigate phase diagram evolution

Lattice 2014@New York 5



. . Sec.2
Lattice QCD action Formalism

Unrooted staggered fermion, anisotropic lattice, lattice spacing a=1

d
4 1 ] ] X
SLQCD — 5 Z [nz—/f_,a:X:EUu,:cX:B—l—l? — nu,x(HC)] Uf lUT
x,v=0 )Z
mo _
-|-T Z Xz Xz &
2N, 2N, 2 |
+— s p. > Ps 19
97(90,€) 93(90,€)¢ -
Assumingy = ¢ and gr = ¢s, + + 7 _ N U; N
temporal lattice spacing is expressed /771/,:17 — (6 He ) (_1)331 vt / ’7)
as ar = a/v* due to quantum | ; |
corrections, so we here define P, = 1— Tr(Up. + Uy
onigons. P=3 1 53 TeUs + )|

(Te (u=0) does not depend on aniso. .
parameters. ) Up, : plaquette term (i=7, s)

N. Bilic et. al. (1992, 1995) j

Lattice 2014@NewYork




Sec.2

Effectlve action with NLO terms Formalism

- 1/g” expansion, leading order of 1/d (large dimensional)
expansion

~SCL____ NLO_____________
Bz 40 ct+j4+0 z+k z+3+k
r z+0
+ — pMlrg
Va: = et TXacUO,a:XgH_O )
| T I . i} - _ua — 1'
1 , x 17‘*‘3 o T+] VI =€ TXQ;+OUO,:1:XIB )
V;+ V:r_ VI_VJ:-:-_; M1M1+3Mz+icMm+ic+3 . AIQ? — >2$X513 ’
it S = 2 SN SRS e v —
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. _ . Sec.2
Effectlve action with NLO terms Formalism

1/ g2 expansion, leading order of 1/d (large dimensional) expansion

[ AUV ULy = 5rbua

U (spatial link) integration

r

r 1:+()

: Vx+ — euaT)Z:BUO,IXm_i_O ’

i T — =

,_ V:I: = € “a’TXm_i_OU(-)r,Q;XI ’
V.l Ve o Mz = XaXz ,
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Sec.2
Formalism

1/g” expansion, leading order of 1/d (large dimensional) expansion

Effective action with NLO terms

U; (spatial link) integration

r SCL T N NLOI.+3 +6ﬂz%k W:;H Tk
z+0
O—=—o Voh = et 2UoaXprg
|- LV = e g, U e
Vi V{ T 3 3 M. ]\/[x+_7]v[:c+kM +hk+7 | ]\[:c — XIXI )

. Extended Hubbard—Stratonowch (EHS) transformation

- spatial terms ; MMMM — MM — M (sequential bosonization)

+ temporal terms ; V'V —V Origin of sign problem

| 3
exp [@AB] = / D6, (,oi.exp [—a [¢* + ¢ + (A+ B)p —i(A - B)¢]]

Lattice 2014@New York ""Monte-Carlo integration (AFMC) 7”



. . . Sec.2
Effectlve action with NLO terms Formalism

- Effective action after bosonization(e are auxiliary fields (AFs), SCL=strong coupling limit,
sp.=spatial, t—temporal NLO=next leading order)

EHS _ Z (1)2 n Z (8
~ ~ V= e "X, 0Ud oxa
+5 Z Zo(®) [V (i(®)) = Vi (i(®@))] ok ..

Vx+ = GNGTXIUO,IXI_;hf) s

€T
 modified mass mo — My (¢SCL, (DSpNLO)
- modified chemical potential m— ﬂg; ((I)t,NLO)
- wave function renormalization 1 — Zx((I)t.NLO)

+ Grassmann & U, (temporal link) integration

« NLO effective action in terms of hadronic d.o.f.
— Detail expressions are given in the back-up slides

 Auxiliary filed Monte-Carlo (AFMC) method
We integrate out auxiliary fields by Monte-Carlo technique

Lattice 2014@NewYork 3



R It Sec.3
CSUlts Results

+ Reservation
- Unrooted staggered fermion (n/=4 in the continuum limit)
- Anisotropic lattice
+ =0, chiral limit, 4" lattice
« all results are shown 1n the lattice unit
+ We show results of

t.NLO (SCL + temp. plag. NLO terms)

sp.NLO (SCL + sp. palg. NLO terms)
strong coupling limit (SCL)
next-to-leading order (NLO)
Lattice 2014@NewYork



Results - temporal NLO (t.NLO) effects - (1) %chﬁlts

average phase factor (t.NLO), p=0, 1

1
- Average phase factor (6=0,1,3) § gzz ‘
, 2 097 |
+ Large enough (") > 0.9 %09 |
095 | AFMC B=0 —— -
D = e
* sign problem 1s not M4 06 08 1 12 14 16 15 2 22

serious 1n small lattice —T
average phase factor (t.NLO), =0, 3

1
- t.NLO auxiliary fields 2
do not drastically affect |5 o9
average phase factorat 5 oo |, +
u=0 S92t |77 AFMC p=0
; ‘3:3 ol
0.9

04 06 08 1 12 14 16 18 2 22



Results - temporal NLO (t.NLO) effects - (2) %chﬁlts

chiral condensate (t.NLO), =0, 1

, . : 25
* Chiral condensate (Chiral radius) AFMC B8 ——
"y, =1 -l
(ﬁ:O, 1 ,3) 2 r "’ﬁ,;’;zll’i. aniso.MF B=0 ==smmse
15 ¢
. ° -e-
Fluctuation reduces chiral 1
condensate compared with 05 |
mean field (MF) results. . | | ¥
0 0.5 1 1.5 2
T
- t.NLO auxiliary fields reduce chiral cond.. B=3.0
chiral condensate compared Sl AEMC p=0 —
. i "Zf::z,,.//. f):3 E e
with SCL results. 2 00 ME ) mmem _
15 ¢ &
- t.NLO AFs generate wave = 1
functional renormalization, 0
which rescale effective mass. N
Miura, Nakano, Ohnishi, Kawamoto (2009) 0
Nakano, Miura, Ohnishi (2011) 0 0.5 1 1.5 2



Results - spatial NLO (sp.NLO) effects ?{ch.slts

average phase factor (sp.NLO), p=0, 1

__ 1.2
Average phase factor (=0.1) 1]
£ 08
- Smaller than average 206
=04
phase factor of temporal o |
NLO and SCL results : 0la . AFMC B=0 —— |
02 ' ' B L
04 0.8 1.2 1.6 2 24
+ Chiral condensate T
- —
chiral cond. (sp.NLO), p=0, 1
- almost the same as =0 : ] P =
25 , =1 "
up to current f - aniso.MF =0 e |

- similar to aniso. MF
analysis
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S Sec.4
LIRS,/ Summary

« We give an effective action including both finite coupling and fluctuation
effects.

« From numerical results at 4=0,
 chiral condensate
* is reduced by temporal NLO fields
« is not altered much by spatial NLO fields
- average phase factor

- 1s large enough with temporal NLO fields

« becomes small with spatial NLO fields

« We are developing a new way to weaken the sign problem to investigate
larger u, f and lattice in AFMC. 1 3




Results - t. NLO effects (tNLO AFs & 7)

- AFs for t. NLO fields in MF

Y/ got:—<V+—V_>/2

s o wp=— (VT + V™) /2=p,
=0, (0=0)
- Wave function renormalization Z
« Z at u=0 1n MF
Z = (1+ Bryy)

. Rescaling modified mass
GEHS _

eff 22(1)2+me
+§ZZJ3

Lattice 2014@NewYork

/8t :d/N2 2

T ((P)) —

35 -

3 L

25

S 2t
g

15+

1 L

05 r

0

App.
Results

average value of Var(l)t (tNLO)

02 04 06 08 1 12 14 16 18 2 22

T

1.24

AFMC p=1 —a—
[3:2 P
12 p=3 —-m-
H B:l """"""""
, p=2
1.16 #p=3

108 |+

1.04 -

112 |

_ wave functlon renormalization Z (tNLO)




Results - t. NLO effects (chiral condensate) ﬁfﬁius

+ Compared with MF results, chiral condensate
- 1s reduced by approximately 7% in SCL
+ 15 also reduced by approximately 7% in t. NLO

» Surprisingly, chiral condensate 1s altered cumulatively by finite

coupling and fluctuation effects. chiral cond., AFMC and aniso. MF (tNLO), B=0.3
25 | ~AEMC 20
B—g ..... K —
27 aniso.MF =0 =wmmme: -
i —
15| S VO3MF =0 ——
. &,
1 -
05
0 1 L Sl ] i
0 0.5 1 15 2
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INLO effective action (1)
- Auxiliary Fields (AFs)

» SCL : o and & are AFs for M terms
- spatial NLO : 2 and /7 are AFs for MM terms

-+ temporal NLO : w and Q are AFs for V terms

SCL . JNLO o
[~ z+j+0 z+k T+j+k
g oo N L
e—» O V oue |
§ * ~r A s
$ T r+y T T+ |
Lo v § VeV MMM,
o, T w, 2 11
Lattice 2014@NewYork
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NLO effective action (2) App-

Formalism

B ——— e ————— —— =

{‘/Correctlon to mass, i, wave functlon \

i - i

1 .
My = Mo —I—LNC Z [(0 - zew)m_3

kllli‘ a—— -7! Sl _ -

G EREET e AR - e

Cr =1/(2N2g*y)
Cs =1/(2NZg%y)

cs . =Cs (3, 10) .
Lattice 2014@NewYork Ad



App.

NLO effective action (3) Formalism
/ ffective action \

L3C, : . .
Set ) = >o AP EDP PP L0 YD Fk) [l + 10 P
T.k,f(k)>0

L3
e 2 R [l + I ] + T[]

| € k,r,f(k)>0

~Y log [XNT (x)® — 22(2)2X N + Z(x)32cosh (3;2(:::))] . /
Cy = 1/(2N2g2) Fk) = X5 cos ks
Cgy = 1/(2Nggz’7) fs:Sf) = Ek(#) COS U

C: . =C5 . (3,10) efiz — ety/az Jad
a, =1+C; Z[zwxij—l—(eﬂ)xij} Z(x) =[1; Za.i
oy =1-C; Z [W T (EQ*)w:tj] Xy is a known function
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NLO effective action (4) App-

Formalism
f/Calculation of fermion determinant Faldt, Petersson (1986) \\
R P— D [X, X’ UO] 6_ Zm,y XGJG::_:,LXU

I -1y,  o1-1n, 0 5N,Uo+,w
—B1-1n, L1y, as-1ly. 0
=11 / Dloa 0 | | '

N 0 an, -1 - 1N,
—an_ Up 2 0 —BN,—1-1n,  In. - 1N,

| _ H/DUO,mdeth [XN, AN, + BUJ;B + (—1)NT@Uo,w] : j
~ €T

e — _ _

5 : : B
Gy = % [Z""' (eu(m)U"’:’Oéﬁﬁ,y N G_M(y)U£05x—6,y) T I"”] I =2mg /vy

_ iy _ — s _ 2
a; = Zgiet | Bi=Zgie™™ | vi=aifi=Zg;

~
~

& — a1a2 . .aNT b Ze/-"(m) B — ﬁlﬁQ oo ﬂNT — Ze_ﬁ’(m) &B = Z(m)2
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Formalism

NLO effective action (5) App.

//Calculation of fermion determinant Faldt, Petersson (1986) \\\
 R= H [XNT (x)® —2Z(x)*Xn. + Z(x)>2cosh (3,@(:1:))]

AN X~ (L1, JIN 371, N, ) = By, (L1, s IN_ ;71,7 YN, —1)
+ YN, BN, —2(I2, -+ ,IN, —1;72,"* , YN, —2) »

BNT(Ila"' 3IN1—;’713“' aﬂYNT—l) :INTBN-,——I(-[1=°" 7IN1——1;713°" s YN-—2
L

\\_\ + YN, —1Bn,—2(1, -+ s IN.—2i71, "+ SN
Il (43 0 0 e O
—Bi I, as 0 0
0 “Bz I3 a3 O

BN(II,'°',IN;71""’7N—l)= 0 0 _B3 1-4

aAnN-—1

0 0 0 0 -+ —Bn_y In
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