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Axial structure of  the Nucleon
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Axial structure of the nucleon 5

valid for soft pions, i.e. pions with vanishing four–momentum. Model–dependent

corrections (so–called hard pion corrections) were developed to connect the low-energy

theorem to the data, that is to the real world with a finite pion mass, see references [38]-

[45], labeled SP, FPV, DR and BNR, respectively. For a given model, the values of

the axial mass were determined from the slopes of the angle–integrated differential

electroproduction cross sections at threshold. The results of various measurements and
theoretical approaches are shown in the right panel of figure 1. Note again that references

[27, 38] were omitted from the fit for lack of reasonable compatibility with the other

results. In figure 2 we have collected the various electroproduction data, in comparison
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Figure 2. Experimental data for the normalized axial form factor extracted
from pion electroproduction experiments in the threshold region. Note that for
the experiments where various theoretical models were used in the analysis to
extract GA, all results are shown. For orientation, the dashed line shows a dipole
fit with an axial mass MA = 1.1 GeV.

to a dipole fit with MA = 1.1 GeV. Again, at various values of the momentum transfer

one sees two or three data points, these show the model–dependence due to the applied
hard pions corrections. The resulting world average of the dipole masses collected in

figure 1 is

MA = (1.069 ± 0.016) GeV (electroproduction) . (10)

Although some of these results have large uncertainties, the weighted average for the
axial mass determinations from neutrino scattering and pion electroproduction are quite

precise. In particular, we notice an axial mass discrepancy, i.e. the so determined axial

masses differ significantly,

∆MA = (0.043 ± 0.026) GeV , (11)
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(anti)neutrino scattering off protons [8, 9, 10], off deuterons [11]-[16] and other nuclei (Al,

Fe) [17, 18] or composite targets like freon [19]-[22] and propane [22, 23]. In the left panel

of figure 1 we show the available values for the axial mass MA obtained from neutrino

scattering experiments. As pointed out in [24], references [17, 19, 20, 23] reported
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Figure 1. Axial mass MA extractions. Left panel: From (quasi)elastic neutrino
and antineutrino scattering experiments. The weighted average is MA = (1.026 ±
0.021)GeV. Right panel: From charged pion electroproduction experiments. The
weighted average is MA = (1.069 ± 0.016)GeV. Note that value for the MAMI
experiment contains both the statistical and systematical uncertainty; for other values
the systematical errors were not explicitly given. The labels SP, DR, FPV and BNR
refer to different methods evaluating the corrections beyond the soft pion limit as
explained in the text.

severe uncertainties in either knowledge of the incident neutrino flux or reliability of the

theoretical input needed to subtract the background from genuine elastic events (both

of which gradually improved in subsequent experiments). The values derived in these

papers fall well outside the most probable range of values known today and exhibit
very large statistical and systematical errors. Following the data selection criteria of

the Particle Data Group [4], they were excluded from this compilation. In all cases,

the axial form factor data were parameterized in terms of a dipole, the resulting world

average is

MA = (1.026 ± 0.021) GeV (neutrino scattering) . (9)

The other determinations of the axial form factor are based on the analysis of charged

pion electroproduction off protons, see references [24][25]-[34], slightly above the pion

production threshold (note that the MAMI measurement is presently extended [35] to

lower momentum transfer and to check the cross section at the highest Q2 point reported

in [24]). Such type of analysis is more involved. It starts from the low–energy theorem of
Nambu, Lurié and Shrauner [36, 37] for the electric dipole amplitude E(−)

0+ at threshold,

⌫ scattering e� ⇡+ scattering

MA = 1.026± 0.021 GeV MA = 1.069± 0.016 GeV

hr2Ai = 0.443± 0.028 fm hr2Ai = 0.408± 0.020 fm

Combined Electroproduction data

�MA = 0.043± 0.026 GeV

Bernard, Elouadrhiri, Meißner  J.Phys. G28 (2002) R1-R35!



Nucleon matrix elements on the Lattice
~p

C3 ⇠ e�Eqt

2Eq

e�m(ts�t)

2m
Tr[�↵�hN,�~p, s|Aµ|N,~0, s0|i↵� ]

N(0,�~p, s) N(ts,~0, s
0)

❖ Standard Nucleon operator with covariant gaussian smearing at source 
and sink.!
!

❖ Sequential inversion with fixed sink and momentum injected at the 
operation insertion.

❖  Calculation performed at several     , quark masses and volumests



CLS Ensembles

Run β a [fm] L m L [fm] m N
A3

5.2 0.079
32

473 2.5 6 2128
A4 363 2.5 4.7 3200
A5 312 2.5 4 4000
B6 48 262 3.8 5 2544
E5

5.3 0.063

32 451 2 4.7 4000
F6

48
324 3 5 3600

F7 277 3 4.2 3000
G8 64 195 4 4 4176
N5

5.5 0.05
48

430 2.4 5.2 1908
N6 340 2.4 4 3784
O7 64 270 3.2 4.4 1960

Coordinated Lattice Simulations   [https://twiki.cern.ch/twiki/bin/view/CLS/WebHome]

        non-perturbatively           improved gauge configurations Nf = 2 O(a)

https://twiki.cern.ch/twiki/bin/view/CLS/WebHome


Issues in Form factor Extraction

!

❖ As                          ,  systematic effects need to addressed.!

❖ Chiral extrapolation to physical quark mass!

❖ Finite Volume and lattice spacing effects!

❖ Excited state contributions  (as shown in G. von Hippel’s Talk )!

❖ At finite     , significant impact on form factors.

RA3 =
ip

2Eq(m+ Eq)
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q23

◆

❖  Matrix elements extracted from conveniently defined ratio as, 

RAµ =
C3,Aµ(~q, t, ts)

C2(~q, t, ts)

s
C2(~q, t, ts � t)

C2(~0, t, ts � t)

C2(~0, t)

C2(~q, t)

C2(~0, ts)

C2(~q, ts)

m⇡ ! m⇡phys

Q2



Methods of  Form factor Extraction
❖ Plateau method!

❖ Fit the largest     to a constant plateau.!

❖ Summed operator insertions - Summation method!

!

!

❖ Explicit excited state ansatz,  !

       !

!   !

! with assumptions for gap and individual and simultaneous     fits.

S(ts) =
tsX

t=0

R(~q, t, ts) ! C(�,�0) + ts(G+O(e��ts) +O(e��0ts))

ts

ts

GX,eff (Q
2; t, ts) = GX(Q2) + C1e

��t + C2e
��0(ts�t)

ḡA,eff (ts) = gA + C1e
��ts



Axial charge

[arXiv:1311.5804],  Phys.Rev. D86 (2012) 074502

Summation 
method
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Axial charge
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Excited State fits

ḡA,eff (ts) = gA + C1e
��ts ḡA,eff (ts) = gA + C1e
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Axial charge

3 parameter!
fit

ḡA,eff (ts) = gA + C1e
��ts
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Axial charge

ḡA,eff (ts) = gA + C1e
�2m⇡ts

2 parameter!
fit

�10 �5 0 5 10

t

0.96

1.04

1.12

1.20

1.28

g A
N6, � = 5.5, m⇡ = 340 MeV, L = 2.4 fm, Q2 = 0 GeV2

ts =13
ts =16
ts =19
ts =22



Axial form factor
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Axial form factor

Summation!
Method
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Axial form factor
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Axial form factor
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Axial form factor
Effect of removal of lowest     on extraction of  ts GA(Q

2)

Summation method results

Consistent results albeit with higher uncertainties
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Axial form factor
Excited state fit results

Effect of removal of lowest     on extraction of  ts GA(Q
2)
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Excited state fit results

Effect of addition of ts = 25 on extraction of  GA(Q
2)

Consistent results albeit with pronounced effects



Axial Form factor
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Axial Form factor
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Axial radius of nucleon
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Induced pseudoscalar form factor
hN,p0|Aµ(x)|N,pi = e

iq·x
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Induced pseudoscalar form factor

Axial structure of the nucleon 9

induced pseudoscalar form factor is the least well known of all six electroweak nucleon

form factors.

0 0.05 0.1 0.15 0.2
Q2 [GeV2]

0

50

100

150

200

G
P (

Q
2 )

Figure 5. The “world data” for the induced pseudoscalar form factor GP (Q2).
The pion electroproduction data (filled circles) are from reference [65]. Also shown
is the world average for ordinary muon capture at Q2 = 0.88M2

µ (diamond). For
orientation, we also show the theoretical predictions discussed later. Dashed curve:
Pion–pole (current algebra) prediction. Solid curve: Next–to–leading order chiral
perturbation theory prediction.

3. Nucleon axial radius and form factor

3.1. Determination of the axial form factor I: Neutrino scattering formalism

Neutral and charged current (anti)neutrino scattering off protons or light nuclei can

be used to extract the axial form factor. Since these topics are well documented in

the literature [67, 68, 69], we only give some basic formulae (sometimes in a highly
symbolic notation). The starting point is the effective Lagrangian of the electroweak

Standard Model for elastic neutrino–hadron scattering, such as νµp → νµp, or quasi–

elastic scattering, such as νµn → µ−p reactions (and similarly for anti-neutrinos),

Lνh = −
GF√

2
ℓ̄ γµ(1 + γ5)ν Jhadr

µ + h.c. (16)

with ℓ the neutrino/lepton in the final state. We are interested here in the hadronic

current Jhadr
µ which can be written as

Jhadr
µ = αV 3

µ + βA3
µ + γV 0

µ + δA0
µ + . . . , (17)

where the up– and down–quark contributions are combined to form the isoscalar and

isovector vector (V 0
µ , V 3

µ ) and axial–vector currents (A0
µ, A

3
µ). The ellipses represent

heavy quark (s, c, b) terms. In the Standard Model, one has at tree level

α = 1 − 2 sin2 θW , β = 1 , γ = −2
3 sin2 θW , δ = 0 , (18)

hN,p0|Aµ(x)|N,pi = e

iq·x
ū(p0)
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 Chiral symmetry breaking and PCAC constrain structure to pion pole

GP (Q
2) = GA(Q

2)
2MN

Q2 +m2
⇡

Experimentally measured in muon 
capture by proton  

gP ⌘ mµ

2MN
GP (Q

2 = �0.88m2
µ)



Induced pseudoscalar form factor
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Induced pseudoscalar form factor
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Induced pseudoscalar form factor
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Conclusions
❖ For the case of       ,  summation method can identify the ground state of 

the matrix element where the plateau can be misleading.!

!

❖ Preliminary results for axial form factor show varying excited state 
contributions at different momentum transfers.!

❖ Preliminary results show excited state contributions to          hidden  
by statistics.!

!

❖ Large excited state contributions to                  are observed and it remains 
under investigation. 

gA

hr2Ai

GP (Q
2)



Thank You 



Backup Slides



Individual excited state fits
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