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Gluon	Sivers	func8on	(GSF)
• Gauge	link	dependent	gluon	TMDs	

• GSF:	T-odd	object;	two	gauge	links;	process	dependence	more	involved	
• For	any	process	GSF	can	be	expressed	in	terms	of	two	func8ons:	

• 										f-type,	C-even		
• 									d-type,	C-odd	
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argument is used in the study of high-!! hadron pairs in
muon-deuteron and muon-proton scattering [80, 81], where
photon-gluon fusion is expected to dominate. The relevant
asymmetry "sin("2ℎ−"")$! is found to be −0.14 ± 0.15(stat.) ±
0.06(syst.) at ⟨%%⟩ = 0.13 for the deuteron and −0.26 ±0.09(stat.) ± 0.08(syst.) at ⟨%%⟩ = 0.15 for the proton. For
the interpretation of the data in terms of the gluon Sivers
effect, '2 and !! of each hadron need to be sufficiently
large to trust factorization). Here the transverse momenta
of the heavy quarks are considered to be almost back-to-
back. There is no problem with TMD factorization breaking
contributions of the type discussed in [72], but that does not
mean that the process is as straightforward as SIDIS. Even in
the case where one considers charm jets, one has to include a
description of the transverse momentum distribution inside
such a jet. It may be easier to consider (0(0 measurements
(for a study of the twist-3 SSA in large!!(meson production
in SIDIS, that is, )!↑ → )'(+, see [33, 82]). In either case
one deals with 3 TMDs. Such processes involve a different
soft factor (in this case a vacuum correlator of 6 Wilson
lines) compared to processes involving 2 TMDs as in SIDIS,
affecting the predictability. This has been discussed at the
one-loop level in [83]. The SSA in )!↑ → )'(0(0+ has
been studied for some models of the gluon Sivers function
in [84]; compare Section 2.3.1 of [84]. This may be the
“smoking gun” process for the gluonic Sivers effect at an
EIC. It should be mentioned though that it actually probes
a different gluon Sivers TMD than the hadronic processes
discussed above. This is discussed in the next section. It
shows that hadronic processes are complementary to DIS
processes.

For completeness we mention that when comparing
extractions of the gluon Sivers TMD fromdifferent processes,
one has to take care not only of the process dependence but
also of the different energy scales. Under TMD evolution
from one scale to another, the transverse momentum distri-
bution changes. For details we refer to [85–90].

5. Process Dependence of
the Gluon Sivers Function

Once a set of processes that in principle allow probing the
gluon Sivers TMD has been obtained, one still has to take
into account the fact that such TMD is process-dependent.
For quarks the famous overall sign change between the Sivers
TMD probed in SIDIS and the one probed in Drell-Yan
is expected [3, 91–93] and is currently under experimental
investigation. For gluons the situation is more complicated
as each gluon TMD depends on two gauge links (in the
fundamental representation), so there are more possibilities
[11, 94, 95].The gauge link structure of the gluon distributions
in )! → )'(0(0+ differs from the one in, for instance,!! → ,jet+ (cf. [96] for the comparison at small %).
Clearly, this will complicate the analysis of gluon Sivers effect
which will involve more than one gluon Sivers function.
In [11] it was demonstrated that any gluon Sivers function

can be expressed in terms of two “universal” gluon Sivers
functions:-⊥)[$]1! (%, k2⊥) = 2∑*=11[$]%,*-⊥)(+*)1! (%, k2⊥) , (10)

where the coefficients 1[$]%,* are calculable for each partonic
subprocess. The first transverse moments of the two distinct
gluon Sivers functions are related (at least at tree level) to the
two distinct trigluon Qiu-Sterman functions 2(,/-)% . There-
fore, we will refer to the universal gluon Sivers functions as-⊥)(,)1! and -⊥)(-)1! .The two functions have different behavior
under charge conjugation, just like2(,)% is a matrix element of
a 1-even operator and 2(-)% of a 1-odd operator.

The process )!↑ → )'(0(0+ is dominated by just one
partonic subprocess ,3 → 44 and thus probes the gluon
Sivers functionwith two future-pointing (+) links [97], which
is -⊥)(,)1! [11]. The process !↑! → ,jet+ probes the sub-
processes 43 → ,4 and 44 → ,3. If one selects kinematics
such that one probes small-% values in the polarized proton,
such that 43 → ,4 dominates, then this process accesses
the gluon Sivers with a future- and past-pointing link,
which corresponds to-⊥)(-)1! .The theoretical expectations are
different for these two cases.

6. Theoretical Constraints on Sivers Function

Constraints on the unintegrated gluon Sivers TMD -⊥)1! (%,
k2⊥) from fits have to take into account that it is theoretically
possible that both the quark and the gluon Sivers TMD can
have nodes in % and/or 5⊥ [98, 99].The possibility of a node
in % is supported by the observation [35] that the splitting
function for 2(,)% is negative at small %, in analogy to theΔ3 case. Fits to SIDIS data (studied with a rather restrictive
parameterization and in a restricted kinematic range) do not
appear to require a node [100], but that does not exclude this
possibility. Especially when comparing data from different
kinematic regions and different processes, this option should
be kept in mind. Nodes can of course have a large effect
on integrals of Sivers functions, such as the first transverse
moment (7) and its first Mellin moment (for parton 7)⟨k⊥.⟩ = −:(Ŝ! × P̂)∫ d%-⊥(1).1! (%) , (11)

which is the average transverse momentum inside a trans-
versely polarized target.The notation ⟨k⊥.⟩ comes from [101].
This quantity is related to the Sivers shift [102], the average
transverse momentum shift orthogonal to the transverse
spin direction, which is normalized to the zeroth transverse
moment of the unpolarized TMD -(0)1 (%) ≡ ∫ d25⊥-1(%, k2⊥):⟨5/⊥ (%)⟩$!# = :-⊥(1)1! (%; A, B)-(0)1 (%; A, B) . (12)

Here only the D-component perpendicular to the transverse
spin direction % is nonzero and therefore considered. Note
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(Buffing,	Mukherjee,	Mulders’13)
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Gluon	Sivers	func8on	(GSF)
• Theory	constrain	from	Burkardt’s	sum	rule:	sum	of	the	transverse	momenta	of	

quarks	and	gluons	in	a	transversely	polarized	nucleon	is	zero		
• Various	pp	sca[ering	processes	suggested	to	probe	GSF	

• twist-3	collinear	factoriza8on,	indirect	constrain	on	GSF	
• TMD	factoriza8on	viola8on	(recent	progress	see	Yuan’s	talk)	
• Within	generalized	parton	model,	first	es8mate	of	the	GSF	
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The flavor singlet combination of ! and " is of the same order
as the gluon contribution in #! counting [58]. The latter is
thus 1/#! suppressed with respect to the flavor nonsinglet
quark Sivers effect at not too small $ ($ ∼1/#!) [59].

Within the current accuracy, the SIDIS data do not
require any sea quark or gluon contributions, which among
other considerations (see Section 6) led Brodsky andGardner
to conclude that the gluon Sivers function is small or even
zero (“absence of gluon orbital angular momentum”) [60].
The SIDIS data fromHERMES, COMPASS, and Jefferson Lab
Hall A are of course at rather modest &2 and not too small-$
values, that is, in the valence region. One cannot yet draw any
conclusions about the gluon Sivers function at higher&2 and
smaller values of $. Moreover, the data certainly still allow
for gluon Sivers contributions of the order of 1/#! times the
valence quark Sivers functions. This is evident from the fits
by Anselmino et al. [55], where the first transverse moment
of the ! and " Sivers functions has error bands that are at least
around 30% of the central values.

Note that the SSA in the “inclusive” process '( → ℎ+,
where the back-scattered lepton is not observed [61, 62], does
not allow for an interpretation in terms of TMDs, as the data
are dominated by &2 ≈0. Even for large (" the appropriate
factorization would be collinear factorization and the Sivers
type of asymmetry would probe the Qiu-Sterman functions
instead [63], which as discussed above have some relation
to the Sivers TMDs, but only via the tail or possibly via the
first transverse moment. The asymmetries for (" > 1GeV
are found to be at the level of 5–10% for positive hadrons.
Fits will need to make clear how much room there is for a
gluon Qiu-Sterman effect. Given the fact that the gluon Qiu-
Sterman function does not enter at leading order in -# in this
process, this room may be considerable.

4. Sivers Asymmetry in Other Processes

Several other (( scattering processes to access the gluon
Sivers function have been suggested over the past years:(↑( → jet jet+ [64], (↑( → .+ [34, 44, 65], (↑( → /+
[66], (↑( → /jet+ [66, 67], (↑( → /∗+ → 0+0−+
[66], (↑( → jet+ (single transverse spin asymmetries in jet
production measured at RHIC [68, 69] at forward rapidities
(the valence region) show very small asymmetries, which
is probably due to a cancellation among ! and " quark
contributions [70]), (↑( → 1jet+ [71], and (↑( → 2!/'+
[39]. Several of these processes are like 3( in (high-(")
pion production, which means that they deal with twist-3
collinear factorization and only provide indirect or limited
information about the gluon Sivers TMD. Several other
processes run into the problem of TMD factorization break-
ing contributions [72] and hence are not safe. In principle
they do probe TMDs but as a result of TMD factorization
breaking contributions, conclusions about the gluon Sivers
function from their measurements cannot be drawn safely.
This applies, for instance, to the process (↑( → jet jet+
(measured at RHIC to be small at the few percent level [73]),
which moreover suffers from cancellations between ! and "
contributions and between the effects of initial and final state

interactions [74–76]. TMD factorization breaking would also
apply to open heavy quark production: (↑( → &&+, such
as (↑( → .0.0+; compare, for example, [77]. Whether the
problem also applies to double heavy quarkonium produc-
tion remains to be seen, because in practice the color singlet
contributions may give the dominant contribution in that
case. Among the hadronic collisions the processes having one
or two color singlets in the final state would in any case be
the safest. One very promising example is (↑( → /jet+
[67], where it depends on the rapidity of the photon and
the jet, that is, on the $ fraction of the parton in polarized
proton, whether the gluon Sivers function dominates over the
quark one or vice versa. Another very promising example is(↑( → 4/5/+, which is predominantly initiated by gluon-
gluon scattering (which is an order in -# higher than the
gluon contribution in (↑( → /jet+) and for which the color
singlet contribution dominates over the color octet one to a
large extent [78, 79]. The same applies to (↑( → 4/54/5+
(see the contribution by Lansberg and Shao in this special
issue). AFTER@LHC would be very well-suited for studying
these processes.

SSA experiments could be done at AFTER@LHC where
the beam of protons or lead ions of the LHC would collide
with a fixed target that is transversely polarized. Such((↑ and67(↑ collisions would have a center-of-mass energy √9((
of 115 and 72GeV, respectively, and have high luminosity
and good coverage in the rapidity region of the transversely
polarized target (mid and large $↑)) [47]. Polarized Drell-
Yan and prompt photon production studies could be done
to measure the quark Sivers function very precisely, perhaps
to the level that the gluon Sivers function becomes relevant,
despite the large values of $ in the polarized target. As
mentioned /jet and 4/5/ production could be used to study
the gluon Sivers effect directly, where the former would
need specific selection of the rapidities. In addition, the
comparison of 67(↑ → /jet+ and ((↑ → /jet+ would
give a further handle on determining the relative sizes of
quark and gluon Sivers functions. Other processes, such as.-meson or 4/5 production, would allow a similar study of
Qiu-Sterman functions, including the trigluon ones, which
are of course interesting in their own right. See [28] for a
more detailed and quantitative study of twist-3 transverse
single spin asymmetries in proton-proton collisions at the
AFTER@LHC experiment. All these possibilities offer a very
interesting complementary opportunity or even a compet-
itive alternative to the other existing high-energy particle
physics spin projects aiming at studying the role of gluons in
transversely polarized protons.

In electron-proton scattering one of the most promising
processes to directly probe the gluon Sivers function is open
charm production, '(↑ → '*::+, which could ideally be
studied with an Electron-Ion Collider (EIC). By selecting
the charm (or bottom) quark, one effectively eliminates the
subprocesses /∗; → ;< and /∗; → ;< and becomes essen-
tially (this assumes that intrinsic charm contributions are
suppressed by selecting sufficiently small-$ values) sensitive
to /∗< → :: and thus to the gluon Sivers function (a similar
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interactions [74–76]. TMD factorization breaking would also
apply to open heavy quark production: (↑( → &&+, such
as (↑( → .0.0+; compare, for example, [77]. Whether the
problem also applies to double heavy quarkonium produc-
tion remains to be seen, because in practice the color singlet
contributions may give the dominant contribution in that
case. Among the hadronic collisions the processes having one
or two color singlets in the final state would in any case be
the safest. One very promising example is (↑( → /jet+
[67], where it depends on the rapidity of the photon and
the jet, that is, on the $ fraction of the parton in polarized
proton, whether the gluon Sivers function dominates over the
quark one or vice versa. Another very promising example is(↑( → 4/5/+, which is predominantly initiated by gluon-
gluon scattering (which is an order in -# higher than the
gluon contribution in (↑( → /jet+) and for which the color
singlet contribution dominates over the color octet one to a
large extent [78, 79]. The same applies to (↑( → 4/54/5+
(see the contribution by Lansberg and Shao in this special
issue). AFTER@LHC would be very well-suited for studying
these processes.

SSA experiments could be done at AFTER@LHC where
the beam of protons or lead ions of the LHC would collide
with a fixed target that is transversely polarized. Such((↑ and67(↑ collisions would have a center-of-mass energy √9((
of 115 and 72GeV, respectively, and have high luminosity
and good coverage in the rapidity region of the transversely
polarized target (mid and large $↑)) [47]. Polarized Drell-
Yan and prompt photon production studies could be done
to measure the quark Sivers function very precisely, perhaps
to the level that the gluon Sivers function becomes relevant,
despite the large values of $ in the polarized target. As
mentioned /jet and 4/5/ production could be used to study
the gluon Sivers effect directly, where the former would
need specific selection of the rapidities. In addition, the
comparison of 67(↑ → /jet+ and ((↑ → /jet+ would
give a further handle on determining the relative sizes of
quark and gluon Sivers functions. Other processes, such as.-meson or 4/5 production, would allow a similar study of
Qiu-Sterman functions, including the trigluon ones, which
are of course interesting in their own right. See [28] for a
more detailed and quantitative study of twist-3 transverse
single spin asymmetries in proton-proton collisions at the
AFTER@LHC experiment. All these possibilities offer a very
interesting complementary opportunity or even a compet-
itive alternative to the other existing high-energy particle
physics spin projects aiming at studying the role of gluons in
transversely polarized protons.

In electron-proton scattering one of the most promising
processes to directly probe the gluon Sivers function is open
charm production, '(↑ → '*::+, which could ideally be
studied with an Electron-Ion Collider (EIC). By selecting
the charm (or bottom) quark, one effectively eliminates the
subprocesses /∗; → ;< and /∗; → ;< and becomes essen-
tially (this assumes that intrinsic charm contributions are
suppressed by selecting sufficiently small-$ values) sensitive
to /∗< → :: and thus to the gluon Sivers function (a similar
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The flavor singlet combination of ! and " is of the same order
as the gluon contribution in #! counting [58]. The latter is
thus 1/#! suppressed with respect to the flavor nonsinglet
quark Sivers effect at not too small $ ($ ∼1/#!) [59].

Within the current accuracy, the SIDIS data do not
require any sea quark or gluon contributions, which among
other considerations (see Section 6) led Brodsky andGardner
to conclude that the gluon Sivers function is small or even
zero (“absence of gluon orbital angular momentum”) [60].
The SIDIS data fromHERMES, COMPASS, and Jefferson Lab
Hall A are of course at rather modest &2 and not too small-$
values, that is, in the valence region. One cannot yet draw any
conclusions about the gluon Sivers function at higher&2 and
smaller values of $. Moreover, the data certainly still allow
for gluon Sivers contributions of the order of 1/#! times the
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by Anselmino et al. [55], where the first transverse moment
of the ! and " Sivers functions has error bands that are at least
around 30% of the central values.

Note that the SSA in the “inclusive” process '( → ℎ+,
where the back-scattered lepton is not observed [61, 62], does
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are dominated by &2 ≈0. Even for large (" the appropriate
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type of asymmetry would probe the Qiu-Sterman functions
instead [63], which as discussed above have some relation
to the Sivers TMDs, but only via the tail or possibly via the
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Fits will need to make clear how much room there is for a
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process, this room may be considerable.
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are found to be at the level of 5–10% for positive hadrons.
Fits will need to make clear how much room there is for a
gluon Qiu-Sterman effect. Given the fact that the gluon Qiu-
Sterman function does not enter at leading order in -# in this
process, this room may be considerable.

4. Sivers Asymmetry in Other Processes

Several other (( scattering processes to access the gluon
Sivers function have been suggested over the past years:(↑( → jet jet+ [64], (↑( → .+ [34, 44, 65], (↑( → /+
[66], (↑( → /jet+ [66, 67], (↑( → /∗+ → 0+0−+
[66], (↑( → jet+ (single transverse spin asymmetries in jet
production measured at RHIC [68, 69] at forward rapidities
(the valence region) show very small asymmetries, which
is probably due to a cancellation among ! and " quark
contributions [70]), (↑( → 1jet+ [71], and (↑( → 2!/'+
[39]. Several of these processes are like 3( in (high-(")
pion production, which means that they deal with twist-3
collinear factorization and only provide indirect or limited
information about the gluon Sivers TMD. Several other
processes run into the problem of TMD factorization break-
ing contributions [72] and hence are not safe. In principle
they do probe TMDs but as a result of TMD factorization
breaking contributions, conclusions about the gluon Sivers
function from their measurements cannot be drawn safely.
This applies, for instance, to the process (↑( → jet jet+
(measured at RHIC to be small at the few percent level [73]),
which moreover suffers from cancellations between ! and "
contributions and between the effects of initial and final state

interactions [74–76]. TMD factorization breaking would also
apply to open heavy quark production: (↑( → &&+, such
as (↑( → .0.0+; compare, for example, [77]. Whether the
problem also applies to double heavy quarkonium produc-
tion remains to be seen, because in practice the color singlet
contributions may give the dominant contribution in that
case. Among the hadronic collisions the processes having one
or two color singlets in the final state would in any case be
the safest. One very promising example is (↑( → /jet+
[67], where it depends on the rapidity of the photon and
the jet, that is, on the $ fraction of the parton in polarized
proton, whether the gluon Sivers function dominates over the
quark one or vice versa. Another very promising example is(↑( → 4/5/+, which is predominantly initiated by gluon-
gluon scattering (which is an order in -# higher than the
gluon contribution in (↑( → /jet+) and for which the color
singlet contribution dominates over the color octet one to a
large extent [78, 79]. The same applies to (↑( → 4/54/5+
(see the contribution by Lansberg and Shao in this special
issue). AFTER@LHC would be very well-suited for studying
these processes.

SSA experiments could be done at AFTER@LHC where
the beam of protons or lead ions of the LHC would collide
with a fixed target that is transversely polarized. Such((↑ and67(↑ collisions would have a center-of-mass energy √9((
of 115 and 72GeV, respectively, and have high luminosity
and good coverage in the rapidity region of the transversely
polarized target (mid and large $↑)) [47]. Polarized Drell-
Yan and prompt photon production studies could be done
to measure the quark Sivers function very precisely, perhaps
to the level that the gluon Sivers function becomes relevant,
despite the large values of $ in the polarized target. As
mentioned /jet and 4/5/ production could be used to study
the gluon Sivers effect directly, where the former would
need specific selection of the rapidities. In addition, the
comparison of 67(↑ → /jet+ and ((↑ → /jet+ would
give a further handle on determining the relative sizes of
quark and gluon Sivers functions. Other processes, such as.-meson or 4/5 production, would allow a similar study of
Qiu-Sterman functions, including the trigluon ones, which
are of course interesting in their own right. See [28] for a
more detailed and quantitative study of twist-3 transverse
single spin asymmetries in proton-proton collisions at the
AFTER@LHC experiment. All these possibilities offer a very
interesting complementary opportunity or even a compet-
itive alternative to the other existing high-energy particle
physics spin projects aiming at studying the role of gluons in
transversely polarized protons.

In electron-proton scattering one of the most promising
processes to directly probe the gluon Sivers function is open
charm production, '(↑ → '*::+, which could ideally be
studied with an Electron-Ion Collider (EIC). By selecting
the charm (or bottom) quark, one effectively eliminates the
subprocesses /∗; → ;< and /∗; → ;< and becomes essen-
tially (this assumes that intrinsic charm contributions are
suppressed by selecting sufficiently small-$ values) sensitive
to /∗< → :: and thus to the gluon Sivers function (a similar
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to conclude that the gluon Sivers function is small or even
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values, that is, in the valence region. One cannot yet draw any
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FIG. 1: Best estimate of the SSA AN , red solid line, compared with PHENIX data [1] at
√
s = 200 GeV and at midrapidity, as

a function of PT and adopting the SIDIS2 extraction for the quark Sivers functions [50]. The red band represents a tolerance
of 10% in χ2 (see text for details).
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FIG. 2: Best estimate of the SSA AN , red solid line, compared with PHENIX data [1] at
√
s = 200 GeV and at midrapidity,

as a function of PT (in the lower PT range), obtained adopting the SIDIS2 set [50] (left panel) and the SIDIS1 set [45] (right
panel) for the quark Sivers functions. The red(green) band represents a tolerance of 10%(2%) in χ2 (see text for details). The
gluon contribution to AN , blue dotted line, is also shown.

We notice here that a tolerance of 5% would give results very similar to the 10% uncertainty band. As stated above,
given the limited number of experimental data, we cannot claim to have a statistically significant best fit. Therefore,
it would not make sense defining and showing statistical error bands. On the other hand, it is useful to quantify the
level of accuracy in the description of the data and the corresponding gluon Sivers function when the χ2 varies within
these ranges.
In Fig. 1 we present our results for AN (quark plus gluon contributions) at

√
s = 200 GeV and midrapidity,

compared with PHENIX data [1] and adopting the SIDIS2 [50] extraction of the quark Sivers functions. Here we
show the full PT range, together with our best estimate (solid red line) and a red band corresponding to a tolerance
of 10% in χ2, as explained above. As one can see the description of data is extremely good, even if the scale adopted
in the plot and the tiny data values hide some details. Almost undistinguishable results are obtained for the SIDIS1
set.
To better visualize the data description and the differences between the two sets, in Fig. 2 we show the results for

AN in the lower PT range for the SIDIS2 (left panel) and the SIDIS1 (right panel) sets. Quite importantly, this is the
region that better constrains the gluon Sivers contribution. In this case, we also show the narrower tolerance green
band corresponding to a 2% increase in χ2, together with the contribution coming from the best estimate of the gluon
Sivers function (blue dotted line).
Notice that for the full-PT range, the Bjorken x explored varies, roughly, between 6 · 10−3 and 0.6, while in the

lower-PT range (up to 5 GeV) the maximum value of x is around 0.4-0.5. This has to be taken into account, together
with the fact that the adopted quark Sivers functions are constrained by available SIDIS data only in the region
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FIG. 3: First k⊥-moment of the gluon Sivers function as defined in Eq. (14) for the SIDIS2 set (left panel) and SIDIS1 set
(right panel) at Q2 = 2 GeV2. The best estimates (red solid lines) are shown together with the tolerance bands corresponding
to a 2% (narrower, green) and 10% (wider, red) variation in the χ2. The former bound on the gluon Sivers function (magenta
dotted line), obtained in Ref. [2], is also shown.

up to x ∼ 0.3. In other words, the present analysis, which aims at constraining the gluon Sivers function adopting
the information on the quark Sivers contribution and the midrapidity data in pp collisions, is sound only up to
x ∼ 0.3− 0.4. On the other hand, this is the most interesting region for a study of gluon distributions.
In Fig. 3 we present the corresponding results for the first k⊥-moment of the gluon Sivers function, defined as

∆Nf (1)
g/p↑(x) ≡

∫

d2k⊥
k⊥
4Mp

∆Nfg/p↑(x, k⊥) = −f⊥(1)g
1T (x) . (14)

More precisely we show (SIDIS2 set in the left panel and SIDIS1 set in the right panel) the best estimates, red solid
line, together with the two tolerance bands of 2% (green, the narrower one) and 10% (red, the wider one) and the
previous upper bound obtained in Ref. [2] (magenta dotted line). Notice that the two results (old vs. new bound)
for both sets are not directly comparable due to the deep differences in the two analyses. Nevertheless from this new
study one can appreciate the tiny role left to the gluon Sivers function when one tries to describe the latest AN data
at midrapidity. This is confirmed even assuming a relatively large tolerance in χ2, like those considered here.
From these results one can quantify the role played by the indeterminacy on the quark Sivers functions and on the

fragmentation function sets. This is definitely an important source of uncertainty in the GSF extraction. In particular,
as shown in Fig. 3, we see that the GSF is much smaller (but with larger uncertainties) for the KRE-SIDIS1 case
in the low x region, while on the contrary is more constrained for the DSS-SIDIS2 case in the large-x region. For
0.05 <∼ x <∼ 0.3 the two extractions are almost compatible, considering the uncertainty bands, with the DSS-SIDIS2
bands narrower than the corresponding bands for the KRE-SIDIS1 set in the low-x region, while the viceversa is true
in the large-x region. This is related to the fact that the SIDIS2 set has also a more constrained sea quark component
and the DSS fragmentation set enhances the role played by the gluon distribution.
Another potential source of uncertainty of this analysis is related to the direct use of the quark Sivers functions as

extracted from SIDIS data. As already remarked in the introduction, we do not have a proof of TMD factorization and
universality of TMD PDFs for inclusive processes like the one under consideration. Nevertheless, one could speculate
about the possible impact of initial and/or final state interactions.
A way to implement these effects in pp → πX processes was proposed few years ago in Ref. [83], and applied to

inclusive pion jet production in pp collisions in Ref. [84], in the framework of the so-called color gauge-invariant (CGI)
GPM approach. We recall here that the authors of these works focused only on the quark initiated processes and that
nothing has been done so far on the gluon sector. To account also for this source of uncertainty we have reconsidered
the contribution of the quark Sivers functions adopting the CGI-GPM. It is important to note that differently from
what happens in the forward rapidity region, where one gets a contribution of almost the same size but opposite in
sign w.r.t. the GPM, in the midrapidity region the overall effect is a strong reduction in size, but keeping the same
sign. This is due to the fact that in this kinematical region many partonic channels play a comparable role, leading to
relative cancellations among their contributions. The use of this result in the present analysis would imply a reduction
of the GSF and a relative larger indeterminacy towards its smaller values.
In the spirit of further pursuing this issue we explore a somewhat more extreme scenario, maybe less realistic, but

worth of being considered. We repeat the procedure described above, adopting a quark Sivers function reversed in
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GSF	and	spin	asymmetry	in	di-jet	at	the	EIC

• to	dis8nguish	different	TMDs		
• Jet	substructure	(e.g.	jet	charge	“different	quark	TMDs”	Kang,	Liu,	Mantry,	DYS	’20	PRL,	see	Liu’	talk)	
• Heavy-flavor	(HF)	dijet	processes,	where	q-channel	starts	to	contribute	beyond	the	LO	(Kang,	

Reiten,	DYS,	Terry	2011.XXXXX)

At	the	LO	di-jet	produc8on	in	DIS	involves	two	processes:	 �⇤q ! qg
<latexit sha1_base64="QPXR59NHoGk+HFAbe0BqlZLIfFc="></latexit>

�⇤g ! qq̄
<latexit sha1_base64="pgTFjcCFZt+fWvkRUNGiZ3VqOww="></latexit>

At	the	EIC	,	accessing	of	GSF	via	high-pT	dihadron,	open	di-charm,	di-D-meson	and	dijet	has	
been	inves8gated	using	PYTHIA	and	reweighing	methods	in	Zheng,	Aschenauer,	Lee,	Xiao,	Yin	’18	
• They	find	that	dijet	process	is	the	most	promising	channel
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Jet	TMD	studies	at	the	LHC

All-order	resumma8on	results	are	consistent	with	the	LHC	data	

��� ��� ��� ��� ��� ���

���

�

��

Chien,	DYS	&	Wu		’19 Eur.	Phys.	J.	C	77	(2017)	751

(see	also	Sun,Yuan,Yuan	’15;	Buffing,Kang,Lee,Liu	’18,…)



Jet	defini8on
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Which	par8cles	get	put	together?	

How	to	combine	their	momenta?

Jet algorithm

Recombination scheme

TMD	factoriza8on	for	QCD	jets

(A	new	algorithm	at	the	EIC	see	ArraZa,	Makris,Neill,Ringer	’20)
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TMD	factoriza8on	for	QCD	jets

Recombina8on	schemes	in	jet	defini8ons:	
E-scheme:	add	the	four	vectors pµr = pµi + pµj

<latexit sha1_base64="0tlxsQ4F5VXPTSJ+lqqxD0tgfUI="></latexit>

Non-global	in	jet	TMD	resumma8on	(Banfi,	Dasgupta	&	Delenda	’08)	

sum	over	all	“soj”	partons	not	combined	with	hard	jets		

devia8on	from	qT=0	are	only	caused	by	par8cle	flow	outside	the	jet	regions

qT =
���

X

i/2 jets

~kT,i

���+O
�
k2T

�

(Winner-take-all scheme)

(Ellis,	Soper	’93)

(Bertolini,	Chan,	Thaler	’13)

pT-scheme:
c-
''

IE
.

E
pT

(see	Waalewijin’s	talk)

(see	Yuan’s	talks)
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TMD	factoriza8on	for	heavy-flavor	dijet	produc8on	in	DIS

• Hard	and	soj	func8ons	are	the	same	as	light-jet	cases,	since	pT>>mQ	

• Jet	and	collinear-soj	func8ons	are	new,	which	receive	finite	quark	mass	correc8on

d�
UU ⇠ H(Q, pT )JQ(pTR,mQ)JQ̄(pTR,mQ)S(�T )fg(kT )S

c
Q(lQT )S

c
Q̄(lQ̄T )�

(2)(kT + �T + lQT + lQ̄T � qT )
<latexit sha1_base64="7JDxxY/HUStzQPKciktUP/sUCdY="></latexit>

the	factorized	form	of	the	spin-independent	cross	sec8on	(ignore	non-global	structures)

(Kang,	Reiten,	DYS,	Terry	2011.XXXXX)



 9

Heavy	quark	jet	func8on
Collinear	radia8on	only	inside	the	jet	cone:

virtual	correc8on:

real	correc8on:

After combining the real and virtual contributions, the logarithmic dependence of 
quark mass cancels

ZJQ = 1 +
↵s

4⇡
CF

"
2

✏2
+

1

✏

 
2 ln

µ2

m2
Q + p2TR

2
+ 3�

2m2
Q

m2
Q + p2TR

2

!#

<latexit sha1_base64="clFpLJKc71IhJyAfdYPE38pssQ0="></latexit>

JNLO,V
Q (pTR,mQ, ✏) =

↵s

4⇡
CF

"
2

✏2
+

1

✏

 
1 + 2 ln

µ2

m2

Q

!
+

 
1 + ln

µ2

m2

Q

!
ln

µ2

m2

Q

+ 4 +
⇡2

6

#

<latexit sha1_base64="d6SI6KQFXNOLkyFF9Yy7roPgy94="></latexit>

JNLO,R
Q (pTR,mQ, ✏) =

↵s

4⇡
CF

"
�2 ln

 
m2

Q + p2TR
2

m2

Q

!
+ 2�

2m2

Q

m2

Q + p2TR
2

#
1

✏
+ JR,fin

Q

<latexit sha1_base64="iUfGqjAmsGy3w/pzZxZRJDXb2G4="></latexit>

(see	also	Kim	’20)
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TMD	collinear-soj	func8on
collinear-soj	func8on	for	the	LF	jet:

collinear-soj	func8on	for	the	HF	jet:

n̄µ
J

<latexit sha1_base64="Kh0tXBXkVIVqZy6eAI7AcdrYgC4="></latexit>

nµ
J

<latexit sha1_base64="m7QGUPIUNB1lNZnrktn9FOSUfD4="></latexit>

n2
J = n̄2

J = 0
<latexit sha1_base64="Y+L7wbUl2uqL3k+ALQ5XOAlF86U="></latexit>

v2J = 1, n̄2
J = 0

<latexit sha1_base64="eJ9QvSJlU7vTZ7hNgSPkJgijO2Q="></latexit>

wn̄JvJ =
↵s

4⇡

"
� 1

✏2
� 1

✏

 
ln

µ2

µ2
b

+ 2 ln
�2i cos(�b � �J)

R
� ln

m2
Q + p2TR

2

p2TR
2

!#
+ wfin

n̄JvJ ,

wvJvJ =
↵s

4⇡

"
�1

✏

 
2m2

Q

m2
Q + p2TR

2

!#
+ wfin

vJvJ
<latexit sha1_base64="T54E1eLJmPSywCfM5jPFCVnq2s4="></latexit>

w↵� =
↵sµ2✏⇡✏e✏�E

2⇡2

Z
ddk�+(k2)e�in̄J ·knJ ·b/2 ↵ · �

↵ · k k · � ✓

"
nJ · k
n̄J · k �

✓
R

2 cosh yJ

◆2
#

<latexit sha1_base64="BiPp2e+QBtEImcbwBA4dKXPfAQI="></latexit>

(Buffing,Kang,Lee,Liu	’18;	Chien,	DYS,	Wu	’19)
nµ
J = (1, 0, 0, 1), n̄J = (1, 0, 0,�1)

<latexit sha1_base64="NGzbWdiIfZo8YDh2TGBJSN7+Lp0="></latexit>

Sc
q (R, b, ✏) =

X

Xt

e
i
2p

out
cs ·n̄JnJT ·bh0|U †

n̄J
(0)U †

nJ
(0)|Xcsi hXcs |Un̄J (0)UnJ (0)| 0i

<latexit sha1_base64="/qsD4w2GsPQMyXE9N6QPxHXIJGA="></latexit>

Sc
Q (R, b,mQ, ✏) =

X

Xt

e
i
2p

out
cs ·n̄JnJT ·bh0|U †

n̄J
(0)U †

vJ (0)|Xcsi hXcs |Un̄J (0)UvJ (0)| 0i
<latexit sha1_base64="J2Vg80R5x68TrvVuVCrLz5Hexq4="></latexit>

pµcs ⇠ qT (R
2, 1, R)nJ n̄J

<latexit sha1_base64="nW28ZfhCJyvTJk1P6NlMvCFs8Bc="></latexit>

pµJQ
= mQv

µ
J + kµcs

<latexit sha1_base64="navP0UlCAn/Gogd6AUXQsd9jHwI="></latexit>

At	one-loop	order:

HF	jet	momentum:
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RG	consistence	at	one	loop

�jQ(↵s) = �CF �
cusp(↵s) ln

m2
Q + p2TR

2

µ2
+ �jQ(↵s)

<latexit sha1_base64="lstdAoW5+sDxZpGjkw/NDGW5kAY="></latexit>

�
jQ
0 = 2CF

 
3�

2m2
Q

m2
Q + p2TR

2

!

<latexit sha1_base64="lOqDs76GI0D3AmchADX3WQqAzlY="></latexit>

�csQ(↵s) = CF �
cusp(↵s) ln

R2µ2
b

µ2
+ �csQ(↵s)

<latexit sha1_base64="l13plxzTlH8Wva6BeDAerfRs+ec="></latexit>

�
csQ
0 = �4CF

"
2 ln [�2i cos(�b � �J)]�

m2
Q

m2
Q + p2TR

2
� ln

m2
Q + p2TR

2

p2TR
2

#

<latexit sha1_base64="bHc+4AzIrh6narLZWAyA59kz9IM="></latexit>

Anomalous	dimension	for	the	HF	quark	jet	func8on:

Anomalous	dimension	for	the	HF	collinear-soj	func8on

Heavy-quark	mass	dependence	cancels	out	in	

�jQ + �csQ = �jq + �csq
<latexit sha1_base64="iFtGwW/RzPC3X93oxmmDgxrQhTQ="></latexit>

Then	one	can	easily	verify	RG	consistence	at	one-loop	order	

�h + �s + �fg + 2
�
�jQ + �csQ

�
= 0

<latexit sha1_base64="PdrYTcIWoZu8/sO2629PadUgTuE="></latexit>

Heavy	quark	mass	will	contribute	the	RG	evolu8on	between	jet	and	collinear-sot	func8on		
different	from	the	case	for	the	inclusive	HF	quark	jet	produc8on	Dai,	Kim,	Leibovich	'18.	

�h + �s + �fg + 2
�
�jq + �csq

�
= 0

<latexit sha1_base64="Q3zdZP2Qcfsj9bYschHmn5t9i1A="></latexit>

Castil, Echevarria, Makris, Scimemi '20
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RG	evolu8on	and	resumma8on
• Resumma8on	formula:

• Typical	scales:

• Non-perturba8ve	model:

d�
UU

dQ2dyd2qT dyJd2pT
=H(Q, pT , yJ , µh)

Z 1

0

bdb

2⇡
J0(b qT )fg/N (xg, µb⇤)

⇥ exp

"
�
Z µh

µb⇤

dµ

µ
�h (↵s)� 2

Z µj

µb⇤

dµ

µ
�jQ (↵s)� 2

Z µcs

µb⇤

dµ

µ
�csQ (↵s)

#

⇥ exp [�SNP(b,Q0, n · pg)]
<latexit sha1_base64="NekwRdMUR+O5BeN1jS/4xG69p7w="></latexit>

• b*-prescrip8on	to	avoid	Landau	pole

µh ⇠ pT , µj ⇠ RpT , µcs ⇠ Rµb⇤
<latexit sha1_base64="q+coKCfNYUGeZCeEP6+1clPs5N4="></latexit>

Sun,	Isaacson,Yuan,Yuan	‘14

µb⇤ = 2e��E/b⇤
<latexit sha1_base64="lP6TsBBVRY0VOLLtmgQWbh3JeSs="></latexit>
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RG	evolu8on	and	resumma8on

�csQ(↵s) = CF �
cusp(↵s) ln

R2µ2
b

µ2
+ �csQ(↵s)

<latexit sha1_base64="l13plxzTlH8Wva6BeDAerfRs+ec="></latexit>

�
csQ
0 = �4CF

"
2 ln [�2i cos(�b � �J)]�

m2
Q

m2
Q + p2TR

2
� ln

m2
Q + p2TR

2

p2TR
2

#

<latexit sha1_base64="bHc+4AzIrh6narLZWAyA59kz9IM="></latexit>

• QCD	evolu8on	between	soj	and	collinear-soj	scale

• 								integral	is	convergent	only	if		

• One	encounters	such	a	divergence	when	the	collinear-soj	scale	approaches	to	the	
non-perturba8ve	region	

• different	schemes	to	avoid	such	problem:	
• turn	off	the	QCD	evolu8on	between	soj	and	collinear-soj	
• 								averaging		
• 								dependent	collinear-soj	scale	choice

�1 < p (µb, µcs) ⌘
4CF

�0
log

↵s (µb)

↵s (µcs)
<latexit sha1_base64="iz7jQMjpKaalYHKavJO5SsLvZcw="></latexit>

exp


�
Z µcs

µb

dµ

µ
�csQ (↵s)

�

<latexit sha1_base64="sMDnddTMo0KoVC57+08MZf3I1VI="></latexit>

Buffing,Kang,Lee,Liu	’18,	Kang,	Kyle,	DYS,	Terry	‘20

Chien,	DYS,	Wu	‘19

Liu,Ringer,Vogelsang,Yuan	‘19

|cos (�b � �J)|
4CF
�0

log
↵s(µb)
↵s(µcs)

<latexit sha1_base64="EnOiEhuwl739RpIiNbgGFWDm0ts="></latexit>

��bJ
<latexit sha1_base64="iVsZV9fWaaX0K0yacvZsSReULDU="></latexit>

��bJ
<latexit sha1_base64="iVsZV9fWaaX0K0yacvZsSReULDU="></latexit>

��bJ
<latexit sha1_base64="iVsZV9fWaaX0K0yacvZsSReULDU="></latexit>
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Spin	dependent	cross	sec8on

d�
UT (ST )

dQ2dyd2qT dyJd2pT
=sin(�q � �s)H(Q, pT , yJ , µh)

Z 1

0

b
2
db

4⇡
J1(b qT )f

?
1T,g/p(xg, µb⇤)

⇥ exp

"
�
Z µh

µb⇤

dµ

µ
�h (↵s)� 2

Z µj

µb⇤

dµ

µ
�j (↵s)� 2

Z µcs

µb⇤

dµ

µ
�cs (↵s)

#

⇥ exp
⇥
�S

?
NP(b,Q0, n · pg)

⇤
<latexit sha1_base64="aGC8UiZocx8YKEG1y/DEP/xbVoQ="></latexit>

• Resumma8on	formula:

• Polarized	hard	func8on:	For		the		polarized		process,		we		must		consider		the		a[achment		
of		an		addi8onal		gluon	from	gauge	link	in	GSF

f-type	gluon	Sivers	func8on

unpolarized:

polarized:

C1 + C2 = Cu
<latexit sha1_base64="4dq0aijYPTrc5l7Pbc1s/XYrV2c="></latexit>

polarized	and	unpolarized	hard	func8ons	are	the	same
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Numerical	results

Heavy	quark	mass	give	sizable	correc8ons	to	the	predicted	asymmetry

Preliminary
Anti-kT, R=0.6
c-jets:

b-jets: A

sin(�q��s)
UT =

d�UT

d�UU
<latexit sha1_base64="Ik6PgKEFy5iXuUHLkQmFIyNC/4E="></latexit>

d�(ST ) = d�UU + sin(�q � �s)d�
UT

<latexit sha1_base64="yqG6/mLcthgy/9sxWf83kYNkoPM="></latexit>

GSF:	SIDIS1	set
D’Alesio,	Murgia,	Pisano	’15	
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Conclusion

• We	develop	the	TMD	factoriza8on	formalism	for	heavy	flavor	dijet	
produc8on	in	electron	polarized	proton	collisions.		

• We	consider	heavy	flavor	mass	correc8on	in	the	collinear-soj	and	jet	
func8ons,	as	well	as	the	associated	evolu8on	equa8ons.	

• We	generate	a	predic8on	for	the	gluon-Sivers	asymmetry	for	charm	and	
bo[om	dijet	produc8on	at	the	future	Electron-Ion	Collider.		

• Ajer	comparing	our	theore8cal	predic8on	with	and	without	considering	
the	heavy-flavor	mass	effects,	we	find	that	these	effects	give	sizable	
correc8ons	to	the	predicted	asymmetry.

Thank you


