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Outline

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

§ Brief LaMET Introduction with PDF Examples

§ Pion and Kaon PDFs and Pion GPD

H. Lin et al., 2003.14128; J. Chen, HL, J. Zhang, 1904.12376  

§ Pion and Kaon Distribution Amplitudes

R. Zhang et al.(MSULat), 2005.13955 

Thanks to MILC collaboration for sharing 2+1+1 HISQ lattices
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PDFs on the Lattice 
§ Traditional lattice calculations rely on

operator product expansion, only provide moments

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 
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§ True distribution can only be recovered with all moments
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PDFs on the Lattice
§ Limited to the lowest few moments
 For higher moments, all ops mix with lower-dimension ops
 No practical proposal yet to overcome this problem

§ Relative error grows in higher moments
 Calculation would be costly
 Cannot separate valence contrib. from sea
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§ Limited to the lowest few moments
 For higher moments, all ops mix with lower-dimension ops
 No practical proposal yet to overcome this problem

§ Relative error grows in higher moments
 Calculation would be costly
 Cannot separate valence contrib. from sea

§ New Strategy:
§ Adopt lightcone description for PDFs 
§ Calculate finite-boost quark distribution
 In 𝑃𝑧 → ∞ limit, parton distribution recovered
 For finite Pz, corrections are applied

through effective theory

§ Feasible with today’s resources! 

Xiangdong Ji, PRL 111, 039103 (2013);

PDFs on the Lattice
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Large-Momentum Effective Theory for PDFs 

LaMET Recipe

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate meson matrix elements on the lattice
(z dependence) 

See the talk by David Richard (Wednesday) for a nice overview of 

other lattice x-dependent methods
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Large-Momentum Effective Theory for PDFs 

LaMET Recipe

K(𝑃𝑧)

𝑄2 = 0

K(𝑃𝑧)

X. Ji, PRL. 111, 

262002 (2013)

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

𝑡𝑓𝑡𝑖
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𝒕𝐬𝐞𝐩

1) Calculate meson matrix elements on the lattice
(z dependence) 

𝑧



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate meson matrix elements on the lattice
(z dependence) 

Systematics: excited-state contamination 
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𝑃𝑧 ≈ 1.3 GeV, 𝑧 = 4, real  (plot by Zhouyou Fan) 

two-simRR two-sim two-state two-state

𝒕𝐬𝐞𝐩 = 𝟎. 𝟕𝟐–𝟏. 𝟎𝟖 𝐟𝐦 𝒕𝐬𝐞𝐩 = 𝟎. 𝟕𝟐 𝐟𝐦 𝒕𝐬𝐞𝐩 = 𝟏. 𝟎𝟖 𝐟𝐦

𝒕𝒔𝒆𝒑

Kaon matrix element at 𝑀𝜋 ≈ 220 MeV, 𝑎 ≈ 0.12 fm



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

1) Calculate meson matrix elements on the lattice
(z dependence) 

Systematics: stability in extracting matrix elements

𝑃𝑧 ≈ 1.3 GeV

Zhouyou Fan
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Kaon matrix element at 𝑀𝜋 ≈ 220 MeV, 𝑎 ≈ 0.12 fm
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Large-Momentum Effective Theory for PDFs 

LaMET Recipe

K(𝑃𝑧)

𝑄2 = 0

K(𝑃𝑧)

X. Ji, PRL. 111, 

262002 (2013)

Thanks to MILC collaboration for sharing their 2+1+1 HISQ lattices 

𝑡𝑓𝑡𝑖

§ Systematic uncertainty (nonzero a, finite L, etc.)
 Excited-state removal; nonperturbative renorm.
 Extrapolation to the continuum limit 

(mπ→mπ
phys, L →∞, a→0)
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𝒕𝒔𝒆𝒑

1) Calculate meson matrix elements on the lattice
(z dependence) 



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate meson matrix elements on the lattice
(z dependence)

2) Compute quasi-distribution via

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
𝑑𝑧

4𝜋
𝑒−𝑖𝑧𝑘𝑧 𝑃 ത𝜓 𝑧 Γ exp −𝑖𝑔න

0

𝑧

𝑑𝑧′ 𝐴𝑧 𝑧′ 𝜓 0 𝑃

lattice 𝑧 coordinate
𝑥=𝑘𝑧/𝑃𝑧 product of lattice gauge links

hadron momentum 𝑃𝜇 = 𝑃𝑡, 0, 0, 𝑃𝑧
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Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate meson matrix elements on the lattice
(z dependence)

2) Compute quasi-distribution via

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

3) Recover true distribution (take Pz→ ∞ limit)

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥

𝑦,
𝜇
𝑃𝑧

𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + ΤΛQCD
2 𝑃𝑧

2
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𝑞 𝑥, 𝜇, 𝑃𝑧 = න
𝑑𝑧

4𝜋
𝑒−𝑖𝑧𝑘𝑧 𝑃 ത𝜓 𝑧 Γ exp −𝑖𝑔න

0

𝑧

𝑑𝑧′ 𝐴𝑧 𝑧′ 𝜓 0 𝑃



Large-Momentum Effective Theory (LaMET)

LaMET Recipe
X. Ji, PRL. 111, 

262002 (2013)
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1) Calculate meson matrix elements on the lattice
(z dependence)

2) Compute quasi-distribution via

X. Xiong et al., 1310.7471; J.-W. Chen et al, 1603.06664

3) Recover true distribution (take Pz→ ∞ limit)

𝑞 𝑥, 𝜇, 𝑃𝑧 = න
−∞

∞
𝑑𝑦
𝑦
𝑍 𝑥
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𝜇
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𝒒 𝒚, 𝝁 + 𝒪 Τ𝑀𝑁
2 𝑃𝑧

2 + ΤΛQCD
2 𝑃𝑧

2
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𝑞 𝑥, 𝜇, 𝑃𝑧 = න
𝑑𝑧

4𝜋
𝑒−𝑖𝑧𝑘𝑧 𝑃 ത𝜓 𝑧 Γ exp −𝑖𝑔න

0

𝑧

𝑑𝑧′ 𝐴𝑧 𝑧′ 𝜓 0 𝑃

§ Matching is a crucial step in recovering the true lightcone 
distribution 
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New Results on Meson Structure

14

+ HWL

Jiunn-Wei Chen
(NTU)

Jian-Hui Zhang
(BNU)

Rui Zhang
(MSU)

Zhouyou Fan
(MSU)

H. Lin et al., 2003.14128 



Pion Valence-Quark PDF 
§ Status as of Summer 2019 

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

Slide by Nikhil Karthik @ Lattice 2019 

2003.14128

§ Single-ensemble calculation
 Non-physical pion mass, single lattice spacing, single volume

𝑀𝜋 ≈ 310 MeV

𝑀𝜋 ≈ 426 MeV
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Pion Valence-Quark PDF
§ Results from JLab-W&M/LCS method
𝑀𝜋 = 𝟐𝟕𝟖, 358, 413 MeV with 𝑎 = 0.094, 0.127 fm

 Extrapolated to physical limit (shown as blue band)

 Renormalized ZV,A in RI/MOM, matched to MS, run to 27 GeV2

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

R. S. Sufian, et al, 2001.04960

2003.14128

𝑞𝑣
𝜋 𝑥 =

𝑥𝛼 1 − 𝑥 𝛽 1 + 𝛾𝑥

𝐵 𝛼 + 1, 𝛽 + 1 + 𝛾𝐵 𝛼 + 2, 𝛽 + 1

𝛽 = 1.24 22 stat 7 sys

𝛽 = 2.12 56 stat 14 sys
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Pion Valence-Quark PDF
§ Results from MSULat/quasi-PDF method 
𝑀𝜋 = 𝟐𝟐𝟎, 310, 790 MeV with 𝑎 = 0.06, 0.12 fm

 Extrapolated to physical limit (shown as pink/green band)

 Renormalized in RI/MOM, matched to MS, run to 27 GeV2

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

H. Lin et al. (MSULat), 2003.14128 

J. S. Conway et al., PRD39, 92 (1989).

M. Aicher et al, PRL105, 252003 (2010), 1009.2481.

C. Chen et al, PRD93, 074021 (2016), 1602.01502.

J. Lan, et al,  PRL122, 172001 (2019), 

1901.11430;  

PRD101, 034024 (2020), 1907.01509.

R. S. Sufian, et al, 2001.04960

𝛽~1.01
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𝑀𝜋 = 678 MeV

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

Pion Gluon PDF
§ Pioneering first glimpse into pion gluon PDF using LaMET 
 Promising results using coordinate-space comparison,

but signal does not go far in z

18

Fan. et al, Phys. Rev. Lett. 121, 

242001 (2018)

 Lattice calculation #1: 
overlap/2+1DWF, 0.16fm, 340-
MeV sea pion mass

 Lattice calculation #2: 
clover/2+1+1 HISQ, 0.15fm, 310-
MeV sea pion mass with increased 
momenta (normalized by 𝑥 𝑔)

0.43 GeV 

0.96 GeV 

1.29 GeV 

1.72 GeV 

2.15 GeV 

𝑀𝜋 = 685 MeV

Preliminary 

(plot by Zhouyou Fan) 
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First Lattice GPDs
§ Pioneering first glimpse into pion GPD using LaMET 
 Lattice details: clover/HISQ, 0.12fm, 310-MeV pion mass

𝑃𝑧 ≈ 1.3, 1.6 GeV
J. Chen, HL, J. Zhang, 1904.12376

𝜉 = 0

𝐻𝑞
𝜋 𝑥, 𝜉, 𝑡, 𝜇 = න

𝑑𝜂−

4𝜋
𝑒−𝑖𝑥𝜂

−𝑃+ 𝜋 𝑃 + Δ/2 ത𝑞
𝜂−

2
𝛾+Γ

𝜂−

2
,−

𝜂−

2
𝑞 −

𝜂−

2
𝜋 𝑃 − Δ/2

(plot by J. Zhang) 

𝑃𝑧 ≈ 1.6 GeV
𝑃𝑧 ≈ 1.6 GeV

See talk by Colin Egerer, Raza Sufian (Friday)
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First Kaon PDFs 
§ The first study of x-dependent kaon PDF on the lattice
𝑀𝜋 ∈ {220, 310, 690 𝜂𝑠 } MeV

 𝑎 = 0.06, 0.12 fm

𝑀𝜋
min 𝐿 = 5.5

 𝑡sep = 0.72–1.08  fm

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 20

𝑡sep

𝑧



First Kaon PDFs 
§ We renormalized in RI/MOM scheme
 𝜇𝑅 = 2.4 GeV

Systematics: Continuum extrapolation a→0

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 21

§ Mild dependence on the lattice 
spacing and pion masses



First Kaon PDFs 
§ We renormalized in RI/MOM scheme
 𝜇𝑅 = 2.4 GeV

 Extrapolate to physical limit (shown as pink band)

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 22

(plot by Rui Zhang) 

§ Combine with matching to yield 

MS results



First Kaon PDFs 
§ LaMET steps 2 & 3: Extracting the lightcone distribution 

from the physical-limit lattice matrix elements

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 23

CERN-NA3’83: J. Badier et al. (NA3), Z. Phys. C18, 

281 (1983).

BLFQ-NJL’19: J. Lan, et al,  PRL122, 172001 (2019);  

Phys. Rev. D101, 034024 (2020)

DSE’11: T. Nguyen et al., PRC83, 062201 (2011),

DSE’18: K. D. Bednar,et al, PRL124, 042002 

(2020)

XCD’17: A. Watanabe et al, PRD97, 074015 

(2018) 

H. Lin et al. (MSULat), 2003.14128 

Kaon-to-pion ratio for up-quark PDF Kaon strange-quark PDF
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New Results on Meson DA

24

+ HWL

Jiunn-Wei Chen
(NTU)

Rui Zhang
(MSU)

Carson Honkala
(MSU)

R. Zhang et al.(MSULat), 2005.13955 



Pion and Kaon DA
§ The first continuum-limit study of x-dependent meson DA 

on the lattice

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 25

𝑡

𝑧𝐾(𝑃𝑧)

𝐶𝑀
DA 𝑧, 𝑃, 𝑡 = 0 න𝑑3𝑦 𝑒𝑖 𝑃⋅𝑦 ത𝜓1 Ԧ𝑦, 𝑡 𝛾𝑧𝛾5𝑈 Ԧ𝑦, Ԧ𝑦 + 𝑧 Ƹ𝑧 𝜓2 Ԧ𝑦 + 𝑧 Ƹ𝑧, 𝑡 ത𝜓2 0,0 𝛾5𝜓1 0,0 0

𝑀𝜋 ∈ {𝟑𝟏𝟎, 690 (𝜂𝑠)} MeV

 𝑎 ∈ {0.06, 0.09, 0.12} fm

𝑀𝜋
min 𝐿 = 4.5



Pion and Kaon DA
§ The first continuum-limit study of x-dependent meson DA 

on the lattice
Systematics: stability in extracting matrix elements
 𝑎 = 0.06 fm, 310-MeV ensemble example 

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 26

Pion Kaon Eta-s 

R. Zhang et al., 2005.13955 



Pion and Kaon DA
§ The first continuum-limit study of x-dependent meson DA 

on the lattice
Systematics: Continuum extrapolation a→0

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 27

Pion Kaon Eta-s 

R. Zhang et al., 2005.13955 



Pion and Kaon DA
§ The first continuum-limit study of x-dependent meson DA 

on the lattice
Systematics: Continuum extrapolation mπ→mπ

phys

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 28

Pion

Kaon

R. Zhang et al., 2005.13955 



Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements 

 1st method: fit to the functional form 
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Pion

R. Zhang et al. (MSULat), 2005.13955 
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Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements 

 1st method: fit to the functional form 
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Pion

R. Zhang et al. (MSULat), 2005.13955 
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Slide by Rui Zhang



Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements 

 1st method: fit to the functional form 
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Pion

R. Zhang et al. (MSULat), 2005.13955 
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𝑓𝑚,𝑛 𝑥 =
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1
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Slide by Rui Zhang

Slide by Rui Zhang



Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements

 2nd method: use machine learning to determine f
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R. Zhang et al. (MSULat), 2005.13955 
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Pion



Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements
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Pion Kaon

R. Zhang et al. (MSULat), 2005.13955 
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Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements
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Pion Kaon

R. Zhang et al. (MSULat), 2005.13955 

DES’13: L. Chang et al., Phys. Rev. Lett. 110, 132001 (2013); C. Shi et al., Phys. Lett. B738, 512 (2014)

Belle’12: S. Agaev et al., Phys. Rev. D86, 077504 (2012);

LFCQM’15:J. P. B. C. de Melo et al., AIP Conf. Proc. 1735, 080012 (2016);

RQCD’19: G. S. Bali et al.,J HEP 08, 065 (2019); DSE’14:

J
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Exciting time for studying meson structure on the lattice

§ Overcoming longstanding obstacle to full x-distribution 
 Most importantly, this can be done with today’s computer 

§ Progress made in pion and kaon structure 
 First look at kaon PDF, and pion GPD
 Continuum-limit pion and kaon DAs 

§ Future improvement 
 Lighter (or physical) pion-mass and larger momentum 

 Explore more ways to reduce the parameter-dependence of 
distribution functions 

Summary & Outlook
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HPCC@MSUTACCNERSC

Thanks to MILC collaboration for sharing lattices and NSF CAREER Award under grant PHY 1653405
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Backup Slides



First Lattice Strange PDF
§ Large uncertainties in global PDFs 

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

CTEQ-JLAB 

https://www.jlab.org/theory/cj/ 

 Assumptions imposed due 
to lack of precision data 

𝑠 = ҧ𝑠 = 𝜅 ത𝑢 + ҧ𝑑

§ Results by MSULat/quasi-PDF method 
 Preliminary calculation: clover on 2+1+1 HISQ, 𝑀𝜋 ≈ 310 MeV

(plot by Rui Zhang) 

Preliminary
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Systematics Study

HL, R, Zhang, Phys.Rev.D 100 (2019) 7, 074502

unpolarized ME 

polarized ME 

unpolarized qPDF polarized qPDF

§ First finite-volume study in quasi-PDFs
 Clover on 2+1+1 HISQ, 𝑀𝜋 ≈ 𝟐𝟐𝟎 MeV, 𝑎 ≈ 0.12 fm

𝑀𝜋𝐿 ≈ 3.3, 4.4, 5.5, 𝑃𝑧 ≈ 1.3 GeV
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Superfine Lattice Spacing

39

§ Approaching continuum limit  
 Important for all x-dependent methods

Large momentum required to reach 𝑥 < 0.1 reliably
𝑎𝑃𝑧

𝑛 systematics should be small 

 First work done with superfine lattice spacing,  𝑎 ≈ 0.042 fm

(plot by Xiang Goa ) 

Unpolarized ME Polarized ME Preliminary



Machine-Learning Prediction

Prediction with bias correction Yoon et al., PRD 2018:

𝐶pred,BC = 𝐶pred ul
+ 𝐶BC − 𝐶pred BC

Huey-Wen Lin — Pion and Kaon Workshop @ CFNS 

All Data

Labeled (lb) Data

Unlabeled (ul) Data

Training (tr) Data

Bias-Correction (BC) Data

Input
𝑋𝑖 = (𝑂𝑖

1, 𝑂𝑖
2, … )

Output
𝑂𝑖

ML Model

R. Zhang et al (MSULat), Phys. Rev. D 101, 034516 (2020) 
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https://arxiv.org/abs/1807.05971


Machine-Learning Prediction
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Input
𝑋𝑖 = (𝑂𝑖

1, 𝑂𝑖
2, … )

Output
𝑂𝑖

ML Model

R. Zhang et al (MSULat), Phys. Rev. D 101, 034516 (2020) 

§ Multiple quasi-PDF data sets studied (meson DA, gluon/kaon PDFs)

 Example kaon PDF at 220-MeV ensemble 
GBTlinear

p
-p

red
ictio

n

RR

𝑝in = 3, 𝑝pred = 4 𝑝in = 3, 𝑝pred = 4

(plot by Rui Zhang) 
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Pion and Kaon DA
§ Extract the DA distribution from the physical-continuum 

matrix elements
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ℎ 𝑧, 𝜇𝑅 , 𝑝𝑧
𝑅, 𝑃𝑧 = න

−∞

∞

𝑑𝑥න
0

1

𝑑𝑦 𝐶 𝑥, 𝑦,
𝜇𝑅

𝑝𝑧
𝑅

2

,
𝑃𝑧
𝜇𝑅

,
𝑃𝑧
𝑝𝑧
𝑅 𝑓𝑚,𝑛 𝑦 𝑒𝑖 1−𝑥 𝑧𝑃𝑧
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost momenta 𝑃𝑧 ≤ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost momenta 𝑷𝒛 ≤ 𝟏. 𝟒 𝐆𝐞𝐕
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14

No parametrization! (e.g. 𝑥𝑓 𝑥, 𝜇0 = 𝑎0𝑥
𝑎1 1 − 𝑥 𝑎2𝑃 𝑥 )

Less pretty results;
less likely to exactly coincide with global fits. 
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Updated results at
physical pion mass

1803.04393 (LP
3
)

𝒖(𝒙) − 𝒅(𝒙)
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14
Updated results at

physical pion mass
with Pz up to 3 GeV

𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)

Lin et al (LP
3
), 

Phys.Rev.Lett. 121, 

242003 (2018)

Helicity
long. polarized

Updated results at
physical pion mass
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Physical Pion Mass Results
§ Exciting! Two collaborations’ results at physical pion mass 
 Boost 𝑃𝑧 ≈ 1.4 GeV
 Study of systematics still needed

1708.05301 (LP
3
)

1803.02685 (ETMC)

CT14 1807.07431 (LP
3
)Helicity

long. polarized
Lin et al (LP

3
), 

Phys.Rev.Lett. 121, 

242003 (2018)
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𝚫𝒖(𝒙) − 𝚫𝒅(𝒙)


