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3-D imaging: GPDs & TMDs
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Deeply virtual Compton scattering

AM(Ji 1997) 

IPD GPD (Burkardt 2000)

3-D correlation function & GPD

1-D correlation function & Collinear parton distribution functions

GPDsFactorization
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GPDs



TMD PDFs

�(x,k?, S) =
1

2

(
f1/n+ � f?

1T

✏ijT k
i
?S

j
?

M
/n+ + ⇤g1L�5/n+ +

(k? · S?)

M
g1T �5/n+ + h1T

[/S?, /n+]

2
�5

+⇤h?
1L

[/k?, /n+]

2M
�5 +

(k? · S?)

M
h?
1T

[/k?, /n+]

2M
�5 + ih?

1
[/k?, /n+]

2M

�
,

The TMD correlation function  
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The TMD PDFs (leading twist)

Transverse Momentum Dependent (TMD) Parton Distribution Functions . . . 2509

We conclude this section by presenting the full leading-twist set of po-
larization dependent and transverse momentum dependent parton densities
in a spin-1/2 hadron. These are shown in Table I and Table II, for the
quark [56, 57] and gluon [26, 58] cases respectively, including the distribu-
tions in unpolarized hadrons (top rows), longitudinally polarized hadrons
(middle rows), transversely polarized hadrons (bottom rows). (See [59–65]
for slightly different classifications.) Gauge-invariant operator definitions
may be given for each of the TMD distributions in terms of nonlocal op-
erator combinations, in which appropriate Wilson-line gauge links are as-
sociated with quark and gluon fields [6, 66–70]. Operator definitions are
instrumental in analyzing both factorization and potential sources of factor-
ization breakdown, and in setting up lattice calculations [71–74] of parton
distributions.

TABLE I

(Colour on-line) Quark TMD pdfs: columns represent quark polarization, rows
represent hadron polarization. Distributions encircled by a dashed line are the
ones which survive integration over transverse momentum. The shades of the
boxes (light gray (blue) versus medium gray (pink)) indicate structures that are
T -even or T -odd, respectively. T -even and T -odd structures involve, respectively,
an even or odd number of spin-flips.

TABLE II

(Colour on-line) Gluon TMD pdfs: columns represent gluon polarization, rows
represent hadron polarization. Distributions encircled by a dashed line are the
ones which survive integration over transverse momentum. The shades of the
boxes (light gray (blue) versus medium gray (pink)) indicate structures that are
T -even or T -odd, respectively. T -even and T -odd structures involve, respectively,
an even or odd number of spin-flips. Linearly polarized gluons represent a double
spin-flip structure.
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SIDIS

Drell-Yan 3-D momentum distribution and  spin-orbit 
correlations.
The sign change of Sivers and Boer-
Mulders functions in SIDIS and Drell-Yan is 
a fundamental test for QCD.

(Collins, PLB 2002)



QCD

Transverse momentum dependent distributions (TMD) 
3-D tomography in the momentum space.


Generalized parton distributions (GPD) 
3-D picture of hadrons in the mixed spatial-momentum space.


1. ADS/QCD  
2. Dyson-Schwinger equations. 
3. Effective theories and models, e.g., NJL model... 
4.  Light front QCD. 
5.  Lattice QCD. 
 etc... 

Nonperturbative QCD methods
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Calculation

Nonperturbative QCD
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DSE & symmetry preserving 
The Pion&Kaon wave function can be solved by aligning the quark DSE and hadron BSE.

To solve these equations, truncation is needed for the vertex and scattering kernel. A 
physically reasonable truncation scheme should respect QCD's (nearly) chiral symmetry, 
namely, the Axial-Vector Ward-Takahashi Identity

= iγ5 + iγ5 − i(mf +mg)Pµ Γ5µ Γ5

The simplest manifestation is the Rainbow-Ladder truncation

-1 -1
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BSE’

Inhomogeneous Bethe-Salpeter equation:
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(Phys.Rev.C 85, 052201(R) (2012))

DB kernel

Combines a description of pion properties with reasonable estimates of the masses
of heavier mesons, including axial-vector states, e.g., ⇢� a1 mass splitting.
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Beyond Rainbow-LadderBSE’
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Inhomogeneous BSE

The study of pion and kaon is well established in DSEs. There is no more parameter for 
tuning. TMDs and GPDs pose a new challenge.  
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Light front wave functions + overlap representation
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Fig. 2.2. The Dyson-Schwinger equation for the electron propagator.
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Z[η, η, Jµ] . (2.24)

After differentiating with respect to η and setting all sources to zero [η = η = J = 0] we can rewrite
Eq. (2.24) as

(i ∂̸ − mf
0) Sf(x, y) − i(ef

0)
2
∫

ddz1 ddz2 ddz3 γµD
µν(x, z1)S

f(x, z2)Γ
f
ν(z1; z2, z3)S

f(z3, y) = δd(x − y) ,

(2.25)
where Dµν(x, y) is the photon propagator which couples Eq. (2.25) to Eq. (2.19). So, one sees that the
equations for the 2-point functions are coupled to each other and that both also depend on the 3-point
function, Γfµ. This is the first indication of the general rule that the DSE for an n-point function is
coupled to other functions of lesser and the same order and to functions of order (n+1) and (n+2).

The structure of Eq. (2.25) allows one to rewrite it in terms of the fermion self energy, −iΣf (x, y),
defined such that

(i ∂̸ − mf
0) Sf(x, y) −

∫

ddz1 Σf (x, z1) Sf(z1, y) = δd(x − y) (2.26)
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f
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The equation for the fermion self-energy is represented diagrammatically in Fig. 2.2a) while part b) of
this figure shows the definition of the fermion self-energy (−iΣf (p)) in terms of the fermion propagator
Sf (p) with Sf

0 (p) = 1/( p̸−mf
0) the bare fermion propagator. Again, the momentum-space form for the

proper fermion self-energy (−iΣf ) is easily obtained from Fig. 2.2a) using the usual Feynman rules [or
equivalently from Fourier transforming Eq. (2.27)] and can be written as

− iΣf (p) = (ef
0)

2
∫ ddℓ

(2π)d
(iγµ)(iS

f(ℓ))(iDµν(p − ℓ))(iΓf
ν(ℓ, p)) . (2.28)

From Fig. 2.2b) or, equivalently, from Eq. (2.26), we can solve for Sf(p) to give Sf(p) = 1/[(Sf
0 )−1 −

Σf (p)] = 1/[ p̸ − mf
0 − Σf (p)].

Unrenormalised Dyson-Schwinger equation for the Fermion-Photon Vertex. This equation can be de-
rived in a similar way. For completeness, we present it here in momentum space where it is most concisely

10

&

TMD & GPD

TMDs & GPDs: Light-front approach

Figure 2: Overlap representations for SPDs in different kinematic regions for the case
ξ > 0. The flow of momenta is indicated on the lines. Top (bottom) right: the region
ξ < x̄ < 1 (−1 < x̄ < −ξ), where the SPDs are given by N → N overlaps. Middle right:
the central region −ξ < x̄ < ξ, where N + 1 → N − 1 overlaps are relevant.

3.1 The region ξ < x̄ < 1

The Fock state decomposition (8) leads to a representation of the matrix element Hq
λ′λ as

a sum over contributions from separate Fock states,
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λ′λ =

∑

N

Hq(N→N)
λ′λ , (29)

with

Hq(N→N)
λ′λ =

1
√

2(1 − ξ2)

∑

c

∑

β,β′

∫
[dx̃]N [d2k̃⊥]N [dx̂′]N [d2k̂′

⊥]N Ψ∗λ′

N,β′(r̂′) Ψλ
N,β(r̃)

×
∫ dz−

2π
ei x̄ p̄ +z− ⟨N, β ′; k′

1 . . . k′
N | φ c †

q (−z̄/2)φ c
q (z̄/2) |N, β; k1, . . . , kN⟩ . (30)
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LFQCD:



"...he (’t Hooft) did not use the light–cone formalism and which nowadays might be 
called standard. Instead, he started from covariant equations... The light–cone 
Schrodinger equation was then obtained by projecting the Bethe–Salpeter 
equation onto hyper-surfaces of equal light–cone time. In this way, one avoids to 
explicitly derive the light–cone Hamiltonian, which, as explained above, can be a 
tedious enterprise in view of complicated constraints one has to solve..." (Thomas 
Heinzl)

Advantage: In the DSEs, one can selectively sum 
infinitely many diagrams (which potentially incorporates 
many higher Fock states) and conveniently preserves 
the symmetries of the Lagrangian. 

BSE approach to LFWF

An alternative way to calculate the LFWFs.

!9

A synergy between Lagrangian formalism (DSE) and Hamiltonian formalism (LF QCD). 

What we do: solve the BS equation first and then project the BS wave 
functions onto the light front!

To calculate the LFWFs, the standard way is to diagonalize the light-cone Hamiltonian. 
However, this is very challenging  in QCD. In practice, light-cone Hamiltonian models are 
employed (light-front potential, holographic QCD, NJL model....)
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LFWFs & Bethe-Salpeter wave function
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LFWFs

Realistic BS wave function

Intrinsic Transverse Motion of the Pion’s Valence Quarks
Chao Shi1 and Ian C. Cloët1

1
Physics Division, Argonne National Laboratory, Argonne, IL 60439 USA

Starting with the solution to the Bethe-Salpeter equation for the pion, in a beyond rainbow-ladder truncation
to QCD’s Dyson-Schwinger equations (DSEs), we determine the pion’s lz = 0 and |lz | = 1 leading Fock-state
light-front wave functions (LFWFs) [labeled by  lz (x, k2

T )]. The leading-twist time-reversal even transverse
momentum dependent parton distribution function (TMD) of the pion is then directly obtained from these LFWFs.
A key characteristic of the LFWFs, which is driven by dynamical chiral symmetry breaking, is that at typical
hadronic scales they are broad functions in the light-cone momentum fraction x. The LFWFs have a non-trivial
(x, k2

T ) dependence and in general do not factorize into separate functions of each variable. The lz = 0 LFWF is
concave with a maximum at x = 1/2, whereas orbital angular momentum e�ects causes the |lz | = 1 LFWF to
have a slight double-humped structure for quark transverse momentum in the range 0.5 . k2

T . 5 GeV2. For
k2
T . 1 GeV2 the k2

T dependence of the LFWFs is well described by a Gaussian, however for k2
T & 10 GeV2

these LFWFs behave as  0 / x(1 � x)/k2
T and  1 / x(1 � x)/k4

T , and therefore exhibit the power-law behavior
predicted by perturbative QCD. The pion’s TMD inherits many features from the LFWFs, where for k2

T . 1 GeV2

the k2
T dependence is well described by a Gaussian, and for large k2

T the TMD behaves as f
q
⇡ / x

2(1 � x)2/k4
T .

At the model scale we find the average transverse momentum, defined by a Bessel-weighted moment with
bT = 0.3 fm, to equal

⌦
k2
T

↵
= 0.19 GeV2. The TMD evolution of our result is studied using both the b

⇤ and ⇣
prescriptions which allows a qualitative comparison with existing Drell-Yan data.

Light-front quantization and the associated light-front wave
functions (LFWFs) provide a powerful framework with which
to study quantum chromodynamics (QCD) and develop an
understanding of the parton structure of hadrons [1, 2]. Hadron
observables such as form factors, parton distribution functions
(PDFs), and their multi-dimensional counterparts such as gen-
eralized and transverse momentum dependent PDFs (TMDs)
can each be expressed as overlaps of LFWFs [3, 4]. Therefore
LFWFs allow features of apparent disparate hadron observ-
ables to be straightforwardly related to underlying quark-gluon
dynamics in a QCD Fock-state expansion. In principle, the
LFWFs can be computed by diagonalizing the light-front QCD
Hamiltonian operator, using methods such as discretized light-
cone quantization [5], or basis light-front quantization [6, 7].
However, these calculations become numerically challenging
for QCD in four space-time dimensions, therefore e�ective
interactions such as holographic QCD have been used to reduce
these di�culties [8].

Another approach used to study QCD and hadron structure,
which is explicitly Poincaré-covariant, is provided by judicious
truncations to QCD’s Dyson-Schwinger equations (DSEs) [9–
11]. In the DSE framework hadron states are obtained as
solutions to Poincaré-covariant bound-state equations such as
the Bethe-Salpeter and Faddeev equations [12, 13]. Insights into
numerous aspects of hadron structure have been revealed using
the DSEs [11, 14], with particular success in understanding
the pion as both a relativistic bound-state of a dressed quark
and dressed antiquark, and the Goldstone mode associated with
dynamical chiral symmetry breaking (DCSB) in QCD [11, 15–
17]. DSE solutions to the Bethe-Salpeter equation (BSE),
which encapsulate key emergent QCD phenomena such as
DCSB and quark confinement, therefore provide an excellent
starting point from which to extract the pion’s LFWFs. In
particular, the properties of the LFWFs can then be clearly
connected to underlying quark-gluon dynamics as expressed
in the dressing functions for propagators and vertices. The
calculation of the pion’s leading Fock-state LFWFs using the

DSEs, and the application of these LFWFs to a calculation of
the pion’s leading-twist time-reversal even TMD is the main
focus of this paper. Such a study is timely because the proposed
electron-ion collider [18] has the capability to study the partonic
structure of the pion and kaon [19].

In the light-front formalism a hadron state can be expressed
as the superposition of Fock-state components classified by
their orbital angular momentum projection lz [20]. For the pion
the minimal (q̄q) Fock-state configuration reads [20, 21]:��⇡+(p)↵ = |⇡+(p)ilz=0 + |⇡+(p)i |lz |=1, (1)

where the non-perturbative content of each state is contained in
the LFWFs [4], labeled by  0(x, k2

T ) for lz = 0 and  1(x, k2
T )

for |lz | = 1, where kT is the transverse momentum of the
quark and x = k+

p+ is its light-cone momentum fraction. For
these minimal Fock-state LFWFs the antiquark has transverse
momentum �kT (in a frame where pT = 0 for the pion) and
light-cone momentum fraction 1 � x.

From the matrix element definitions of the LFWFs [20], it
can be shown that the pion’s minimal Fock-state LFWFs can
be obtained from the pion’s Poincaré-covariant Bethe-Salpeter
wave function, �(k, p), via [22]

 0(x, k2
T ) =

p
3 i

π
dk
+

dk
�

2 ⇡
⇥ TrD

⇥
�+�5 �(k, p)

⇤
�
�
x p
+ � k

+� , (2)

 1(x, k2
T ) = �

p
3 i

π
dk
+

dk
�

2 ⇡
1
k2
T

⇥ TrD
⇥
i�+ik

i
T �5 �(k, p)

⇤
�
�
x p
+ � k

+� , (3)

where the trace is over Dirac indices only. The Bethe-Salpeter
wave function for the ⇡+ is defined by the quark-antiquark
correlator �(k, p) =

Ø
d

4
z e

�ik ·z h0|Tu(z) d̄(0)|⇡+(p)i [23,
24] and can be expressed as �(k, p) = S(k) �(k, p) S(k � p),
where S(k) is the dressed quark propagator and �(k, p) the
pion’s homogeneous Bethe-Salpeter amplitude [9, 25].
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Project on to the light front 

(light front time  ξ+ =0)

Fock state & LFWFs

LFWFs & BS wave function:

(C. Mezrag et al, FBSY 2016)

h0|d̄+(0)�+�5u+(⇠
�, ⇠?)|⇡+(P )i = i

p
6P+ 0(⇠

�, ⇠?),

h0|d̄+(0)�+i�5u+(⇠
�, ⇠?)|⇡+(P )i = �i

p
6P+@i 1(⇠

�, ⇠?).
(M. Burkardt et al, PLB 2002)

BS WFs & LFWFs
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LFWFs:  0(x, k2?) &  1(x, k2?)

Obtained from parameterized realistic 
BS wave functions. 

ψ0 (spin-antiparallel) and ψ1 (spin-
parallel) are comparable in strength, 
suggesting the spin parallel component 
also has considerable contribution. 
Highly relativistic system.

Strong support at infrared kT, a 
consequence of the DCSB which 
generates significant strength in the 
infrared of BS wave function.

At ultraviolet of kT, ψ0 scale as 1/kT2  
and ψ1 scale as 1/kT4, as has been 
predicted by pQCD. (one-gluon 
exchange dominance.)

SU(3) flavor symmetry breaking effect: 
u/d and s quark mass difference 
masked by DCSB.

3

that is

hxmi0(k2
T ) =

p
3 i

|P+ |

π
dk
+
dk

�

2�

✓
k
+

P+

◆m

TrD[�+�5 � (k+,k�;kT , P)],
(8)

hxmi1(k2
T ) = �

p
3 i

|P+ |k2
T

π
dk
+
dk

�

2�

✓
k
+

P+

◆m

TrD[i�+i kiT � (k+,k�;kT , P)]. (9)

Since we have an analytical form for � (k, P) obtained
by parametrizing the numerical DSE solution, the two-
dimensional momentum integrations can be completed
with the help of Feynman parametrization. In practice, we
transform the integration variables to rewrite the integral
in the form

hxmilz (k
2
T ) =

π 1

0
d� �

m
π

d�d� flz (�,k2
T , �,� ). (10)

Comparison with Eq. (7) then reveals that the LFWFs
are identified as �lz (x,k2

T ) =
Ø
d�d� flz (x,k2

T , �,� ).
We present plots of the leading Fock state LFWFs for

the pion and kaon in Fig. 1. For concreteness, we focus our
discussion to the case of �� and K

�, so the d and s are the
valence quarks and ū is valence anti-quark. In general we
find that all the LFWFs are smooth functions decaying as
k2
T increases or x approaches the end-points. As expected

for light mesons, the x-dependence of the LFWFs is broad
at low k2

T and get narrower as k2
T increases, approaching

an asymptotic form for large k2
T proportional to x(1 � x).

Fig. 2 provides an example of how the x-dependence
of �0(x,k2

T ) changes with k2
T . The strong support of

the LFWFs at infrared k2
T originates from the strength

of the covariant Bethe-Salpeter wave functions at low
|kT |, which is closely connected to DCSB, as illustrated
model-independently in Ref. [36]. Therefore, our LFWFs
faithfully inherit the DCSB property from the covariant
DSEs calculation. At large k2

T , the LFWFs decay as
�0(x,k2

T ) ⇠ 1/k2
T and �1(x,k2

T ) ⇠ 1/k4
T , in line with the

perturbative QCD expectations [49]. The e↵ects of SU(3)
flavor symmetry breaking are clearly apparent in the kaon,
as the heavier s quark gains more support at large x and
the LFWFs become skewed. This indicates that the s

quark carries more of the kaon’s light-cone momentum
fraction. However, these SU(3) flavor symmetry breaking
e↵ects diminish as k2

T increases. Further analysis of these
e↵ects will be given in later sections when GPD and TMD
results are presented.

The LFWFs are normalized so that the quark number

sum rule
Ø 1

0
dx f (x ; µ0) = 1 is satisfied. Therefore, with

only the leading Fock state the valence quark distribution
function f (x ; µ0) is given by

f (x ; µ0) =
π

d
2kT

(2� )3
h���0(x,k2

T )
��2 + k2

T
���1(x,k2

T )
��2i . (11)

FIG. 1. The top row gives the LFWFs for pion and the bottom
row gives the kaon results. The left column is �0(x,k2

T ) and
the right column is �1(x,k2

T ), where k2
T is in GeV2.
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FIG. 2. Pion’s spin-anti-parallel LFWF �0(x,k2
T ) at di↵erent

values of k2
T , normalized to �

N
0 (x,k2

T ) =
�0(x ,k2

T )Ø 1

0
dx�0(x ,k2

T )
.

This approximation to the full valence quark distribution
function is best at a low hadronic scale µ0, which in
Ref. [33] was determined to be µ0 = 520MeV. In a non-
relativistic system �1(x,k2

T ) would vanish because the
quarks are in a relative p-wave, however we find that
the contribution to the quark number sum rule from
�1(x,k2

T ) equals 0.36 for the pion and 0.31 for the kaon.
Therefore, we find that the valence quarks in both the
pion and kaon are highly relativistic. Importantly, the
relative strength between �0(x,k2

T ) and �1(x,k2
T ) in our

approach is completely determined by the Bethe-Salpeter
wave function, which itself is governed by the underlying
quark-gluon interaction. The significant contribution of
�1(x,k2

T ) to observables likely also implies that higher
Fock states may not be negligible in a more realistic
calculation. Nevertheless, the higher Fock states are much
more di�cult to calculate and are beyond the scope of
this work.
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This approximation to the full valence quark distribution
function is best at a low hadronic scale µ0, which in
Ref. [33] was determined to be µ0 = 520MeV. In a non-
relativistic system �1(x,k2

T ) would vanish because the
quarks are in a relative p-wave, however we find that
the contribution to the quark number sum rule from
�1(x,k2

T ) equals 0.36 for the pion and 0.31 for the kaon.
Therefore, we find that the valence quarks in both the
pion and kaon are highly relativistic. Importantly, the
relative strength between �0(x,k2

T ) and �1(x,k2
T ) in our

approach is completely determined by the Bethe-Salpeter
wave function, which itself is governed by the underlying
quark-gluon interaction. The significant contribution of
�1(x,k2

T ) to observables likely also implies that higher
Fock states may not be negligible in a more realistic
calculation. Nevertheless, the higher Fock states are much
more di�cult to calculate and are beyond the scope of
this work.

pion

kaon

spin-antiparallel spin-parallel

(C.S. et al, PRD2020)
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Fig. 2. Results for the quark PDF of the pion as function of x from the pure-valence LFWF (a) and the effective-valence LFWF (b), with the two sets of parameters in Table 1
corresponding with the lowest values of χ2

d.o.f. for non-vanishing quark mass. Solid curves: results at the initial scale of the model. Dashed curves: results after NLO evolution 
to Q = 5 GeV. Dashed band: parametrization at Q = 5 GeV from Ref. [67].

Fig. 3. Results for the quark TMD of the pion as function of x and k2
⊥ from the pure-valence LFWF (left) and the effective-valence LFWF (right) with the two sets of parameters 

in Table 1 corresponding with the lowest values of χ2
d.o.f. for non-vanishing quark mass.

correspond to a higher hadronic scale. This is the case when com-
paring the results between the effective-valence and pure-valence 
LFWF with m = 200 MeV and similar values of κ . However, for 
the other quark-mass scenarios we find similar values of Q 0 in the 
two models, which are compensated by much lower values for the 
parameter κ in the case of the effective-valence LFWF. Both the 
values of κ and the initial scale Q 0 differ with respect to [76,77].

3. TMD analysis

3.1. TMD evolution

The unpolarized TMD f1(x, k2
⊥) can be obtained from the fol-

lowing LFWF overlap [46]

f1(x,k2
⊥; Q 0) = 1

16π3 |ψqq/π (x, k⊥) |2, (10)

which reduces to the PDF in Eq. (5) after integration over k⊥ . Us-
ing the expressions in Eqs. (3) and (8), one finds that the TMD in 
both models is a Gaussian distribution in k⊥ , with an x-dependent 
mean square transverse momenta, i.e.

f V
1 (x,k2

⊥; Q 0) = A2

πκ2x(1 − x)
e
− k2

⊥+m2

κ2x(1−x) ,

⟨k2
⊥(x)⟩V = κ2x(1 − x), (11)

f E
1 (x,k2

⊥; Q 0) =
A2 log

(
1
x

)

πκ2(1 − x)2 e
− log

(
1
x

) k2
⊥+m2

κ2(1−x)2 ,

⟨k2
⊥(x)⟩E = κ2(1 − x)2

log(1/x)
, (12)

where k⊥ = |k⊥|. In Fig. 3 we show the results for the TMD in the 
two models, as function of x and k2

⊥ . As in the case of the PDF, 
the pure-valence model is symmetric under the exchange of x →
1 − x, while this symmetry is lost when including effects beyond 
the valence sector in the effective-valence LFWF. The fall-off in k2

⊥
is Gaussian in both models.

The width of the distribution ⟨k2
⊥(x)⟩ is shown as function of 

x in Fig. 4. It is slightly larger in the pure-valence model, with a 
maximum at x = 0.5 and the characteristic symmetric behaviour 
around the maximum. Integrating over x, one obtains ⟨k2

⊥⟩V =
0.023 GeV2. In the case of the effective-valence LFWF the maxi-
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Unpolarized TMD PDF

Holographic QCD(A Bacchetta, et al, PLB2017)

f1,⇡(x,k
2
?) = | "#(x, k

2
?)|2 + k2?| ""(x, k

2
?)|2

TMD overlap representation

7

The modification term in Eq.(24) has many inter-
esting properties. For instance, its dressing function
F̃� (t) vanishes at t = 0, so the PDF is unchanged, i.e.,
H

0(x, 0, 0) = H (x, 0, 0). While at non-vanishing t , the mod-
ification term proportional to � (x) is infinitely negative.
Its integration over x yields a finite suppression to the
electromagnetic form factor. In terms of the overlap
representation, this correction can only be obtained by
including an infinite tower of Fock states containing q̄q

pairs. The modification in Eq. (24) brings no change to
�(x,b2

T ) for x > 0 and all the results in last section still
hold.

The higher moments of the GPD at � = 0, i.e.,

π 1

�1
dx x

m
H

0q(x, 0, t) = A
q
m+1,0(t)

���
m�1
, (26)

are not a↵ected by this modification term, as a conse-
quence of the � (x). Among these moments, Aq

2,0(t) con-
tributes partially to the pion’s gravitational form fac-
tor �2(t), defined through the matrix element of energy-
momentum tensor for one-pion states [62]

h�+(p 0)|�µ� (0)|�+(p)i = 1

2
[P µ

P
��2(t)

+ (�µ�q2 � q
µ
q
� )�1(t)]. (27)

with P = p + p 0, q = p
0 � p and t = q

2. The form factor
�2(t) is scale independent, while its individual quark
contributions Aq

2,0(t) evolve with scale. At the low model

scale, the valence picture gives �2(t) =
Õ
q A

q
2,0(t). As

the scale increases, Aq
2,0(t ; µ) evolves accordingly to the

evolution of the GPD.

In Fig. 6 we show pion’s A
d ;�
2,0 (t) (solid red curve) at

the scale of 2GeV and the curve lies within the lattice
simulation data. It is closer to the NJL model result
(blue dashed) [63] than to the spectral quark model [63].
We have illustrated the kaon GFFs Aū;K

2,0 (t) and A
s ;K
2,0 (t) as

well.

A light-cone energy radius can be defined in relation to
the gravitational form factor A2,0(t), and is given by [65]

⌦
r
2
E ,LC

↵
= �4

@A2,0(Q2)
@Q2

����
Q2=0

, (28)

which can be contrasted with an analogous light-cone
charge radius defined by

⌦
r
2
c ,LC

↵
= �4 @ F (Q2)/@Q2

��
Q2=0

.

For the pion we find r
u ,�
c ,LC = 0.331 fm and r

u ,�
E ,LC = 0.185,

meaning the energy radius is about 56% smaller that the
light-cone charge radius. Both these radii will be impacted
by higher Fock states, however, based on vector meson
dominance the light-cone charge radius will increase more
because it is impacted by the � meson pole whereas the
light-cone energy radius is impacted by spin-2 mesons
which are much heavier and further from Q

2 = 0. There-
fore, we predict that ru ,�E ,LC/r

u ,�
c ,LC = 0.56 is an upper bound

on this ratio. For the kaon we find light-cone charge radii
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FIG. 6. The quark part of gravitational form factor A
q
2,0(t)

in pion and kaon. The solid, dash-dash-dotted and dotted
curves are obtained by our DSEs-based LFWFs. All the other
curves and data are taken from [63] .The dot-dashed curve
is the spectral quark model prediction and the dashed curve
is by NJL model with the Pauli-Villars (PV) regularization.
The data is from lattice QCD [64].

FIG. 7. The unpolarized TMD f
d
1;� (x,k

2
T ) of pion (upper

panel) and f
s
1;K (x,k

2
T ) of kaon (lower panel).

of ru ,Kc ,LC = 0.358 fm and r
s ,K
c ,LC = 0.281 fm, and light-cone

energy radii of ru ,KE ,LC = 0.192 fm and r
s ,K
E ,LC = 0.173 fm. In

each case the s quark has a smaller extent than the u

quark.

DSE & LF

Significant strength at low kT , resembles 
Gaussian-like form.

 The TMD of kaon is slightly broader than pion.

 Smoother as compared to holographic QCD. 



TMD evolution

µ2 d

dµ2
Ff h(x,~b;µ, ⇣) =

1

2
�f
F (µ, ⇣)Ff h(x,~b;µ, ⇣),

⇣
d

d⇣
Ff h(x,~b;µ, ⇣) = �Df (µ,~b)Ff h(x,~b;µ, ⇣).

<latexit sha1_base64="tOX1bhOzIkjnRctrGPEYszTFhrk="></latexit><latexit sha1_base64="tOX1bhOzIkjnRctrGPEYszTFhrk="></latexit><latexit sha1_base64="tOX1bhOzIkjnRctrGPEYszTFhrk="></latexit><latexit sha1_base64="tOX1bhOzIkjnRctrGPEYszTFhrk="></latexit>

The scale μ is the standard RG scale, with the additional rapidity factorization scale ζ to 
regularize the light-cone divergence arising from Wilson lines. They were usually chosen to 
be the same order of scattering scale.

Renormalization group (RG) equation:
Anomalous Dimension

TMD PDF in the 
coordinate space

Ff h(x,~b;µf , ⇣f ) = exp[

Z

P
(�f

F (µ, ⇣)
dµ

µ
�Df (µ,~b)

d⇣

⇣
)]Ff h(x,~b;µi, ⇣i)
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Solution:

The TMD evolution is more conveniently done in coordinate space.
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Evolution leads broader kT.  

The  evolved  TMD  PDF  at  smaller  x  is 
significantly  broader  than  that  at  large  x 
(Non-factorizable x and  kT  dependence).

TMD evolution:
quark TMD PDFs

6

�ij(k, P ;S, T ) ⇠ F.T. hPST |  ̄j(0) U[0,⇠]  i(⇠) |PST i|LF

extraction of a quark
not collinear with the proton
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"Experimental study of muon pairs produced by 252-GeV pions on tungsten",   Conway, J.S. et al. 
Phys.Rev. D39 (1989) 92-122.

Transverse momentum dependence parameterized by function P(qT;xF ,mμ μ )

Experiment (E615)

Theory

d3�

dx⇡dxNdqT
=

d2�

dx⇡dxN
P (qT ;xF ,mµµ).
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q0 =

p
s

2
(x⇡ + xN )

q3 =

p
3

2
(x⇡ � xN )
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F 1
UU (x1, x2, qT ) =

1

Nc

X

a

e2a

Z
d2k1?d

2k2?�
(2)(qT � k1? � k2?)f

ā
1,⇡(x1, k

2
1?)f

a
1,N (x2, k

2
2?).
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P (qT ;xF ,mµµ) / |qT |F 1
UU (qT ;xF , ⌧)

<latexit sha1_base64="aHuptqORm3hx0Nl/5rYXPafDgYs="></latexit><latexit sha1_base64="aHuptqORm3hx0Nl/5rYXPafDgYs="></latexit><latexit sha1_base64="aHuptqORm3hx0Nl/5rYXPafDgYs="></latexit><latexit sha1_base64="aHuptqORm3hx0Nl/5rYXPafDgYs="></latexit>

TMD formalism:

(leading twist)

offered by DSEs&evolution borrow from global analysis

Examine:

Drell-Yan Process

d3�

dx⇡dxNdqT
/ |qT |F 1

uu(x⇡, xN , qT )
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Our results using two evolution schemes generally agree with E615 measurement. In 
particular, when the non-perturbative Sudakov factor goes to zero as suggested by ζ-
prescription at higher order. (The deviation is less than 10%for  xF =0 and 0.25, and 
increases to 30% at most for xF = 0.5. )

 Deviation grows as xF goes larger, TMD formalism less valid.

E615:

0.0 0.5 1.0 1.5 2.0
0.0

0.5

1.0

1.5

2.0

qT

P(
q T
;x
F
,m

μμ
)/q

T

The fitting function P (qT ;xF ,mµµ)/qT at xF = 0.0 (red solid), 0.25 (green

solid) and 0.5 (blue solid). The band colored bands are our results based on

b*-prescription, with upper boundary corresponding to g2 = 0.09 and lower

boundary for g0 = 0.0. The dashed lines are obtained following ⇣-prescription
where g2 is found to be consistent with zero at NNLL/NNLO.
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GPD: overlap representation
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At leading twist, the pion has one GPD:

There are two regions, ERBL (|x|<|ξ|) and DGLAP (|x|>|ξ|) region, named after their evolution in 
limiting cases

ERBL DGLAPDGLAP

Figure 2: Overlap representations for SPDs in different kinematic regions for the case
ξ > 0. The flow of momenta is indicated on the lines. Top (bottom) right: the region
ξ < x̄ < 1 (−1 < x̄ < −ξ), where the SPDs are given by N → N overlaps. Middle right:
the central region −ξ < x̄ < ξ, where N + 1 → N − 1 overlaps are relevant.

3.1 The region ξ < x̄ < 1

The Fock state decomposition (8) leads to a representation of the matrix element Hq
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FIG. 4. Upper panel: IPDs �
q
M (x,b2T ) for the valence quarks in

pion and kaon at model scale (µ0 = 520 MeV). The line styles
are indicated in the plot. For each quark distribution with
same line style, the three peaks from left to right correspond
to x = 0.98, x = 0.7 and x = 0.3 respectively. Lower panel:
The �

(0)(b2T ) of pion and kaon as defined in Eq. (17).

the coordinate space, that is [29, 54]

�(x,b2
T ) =

1

(1 � x)2
’
�1,�2

�����̃�1,�2

✓
x,

bT
1 � x

◆ ����
2

. (16)

where �̃�1�2
(x, r ) =

Ø
d
2k eikr ��1�2

(x,k),1 then, as x ! 1
the impact parameter bT must approach zero so bT /(1�x)
doesn’t go large.

Flavor symmetry breaking e↵ects are clearly evident in
Fig. 4. Typically, at smaller x (x = 0.3) there is more ū

quark than s quark in kaon over the whole bT range. At
larger x (x = 0.7) the situation is reversed. This suggests
the s quark is more likely distributed near the center of
kaon while the u quark is more spread out. We can also
look at

�
(0)(b2

T ) =
π 1

0
dx �(x,b2

T ), (17)

1 Recall that ��1�2 (x , kT ) has been defined in Eq. (1) and can be

easily be related to �0(x , k2
T ) and �1(x , k2

T ) via comparison with
Eqs. (2)–(4).

which characterizes the quark density at transverse sep-
aration bT . As shown in the lower panel of Fig. 4,
the s quark in kaon favors small bT and ū quark has
a broader distribution, with d quark in pion lying in
between. If we look at their mean-squared bT , i.e.,

hb2
T i =

Ø
d
2bTb

2
T
Ø 1

0
dx�(x,b2

T ), we find hb2
T i�u = 0.11 fm2,

hb2
T iKs = 0.08 fm2, and hb2

T iKu = 0.13 fm2. It’s worth men-
tioning here that in our calculation, the current quark

mass we used are m
� =2GeV
u/d = 4.3MeV and m

� =2GeV
s =

110MeV. This big mass di↵erence gets weakened by the
DCSB, and the di↵erence in the u/d and s quark distri-
butions is no longer so dramatic.

Further, on can define the valence-like distribution
�
(0)
� (b2

T ) = �
(0)
q (b2

T ) � �
(0)
q̄ (b2

T ), where q is the active quark.

Because �
(0)
q̄ (b2

T ) vanishes at the model scale in our lead-

ing Fock state calculation, then �
(0)
� (b2

T ) is equivalent to

�
(0)
q (b2

T ) plotted in Fig. 4. However, it’s worth mentioning

that �
(0)
� (b2

T ) is independent of the renormalization scale,
because DGLAP evolution conserves the quark number
density at every slice of bT . Equivalently, H (x, 0, t) evolves
independently of t [5]. Thus the lower panel of Fig. 4
can also be viewed as the valence (anti-)quark spatial
distribution at any scale.

IV. ELECTROMAGNETIC AND
GRAVITATIONAL FORM FACTORS

The electromagnetic form factors of a hadron provide
important information about its spatial structure. The
pion and kaon have one electromagnetic form factor de-
fined by

’
q=u ,d

⌦
M(p 0)

��eq � µq (0)��M(p)
↵
= (p 0µ + pµ )FM (t), (18)

with �
µ
q (x) = �̄q(x)� µ

�q(x) and t = �Q2 = (p 0 � p)2. The
pion and kaon electromagnetic form factors are also given
by the lowest x-weighted moment of their GPDs

FM (t) =
π 1

�1
dx

h
eu H

u
M (x, � , t) + ed Hd

M (x, � , t)
i
, (19)

which is independent of skewness � because of the polyno-
miality property of the GPDs. The result for the pion’s
electromagnetic form factor obtained using Eq. (19) is
given by the dashed curve in Fig. 5. In general we find
that our result overshoots the data for all Q2, and also the
full DSE calculation that uses the Bethe-Salpeter wave
function and a dressed quark-photon vertex to directly
calculate the pion’s form factor [45]. As we will explain,
the origin of these discrepancies is naturally explained by
the Fock state truncation and the LFWF normalization
condition [see Eq. (11)].

At (very) large Q
2 perturbative QCD predicts that the

Impact Parameter Dependent GPD  ρ(x,bT) x=0.3

x=0.7

x=0.98

All distributions peek at the center of impact 
parameter (note the plot has been multiplied with bT)

 heavier s quark is more localized as compared to 
light u/d quark by ~20%.

Valence distribution    
is scale-independent, as H(x,0,ΔT) evolution is 
independent of ΔT.

⇢(0)(bT ) = ⇢(0)q (bT )� ⇢(0)q̄ (bT )

<latexit sha1_base64="6b+Xb+MCw23mhIl/pGaLxZRenu0="></latexit>

Probability density interpretation


x: longitudinal momentum fraction


bT: transverse spatial separation ~ (1-x)(r1T-r2T)

GPD at zero skewness H(x,ξ=0,Δ)

Fourier Transform
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FIG. 5. Electromagnetic form factor F (t) of pion in the
space-like region. The data is the from NA7 Collaboration [55]
(red empty circle) and Je↵erson Lab [56] (green filled square).
The dashed (blue) curve is based on the unmodified GPD in
Eq. (13), while the solid (black) curve uses a GPD with a
dressed operator to simulate higher Fock states, see Eq. (24).
The dotted curve is the full rainbow-ladder DSE result from
Ref. [45] that including an infinite tower of Fock states.

pion’s electromagnetic form factor behaves as [57]

9Q0 >�QCD | Q2
F� (Q2)

Q2>Q2
0⇡ 16� CF �s (Q2)w2

� , (20)

where w� is the x
�1 moment of parton distribution ampli-

tude (PDA) w� =
Ø 1

0
dx x

�1
�� (x,Q2), where in this case

the PDA �� (x,Q2) is normalized at the scale of Q2 such
that

�� (x,Q2) =
π
k2
T Q2

d
2kT

16�3
�0(x,k2

T ), (21)

π 1

0
dx �� (x,Q2) = f�

2
p

3
, (22)

where f� = 92.4 MeV is the pion’s electroweak decay con-
stant. The DSE calculation based on Eqs. (20)–(22) has
been presented in Ref. [46] and the result is reasonable.
However, the LFWF normalized by Eq. (22) is signifi-
cantly smaller than required due to our normalization
condition in Eq. (11). The (very) large Q2 behavior of the
pion’s electromagnetic form factor is dominated by the
leading Fock state, and thus the deviation at large Q2 can
be explained by the normalization condition. Similarly,
in a full calculation some of the charge of the pion will
be carried by the higher Fock states, which would reduce
the normalization of the leading Fock state and thereby
bring our result into much better agreement with data
at large Q

2. However, we see from Fig. 5 that the Q
2 de-

pendence of the LFWF result of the full DSE result does
begin to track each other—only di↵ering by a constant
normalization—as Q2 become large. This indicates the
onset of the dominance of the leading Fock state.

The deviation in the low Q
2 region is also easy to under-

stand. The normalized condition for the LFWFs is such

that F� (0) = 1. However, as mentioned higher Fock states
will carry some charge, which, if included, would cause
a modification to the form factor at low to intermediate
Q

2. In addition, there are important contributions that
can dramatically change the charge radius but do not im-
pact the charge. Traditionally, these are associated with
vector meson dominance (VMD) contributions. VMD
is associated with meson poles in the time-like region,
where for the pion electromagnetic form factor the rho
pole is the most important. In the LFWF approach these
VMD contributions can only be obtained by including
an infinite tower of Fock states. This is natural in the
complete DSE calculation with a dressed quark-photon
vertex, but very challenging in a rigorous light-front ap-
proach. It is therefore not possible for a leading Fock
state calculation—that is intimately connected to under-
lying QCD dynamics—to give a good description of the
electromagnetic form factor for all Q2.

With the pion’s (Breit-frame) charge radius defined by

r
2
c = �6

@ F� (Q2)
@Q2

����
Q2=0

, (23)

we obtain from the leading Fock state calculation rc =
0.41 fm, which is significantly smaller than the experiment
value of rc = 0.67 fm [58]. A similar result was also found
using a relativistic constituent quark model based on
an e↵ective qq̄ Hamiltonian [59], where a pion charge
radius of rc = 0.45 fm was found [60]. In this work the
authors argue that the discrepancy with experiment can
be corrected by taking into account the constituent quark
charge radius, which is analogous to dressing the vertex
as in a full DSE calculation.

In a complete DSE calculation the operator that defines
the GPDs would be dressed. Such a calculation from
the DSE is very di�cult and beyond the scope of this
work. However, we can use an analogous calculation for
this dressed operator from the NJL model to obtain a
qualitative measure of the impact of a dressed vertex, or
equivalently higher Fock states. Using a dressed operator
that defines the GPD from the NJL model [61], we find
in the impulse approximation that our leading Fock state
DSE result is modified such that

H
0
d (x, 0, t) = Hd (x, 0, t) + � (x) F̃� (t)

π 1

�1
d�HI=1(�, 0, t), (24)

where

HI=1(x, 0, t) = Hu (x, 0, t) � Hd (x, 0, t), (25)

and the modified GPD at zero skewness is denoted by
H

0
d (x, 0, t). Note, in the pion Hu (x, 0, t) can be obtained

from Hd (x, 0, t) by charge symmetry. The second term on
the right hand side of Eq. (24) comes from the dressing of
the quark vertex in the impulse approximation and pro-
vides an additional contribution (see App. B for details).
Using H

0(x, 0, t), we get the solid curve in Fig. 5 and a
charge radius rc = 0.59 fm, with the low to intermediate
�t region also significantly improved.

!19

X

q¼u;d

hMðp0ÞjeqJμqð0ÞjMðpÞi ¼ ðp0μ þ pμÞFMðtÞ; ð18Þ

with JμqðxÞ ¼ ψ̄qðxÞγμψqðxÞ and t ¼ −Q2 ¼ ðp0 − pÞ2.
The pion and kaon electromagnetic form factors are also
given by the lowest x-weighted moment of their GPDs

FMðtÞ ¼
Z

1

−1
dx½euHu

Mðx; ξ; tÞ þ edHd
Mðx; ξ; tÞ&; ð19Þ

which is independent of skewness ξ because of the
polynomiality property of the GPDs. The result for the
pion’s electromagnetic form factor obtained using Eq. (19)
is given by the dashed curve in Fig. 5. In general we find
that our result overshoots the data for all Q2, and also the
full DSE calculation that uses the Bethe-Salpeter wave
function and a dressed quark-photon vertex to directly
calculate the pion’s form factor [45]. As wewill explain, the
origin of these discrepancies is naturally explained by the
Fock state truncation and the LFWF normalization con-
dition [see Eq. (11)].
At (very) large Q2 perturbative QCD predicts that the

pion’s electromagnetic form factor behaves as [57]

∃Q0 > ΛQCDjQ2FπðQ2Þ ≈
Q2>Q2

0
16πCFαsðQ2Þw2

π; ð20Þ

where wπ is the x−1 moment of parton distribution
amplitude (PDA) wπ ¼

R
1
0 dxx

−1ϕπðx;Q2Þ, where in this
case the PDA ϕπðx;Q2Þ is normalized at the scale of Q2

such that

ϕπðx;Q2Þ ¼
Z

k2T≤Q
2

d2kT
16π3

ψ0ðx; k2TÞ; ð21Þ

Z
1

0
dxϕπðx;Q2Þ ¼ fπ

2
ffiffiffi
3

p ; ð22Þ

where fπ ¼ 92.4 MeV is the pion’s electroweak decay
constant. The DSE calculation based on Eqs. (20)–(22) has
been presented in Ref. [46] and the result is reasonable.
However, the LFWF normalized by Eq. (22) is significantly
smaller than required due to our normalization condition in
Eq. (11). The (very) large Q2 behavior of the pion’s
electromagnetic form factor is dominated by the leading
Fock state, and thus the deviation at large Q2 can be
explained by the normalization condition. Similarly, in a
full calculation some of the charge of the pion will be
carried by the higher Fock states, which would reduce the
normalization of the leading Fock state and thereby bring
our result into much better agreement with data at largeQ2.
However, we see from Fig. 5 that the Q2 dependence of the
LFWF result of the full DSE result does begin to track each
other—only differing by a constant normalization—as Q2

become large. This indicates the onset of the dominance of
the leading Fock state.
The deviation in the low Q2 region is also easy to

understand. The normalized condition for the LFWFs is
such that Fπð0Þ ¼ 1. However, as mentioned higher Fock
states will carry some charge, which, if included, would
cause a modification to the form factor at low to inter-
mediate Q2. In addition, there are important contributions
that can dramatically change the charge radius but do not
impact the charge. Traditionally, these are associated with
vector meson dominance (VMD) contributions. VMD is
associated with meson poles in the timelike region, where
for the pion electromagnetic form factor the rho pole is the
most important. In the LFWF approach these VMD
contributions can only be obtained by including an infinite
tower of Fock states. This is natural in the complete DSE
calculation with a dressed quark-photon vertex, but very
challenging in a rigorous light-front approach. It is there-
fore not possible for a leading Fock state calculation—that
is intimately connected to underlying QCD dynamics—to
give a good description of the electromagnetic form factor
for all Q2.
With the pion’s (Breit-frame) charge radius defined by

r2c ¼ −6
∂FπðQ2Þ
∂Q2

""""
Q2¼0

; ð23Þ

we obtain from the leading Fock state calculation
rc ¼ 0.41 fm, which is significantly smaller than the
experiment value of rc ¼ 0.67 fm [58]. A similar result
was also found using a relativistic constituent quark model
based on an effective qq̄ Hamiltonian [59], where a pion

FIG. 5. Electromagnetic form factor FðtÞ of pion in the
spacelike region. The data is the from NA7 Collaboration [55]
(red empty circle) and Jefferson Lab [56] (green filled square).
The dashed (blue) curve is based on the unmodified GPD in
Eq. (13), while the solid (black) curve uses a GPD with a dressed
operator to simulate higher Fock states, see Eq. (24). The dotted
curve is the full rainbow-ladder DSE result from Ref. [45] that
including an infinite tower of Fock states.
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charge radius of rc ¼ 0.45 fm was found [60]. In this work
the authors argue that the discrepancy with experiment can
be corrected by taking into account the constituent quark
charge radius, which is analogous to dressing the vertex as
in a full DSE calculation.
In a complete DSE calculation the operator that defines

the GPDs would be dressed. Such a calculation from the
DSE is very difficult and beyond the scope of this work.
However, we can use an analogous calculation for this
dressed operator from the NJL model to obtain a qualitative
measure of the impact of a dressed vertex, or equivalently
higher Fock states. Using a dressed operator that defines the
GPD from the NJL model [61], we find in the impulse
approximation that our leading Fock state DSE result is
modified such that

H0
dðx; 0; tÞ ¼ Hdðx; 0; tÞ þ δðxÞF̃ρðtÞ

Z
1

−1
dyHI¼1ðy; 0; tÞ;

ð24Þ

where

HI¼1ðx; 0; tÞ ¼ Huðx; 0; tÞ −Hdðx; 0; tÞ; ð25Þ

and the modified GPD at zero skewness is denoted by
H0

dðx; 0; tÞ. Note, in the pion Huðx; 0; tÞ can be obtained
from Hdðx; 0; tÞ by charge symmetry. The second term on
the right-hand side of Eq. (24) comes from the dressing of
the quark vertex in the impulse approximation and provides
an additional contribution (see Appendix B for details).
Using H0ðx; 0; tÞ, we get the solid curve in Fig. 5 and a
charge radius rc ¼ 0.59 fm, with the low to intermediate−t
region also significantly improved.
The modification term in Eq. (24) has many interesting

properties. For instance, its dressing function F̃ρðtÞ
vanishes at t ¼ 0, so the PDF is unchanged, i.e.,
H0ðx; 0; 0Þ ¼ Hðx; 0; 0Þ. While at nonvanishing t, the
modification term proportional to δðxÞ is infinitely neg-
ative. Its integration over x yields a finite suppression to the
electromagnetic form factor. In terms of the overlap
representation, this correction can only be obtained by
including an infinite tower of Fock states containing q̄q
pairs. The modification in Eq. (24) brings no change to
ρðx; b2TÞ for x > 0 and all the results in last section
still hold.
The higher moments of the GPD at ξ¼ 0, i.e.,

Z
1

−1
dxxmH0qðx; 0; tÞ ¼ Aq

mþ1;0ðtÞjm≥1; ð26Þ

are not affected by this modification term, as a consequence
of the δðxÞ. Among these moments, Aq

2;0ðtÞ contributes
partially to the pion’s gravitational form factor Θ2ðtÞ,
defined through the matrix element of energy-momentum
tensor for one-pion states [62]

hπþðp0ÞjΘμνð0ÞjπþðpÞi ¼ 1

2
½PμPνΘ2ðtÞ

þ ðgμνq2 − qμqνÞΘ1ðtÞ&: ð27Þ

with P ¼ pþ p0, q ¼ p0 − p and t ¼ q2. The form factor
Θ2ðtÞ is scale independent, while its individual quark
contributions Aq

2;0ðtÞ evolve with scale. At the low model
scale, the valence picture gives Θ2ðtÞ ¼

P
q A

q
2;0ðtÞ. As the

scale increases, Aq
2;0ðt; μÞ evolves accordingly to the evo-

lution of the GPD.
In Fig. 6 we show pion’s Ad;π

2;0ðtÞ (solid red curve) at the
scale of 2 GeV and the curve lies within the lattice
simulation data. It is closer to the NJL model result (blue
dashed) [63] than to the spectral quark model [63]. We have
illustrated the kaon GFFs Aū;K

2;0 ðtÞ and As;K
2;0 ðtÞ as well.

A light-cone energy radius can be defined in relation to
the gravitational form factor A2;0ðtÞ, and is given by [65]

hr2E;LCi ¼ −4
∂A2;0ðQ2Þ

∂Q2

!!!!
Q2¼0

; ð28Þ

which can be contrasted with an analogous light-cone
charge radius defined by hr2c;LCi ¼ −4∂FðQ2Þ=∂Q2jQ2¼0.
For the pion we find ru;πc;LC ¼ 0.331 fm and ru;πE;LC ¼ 0.185,
meaning the energy radius is about 56% smaller that the
light-cone charge radius. Both these radii will be impacted
by higher Fock states, however, based on vector meson
dominance the light-cone charge radius will increase more
because it is impacted by the ρ meson pole whereas the
light-cone energy radius is impacted by spin-2 mesons
which are much heavier and further from Q2 ¼ 0.
Therefore, we predict that ru;πE;LC=r

u;π
c;LC ¼ 0.56 is an upper

FIG. 6. The quark part of gravitational form factor Aq
2;0ðtÞ in

pion and kaon. The solid, dash-dash-dotted and dotted curves are
obtained by our DSEs-based LFWFs. All the other curves and
data are taken from [63]. The dot-dashed curve is the spectral
quark model prediction and the dashed curve is by NJL model
with the Pauli-Villars (PV) regularization. The data is from lattice
QCD [64].
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antiquark in the meson carry momentum kþ P=2 and k−
P=2 respectively, so F ðk;PÞ is even in k · P due to charge
parity.

APPENDIX B: DRESSED GPD OPERATOR AT
ZERO SKEWNESS IN NJL MODEL

The modified GPD given in Eq. (24) is important in
validating our valence picture of pion concerning the pion’s
charge radius. Here we give a quick sketch on how it is
obtained in the NJLmodel, hence list only the basic idea and
important steps/results. Within the impulse approximation,
the pion’s GPD in the NJL model can be calculated as

H0
I¼0;1ðx; ξ; tÞ ¼

Z
d4l
ð2πÞ4

Tr½Γ̄πSΓ · nSΓπS&; ðB1Þ

with momentum assigned in Fig. 9. Here we consider the
GPD of isospin 0 or 1, defined as H0

I¼0 ¼ H0
u þH0

d and
H0

I¼1 ¼ H0
u −H0

d. Flavor matrices are implicitly embedded
in the elements S, Γπ and Γ · n. The notation Γ · n represents
the dash line boxed area.We denote the Γ · n as a violet blob
in other diagrams. It satisfies the inhomogeneous Bethe-
Salpeter equation:

ðB2Þ

Here the red blob is the bare vertex

ðB3Þ

Note the first Dirac delta ensures k' Δ=2 ¼ l' Δ=2 at
leading truncation. The matrices τ0 or τ3 are for isospin
0 or 1, respectively. To solve for Γ · n, one can formally sum
the series

ðB4Þ

Its subleading term

ðB5Þ

can be evaluated via Mellin moments, i.e.,
Z

dxxsBIðx;ξ;tÞ¼
X

Ω
2iGΩ

Z
dxxs

Z
d4k
ð2πÞ4

δðn · ½xP−k&Þ

×Tr
!
S
"
kþΔ

2

#
=n
$
τ0
τ3

%
S
"
k−

Δ
2

#
Ω
&
Ω;

ðB6Þ

where Ω denotes any of the five Dirac/isospin structures
appearing in theNJLmodel Lagrangian.2 At ξ ¼ 0 one finds

ðP · nÞ
Z

dxxsBI¼0;1ðx;0; tÞ ¼
$−2Gω;ρΠVVðtÞ=n ∶s¼ 0

0 ∶s ≥ 1

ðB8Þ

which uniquely determines the result for BI to be

BI¼0;1ðx; 0; tÞ ¼ −2Gω;ρΠVVðtÞ
δðxÞ
ðP · nÞ

=n: ðB9Þ

One can calculate the rest terms analogously and their
summation gives the overall dressed quark correlator:

ðB10Þ

Putting Eq. (B10) back into Eq. (B1), the first term in the
braces gives the bare vertex contribution

HI¼0;1ðx; 0; tÞ ¼
Z

d4k
ð2πÞ4

δðxP · n − l · nÞ

× Tr
$
Γ̄πS=n ⊗

!
τ0
τ3

&
SΓπS

%
: ðB11Þ

FIG. 9. Triangle diagram (impulse approximation) for
Hðx; ξ; tÞ. The dash line boxed area represents the fully dressed
vertex Γ · n. Lines with arrows indicate dressed quark propa-
gators S and the black blob represents the pion’s Bethe-Salpeter
amplitude Γπ .

2The qq̄ interaction kernel in NJL model is given by

Kαβ;γδ ¼ 2iGπ½ð1Þαβð1Þγδ − ðγ5τiÞαβðγ5τiÞγδ&

− 2iGρ½ðγμτiÞαβðγμτiÞγδ þ ðγμγ5τiÞαβðγμγ5τiÞγδ&

− 2iGωðγμÞαβðγμÞγδ: ðB7Þ
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antiquark in the meson carry momentum kþ P=2 and k−
P=2 respectively, so F ðk;PÞ is even in k · P due to charge
parity.

APPENDIX B: DRESSED GPD OPERATOR AT
ZERO SKEWNESS IN NJL MODEL

The modified GPD given in Eq. (24) is important in
validating our valence picture of pion concerning the pion’s
charge radius. Here we give a quick sketch on how it is
obtained in the NJLmodel, hence list only the basic idea and
important steps/results. Within the impulse approximation,
the pion’s GPD in the NJL model can be calculated as
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I¼0;1ðx; ξ; tÞ ¼

Z
d4l
ð2πÞ4

Tr½Γ̄πSΓ · nSΓπS&; ðB1Þ

with momentum assigned in Fig. 9. Here we consider the
GPD of isospin 0 or 1, defined as H0

I¼0 ¼ H0
u þH0

d and
H0

I¼1 ¼ H0
u −H0

d. Flavor matrices are implicitly embedded
in the elements S, Γπ and Γ · n. The notation Γ · n represents
the dash line boxed area.We denote the Γ · n as a violet blob
in other diagrams. It satisfies the inhomogeneous Bethe-
Salpeter equation:

ðB2Þ

Here the red blob is the bare vertex

ðB3Þ

Note the first Dirac delta ensures k' Δ=2 ¼ l' Δ=2 at
leading truncation. The matrices τ0 or τ3 are for isospin
0 or 1, respectively. To solve for Γ · n, one can formally sum
the series

ðB4Þ

Its subleading term
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can be evaluated via Mellin moments, i.e.,
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where Ω denotes any of the five Dirac/isospin structures
appearing in theNJLmodel Lagrangian.2 At ξ ¼ 0 one finds

ðP · nÞ
Z

dxxsBI¼0;1ðx;0; tÞ ¼
$−2Gω;ρΠVVðtÞ=n ∶s¼ 0

0 ∶s ≥ 1

ðB8Þ

which uniquely determines the result for BI to be

BI¼0;1ðx; 0; tÞ ¼ −2Gω;ρΠVVðtÞ
δðxÞ
ðP · nÞ

=n: ðB9Þ

One can calculate the rest terms analogously and their
summation gives the overall dressed quark correlator:

ðB10Þ

Putting Eq. (B10) back into Eq. (B1), the first term in the
braces gives the bare vertex contribution

HI¼0;1ðx; 0; tÞ ¼
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FIG. 9. Triangle diagram (impulse approximation) for
Hðx; ξ; tÞ. The dash line boxed area represents the fully dressed
vertex Γ · n. Lines with arrows indicate dressed quark propa-
gators S and the black blob represents the pion’s Bethe-Salpeter
amplitude Γπ .

2The qq̄ interaction kernel in NJL model is given by

Kαβ;γδ ¼ 2iGπ½ð1Þαβð1Þγδ − ðγ5τiÞαβðγ5τiÞγδ&

− 2iGρ½ðγμτiÞαβðγμτiÞγδ þ ðγμγ5τiÞαβðγμγ5τiÞγδ&

− 2iGωðγμÞαβðγμÞγδ: ðB7Þ
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 The first term of bare vertex leads to DGLAP 
contribution.
The rest (infinitely many) dressing diagrams lead to 
the hidden ERBL contribution.

EMFF is the Zero-th moment of GPD

But the curve generally overshoots the data. No 
such problem for a covariant calculation (with 
conventional Feynman diagram ). Essentially a 
problem from Fock state truncation. 

A hidden ERBL region is found in NJL model.
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The modification term in Eq.(24) has many inter-
esting properties. For instance, its dressing function
F̃� (t) vanishes at t = 0, so the PDF is unchanged, i.e.,
H

0(x, 0, 0) = H (x, 0, 0). While at non-vanishing t , the mod-
ification term proportional to � (x) is infinitely negative.
Its integration over x yields a finite suppression to the
electromagnetic form factor. In terms of the overlap
representation, this correction can only be obtained by
including an infinite tower of Fock states containing q̄q

pairs. The modification in Eq. (24) brings no change to
�(x,b2

T ) for x > 0 and all the results in last section still
hold.

The higher moments of the GPD at � = 0, i.e.,

π 1

�1
dx x

m
H

0q(x, 0, t) = A
q
m+1,0(t)

���
m�1
, (26)

are not a↵ected by this modification term, as a conse-
quence of the � (x). Among these moments, Aq

2,0(t) con-
tributes partially to the pion’s gravitational form fac-
tor �2(t), defined through the matrix element of energy-
momentum tensor for one-pion states [62]

h�+(p 0)|�µ� (0)|�+(p)i = 1

2
[P µ

P
��2(t)

+ (�µ�q2 � q
µ
q
� )�1(t)]. (27)

with P = p + p 0, q = p
0 � p and t = q

2. The form factor
�2(t) is scale independent, while its individual quark
contributions Aq

2,0(t) evolve with scale. At the low model

scale, the valence picture gives �2(t) =
Õ
q A

q
2,0(t). As

the scale increases, Aq
2,0(t ; µ) evolves accordingly to the

evolution of the GPD.

In Fig. 6 we show pion’s A
d ;�
2,0 (t) (solid red curve) at

the scale of 2GeV and the curve lies within the lattice
simulation data. It is closer to the NJL model result
(blue dashed) [63] than to the spectral quark model [63].
We have illustrated the kaon GFFs Aū;K

2,0 (t) and A
s ;K
2,0 (t) as

well.

A light-cone energy radius can be defined in relation to
the gravitational form factor A2,0(t), and is given by [65]

⌦
r
2
E ,LC

↵
= �4

@A2,0(Q2)
@Q2

����
Q2=0

, (28)

which can be contrasted with an analogous light-cone
charge radius defined by

⌦
r
2
c ,LC

↵
= �4 @ F (Q2)/@Q2

��
Q2=0

.

For the pion we find r
u ,�
c ,LC = 0.331 fm and r

u ,�
E ,LC = 0.185,

meaning the energy radius is about 56% smaller that the
light-cone charge radius. Both these radii will be impacted
by higher Fock states, however, based on vector meson
dominance the light-cone charge radius will increase more
because it is impacted by the � meson pole whereas the
light-cone energy radius is impacted by spin-2 mesons
which are much heavier and further from Q

2 = 0. There-
fore, we predict that ru ,�E ,LC/r

u ,�
c ,LC = 0.56 is an upper bound

on this ratio. For the kaon we find light-cone charge radii
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FIG. 6. The quark part of gravitational form factor A
q
2,0(t)

in pion and kaon. The solid, dash-dash-dotted and dotted
curves are obtained by our DSEs-based LFWFs. All the other
curves and data are taken from [63] .The dot-dashed curve
is the spectral quark model prediction and the dashed curve
is by NJL model with the Pauli-Villars (PV) regularization.
The data is from lattice QCD [64].
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quark.

GFF (quark part) 

Lattice data by D. Brommel  
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charge radius of rc ¼ 0.45 fm was found [60]. In this work
the authors argue that the discrepancy with experiment can
be corrected by taking into account the constituent quark
charge radius, which is analogous to dressing the vertex as
in a full DSE calculation.
In a complete DSE calculation the operator that defines

the GPDs would be dressed. Such a calculation from the
DSE is very difficult and beyond the scope of this work.
However, we can use an analogous calculation for this
dressed operator from the NJL model to obtain a qualitative
measure of the impact of a dressed vertex, or equivalently
higher Fock states. Using a dressed operator that defines the
GPD from the NJL model [61], we find in the impulse
approximation that our leading Fock state DSE result is
modified such that

H0
dðx; 0; tÞ ¼ Hdðx; 0; tÞ þ δðxÞF̃ρðtÞ

Z
1

−1
dyHI¼1ðy; 0; tÞ;

ð24Þ

where

HI¼1ðx; 0; tÞ ¼ Huðx; 0; tÞ −Hdðx; 0; tÞ; ð25Þ

and the modified GPD at zero skewness is denoted by
H0

dðx; 0; tÞ. Note, in the pion Huðx; 0; tÞ can be obtained
from Hdðx; 0; tÞ by charge symmetry. The second term on
the right-hand side of Eq. (24) comes from the dressing of
the quark vertex in the impulse approximation and provides
an additional contribution (see Appendix B for details).
Using H0ðx; 0; tÞ, we get the solid curve in Fig. 5 and a
charge radius rc ¼ 0.59 fm, with the low to intermediate−t
region also significantly improved.
The modification term in Eq. (24) has many interesting

properties. For instance, its dressing function F̃ρðtÞ
vanishes at t ¼ 0, so the PDF is unchanged, i.e.,
H0ðx; 0; 0Þ ¼ Hðx; 0; 0Þ. While at nonvanishing t, the
modification term proportional to δðxÞ is infinitely neg-
ative. Its integration over x yields a finite suppression to the
electromagnetic form factor. In terms of the overlap
representation, this correction can only be obtained by
including an infinite tower of Fock states containing q̄q
pairs. The modification in Eq. (24) brings no change to
ρðx; b2TÞ for x > 0 and all the results in last section
still hold.
The higher moments of the GPD at ξ¼ 0, i.e.,

Z
1

−1
dxxmH0qðx; 0; tÞ ¼ Aq

mþ1;0ðtÞjm≥1; ð26Þ

are not affected by this modification term, as a consequence
of the δðxÞ. Among these moments, Aq

2;0ðtÞ contributes
partially to the pion’s gravitational form factor Θ2ðtÞ,
defined through the matrix element of energy-momentum
tensor for one-pion states [62]

hπþðp0ÞjΘμνð0ÞjπþðpÞi ¼ 1

2
½PμPνΘ2ðtÞ

þ ðgμνq2 − qμqνÞΘ1ðtÞ&: ð27Þ

with P ¼ pþ p0, q ¼ p0 − p and t ¼ q2. The form factor
Θ2ðtÞ is scale independent, while its individual quark
contributions Aq

2;0ðtÞ evolve with scale. At the low model
scale, the valence picture gives Θ2ðtÞ ¼

P
q A

q
2;0ðtÞ. As the

scale increases, Aq
2;0ðt; μÞ evolves accordingly to the evo-

lution of the GPD.
In Fig. 6 we show pion’s Ad;π

2;0ðtÞ (solid red curve) at the
scale of 2 GeV and the curve lies within the lattice
simulation data. It is closer to the NJL model result (blue
dashed) [63] than to the spectral quark model [63]. We have
illustrated the kaon GFFs Aū;K

2;0 ðtÞ and As;K
2;0 ðtÞ as well.

A light-cone energy radius can be defined in relation to
the gravitational form factor A2;0ðtÞ, and is given by [65]
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which can be contrasted with an analogous light-cone
charge radius defined by hr2c;LCi ¼ −4∂FðQ2Þ=∂Q2jQ2¼0.
For the pion we find ru;πc;LC ¼ 0.331 fm and ru;πE;LC ¼ 0.185,
meaning the energy radius is about 56% smaller that the
light-cone charge radius. Both these radii will be impacted
by higher Fock states, however, based on vector meson
dominance the light-cone charge radius will increase more
because it is impacted by the ρ meson pole whereas the
light-cone energy radius is impacted by spin-2 mesons
which are much heavier and further from Q2 ¼ 0.
Therefore, we predict that ru;πE;LC=r

u;π
c;LC ¼ 0.56 is an upper

FIG. 6. The quark part of gravitational form factor Aq
2;0ðtÞ in

pion and kaon. The solid, dash-dash-dotted and dotted curves are
obtained by our DSEs-based LFWFs. All the other curves and
data are taken from [63]. The dot-dashed curve is the spectral
quark model prediction and the dashed curve is by NJL model
with the Pauli-Villars (PV) regularization. The data is from lattice
QCD [64].
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charge radius of rc ¼ 0.45 fm was found [60]. In this work
the authors argue that the discrepancy with experiment can
be corrected by taking into account the constituent quark
charge radius, which is analogous to dressing the vertex as
in a full DSE calculation.
In a complete DSE calculation the operator that defines

the GPDs would be dressed. Such a calculation from the
DSE is very difficult and beyond the scope of this work.
However, we can use an analogous calculation for this
dressed operator from the NJL model to obtain a qualitative
measure of the impact of a dressed vertex, or equivalently
higher Fock states. Using a dressed operator that defines the
GPD from the NJL model [61], we find in the impulse
approximation that our leading Fock state DSE result is
modified such that

H0
dðx; 0; tÞ ¼ Hdðx; 0; tÞ þ δðxÞF̃ρðtÞ

Z
1

−1
dyHI¼1ðy; 0; tÞ;

ð24Þ

where

HI¼1ðx; 0; tÞ ¼ Huðx; 0; tÞ −Hdðx; 0; tÞ; ð25Þ

and the modified GPD at zero skewness is denoted by
H0

dðx; 0; tÞ. Note, in the pion Huðx; 0; tÞ can be obtained
from Hdðx; 0; tÞ by charge symmetry. The second term on
the right-hand side of Eq. (24) comes from the dressing of
the quark vertex in the impulse approximation and provides
an additional contribution (see Appendix B for details).
Using H0ðx; 0; tÞ, we get the solid curve in Fig. 5 and a
charge radius rc ¼ 0.59 fm, with the low to intermediate−t
region also significantly improved.
The modification term in Eq. (24) has many interesting

properties. For instance, its dressing function F̃ρðtÞ
vanishes at t ¼ 0, so the PDF is unchanged, i.e.,
H0ðx; 0; 0Þ ¼ Hðx; 0; 0Þ. While at nonvanishing t, the
modification term proportional to δðxÞ is infinitely neg-
ative. Its integration over x yields a finite suppression to the
electromagnetic form factor. In terms of the overlap
representation, this correction can only be obtained by
including an infinite tower of Fock states containing q̄q
pairs. The modification in Eq. (24) brings no change to
ρðx; b2TÞ for x > 0 and all the results in last section
still hold.
The higher moments of the GPD at ξ¼ 0, i.e.,

Z
1

−1
dxxmH0qðx; 0; tÞ ¼ Aq

mþ1;0ðtÞjm≥1; ð26Þ

are not affected by this modification term, as a consequence
of the δðxÞ. Among these moments, Aq

2;0ðtÞ contributes
partially to the pion’s gravitational form factor Θ2ðtÞ,
defined through the matrix element of energy-momentum
tensor for one-pion states [62]

hπþðp0ÞjΘμνð0ÞjπþðpÞi ¼ 1

2
½PμPνΘ2ðtÞ

þ ðgμνq2 − qμqνÞΘ1ðtÞ&: ð27Þ

with P ¼ pþ p0, q ¼ p0 − p and t ¼ q2. The form factor
Θ2ðtÞ is scale independent, while its individual quark
contributions Aq

2;0ðtÞ evolve with scale. At the low model
scale, the valence picture gives Θ2ðtÞ ¼

P
q A

q
2;0ðtÞ. As the

scale increases, Aq
2;0ðt; μÞ evolves accordingly to the evo-

lution of the GPD.
In Fig. 6 we show pion’s Ad;π

2;0ðtÞ (solid red curve) at the
scale of 2 GeV and the curve lies within the lattice
simulation data. It is closer to the NJL model result (blue
dashed) [63] than to the spectral quark model [63]. We have
illustrated the kaon GFFs Aū;K

2;0 ðtÞ and As;K
2;0 ðtÞ as well.

A light-cone energy radius can be defined in relation to
the gravitational form factor A2;0ðtÞ, and is given by [65]

hr2E;LCi ¼ −4
∂A2;0ðQ2Þ

∂Q2

!!!!
Q2¼0

; ð28Þ

which can be contrasted with an analogous light-cone
charge radius defined by hr2c;LCi ¼ −4∂FðQ2Þ=∂Q2jQ2¼0.
For the pion we find ru;πc;LC ¼ 0.331 fm and ru;πE;LC ¼ 0.185,
meaning the energy radius is about 56% smaller that the
light-cone charge radius. Both these radii will be impacted
by higher Fock states, however, based on vector meson
dominance the light-cone charge radius will increase more
because it is impacted by the ρ meson pole whereas the
light-cone energy radius is impacted by spin-2 mesons
which are much heavier and further from Q2 ¼ 0.
Therefore, we predict that ru;πE;LC=r

u;π
c;LC ¼ 0.56 is an upper

FIG. 6. The quark part of gravitational form factor Aq
2;0ðtÞ in

pion and kaon. The solid, dash-dash-dotted and dotted curves are
obtained by our DSEs-based LFWFs. All the other curves and
data are taken from [63]. The dot-dashed curve is the spectral
quark model prediction and the dashed curve is by NJL model
with the Pauli-Villars (PV) regularization. The data is from lattice
QCD [64].
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charge radius of rc ¼ 0.45 fm was found [60]. In this work
the authors argue that the discrepancy with experiment can
be corrected by taking into account the constituent quark
charge radius, which is analogous to dressing the vertex as
in a full DSE calculation.
In a complete DSE calculation the operator that defines

the GPDs would be dressed. Such a calculation from the
DSE is very difficult and beyond the scope of this work.
However, we can use an analogous calculation for this
dressed operator from the NJL model to obtain a qualitative
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higher Fock states. Using a dressed operator that defines the
GPD from the NJL model [61], we find in the impulse
approximation that our leading Fock state DSE result is
modified such that

H0
dðx; 0; tÞ ¼ Hdðx; 0; tÞ þ δðxÞF̃ρðtÞ

Z
1

−1
dyHI¼1ðy; 0; tÞ;

ð24Þ

where

HI¼1ðx; 0; tÞ ¼ Huðx; 0; tÞ −Hdðx; 0; tÞ; ð25Þ

and the modified GPD at zero skewness is denoted by
H0

dðx; 0; tÞ. Note, in the pion Huðx; 0; tÞ can be obtained
from Hdðx; 0; tÞ by charge symmetry. The second term on
the right-hand side of Eq. (24) comes from the dressing of
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an additional contribution (see Appendix B for details).
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H0ðx; 0; 0Þ ¼ Hðx; 0; 0Þ. While at nonvanishing t, the
modification term proportional to δðxÞ is infinitely neg-
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The hidden ERBL region doesn't contribute to GFF.

EMFF GFF TMD PDF IPD GPD

Contribute: Yes No No No

antiquark in the meson carry momentum kþ P=2 and k−
P=2 respectively, so F ðk;PÞ is even in k · P due to charge
parity.

APPENDIX B: DRESSED GPD OPERATOR AT
ZERO SKEWNESS IN NJL MODEL

The modified GPD given in Eq. (24) is important in
validating our valence picture of pion concerning the pion’s
charge radius. Here we give a quick sketch on how it is
obtained in the NJLmodel, hence list only the basic idea and
important steps/results. Within the impulse approximation,
the pion’s GPD in the NJL model can be calculated as

H0
I¼0;1ðx; ξ; tÞ ¼

Z
d4l
ð2πÞ4

Tr½Γ̄πSΓ · nSΓπS&; ðB1Þ

with momentum assigned in Fig. 9. Here we consider the
GPD of isospin 0 or 1, defined as H0

I¼0 ¼ H0
u þH0

d and
H0

I¼1 ¼ H0
u −H0

d. Flavor matrices are implicitly embedded
in the elements S, Γπ and Γ · n. The notation Γ · n represents
the dash line boxed area.We denote the Γ · n as a violet blob
in other diagrams. It satisfies the inhomogeneous Bethe-
Salpeter equation:

ðB2Þ

Here the red blob is the bare vertex

ðB3Þ

Note the first Dirac delta ensures k' Δ=2 ¼ l' Δ=2 at
leading truncation. The matrices τ0 or τ3 are for isospin
0 or 1, respectively. To solve for Γ · n, one can formally sum
the series

ðB4Þ

Its subleading term

ðB5Þ

can be evaluated via Mellin moments, i.e.,
Z

dxxsBIðx;ξ;tÞ¼
X

Ω
2iGΩ

Z
dxxs

Z
d4k
ð2πÞ4

δðn · ½xP−k&Þ

×Tr
!
S
"
kþΔ

2

#
=n
$
τ0
τ3

%
S
"
k−

Δ
2

#
Ω
&
Ω;

ðB6Þ

where Ω denotes any of the five Dirac/isospin structures
appearing in theNJLmodel Lagrangian.2 At ξ ¼ 0 one finds

ðP · nÞ
Z

dxxsBI¼0;1ðx;0; tÞ ¼
$−2Gω;ρΠVVðtÞ=n ∶s¼ 0

0 ∶s ≥ 1

ðB8Þ

which uniquely determines the result for BI to be

BI¼0;1ðx; 0; tÞ ¼ −2Gω;ρΠVVðtÞ
δðxÞ
ðP · nÞ

=n: ðB9Þ

One can calculate the rest terms analogously and their
summation gives the overall dressed quark correlator:

ðB10Þ

Putting Eq. (B10) back into Eq. (B1), the first term in the
braces gives the bare vertex contribution

HI¼0;1ðx; 0; tÞ ¼
Z

d4k
ð2πÞ4

δðxP · n − l · nÞ

× Tr
$
Γ̄πS=n ⊗

!
τ0
τ3

&
SΓπS

%
: ðB11Þ

FIG. 9. Triangle diagram (impulse approximation) for
Hðx; ξ; tÞ. The dash line boxed area represents the fully dressed
vertex Γ · n. Lines with arrows indicate dressed quark propa-
gators S and the black blob represents the pion’s Bethe-Salpeter
amplitude Γπ .

2The qq̄ interaction kernel in NJL model is given by

Kαβ;γδ ¼ 2iGπ½ð1Þαβð1Þγδ − ðγ5τiÞαβðγ5τiÞγδ&

− 2iGρ½ðγμτiÞαβðγμτiÞγδ þ ðγμγ5τiÞαβðγμγ5τiÞγδ&

− 2iGωðγμÞαβðγμÞγδ: ðB7Þ
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A universal description within leading LFWFs truncation.

(C.S. et al, PRD2020)
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Conclusions

-

In a realistic calculation, the spin-parallel LFWF of pion and kaon contributes 
considerably, exhibiting a highly relativistic system. Less contribution for 
heavy quark system (in preparation).

LFWFs can be obtained from Bethe-Salpeter wave functions, rendering a 
variety of  light front distributions calculable. 

Existing data can be described using realistic leading Fock state LFWFs.

Many more to explore with DSEs.




