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Abstract

A long-standing challenge in lattice QCD is the direct computation of key measures of hadron
structure, including parton distribution functions, quark distribution amplitudes, and three-dimensional
measures such as the transverse-momentum-dependent distributions, and generalized parton dis-
tributions. Recently, new approaches have been proposed that enable their direct computation,
and these are characterized by a requirement that the hadron of interest be increasingly relativis-
tic. This Class A Continuation proposal aims to capitalize on recent developments, and our
previous USQCD allocation, to compute the structure functions of the pion and nucleon using the
pseudo-PDF and current-current matrix element formulation using the distillation framework, and
to extend the calculation to that of the gluon contribution to hadron structure, and to embark
on calculations of three-dimensional imaging through the calculation of GPDs in the pseudo-PDF
approach. This project is relevant to the hadron structure experimental programs at JLab, and at
RHIC-spin. With the recent CD0 and site selection of the EIC, the extension to the gluon distri-
butions is particularly timely. We request an allocation of 63.6 KNL-core-hours, 0.88M
GeForge GPU-Hours, 6.5M SKX-core-hours, together with an addition 100 TByte
tape storage, and 60 Tbyte of disk storage.

∗email: dgr@jlab.org
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PDFs from Lattice QCD
• First Challenge: 

– Euclidean lattice precludes calculation of light-cone/time-separated 
correlation functions

q(x, µ) =

Z
d⇠�

4⇡
e�ix⇠�P+

hP |  ̄(⇠�)�+e�ig
R ⇠�
0 d⌘�A+(⌘�) (0) | P i

So…. …Use Operator-Product-Expansion to formulate in terms of Mellin 
Moments with respect to Bjorken x.

hP |  ̄�µ1(�5)Dµ2 . . . Dµn | P i ! Pµ1 . . . Pµna
(n)

Matrix elements of local operators that can be computed in 
Euclidean space



Moments of Pion PDF
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We perform fits of these functional forms to all the data of
the first and second moments separately. For these fits we
have the data for the bare hxi (hx2i) and the estimates for
ZvD (ZvDD) and r0=a. To properly account for the uncer-
tainties in the renormalization functions and the Sommer
parameter r0=a, we use the augmented χ2 function as
follows:

χ2aug ¼ χ2þ
X

β

#
ZðβÞ−PZðβÞ

ΔZðβÞ

$
2

þ
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Here, Z and ΔZ denote the relevant renormalization factor
and its statistical uncertainty either for the first or the
second moment. PZ and Pr0 are additional fit parameters
per β value. The usual χ2 function entering χ2aug reads

χ2 ¼
X

β

X

iðβÞ

#
yi − gðxi; fPgÞ

Δyi

$
2

: ð32Þ

Here iðβÞ index the data points for the corresponding β
value, yi are the bare data for hxi (hx2i), and xi are the data
for ðMπ=fπÞ2. With fPg we label the set of fit parameters
fc0; c1; ca; Pr0 ; PZvD

g (fb0; b1; ba; Pr0 ; PZvDD
g) and with g

the corresponding ChPT expression. The equation for the
χ2 function above is written for the uncorrelated case,
because all data points stem from independent ensembles,
r0=a, and the renormalization constants from independent
analyses. Errors of fit parameters are again computed using
the bootstrap procedure by performing a fit on every
bootstrap replica.
In principle one could also include the error on ðMπ=fπÞ2

in the fit. However, these errors are so small compared to the
ones for the moments that they do not alter the fit results.We
also do not include systematic uncertainties in the fit,
because they lack a statistical interpretation and would
increase all error bars more or less uniformly.
For the first moment we obtain the following best fit

parameters:

c0 ¼ 0.199ð5Þ; c1¼ 0.0083ð5Þ; ca ¼ 0.92ð20Þ: ð33Þ

The p value of the fit equals 0.61 with χ2aug=dof ¼ 8.2=10.
Thus, the fit is acceptable and the continuum value of hxi at
the physical point—defined via Mπ=fπ ¼ 1.0337—reads

hxiphysR ¼ 0.2075ð53Þ: ð34Þ

The best fit curves for the three lattice spacings are included
as dashed lines in the left panel of Fig. 6. The continuum

FIG. 6. hxiR of the pion (left) and hx2iR (right) as functions of ðMπ=fπÞ2 at μ̄ ¼ 2 GeV in the MS scheme. Dashed colored lines
represent the best fit functions Eq. (30) at the three lattice spacing values, respectively. The solid black line represents the continuum
curve. The black triangles represent the estimates at the physical point in the continuum limit. The error bars represent only the statistical
uncertainty.

M. OEHM et al. PHYS. REV. D 99, 014508 (2019)

014508-10

• Second Challenge: 
– Discretised lattice: power-divergent mixing for higher moments

Moment Methods 
– Extended operators: Z.Davoudi and M. Savage, PRD 86,054505 (2012) 
– Valence heavy quark: W.Detmold and W.Lin, PRD73, 014501 (2006)

ETM Collaboration, M.Oehm et al., PRD99, 014508 (2019)

Limited to first two moments - limited knowledge of x-dependence



Constraining PDFs from Moments
Detmold, Melnitchouk, Thomas, Mod.Phys.Lett.A18, 2681 (2003); 
Phys.Rev.D68, 034025 (2003)
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FIG. 2: Valence distribution of the pion, reconstructed using method (ii) described in the text.

The shaded region corresponds to the uncertainty in the distribution (see text). The dashed

line corresponds to vπ(x) = Ax−1/2(1 − x)2, which incorporates the hadron helicity conservation

expectation for the large-x behavior. Experimental Drell-Yan data (diamonds) are from Ref. [5].

Since Eq. (6) gives the mπ dependence of the moments, we can examine the dependence

of the valence distribution on the pion mass. The result of reconstructing the PDF at

several values of m2
π is shown in Fig. 3. We do not show results for values of m2

π larger

than 1 GeV2 because there are no lattice data to constrain the reconstruction. However,

we have checked that if the heavy quark limit is built into our extrapolation function, the

distribution approaches a δ-function at x = 1/2. It is interesting that, even without such

a constraint, the PDF seems to show that the momentum of the pion is shared primarily

between the two valence quarks for mπ above 0.7 GeV.

The obvious problem with this method is that the assumption that the C-odd and C-even

moments are approximately equal must break down as the lattice data are extended to lower

masses — presumably where one begins to see curvature in the n = 2 moment.

(iii) A third possibility is to extrapolate the n-odd moments linearly, according to Eq. (7),

14

Pion

Take-away messages: 
• Need to assume parametrization 
• More moments would be better..



Solution….

z 

x,y 
 

Large P 

Large-Momentum Effective Theory (LaMET)

X. Ji, Phys. Rev. Lett. 110, 262002 (2013). 
X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013). 
J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

“Equal time” correlator

q(x, µ2, P z) =

Z
dz

4⇡
eizk

z

hP |  ̄(z)�ze�ig
R z
0 dz0 Az(z0) (0) | P >

+O((⇤2/(P z)2),M2/(P z)2))

q(x, µ2, P z) =

Z 1

x

dy

y
Z

✓
x

y
,
µ

P z

◆
q(y, µ2) +O(⇤2/(P z)2,M2/(P z)2)

See Huey-Wen Lin, Thursday

Need for high momentum



Pseudo-PDFs
• Pseudo-PDF (pPDF) recognizing generalization of PDFs in 

terms of Ioffe Time. ⌫ = p · z
A.Radyushkin, Phys. Rev. D 96, 034025 (2017)

B.Ioffe, PL39B, 123 (1969); V.Braun 
et al, PRD51, 6036 (1995)

Lattice “building blocks” that of quasi-PDF approach.

M↵(p, z) = hp |  ̄�↵U(z; 0) (0) | pi
<latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit><latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit><latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit><latexit sha1_base64="MCl07JT2srlV8HQU8KqjtuC3224="></latexit>

p = (p+, m2 /2p+,0T) z = (0,z−,0T) Ioffe-Time Distribution

M↵(z, p) = 2p↵M(⌫, z2) + 2z↵N (⌫, z2)
<latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit><latexit sha1_base64="HpSie0hcU46qKzkciUzlYF+0XoA="></latexit>

⟹

Ioffe-time pseudo-Distribution (pseudo-ITD) generalization to space-like z

⟹
M(⌫, z2) =

Z 1

�1
dx ei⌫xP(x, z2)

<latexit sha1_base64="oE9W8XbmyVioqfvr4+KTeW+/YQg="></latexit><latexit sha1_base64="oE9W8XbmyVioqfvr4+KTeW+/YQg="></latexit><latexit sha1_base64="oE9W8XbmyVioqfvr4+KTeW+/YQg="></latexit><latexit sha1_base64="oE9W8XbmyVioqfvr4+KTeW+/YQg="></latexit>

Lorentz covariant

pseudo-PDF

f(x) = P(x, 0) =
z2
3!0

1

2⇡

Z 1

�1
d⌫e�i⌫xM(⌫,�z23)

<latexit sha1_base64="tWYuOJPYxH3cCYBbkGFrusUXj9g="></latexit><latexit sha1_base64="tWYuOJPYxH3cCYBbkGFrusUXj9g="></latexit><latexit sha1_base64="tWYuOJPYxH3cCYBbkGFrusUXj9g="></latexit><latexit sha1_base64="tWYuOJPYxH3cCYBbkGFrusUXj9g="></latexit>

⟹



“Good Lattice Cross Sections”

9

where

Ma and Qiu, Phys. Rev. Lett. 120 022003

Calculated in perturbation 
theory (“process dependent”)Parton Distribution 

function

Calculated in 
LQCD

Short distance scale

Expressed in coordinate space

Flavor-changing

Encompasses qPDF/pPDF
Gauge-Invariant CurrentsOS(⇠) = ⇠4Z2

S [ ̄q q](⇠)[ ̄q ](0)

OV 0(⇠) = ⇠2Z2
V 0 [ ̄q⇠ · � q0 ](⇠)[ ̄q0⇠ · � ](0)

O(⇠) =  ̄(0)�W (0, 0 + ⇠) (⇠)

�n(⌫, ⇠
2, P 2) = hP | T{On(⇠)} | P i
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�n(⌫, ⇠
2, P 2) =

X

a

Z 1

�1

dx

x
fa(x, µ

2)Ka
n(x⌫, ⇠

2, x2P 2, µ2) +O(⇠2⇤2
QCD)

<latexit sha1_base64="Vw0bQm4rR+feIRuBGhmlPeuGIfw="></latexit><latexit sha1_base64="Vw0bQm4rR+feIRuBGhmlPeuGIfw="></latexit><latexit sha1_base64="Vw0bQm4rR+feIRuBGhmlPeuGIfw="></latexit><latexit sha1_base64="Vw0bQm4rR+feIRuBGhmlPeuGIfw="></latexit>

c.f. pion QDA, Bali et al., Phys. Rev. D 98, 094507 (2018)



Quasi- vs Pseudo- vs LCS
– All integrals of Ioffe-Time Distribution Function 
– Should yield same PDF after matching and systematic controls

P(x,�z23) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xM(⌫,�z23)

<latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit><latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit><latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit><latexit sha1_base64="aJi5mhqxLIjrtibGyuyx1wFNy0s="></latexit>

Q(x, p23) =
1

2⇡

Z 1

�1
d⌫ e�i⌫xM(⌫,�⌫2/p23)
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Quasi-PDF

Pseudo-PDF and LCS
For pPDF + LCS, z sets short-distance 
scale.

N.B.  All approaches require large momentum - but for pPDF and LCS to 
ensure range in Ioffe time to solve inverse problem.

Collision energy

Hard Probez ⟶ 1
Q

P ⟶ s

z < < 1
ΛQCD



LCS pPDF

qPDF
Same lattice building blocks

Analogous matching to light-cone PDFs

I will discuss these

Colin Egerer, Friday



• Pion less computationally demanding that nucleon? 
– Larger signal-to-noise ratio
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Why the Pion and Kaon? 

Cp
�2(t, ~p) !

⇢
e�m⇡t Mesons
e�(3m⇡/2)t Baryons

C(t, ~p) ⌘
X

~x

h0 | O(t, ~x)O†(0, 0) | 0ie�i~p·~x
! e�E(~p)t

• Important constraint on systematic uncertainty is understanding renormalization 
– Operator renormalization “independent” of external states 

• Several different calculations using the different approaches 
– LCS approach straightforward for mesons, challenging for baryons

For lattice practitioners

For experiment and phenomenology
• We are solving QCD 
• We are studying a free, isolated pion

For all
• Pion and kaon encapsulate many of the mysteries of how QCD works
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Process, i.e. current, dependent
1

2
[�µ⌫

V,A(⇠, p) + �µ⌫
A,V (⇠, p)]

<latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit><latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit><latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit><latexit sha1_base64="FtSd2NpCIyLMl4QXUzqIm2QwgV0="></latexit>

Good Lattice Cross Section
in the Qweak experiment arises from the Gs

M(Q2). A precise estimate of Gs
M(Q2) can lead to

more/higher precision in the estimated value of proton weak charge Qp = (1� 4 sin2 ✓W ) in the

Qweak experiment. It is very important to know the value of Qp with greater precision because/as

this will constrain the possibility of Beyond Standard Model physics.

Discuss NuTeV anomaly from the second moment of the s(x)� s̄(x) asymmetry (from high-

lighted 10)

J1

J2
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Momentum  
projection

Momentum  
projection

Momentum conservation
Sequential-Source Approach

≡ ϵμναβξα pβT1(ν, ξ2) + (pμξν − ξμpν)T2(ν, ξ2)

Sufian et al., Phys. Rev. D 99, 074507 
(2019); arXiv:2001.04960

Perturbative kernel:

e�q(1)
V A (e!, q2) =

Z 1

0

dx

x
eK(1)(xe!, q2, µ2)f (0)

qv/q
(x, µ2)+

Z 1

0

dx

x
eK(0)(xe!, q2, µ2)f (1)

qv/q
(x, µ2).
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N.B. We’re inconsistent !ω ↔ ν

Y-Q Ma
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Good Lattice Cross Section

ID a (fm) m⇡ (MeV) L3 ⇥Nt Ncfg

a127m413 0.127(2) 413(4) 243 ⇥ 64 2124
a127m413L 0.127(2) 413(5) 323 ⇥ 96 490
a94m358 0.094(1) 358(3) 323 ⇥ 64 417
a94m278 0.094(1) 278(4) 323 ⇥ 64 503
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2 + 1 flavor Wilson-clover lattices



Lattice Cross Sections

�V A(!, ⇠
2) =

kmax=4X

k=0

�k⌧
k + b1m⇡ + b2a+ b3⇠

2 + b4a
2p2 + b5e

�m⇡(L�⇠)
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⌧ =

p
!cut + ! �p

!cutp
!cut + ! +

p
!cut
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“Z-expansion fit”



Inverse problem: extract PDF
“Inverse Problem” - ill-posed inverse Fourier transform.

Calculate on Lattice Calculate in PQCDExtract PDF?
Similar challenge to global fitting community!

�n(⌫, ⇠
2, P 2) =

X

a

Z 1

�1

dx

x
fa(x, µ

2)Ka
n(x⌫, ⇠

2, x2P 2, µ2) +O(⇠2⇤2
QCD)
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q⇡v (x) =
x↵(1� x)�(1 + �x)

B(↵+ 1,� + 1) + �B(↵+ 2,� + 1)
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I. SUPPLEMENTAL MATERIALS

A. E↵ect of the Next-To-Leading Order Kernel on

the Io↵e Time Distribution

By choosing ↵s = 0.303 at µ = 2 GeV and �⇠
2
µ
2 = 1,

we compare in FIG. 5 the K
(0)(!)/! and K

(1)(!)/!
e↵ects for ! 6= 0. The NLO corrections are tiny at small
! and increase very slowly towards large !; this can be
partially understood from the ratio between K

(0) and
K

(1) around ! = 0:

K
(1)

K(0)
=

↵s

3⇡
+O(!2) ⇡ 0.03 +O(!2). (18)

FIG. 5. A comparison between K(0)(!)/! and K(1)(!)/!
for ↵s(µ = 2 GeV) = 0.303 and �⇠2µ2 = 1. The uncertainty
in K(1)(!)/! is obtained by a 10% variation in ↵s.

It is also useful to study the e↵ect the NLO kernels
will have on various model PDFs in Io↵e time space. The
convolutions

K
(1,i)

⌦ q(!) =

Z
dx

1

x!
K

(1,i)(x!)q(x) (19)

with i = 0, 1 for a few PDFs are shown in FIGs. 6
and 7. Each of the convolutions have similar fea-

tures. These convolutions represent the di↵erence be-
tween the LCS and the Io↵e time distribution (ITD),
applying the appropriate factors proportional to ↵s and
ln(�⇠

2
µ
2
e
2�E/4). The convolutions all rise to a peak

around ! ⇠ 4.0 and begin to decay to 0. The NLO ef-
fects are most significant at the highest Io↵e time range
available to our calculations but the corrections will be
smaller for large Io↵e times. These convolutions demon-
strate an a reassuring feature of the position space match-
ing. These convolutions are at the largest O(1) which
means the NLO term will be O(↵s) for the entire region
of Io↵e time.
These convolutions can be compared with those for

matching the reduced pseudo-ITD to the PDF, shown in
FIG. 1 of [47]. In that work, the convolution with the
DGLAP kernel K(1,1) is referred to as B ⌦ ReM. The
scheme and operator dependent convolution is referred
to as L ⌦ ReM. Unlike for this LCS, this convolution
vanishes at ! = 0 due to its relation to the vector current.

FIG. 6. The convolution of the K(1,0) kernel with model
PDFs.

FIG. 7. The convolution of the K(1,1) kernel with model
PDFs.
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Pion Valence Quark Distribution at Large x from Lattice QCD
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Using a short-distance collinear factorization, the pion valence quark distribution q⇡v (x) is ex-
tracted from spacelike correlations of antisymmetrized vector and axial-vector (V-A) currents, where
the employed perturbative hard coe�cient is derived to one-loop. Finite lattice spacing, volume,
and quark mass dependencies are investigated in a simultaneous fit of matrix elements computed
on four gauge ensembles, providing a physical limit Io↵e time distribution. Using two di↵erent
phenomenologically motivated parametrizations of q⇡v (x), the q⇡v (x) distribution is found to be in
very good agreement with that extracted from experimental data. At large x, a softer valence quark
distribution is slightly favored by the figure of merit of this calculation. These two distributions are
consistent within uncertainty and reproduce the extraction of q⇡v (x) from the experimental data in
the entire x-region, showing the robustness of our calculation.

Introduction: The pion, being both a Nambu-
Goldstone boson and the lightest bound state in Quan-
tum Chromo-Dynamics (QCD), highlights the challenges
in creating consistent theoretical and phenomenologi-
cal frameworks to describe its partonic structure. The
shape of the pion valence parton distribution functions
(PDFs) extracted from experimental data [1–5] in di↵er-
ent analyses [6–12] are in sharp contrast among them-
selves and with perturbative QCD (pQCD)-based frame-
works [13, 14] at large longitudinal momentum fractions
x. Central to the disparity is whether the pion PDF has
a softer (harder) (1�x)2 ((1�x)) fall-o↵ as x ! 1, and at
what x and Q2 pQCD predictions are matched - various
model calculations [15–20] exemplify this contrast.

The limited available phase space for partonic interac-
tions at large x localizes quantum fluctuations such that
large-x dynamics is constrained by confinement, in e↵ect
increasing parton correlations as x ! 1. As the quark
distribution at large x is sensitive to non-perturbative
quark-gluon dressing, a description of its behavior will
also elucidate our understanding of the generation of
mass in QCD through dynamical chiral symmetry break-
ing. Unraveling the complexities of the valence and sea
quark contents of the pion is spearheaded by several up-
coming experiments - Je↵erson Lab tagged deep-inelastic
scattering (DIS) experiments [21], Drell-Yan measure-
ments at the COMPASS experiment [22] and, also the
future Electron-Ion Collider (EIC) facility [23]. A first-
principles lattice QCD (LQCD) determination of the pion
valence PDF q⇡v (x) with controlled statistical and system-
atic uncertainties is particularly well-timed and solicits a
synergy of increasing importance between experimental
and theoretical e↵orts.

Experimental extraction of x-dependent parton
physics has blossomed through the application of the

QCD factorization theorem [24] and considerable ad-
vancements in global analyses [25–29] of experimental
data. Several LQCD methods [30–36] have also been
proposed and developed that probe the light-cone struc-
ture of hadrons non-perturbatively. These approaches
have led to significant achievements in recent years, es-
pecially in determinations of flavor non-singlet distribu-
tions [37–45]. A proper quantification and mitigation
of systematic errors and numerical artifacts present in
these calculations and related theoretical challenges still
require further insight and development (for a recent re-
view, see [46]). Incorporating LQCD calculated quan-
tities as a component of future global analyses remains
a goal of the pQCD and LQCD communities, providing
further impetus to overcome these challenges.

In this letter, we present a calculation of the q⇡v (x)
obtained from “Lattice Cross Sections” (LCSs) [34, 36],
specifically matrix elements of two local, spacelike-
separated, gauge-invariant currents within the pion.
The Lorentz covariant matrix elements of two currents
spatially separated by a quark propagator are com-
putable on a Euclidean lattice and have a well-defined
continuum limit as the lattice spacing a ! 0. In our
calculation, through the factorization of these hadronic
matrix elements, the collinear divergences of the par-
tonic scattering are absorbed into the non-perturbative
PDFs, leaving an infrared-safe and perturbatively
computable hard contribution, in direct analogy to the
factorization of inclusive DIS cross section measurements
in experiments. Calculations on four distinct lattice
ensembles allows for estimation of systematic errors
from finite lattice spacing, volume, and unphysical pion
mass extrapolations. These results are shown following
a derivation of the next-to-leading-order (NLO) per-
turbative kernel for an antisymmetrized vector-axial
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Slightly favors softer [ ] fit  need for finer resolution in Ioffe time..(1 − x)2 →



Pseudo-PDF Approach

Same ensemble as LCS

⟹
After 
Matching

μ = 2 GeV

B.Joó et al., Phys. Rev. D 100, 114512 (2019).

ID a (fm) m⇡ (MeV) � aml ams L3 ⇥Nt Ncfg

a127m415 0.127(2) 415(23) 6.1 -0.280 -0.245 243 ⇥ 64 2147
a127m415L 0.127(2) 415(23) 6.1 -0.280 -0.245 323 ⇥ 96 2560
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Pion pPDF - III
T.Izubuchi et al., Phys. Rev. D 
100, 034516

J-H Zhang et al., Phys. Rev. D 
100, 034505



Moments

• Can obviate need for inverse through computation of 
moments

J Karpie, K Orginos, S Zafeiropoulos, arXiv:1807.10933

M(⌫, z2) =
1X

n=0

in
⌫n

n!
an(µ

2)Kn(µ
2z2) +O(z2)
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Mellin moments of PDF Matching coefficient

First “dedicated” lattice calculation of pseudo-PDFs - K. Orginos et al., PRD96 (2017), 094503

c.f. TMD calculation in Ioffe time with straight link - B. Musch et al., PRD83:094507 (2011)



Pseudo-PDF Moments of Pion PDF

8

fit a c2 c2l c4 c4l �
2
/d.o.f

a
latt
2 0.2478(15) -0.0054(16) - - - 5.42

a
latt
2l 0.2515(17) -0.051(17) 0.008(3) - - 1.7

a
latt
4 0.2541(26) -0.015(3) - 0.004(1) - 1.2

a
latt
4l 0.239(57) 0.2(1.2) -0.07(35) 0.3(1.4) -0.03(21) 0.67

TABLE II. The parameters from fitting the residual z2 dependence of the first PDF moment for the a127m415L ensemble.
The higher twist terms are smaller than what would have been been expected by a simple O(z2⇤2

QCD) estimate.

FIG. 7. The third moments of the pion pseudo-PDF and of
the PDF calculated from the a127m415L ensemble are shown.
The moments are shown as functions of the original separation
(z/a)2 of the reduced pseudo-ITD data used to calculate them
with small o↵sets for better visibility. The data from lowest
two z values in this calculation only show linear e↵ects due
to the short range of Io↵e time they span. As a result, they
do not have any signal for the third moment and are not
shown here. After the matching procedure, the dependence on
the separation vanishes within statistical precision, showing
the lack of large higher twist e↵ects at this level of precision.
The green band represents the PDF moment from a weighted
average.
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Mellin transform of that behavior to estimate the higher
twist e↵ects in the reduced pseudo-ITD. With only four
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Different systematics to direct calculation of local matrix elements

B.Joó et al., Phys. Rev. D 100, 114512 (2019).c.f. Shugert et al., arXiv:2001.11650



Going Forward…
• We have seen the importance of gluon contributions

– Extend LCS to include gluon currents jμν = FμρFρ
ν

– Gluon pPDF: A. Balitsky et al., JLAB-THY-19-3087

Calculation in progress (T.Khan et al) in distillation framework - see C.Egerer

Requires calculation of disconnected contributions

Kaon in progress - computationally doubles cost of calculation



Summary
• Revolution in the study of x-dependent measures of hadron structure 

– Impact global fitting community?   
– First-Principles calculation 

• Pseudo-PDF/GLCS approach has a well-defined short-distance scale: 
factorize short-distance physics from perturbative scale. 

• Solution of inverse problem: common to all attempts to extract PDFs.  
Appeal to global fitting community 

• To control systematics 
– fine lattices - to ensure in perturbative regime 
– large momenta - to provide range in Ioffe time 
– Combined pPDF/LCS - further control over systematics 

• New areas: 
– GPD’s in pseudo-PDF approach: A.Radyushkin, Phys. Rev. D 100, 

116011 (2019). 
– Nucleon LCS

Colin Egerer, Friday


