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1. Minimal doubling



Graphene electron system

・Unit 2-site     → emergent spin

・Bipartite hop → chiral sym

・Linear disp.    → relativistic
おり以下のように書ける。

b1 = −4π

3
e1, b2 =

4π

3
e2

aµ · bν =
{

2π (µ = ν)
0 (µ "= ν) (3.0.2)

ここで tight-binding近似でのハミルトニアンは以下のように書ける。

H =
∑

p

(c†a(k), c†b(k))
(

0 z(k)
z∗(k) 0

)(
ca(k)
cb(k)

)
(3.0.3)

on-siteポテンシャルはゼロとし、ホッピングは簡単のため 1とした。また、格子間隔 aも
ここでは 1とした。ここで z(k) =

∑
µ exp(ik · eµ)と定義される。このときエネルギー

スペクトルは以下のように表される。

ε(k) = ±
√

z∗(k)z(k) (3.0.4)

ここで kは直交座標表示での運動量である。また c†a, cb などは aサイト、bサイトへの生
成消滅演算子である。一方、非直交座標表示での運動量を pµ = k · aµ のように pµ とし
て表すことが出来る。これを用いると上式の z(k) は部分的に pµ を用いて以下のように
書き表すことが可能になる。

z(k) =
3∑

α=1

eik·eµ

= eik·e3
(
1 + eik·a1 + e−ik·a2

)

= eik·e3
(
1 + eip1 + e−ip2

)
(3.0.5)

この表示でのブリルアンゾーン内の独立なフェルミ点は

p̂ = ±(
2π

3
,
2π

3
) (3.0.6)

となる。一方直交座標系では具体的なエネルギースペクトルは以下のように表される。

z(k) = exp[− i

2
(k1 +

√
3k2)] + exp[− i

2
(k1 −

√
3k2)] + exp[ik1] (3.0.7)

ε(k) = ±
[
3 + 2cos(

√
3k2) + 2cos

(√
3

2
k2 +

3
2
k1

)
+ 2cos

(√
3

2
k2 −

3
2
k1

)]1/2

(3.0.8)
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b
→ emergence of spin d.o.f.
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σ3Dσ3 = −D

subgroup of exact chiral symmetry

σ3Hσ3 = −H
(H = σ3D)
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またこの表示でのフェルミ点はブリルアンゾーン端点に存在しており

k̂ = ±
(
0,

4
√

3π

9

)
, (±2π

3
,±2

√
3π

9
) (3.0.9)

となる。一見この表示ではフェルミ点は 6個あるように見えるが、逆格子ベクトルで移り
変わらない独立なフェルミ点は 2 つである。運動量空間におけるゼロ点の配置を図??に
示した。ここで言うゼロ点とは上下のバンドが接する点を指しフェルミ点とも呼ばれる。
分散の線形性を見る場合に直交基底の方が見易いこともあり、この先の議論では直交座標
表示を用いることにする。
図??からわかるように、運動量空間においてブリルアンゾーンはハニカム格子を形

成している。その端点にはフェルミ点が存在し、逆格子ベクトルで移り変われない
独立なものはブリルアンゾーン内に 2 種類ある。ここでは独立なフェルミ点として
k̂ = ±k0 = ±(0, 4

√
3π/9) の２つを取る。先ず k̂ = k̂0 = (0, 4

√
3π/9) 付近でのハミル

トニアンは、連続極限もしくは低エネルギー極限 (a → 0) で以下のような形に帰着する
(k = q + k̂)。

Hψ =
(

0 z(k)
z∗(k) 0

)

∼ 3
2

(
0 iq1 − q2

−iq1 − q2 0

)

=
3
2

[−γ0#γ · #q] (3.0.10)

ここで (γ0, γ1, γ2) = (σ0, iσ2,−iσ1)と定義されているとする。さらにこのフェルミ点を
ψ sectorと呼ぶ事とする。次に k̂ = −k̂0 = −(0, 4

√
3π/9)付近でのハミルトニアンは低

エネルギー極限 (a → 0)で以下のような形に帰着する。

Hχ ∼ 3
2

(
0 iq1 + q2

−iq1 + q2 0

)

=
3
2

(iσ2)[−γ0#γ · #q](−iσ2) (3.0.11)

ここで、このフェルミ点を χ sectorと呼ぶ事にする。
一方、2 ＋ 1 次元ディラックフェルミオンの運動量空間でのハミルトニアンは H =

γ0#γ · #q である。これと ψsector 付近のハミルトニアンを比較すると、ファクターだけ違
うことが分かる。そこで適当なユニタリー変換 U(θ) =

√
3/2exp[−iθσ3](θは 0でない実
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2D Dirac operator emerges



Landau zero mode Anomalous quantum Hall effect

Particle physics on the condensed matter

What is observed experimentally ? 

spectral asymmetry = η-invariant 
(parity anomaly)

Novoselov, Geim,et.al. (05)

Outstanding difference from the usual QHE

Ifin は有効作用の有限部分だけを取り出したものである。W [A]の前の符号 ±は質量項の
符号によっている。
また U(1) ゲージ場の場合にも同様の議論が可能で、その際の結果はチャーン特性類

W [A]の中の第 2項が存在せずまたファクターが 2だけ異なる。

IR
eff [A] = Ifin

eff [A](m = 0) ± 2πW [A]

= Ifin
eff [A](m = 0) ± e2

8π

∫
d3x εµνρAµ∂νAρ (2.3.7)

後に説明するようにグラフィン電子系の低エネルギー現象はこの作用によって支配されて
いると言ってよい。
このように正則化された有効ゲージ理論には大きく分けて 2つの項が存在している。第

1項は前節で議論したようにホモトピカルに非自明なゲージ変換 Un に対して ±π|n|だけ
変化する。一方、第 2項のチャーン-サイモン項も同様の変換性があるので、全体として
はゲージ不変な有効作用になっている。また第 1項はパリティ不変であるのに対して、第
2 項のチャーン-サイモン項は明らかにパリティ変換に対し符号を変える。つまりゲージ
不変に正則化されたこの有効ゲージ作用はパリティ不変性を量子的に破っており、ゲージ
対称性を優先することでパリティアノマリーが出現したことになる。
ここで QED の場合にこのチャーン-サイモン項がどのような物理的帰結に繋がるかを

考察しておく。まず有効作用をゲージ場 Aで変分することでカレントの真空期待値 〈Jµ〉
を求められる。

e〈Jµ〉 =
δIR

eff

δAµ
=

e2

8π
εµνρFνρ + · · · (2.3.8)

このとき J0 を空間積分したものは真空に誘起されたチャージに対応しており、特に静磁
場中では

Qvac =
∫

dx e〈J0〉 =
e2B

4π

∫
dx =

e

2
Φ

∫
dx (2.3.9)

となる。ここで Φ は単位面積あたりの磁束の本数を表す。したがってこの理論によって
記述される系では、フェルミオンを導入しなくても真空電荷が誘導される。ただし最後の
表式から分かる通り誘導電荷は通常の半分の電荷になっており、これが fermion number
fractionizationと呼ばれる現象に対応している。
また静磁場中で 2 次元空間内に電場 Ex を掛けたとすると、これらのチャージは速

度 vy = Ex/B で y 方向にドリフト運動する。これにより真空のホール伝導度 σvac =
e2/(4π) = e2/(2h)が単位面積あたりに誘導されることがわかる。この真空のホール伝導
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またこの表示でのフェルミ点はブリルアンゾーン端点に存在しており

k̂ = ±
(
0,

4
√

3π

9

)
, (±2π

3
,±2

√
3π

9
) (3.0.9)

となる。一見この表示ではフェルミ点は 6個あるように見えるが、逆格子ベクトルで移り
変わらない独立なフェルミ点は 2 つである。運動量空間におけるゼロ点の配置を図??に
示した。ここで言うゼロ点とは上下のバンドが接する点を指しフェルミ点とも呼ばれる。
分散の線形性を見る場合に直交基底の方が見易いこともあり、この先の議論では直交座標
表示を用いることにする。
図??からわかるように、運動量空間においてブリルアンゾーンはハニカム格子を形

成している。その端点にはフェルミ点が存在し、逆格子ベクトルで移り変われない
独立なものはブリルアンゾーン内に 2 種類ある。ここでは独立なフェルミ点として
k̂ = ±k0 = ±(0, 4

√
3π/9) の２つを取る。先ず k̂ = k̂0 = (0, 4

√
3π/9) 付近でのハミル

トニアンは、連続極限もしくは低エネルギー極限 (a → 0) で以下のような形に帰着する
(k = q + k̂)。

Hψ =
(

0 z(k)
z∗(k) 0

)

∼ 3
2

(
0 iq1 − q2

−iq1 − q2 0

)

=
3
2

[−γ0#γ · #q] (3.0.10)

ここで (γ0, γ1, γ2) = (σ0, iσ2,−iσ1)と定義されているとする。さらにこのフェルミ点を
ψ sectorと呼ぶ事とする。次に k̂ = −k̂0 = −(0, 4

√
3π/9)付近でのハミルトニアンは低

エネルギー極限 (a → 0)で以下のような形に帰着する。

Hχ ∼ 3
2

(
0 iq1 + q2

−iq1 + q2 0

)

=
3
2

(iσ2)[−γ0#γ · #q](−iσ2) (3.0.11)

ここで、このフェルミ点を χ sectorと呼ぶ事にする。
一方、2 ＋ 1 次元ディラックフェルミオンの運動量空間でのハミルトニアンは H =

γ0#γ · #q である。これと ψsector 付近のハミルトニアンを比較すると、ファクターだけ違
うことが分かる。そこで適当なユニタリー変換 U(θ) =

√
3/2exp[−iθσ3](θは 0でない実
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Creutz’s minimal-doubling fermion

2. chiral symmetry +  4. Hyperdiamond zeros

Creutz (07)



る。今、一粒子状態のハミルトニアンを

H =
(

0 z(p)
z∗(p) 0

)
(6.2.3)

として対角化するとエネルギー固有値は

E(p1, p2) = ±|z(p)| (6.2.4)

となりブリルアンゾーン内でのエネルギーのゼロ点は p = (2π/3, 2π/3), (−2π/3 −
2π/3)の 2点のみである。この 2点の表式は前節で示したものと一致している。
ここでグラフィン系の特徴の一つであるゼロギャップ (ゼロ質量)さらにはこれと深く

関係したカイラル対称性がどのように実現されているかを詳しく考察してみよう。
まず式 (6.2.4) を詳しく調べてみる。すると運動量空間においてエネルギー固有値

(|z(p)|)が一定の閉曲線が存在する。特にゼロ点を内部に含む閉曲線には z(p)の位相が
非自明に wrapping していることが見て取れる。つまり、(p1, p2) 空間で固有値一定の
閉曲線を一周すると、z(p) の位相が 2nπ 変化するという具合になっている。このため
(p1, p2)がゼロ点に近づくにつれ、エネルギー固有値の絶対値は必ずゼロに近づいていく。
このような幾何学的性質があるために、グラフィン系ではバンドギャップが開くことはな
い。実際には 2次元の場合、このような位相幾何学的な議論をするまでもなくギャップが
ないことが確かめられる。しかし一般の次元でゼロギャップが強固な性質として存在する
ことを示そうと思えば、このようなトポロジカルな議論は大変有用になる。
グラフィン系におけるこの性質はカイラル対称性とも関係している。当然のことながら

カイラル対称性が厳密である限りはフェルミオンが質量を持つことは出来ない。今、こ
の系でカイラル変換に対応するものはエネルギー固有値の符号を変える変換である。こ
れは演算子としては σ3 で表され、2+1次元では charge conjugationの演算子であり、2
次元系ではカイラル変換の演算子と見なせる。これに対しハミルトニアンは σ3 に対し
て σ3Hσ3 = −H という関係を満たす。これは 4 次元でのカイラル対称性を表す関係式
γ5Dγ5 = −D に対応しており、グラフィン系が確かにカイラル対称性を持つことを示し
ている。
このように密接な関係にある『厳密なカイラル対称性』と『ゼロギャップ性』が、4次

元へ拡張した場合にも失われないように議論を進めたい。そのためには 4次元において以
下の性質を満たすディラック演算子を構成する必要がある。

(i)ディラック演算子のゼロ点付近で、z の位相に対応する 3次元超曲面と固有値が一
定になる 3次元球面が非自明な mappingを持つ。
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(ii)ディラック演算子 (反エルミートなものを想定)が γ5 と反交換する。

γ5 D γ5 = D† = −D (6.2.5)

それではこの方針に従って 4 次元で『カイラル対称性と局所性が exact でダブラー数
が最小 (minimal doubling)になるフェルミオン作用』を構成してみよう。まず議論を進
め易くするために H = γ5D というエルミート演算子を考え、これを求めることを目標
とする。最終的には左から γ5 を掛けてディラック演算子 D を求めればよい。ここで (i)
と (ii)の性質を満たすために、運動量表示のH が式 (6.2.3)と同じ形を持つことを要求す
る。すると z は以下のように表される。

z = a0 + i−→a ·−→σ (6.2.6)

ここで aµ は適当な実ベクトルであり −→σ はパウリ行列である。これにより H もしくは
ディラック演算子Dは 4×4行列の演算子になりディラック粒子を記述し得ることがわか
る。つまり z もしくは z∗ は左右のカイラリティを持つワイルフェルミオンに対するディ
ラック演算子になっている。このようなH の形を選んだ時点で (ii)の性質は満たされる。
ここで z という量がゼロになる点がプロパゲータの極に対応している。目標は、ブリル

アンゾーン内にこのようなゼロ点が 2つだけ存在し、その付近で非自明な wrappingを持
つ z を見つけることである。そこで Creutzは以下のような z の形を提案した。

z = B[4C − cos(p1) − cos(p2) − cos(p3) − cos(p4)]
+iσx(sin(p1) + sin(p2) − sin(p3) − sin(p4))
+iσy(sin(p1) − sin(p2) − sin(p3) + sin(p4))
+iσz(sin(p1) − sin(p2) + sin(p3) − sin(p4)) (6.2.7)

ブリルアンゾーンは −π ≤ pµ < π であり、B, C はパラメーターである。重要なことは
ここで示された pµ という運動量が必ずしも直交座標上のものではないということである。
実際、連続極限でのガンマ行列の係数 (∝ iγµkµ)が直交運動量になるので、上の pµ は直
交基底を用いたものではないことは明らかである。
実際に z がゼロになるためには、上式の各行が独立にゼロになる必要がある。まずパウ

リ行列の係数である下三行が全てゼロになるためには p1, p2, p3, p4 が全て等しい必要があ
る。これにより適当な p̂を用いて pµ = p̂もしくは pµ = π − p̂がゼロ点となる。次に一
行目がゼロになるために残された可能性は cos(pµ) = C を満たすことである。これによ
り C に対する制限 C < 1が付く。
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次に B と C というパラメータの値によって、格子がどのような形状を持つかを見てい
こう。まず B = C/S = cot(p̂)という条件を満たす場合には、運動量空間の基底が直交し
ていることがわかる (cos η = 0)。このような場合には、実空間における基底つまり基本ベ
クトルも直交している。よってこの関係を満たす場合、ユニット 2サイトの直交格子上の
フェルミオンを記述することになる。当然のことながら、これも Creutz fermionの特別
な場合なので『カイラル対称性と局所性が exactでダブリングが最小 (minimal doubling)
になるフェルミオン作用』という性質は変わらない。これについては第 14章で詳しく述
べる。
ここでパラメータがどのような値のときに、極が超ダイヤモンド格子を形成するかを調

べてみる。まず第 1ブリルアンゾーンを越えたところまで見るとすれば、運動量空間には
幾つものディラック演算子のゼロ点が存在する。そこで、これらのゼロ点が運動量空間で
超ダイヤモンド格子を組むようにパラメータを定めることにする。ただしこのような場合
であっても実空間の格子がどのような格子を組むかは自明ではない。
それではフェルミオンの極を格子点とする格子が、超ダイヤモンド格子を組む条件を

調べてみる。第 13 章 1 節で示したように一つのサイトから伸びる 5 本の軸が同じ長さ
で cosθ = −1/4 を満たすときに格子は超ダイヤモンド格子になる。一方、実空間の並
進ベクトルとして水平基底を採用した場合には運動量空間の基底ベクトルつまり逆格子
ベクトル間の内積は cosη = 1/2 を満たす。実際、Creutz fermion においてはゼロ点が
pµ = ±(p̂, p̂, p̂, p̂)のように等方的に分布していることからも、水平基底に対応するものを
採用していると考えられる。ただし今は 4次元の系を考えているという点とスピノル構造
を人工的に導入しているという点を考慮すると、あくまで『2次元ハニカム格子における
水平基底に対応するもの』である。　これに従い cosη = 1/2となるようにパラメータを
定めることにする。また最隣接ゼロ点同士の距離が常に等しい必要があり、それを実現す
るように p̂を定める。この際、大変重要な事実として運動量空間における原点は、2つの
最隣接ゼロ点を結ぶ直線の中点に位置している。つまり運動量空間での座標とゼロ点の配
置が、図??のようになっていると考えれば良い。Creutz fermionのゼロ点の配置と運動
量空間の座標の様子を 2次元ハニカム格子との類推で図??に示した。
ここでブリルアンゾーン中に存在する『p(1) = p̂と p(2) = −p̂の間の距離』と『p(1) か

らブリルアンゾーン外の 4つのゼロ点への距離』が等しくなるように p̂を定める。Creutz
はこのような議論の結果、B,C そして p̂が以下のような値を取るときに、ゼロ点 (極)の
形成する格子が超ダイヤモンド格子になることを示した。

p̂ =
π

5
, B =

√
5cot(π/5), C = cos(π/5) (6.2.17)
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Chiral and Minimal-doubling lattice fermion!

Minimal-doubling p̃ = ± cos−1 C



る。今、一粒子状態のハミルトニアンを

H =
(

0 z(p)
z∗(p) 0

)
(6.2.3)

として対角化するとエネルギー固有値は

E(p1, p2) = ±|z(p)| (6.2.4)

となりブリルアンゾーン内でのエネルギーのゼロ点は p = (2π/3, 2π/3), (−2π/3 −
2π/3)の 2点のみである。この 2点の表式は前節で示したものと一致している。
ここでグラフィン系の特徴の一つであるゼロギャップ (ゼロ質量)さらにはこれと深く

関係したカイラル対称性がどのように実現されているかを詳しく考察してみよう。
まず式 (6.2.4) を詳しく調べてみる。すると運動量空間においてエネルギー固有値

(|z(p)|)が一定の閉曲線が存在する。特にゼロ点を内部に含む閉曲線には z(p)の位相が
非自明に wrapping していることが見て取れる。つまり、(p1, p2) 空間で固有値一定の
閉曲線を一周すると、z(p) の位相が 2nπ 変化するという具合になっている。このため
(p1, p2)がゼロ点に近づくにつれ、エネルギー固有値の絶対値は必ずゼロに近づいていく。
このような幾何学的性質があるために、グラフィン系ではバンドギャップが開くことはな
い。実際には 2次元の場合、このような位相幾何学的な議論をするまでもなくギャップが
ないことが確かめられる。しかし一般の次元でゼロギャップが強固な性質として存在する
ことを示そうと思えば、このようなトポロジカルな議論は大変有用になる。
グラフィン系におけるこの性質はカイラル対称性とも関係している。当然のことながら

カイラル対称性が厳密である限りはフェルミオンが質量を持つことは出来ない。今、こ
の系でカイラル変換に対応するものはエネルギー固有値の符号を変える変換である。こ
れは演算子としては σ3 で表され、2+1次元では charge conjugationの演算子であり、2
次元系ではカイラル変換の演算子と見なせる。これに対しハミルトニアンは σ3 に対し
て σ3Hσ3 = −H という関係を満たす。これは 4 次元でのカイラル対称性を表す関係式
γ5Dγ5 = −D に対応しており、グラフィン系が確かにカイラル対称性を持つことを示し
ている。
このように密接な関係にある『厳密なカイラル対称性』と『ゼロギャップ性』が、4次

元へ拡張した場合にも失われないように議論を進めたい。そのためには 4次元において以
下の性質を満たすディラック演算子を構成する必要がある。

(i)ディラック演算子のゼロ点付近で、z の位相に対応する 3次元超曲面と固有値が一
定になる 3次元球面が非自明な mappingを持つ。
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Creutz’s minimal-doubling fermion

(ii)ディラック演算子 (反エルミートなものを想定)が γ5 と反交換する。

γ5 D γ5 = D† = −D (6.2.5)

それではこの方針に従って 4 次元で『カイラル対称性と局所性が exact でダブラー数
が最小 (minimal doubling)になるフェルミオン作用』を構成してみよう。まず議論を進
め易くするために H = γ5D というエルミート演算子を考え、これを求めることを目標
とする。最終的には左から γ5 を掛けてディラック演算子 D を求めればよい。ここで (i)
と (ii)の性質を満たすために、運動量表示のH が式 (6.2.3)と同じ形を持つことを要求す
る。すると z は以下のように表される。

z = a0 + i−→a ·−→σ (6.2.6)

ここで aµ は適当な実ベクトルであり −→σ はパウリ行列である。これにより H もしくは
ディラック演算子Dは 4×4行列の演算子になりディラック粒子を記述し得ることがわか
る。つまり z もしくは z∗ は左右のカイラリティを持つワイルフェルミオンに対するディ
ラック演算子になっている。このようなH の形を選んだ時点で (ii)の性質は満たされる。
ここで z という量がゼロになる点がプロパゲータの極に対応している。目標は、ブリル

アンゾーン内にこのようなゼロ点が 2つだけ存在し、その付近で非自明な wrappingを持
つ z を見つけることである。そこで Creutzは以下のような z の形を提案した。

z = B[4C − cos(p1) − cos(p2) − cos(p3) − cos(p4)]
+iσx(sin(p1) + sin(p2) − sin(p3) − sin(p4))
+iσy(sin(p1) − sin(p2) − sin(p3) + sin(p4))
+iσz(sin(p1) − sin(p2) + sin(p3) − sin(p4)) (6.2.7)

ブリルアンゾーンは −π ≤ pµ < π であり、B, C はパラメーターである。重要なことは
ここで示された pµ という運動量が必ずしも直交座標上のものではないということである。
実際、連続極限でのガンマ行列の係数 (∝ iγµkµ)が直交運動量になるので、上の pµ は直
交基底を用いたものではないことは明らかである。
実際に z がゼロになるためには、上式の各行が独立にゼロになる必要がある。まずパウ

リ行列の係数である下三行が全てゼロになるためには p1, p2, p3, p4 が全て等しい必要があ
る。これにより適当な p̂を用いて pµ = p̂もしくは pµ = π − p̂がゼロ点となる。次に一
行目がゼロになるために残された可能性は cos(pµ) = C を満たすことである。これによ
り C に対する制限 C < 1が付く。
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2. chiral symmetry +  4. Hyperdiamond zeros

Creutz (07)

→ small discrete symmetry
→ needs parameter tuning

Capitani, Creutz, Weber, Wittig (09)(10) 
Bedaque, Buchoff, Tiburzi, Walker-Loud(08)

γ5Hγ5 = −H

・Action in real space

次に B と C というパラメータの値によって、格子がどのような形状を持つかを見てい
こう。まず B = C/S = cot(p̂)という条件を満たす場合には、運動量空間の基底が直交し
ていることがわかる (cos η = 0)。このような場合には、実空間における基底つまり基本ベ
クトルも直交している。よってこの関係を満たす場合、ユニット 2サイトの直交格子上の
フェルミオンを記述することになる。当然のことながら、これも Creutz fermionの特別
な場合なので『カイラル対称性と局所性が exactでダブリングが最小 (minimal doubling)
になるフェルミオン作用』という性質は変わらない。これについては第 14章で詳しく述
べる。
ここでパラメータがどのような値のときに、極が超ダイヤモンド格子を形成するかを調

べてみる。まず第 1ブリルアンゾーンを越えたところまで見るとすれば、運動量空間には
幾つものディラック演算子のゼロ点が存在する。そこで、これらのゼロ点が運動量空間で
超ダイヤモンド格子を組むようにパラメータを定めることにする。ただしこのような場合
であっても実空間の格子がどのような格子を組むかは自明ではない。
それではフェルミオンの極を格子点とする格子が、超ダイヤモンド格子を組む条件を

調べてみる。第 13 章 1 節で示したように一つのサイトから伸びる 5 本の軸が同じ長さ
で cosθ = −1/4 を満たすときに格子は超ダイヤモンド格子になる。一方、実空間の並
進ベクトルとして水平基底を採用した場合には運動量空間の基底ベクトルつまり逆格子
ベクトル間の内積は cosη = 1/2 を満たす。実際、Creutz fermion においてはゼロ点が
pµ = ±(p̂, p̂, p̂, p̂)のように等方的に分布していることからも、水平基底に対応するものを
採用していると考えられる。ただし今は 4次元の系を考えているという点とスピノル構造
を人工的に導入しているという点を考慮すると、あくまで『2次元ハニカム格子における
水平基底に対応するもの』である。　これに従い cosη = 1/2となるようにパラメータを
定めることにする。また最隣接ゼロ点同士の距離が常に等しい必要があり、それを実現す
るように p̂を定める。この際、大変重要な事実として運動量空間における原点は、2つの
最隣接ゼロ点を結ぶ直線の中点に位置している。つまり運動量空間での座標とゼロ点の配
置が、図??のようになっていると考えれば良い。Creutz fermionのゼロ点の配置と運動
量空間の座標の様子を 2次元ハニカム格子との類推で図??に示した。
ここでブリルアンゾーン中に存在する『p(1) = p̂と p(2) = −p̂の間の距離』と『p(1) か

らブリルアンゾーン外の 4つのゼロ点への距離』が等しくなるように p̂を定める。Creutz
はこのような議論の結果、B,C そして p̂が以下のような値を取るときに、ゼロ点 (極)の
形成する格子が超ダイヤモンド格子になることを示した。

p̂ =
π

5
, B =

√
5cot(π/5), C = cos(π/5) (6.2.17)
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実際この場合、例えば『極 (π/5,π/5,π/5,π/5)と (−π/5,−π/5,−π/5,−π/5)の間の距
離』と『(π/5,π/5,π/5,π/5)と (9π/5,−π/5,−π/5,−π/5)の間の距離』が等しくなって
いることが直交基底を用いた表示でみれば明らかになる。問題はパラメータがこの値の時
に、作用がどのような離散的対称性を持ち得るかということであり、これについては後に
詳しく議論する。

6.3 クロイツ作用
ここまでの議論の結果 Creutz action[?]は以下のように書けることがわかる。

SC =
1
2

∑

x,µ

ψ̄x

[
(Ξµ + i Bγ4)ψx+µ − (Ξµ − i Bγ4)ψx−µ − 2i BC γ4ψx

]

=
∫

d4p

(2π)4
ψ̄−p

∑

µ

[
iΞµ sin pµ + i Bγ4(cos pµ − C)

]
ψp (6.3.1)

ここで Ξµ は (6.2.11) 式で便宜的に導入したものでありガンマ行列ではない。運動量
表示の作用を見ると C、P、T と言った離散的対称性がそれぞれ破れていることがわか
る。まず最後の項は ψ̄γ4ψ という形をしているがこれは C:ψ(p, p4) → iγ2γ0ψ̄T (p, p4)、
P:ψ(p, p4) → γ4ψ(−p, p4)、T:ψ(p, p4) → γ5γ4ψ(p,−p4) の中で C 変換と T 変換に対
する対称性を破っている。また ψ̄ i Ξ4 sin(p4)ψ という項があるが、これは P変換に対し
ては Ξ4 に負符号が付くが sin(p4) はそのままである。よって P 変換に対する対称性を
破っている。つまりこの格子フェルミオン作用は C,P,Tそれぞれに対する対称性が陽に
破れている。ただし C変換に関しては後述するようにダブラー (フレーバー)間の回転を
同時に行うような twisted C変換に対しては不変性を持っている。
上に示した表式の作用を調べることで、ある程度までは対称性特に離散的対称性につい

て理解することが可能になる。しかし、今述べたフレーバー構造が深く関わる対称性に
関してはこの表式では見えにくい。そこで Bedaqueの議論??に従い、ダブラーとして現
れる２つの自由度をフレーバーと見なしてフレーバー構造が manifestな形式に書き換え
ることにする。ここで B #= 0 1/2 < C < 1 という範囲のパラメータに対して、ゼロ質
量フェルミオンのプロパゲータの極を pµ = p(1) = p̂と pµ = p(2) = −p̂とする。さらに
p(1) 付近でのフェルミオン場を Q(1)

p と定義し、p(2) 付近でのフェルミオン場を Q(2)
p と定

義する。つまり２つの場は、それぞれ p(1) と p(2) を中心としてブリルアンゾーンを分割
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Minimal-doubling p̃ = ± cos−1 C



1. One-spinor on Honeycomb     →  spin

2. Bipartite hopping     → chiral symmetry

3. Linear dispersion     → relativistic system

4. Honeycomb zeros   →    Minimal-doubling

2D graphene systems



Fermions on hyperdiamond lattice

Kimura, TM (09)・One-spinor on Hyperdiamond lattice

Bedaque, et.al.(08)・Two-spinor on Hyperdiamond lattice

示のカイラルフェルミオンに対するディラック演算子 z(p)は以下のように書ける。

z(p) = (e5 · σ)1 + (e1 · σ)eip1 + (e2 · σ)eip2 + (e3 · σ)eip3 + (e4 · σ)eip4 (8.0.7)

これに対応する作用は以下のようになる。

SBe =
∑

x,µ

1
2
[ψ̄x−µ eµ· γ ψx − ψ̄x+µ eµ · γ ψx − ψ̄x−µ eµ · γγ5 ψx

− ψ̄x+µ eµ · γγ5 ψx − 1
2
ψ̄x e5 · γγ5 ψx]

=
∑

x,µ

[ψ̄x−µ eµ · γPLψx − ψ̄x+µ eµ · γ PRψx − 1
4
ψ̄xe5 · γγ5ψx]

=
∫

d4p

(2π)4
ψ̄−p[isin(pµ)eµ · γ − (cos(pµ)eµ + e5) · γγ5]ψp (8.0.8)

これらは左右のカイラリティと L-node,R-node が manifest になる形に書き換えること
が出来る。その際には ψ = (φ,χ)t、ψ̄ = (φ̄, χ̄) とおいて上式を書き換える。重要な点
は、ここでは経路積分を想定して ψ̄ と ψ を独立な自由度として扱っているため、φ や
χは φ̄や χ̄とは独立な自由度であって複素共役の関係にはないという点である。つまり
ψ̄ = (ξα η̄α̇)t に対して ψ̄ = ψ†γ0 と定義する場合は ψ̄ = (ηα ξ̄α̇) と表されるが、ここ
ではそのような関係は考慮しない。また φ、χ、φ̄、χ̄ はすべて２成分スピノルでありカ
イラリティと nodeはそれぞれ以下のようになっている；φ →(left, L)、 φ̄ →(right, L)、
χ →(right, R)、 χ̄ →(left, R)。これらのワイルフェルミオン場を用いて上の作用は以下
のように書き変えられる。

SBe =
∑

x

[(φ̄x−µσ · eµχx − χ̄x+µσ̄ · eµφx) + φ̄xσ · e5χx − χ̄xσ̄ · e5φx]

=
∫

d4p

(2π)4
[φ̄−p(i sin(pµ)eµ · σµ + cos(pµ) eµ · σµ + 4e5 · σµ)χp

+ χ̄−p(i sin(pµ)eµ · σ̄µ − cos(pµ) eµ · σ̄µ − 4e5 · σ̄µ)φp] (8.0.9)

確かに φ、χ、φ̄、χ̄ を上で述べたように R or L nodes に振り分ける事で、最隣接サイ
トへのホッピングを持つ格子フェルミオンが実現されることがわかるだろう。ここで
σ = (σi, i)、σ̄ = (σi, −i)であり、これを用いて上述のエルミートなガンマ行列は以下の
ように書ける。

γµ =
(

0 σ
σ̄ 0

)
(8.0.10)

それではこの Bedaque作用がどのような離散的対称性を持ち、その対称性が如何にし
て P,T といった対称性を補う効果を発揮するのかを詳細に見ていこう。結論から言うと
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→  Not minimal-doubling

ている。そこでこの準位を n = 0+ とラベルする。ここで模式的にグラフィン系のランダ
ウ準位を書き表した図??を示しておく。

6.2 クロイツの手法
Creutz[73] はグラフィン系の特性を 4 次元格子理論に拡張できることに気がついた。

既に 4次元超ダイヤモンド格子については前節で示したように、素朴な tight binding近
似の議論によって minimal doubling の性質を持たない事が結論された [?]。実際にディ
ラックフェルミオンを超ダイヤモンド格子上に乗せようとすれば、さらにスピノル構造を
導入する必要があるが、第 15章で示すように結局は minimal doublingの性質を持たな
い [?]。
ここまでの議論から明らかなように、グラフィン系の著しい特徴である『カイラル対称

性、局所性、minimal doubling』を保持しつつ 4次元に拡張するためにはなんらかの工夫
が必要になる。そこで Creutzは逆格子空間 (運動量空間)においてフェルミオンの極が超
ダイヤモンド格子もしくはそれに近い格子を形成するように作用を構成することで、上の
性質を満たす格子フェルミオンを実現した。実際、このようにフェルミオンの極が配置し
ていれば、ブリルアンゾーン内の独立な極は 2つだけになり、minimal doublingの性質
が常に優先されることになる。これを詳しく見るためにこの節では Creutzの議論 [73]を
フォローすることとする。
まず 2次元グラフィン系についてより詳しく考察する事から始める。この先の議論は前

の節の繰り返しになるが、注意してほしいのは、非直交基底を用いた表示になっている点
とその基底が水平基底だという点である。すると 2次元グラフィン系のハミルトニアンは
これを基底とする座標系 (x1, x2)を用いて以下のように書ける。

H =
∑

x

[a†
xbx + a†

x+1̂
bx + a†

x−2̂
bx + b†xax + b†

x−1̂
ax + b†

x+2̂
ax] (6.2.1)

=
∫

d2p

(2π)2
(a†

p, b†p)
(

0 z(p)
z∗(p) 0

)(
ap

bp

)
(6.2.2)

ここで a†、aは aサイト上の生成消滅演算子、b†、bは bサイト上の生成消滅演算子を表
す。また簡単のためホッピングパラメータと格子間隔は 1とした。z(p) = 1+e−ip1 +eip2

であり z∗(p)はその複素共役である。x = (x1, x2)は非直交座標系でサイトを表す整数の
組であり a, a† の引数のときには a サイトを b, b† のときには b サイト上の点を示してい
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→  Neither minimal-doubling nor relativistic

Symmetric minimal-doubling is open question
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actions into two types: One of them, which includes Karsten-Wilczek and dropped twisted-

ordering actions, is given by

D(p) =
∑

µ

iγµ sin pµ +
∑

i,j

iγiRij(cos pj − 1), (44)

where we take i = 1, 2, 3 as i while j = 2, 3, 4 as j. The point is that indices i and j are

staggered. The different actions in this class depend on the choice for the matrix R. For

example, consider the following R’s

R =











1 1 1

0 0 0

0 0 0











, (45)

R =











1 0 0

0 1 0

0 0 1











, (46)

R =











1 1 0

0 0 1

0 0 0











. (47)

In the case of (45), the general form (44) reduces to Karsten-Wilczek action as following,

D(p) = (sin p1 + cos p2 + cos p3 + cos p4 − 3) iγ1

+sin p2 iγ2

+sin p3 iγ3

+sin p4 iγ4. (48)

Here you can also add an overall factor as a parameter to R. Actually the original Karsten-

Wilczek action includes such a parameter λ in front of O(a) terms with a minimal-doubling

range of the parameter λ > 1/2.

In the case of (46), this reduces to the dropped twisted-ordering action

D(p) = (sin p1 + cos p2 − 1) iγ1

+(sin p2 + cos p3 − 1) iγ2

+(sin p3 + cos p4 − 1) iγ3

+ sin p4 iγ4, (49)

◆Classification of minimal-doubling

19

where you can also add an overall parameter to R.

Finally, the action for the case (47) is a new possibility, given by

D(p) = (sin p1 + cos p2 + cos p3 − 2) iγ1

+(sin p2 + cos p4 − 1) iγ2

+sin p3 iγ3

+sin p4 iγ4. (50)

We see that there are many options associated with possible R’s. One common property

with fermions obtained in this way is that two zeros are separated along a single lattice axis

and given by (0, 0, 0, 0) and (π, 0, 0, 0). One significance about the general form (44) is that

a coefficient of at least one Gamma matrix has no (cos pµ − 1) term. It is also notable that,

in a coefficient of each gamma matrix, a momentum component pµ associated with a sine

term differs from the component in any cosine term. These two points seem to be essential

to minimal-doubling. Here we note minimal-doubling still persists if we add a (cos p1 − 1)

term to any actions obtained from (44). We can change the location of the two zeros by

adding such a term with a parameter.

Here let us comment on a sufficient condition of R for minimal-doubling. We found

minimal-doubling is realized when you take the following class of R’s: R’s composed by

three column vectors as R = (v1, v2, v3) with each vector vi (i = 1, 2, 3) taken as (1, 0, 0)T ,

(0, 1, 0)T or (0, 0, 1)T . All the examples we have shown here satisfy this condition. However

we have not yet revealed a necessary condition for this. Our future work will be devoted to

revealing such a condition.

The second class of actions includes the twisted-ordering fermion with the α parameter

and the Borici-Creutz actions. A generalized Dirac operator for this type is given by

D(p) = i
∑

µ

[γµ sin(pµ + βµ) − γ′
µ sin(pµ − βµ)] − iΓ, (51)

where γ′
µ = Aµνγν is another set of gamma matrices where we define A as an orthogonal ma-

trix with some conditions: At least one eigenvalue of A should be 1 and all four components

of the associated eigenvector should have non-zero values. Here βµ and Γ has a relation with

this A as Γ =
∑

µ γµ sin 2βµ =
∑

µ γ
′
µ sin 2βµ, which means sin 2βµ is an eigenvector of A as

Aµν sin 2βν = sin 2βµ. Thus once A is fixed, βµ and Γ are determined up to a overall factor

5

FIG. 2: Zeros for the 2-dimensional twisted case is depicted within the Brillouin zone. Red-dotted

and blue-solid curves stand for zeros of the coefficients of γ1 and γ2 respectively in Eq. (2). Black

points stand for two zeros (0, 0) (π/2,π/2) of the Dirac operator .

at a zero is defined as the product of four coefficient matrices of momenta in the excitation

as we will concretely show later. Now the Dirac operator is expanded about the zeros as

D(1)(q) = iγ1q1 + iγ2q2 + O(q2), (3)

D(2)(q) = −iγ1q2 − iγ2q1 + O(q2). (4)

Here we expand with respect to qµ defined as pµ = p̃µ+qµ and we denote the two expansions

as D(1) for the zero (0, 0) and D(2) for the other at (π/2, π/2). Here momentum bases at

the zero (0, 0) are given by b
(1)
1 = (1, 0) and b

(1)
2 = (0, 1) while those at the other (π/2, π/2)

are given by b
(2)
1 = (0,−1) and b

(2)
2 = (−1, 0). This means excitations from the two zeros

describe physical fermions on the orthogonal lattice. And the γ5 at p̃ = (0, 0), which we

denote as γ(1)
5 , is given by

γ(1)
5 = γ1γ2, (5)

while the γ5 at p̃ = (π/2, π/2), which we denote as γ(2)
5 , is given by

γ(2)
5 = γ2γ1 = −γ(1)

5 . (6)

This sign change between the species is a typical relation between two species with minimal

doubling since Nielsen-Ninomiya’s no-go theorem requires fermion pairs to possess chiral

charges with opposite signs.

10

FIG. 3: The two zeros for the Dirac operator (20) in the 2-dimensional analogy. Red-dotted and

blue-solid lines stand for zeros of the coefficients of γ1 and γ2, namely (sin p1+cos p2−1) and sin p2

respectively. Black dots show two zeros (0, 0) and (π, 0).

Next we consider a second generalization where we turn on a parameter in the action

(12) as following,

D(p) = (sin p1 + cos p2 − α) iγ1

+(sin p2 + cos p3 − α) iγ2

+(sin p3 + cos p4 − α) iγ3

+(sin p4 + cos p1 − α) iγ4. (25)

Here we replace unity with a positive parameter α in the constant terms of the operator. We

will also call this one the twisted-ordering fermion action in the rest of this paper. The α = 1

case corresponds to the original case. Now, in order to investigate the parameter range within

which “minimal-doubling” is realized, we define sin p1 = x, sin p2 = y, sin p3 = z, sin p4 = w

and rewrite the equations for zeros in terms of these variables

x±
√

1− y2 = α,

y ±
√
1− z2 = α,

z ±
√
1− w2 = α,

w ±
√
1− x2 = α. (26)

1. Twisted-ordering (includes Karsten-Wilczek)

2. Dropped twisted-ordering (includes Borici-Creutz)

Index(DMD)   =  - Spectral flow(HMD)

13

FIG. 3: Spectral flows of (a) Minimally doubled and (b) naive Hermitean operators with a Q = 1,

δ = 0.25 background configuration on a 16 × 16 lattice. Two single crossings with positive slopes

are seen in (a), which means the index is −2. Two doubled crossings with positive slopes are seen

in (b), which means the index is −4.

FIG. 4: Spectral flows of (a) Minimally doubled and (b) naive Hermitean operators with a Q = 2,

δ = 0.2 background configuration on a 16 × 16 lattice. Six single crossings with positive slopes

and two single crossings with negative slopes are seen in (a), which means the index is −4. Six

doubled crossings with positive slopes and two doubled crossings with negative slopes are seen in

(b), which means the index is −8.

which contains a factor 2 reflecting two species. This relation is also satisfied by cases with

other topological charges, as shown in Fig. 4(a) for the case for Q = 2. Here the net number

of crossings counted with ± depending on the slopes is 4. It means the corresponding index

is −4, which is consistent with (31). We also emphasize that there is a clear separation

between low- and high-lying crossings in Fig. 3(a) where low-lying ones are localized about

doubled
Index(Dgw) = -4

cf.)Wilson fermion, R.Edwards, U.Heller, R.Narayanan (98)

◆Index theorem

Creutz,Kimura,TM(10)

Index(DMD) = (−1)d/2Q
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(1− cos pµ)
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3�

j=1

(1− cos pj)

・Simulations with tuning parameters

On-going projects and future

・Relation to imaginary chemical potential TM (12)

Capitani (12)(13)

・SUSY lattice-inspired chiral fermions

Development of efficient ways of tuning + Reduction of parameters

Embed (D+2)-dim gamma matrices in D-dim lattice fermions

TM (13)
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III. 2D TWO-FLAVOR DIRAC FERMION

In this section we consider the Dirac fermion version of the Sugino fermion action (2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2∑

µ=1

Ψ̄n [Γµ(Un,µΨn+µ − Un,−µΨn−µ) + iPµ(2 − Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn] ,

(12)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (12) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)
M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ, Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (13)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator in

the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1 − cos pµ) . (14)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0, apµ → pµ

and aD(p) → D(p).

As explicit Γµ and Pµ, we, for example, take the following forms,

Γ1 = 1 ⊗ σ1 =



 σ1

σ1



 , Γ2 = 1 ⊗ σ2 =



 σ2

σ2



 ,

P1 = −σ2 ⊗ σ3 =



 iσ3

−iσ3



 , P2 = σ1 ⊗ σ3 =



 σ3

σ3



 . (15)

Since these satisfies the four-dimensional clifford algebra (13), we have only one zero at

p = (0, 0, 0, 0) in the denominator of the Dirac propagator

|D(p)|2 =
2∑

µ

[
sin2 pµ + (1 − cos pµ)2

]
. (16)

7

III. 2D TWO-FLAVOR DIRAC FERMION

In this section we consider the Dirac fermion version of the Sugino fermion action (2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2∑

µ=1

Ψ̄n [Γµ(Un,µΨn+µ − Un,−µΨn−µ) + iPµ(2 − Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn] ,

(12)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (12) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)
M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ, Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (13)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator in

the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1 − cos pµ) . (14)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0, apµ → pµ

and aD(p) → D(p).

As explicit Γµ and Pµ, we, for example, take the following forms,

Γ1 = 1 ⊗ σ1 =



 σ1

σ1



 , Γ2 = 1 ⊗ σ2 =



 σ2

σ2



 ,

P1 = −σ2 ⊗ σ3 =



 iσ3

−iσ3



 , P2 = σ1 ⊗ σ3 =



 σ3

σ3



 . (15)

Since these satisfies the four-dimensional clifford algebra (13), we have only one zero at

p = (0, 0, 0, 0) in the denominator of the Dirac propagator

|D(p)|2 =
2∑

µ

[
sin2 pµ + (1 − cos pµ)2

]
. (16)

Invariant under D+2 chiral rotation →  Chiral symmetry with no more doublers

Capitani, Creutz, Weber, Wittig (09)(10) 
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◆Flavored mass Creutz, Kimura, TM (10)(11)
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FIG. 8: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field case in mo-

mentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn − (MP + 0.1MA). (c)

Dn − (MP +MV +MT +MA).

where
∑

perm. means summation over permutations of the space-time indices.

Now we derive the flavored mass terms required to detect the index from the spectral

flow of the Hermitean operator. As in the d = 2 case, it should be constructed so that the

associated Hermitean operator has a flavor-singlet mass part as γ5M ∼ γ5⊗ (1⊗1⊗1⊗1).

Such a mass term is just the P-type mass (A7). Thus the flavored mass term for the

Hermitean operator is given by

MP = mP

∑

sym.

4
∏

µ=1

Cµ. (A8)

With the Hermitean operator Hn = γ5(Dn − MP), we reveal the index theorem with the

naive fermion as in the d = 2 case. Here we only show the figure for eigenvalues of the free

Dirac operator Dn −MP in Fig. 8(a). The mass term splits the modes into two branches,

which are 8 fold degenerate. If we introduce other types of mass terms, the degeneracy is

lifted as seen in Fig. 8(b).

Next we show the flavored mass term to yield a single-flavor naive overlap fermion in 4d.

As in the case of 2d there are some possibilities to realize it. The simplest example of the

mass term to yield a single-flavor naive overlap fermion with hypercubic symmetry is given

by

MP +MV +MT +MA. (A9)

The eigenvalues of the Dirac operator with this mass term is depicted in Fig. 8(c). Here

MT

MV+MT+MA+MP

1                     15

Figure 3.3: Complex spectra of non-Hermitean Dirac operators for the d = 4 free field
case in momentum space with 164 grids of the brillouin zone. (a) Dn − MP. (b) Dn −
(MP + 0.1MA). (c) Dn − (MP + MV + MT + MA).

terms of the original fermion field are given by

MS = 1, (3.25)

MV =
∑

µ

Cµ, (3.26)

MT =
∑

perm.

∑

sym.

CµCν , (3.27)

MA =
∑

perm.

∑

sym.

∏

ν

Cν , (3.28)

MP =
∑

sym.

4∏

µ=1

Cµ, (3.29)

where
∑

perm. means summation over permutations of the space-time indices. Note we
define

∑
perm. and

∑
sym. as containing factors, for example, 1/4! for MP .

Here again the non-trivial flavored-mass terms with a proper mass shift result in the
second-derivative terms proportional to a near the classical continuum limit as in the
usual Wilson fermion. For example,

∑

n

ψ̄n(MP − 1)ψn → −a

∫
d4xψ̄(x)D2

µψ(x) + O(a2), (3.30)

It is consistent with the criterion for the Wilson fermion. The deviation from the usual
Wilson fermion starts from O(a2) discretization errors. Thus, as long as we look at the
physical branch, the difference of discretization errors between the generalized Wilson
and the usual Wilson fermions is just O(a2). However the naive expansion about a = 0 is
not valid for the other species. In fact the difference between the generalized and usual

39

Vector (1-link)

Tensor (2-link)

Axial-V (3-link)

Pseudo-S (4-link)

inspired by works on staggered, Adams (09) Hoelbling (10)

8 8 MP

Index(Dgw) = -8

・Extension of  Wilson fermion

・Sufficient discrete symmetry

・Index theorem holds within admissibility
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MV → MV + MT + MA + MP

� �

Brillouin laplacian

(                                          )
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Good isotropy 
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1
12
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1

360
(E2 − p2)(E4 + E

2p2 + p4)a4 + O(a6)

|DW |2 = (E2 − p2) +
1
12

(E4 + p4 + 6E
2p2)a2 + O(a4) = (E2 − p2) + O(a2)

Better dispersion relation !
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µ

Cµ �bri = 2− 2
�

µ

1 + Cµ

2
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・Better dispersion relation ・Locality of overlap operator

・Good scaling in charm mass region
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Figure 5: Free-field dispersion relations of all operators considered in 2D, where |p|max=π/a.
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Figure 21: Localization of the ρ=1 overlap operator with the standard Wilson kernel (left) or
the new Brillouin kernel (right) on a free 484 lattice, for four directions of the separation.

number, in particular with a bit of link smearing and after O(10) eigenmodes are projected.
This allows for a lower degree polynomial or rational representation of the sign function.

7.5 Comparing the locality of the resulting overlap actions

The locality of the overlap action with standard Wilson kernel was first studied in [41]. In [46]
it was shown that a nearly chiral (but still ultralocal) kernel can significantly improve the
coordinate-space locality of the resulting overlap action. In [42, 43] it was shown that even
a slight modification through some link-smearing can lead to a considerable improvement.
Therefore, one may hope that trading the Wilson kernel for the Brillouin kernel leads to a
noticeable improvement of the locality of the overlap operator.

The localization of the overlap made from the Wilson or the Brillouin kernel is shown for
a 484 lattice in the free field case in Fig. 21. The Frobenius norm of D(x, y) is plotted as a
function of the Euclidean distance d2 = ||x−y||2. Evidently, the Brillouin kernel diminishes the
anisotropy effects and makes the operator fall off at about twice the rate as before.

8 Summary

We have introduced an ultralocal single-flavor lattice Dirac operator, based on the gauge covari-
ant versions of ∇iso and #bri in (14). Relative to the Wilson operator its eigenvalue spectrum
is more Ginsparg-Wilson like (cf. Fig. 22), and its dispersion relation is more continuum-like8.
As species doubling and global anomalies depend only on topological features of the dispersion
relation [48, 49], from the conceptual viewpoint this is a Wilson-like fermion.

When combined with some link smearing and clover improvement, our action was found to
show good scaling of decay constants even in the physical charm region, and we expect that
the near-agreement between perturbative and non-perturbative improvement coefficients found
with the Wilson operator [30, 50, 51] carries over to this action, too. It appears that lattice

8A similar strategy has been adopted for staggered fermions in [47].
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Wilson kernel Brillouin kernel

Figure 12: Decay constants Fπ (top), Fs̄s (middle), Fc̄c (bottom) in r0 units versus αa (left)
and a2 (right). Open symbols indicate the bare values, filled symbols include the 1-loop ZA.

is already close to 1 in the range of couplings where we have data, and it approaches 1 as a → 0.

23

Brillouin

Wilson

Brillouin

Figure 6: Dispersion relations for the pseudoscalar (left) and vector (right) meson with ss̄ (top),
sc̄ (middle), cc̄ (bottom) quark content. The black line shows the relativistic E2 = p2 +M2.

8

Wilson

Brillouin

free, m=0 heavy-heavy 
PS meson

λmax/λmin ∼ 50 λmax/λmin ∼ 1

Advantages Durr, Koutsou (11)(12)

   Heavy PS meson decay constant 
   (Quench, Clover csw=1,  

APE-smear α=0.72)

Figure 14: Fit of the mixed αa plus a2 ansatz (24) to the ratio Fc̄c/Fs̄s with 4 (left) or 5 (right)
lattice spacings included.

contribution in αa and a2 at accessible lattice spacings. Still, to the best of our knowledge,
this is the first figure which indicates that, for a tree-level improved operator with some link-
smearing, the pure a2 hypothesis might be closer to the truth than the (formally correct) pure
αa hypothesis. Of course, with infinitely precise data one could separate the two contributions.
To see how far we are from this ideal world, we try a fit of the ratio Fc̄c/Fs̄s with the ansatz

Fc̄c/Fs̄s = d0 + d1α(a)a+ d2a
2 (24)

giving results shown in Fig. 14. The fitted d1, d2 of the Brillouin operator are significantly
smaller than those of the Wilson operator. Also by looking at the fits one would say that the
Brillouin data alone leave little doubt that the correct continuum value is somewhere near 1.85,
while with the Wilson data alone this is far from obvious.

6.4 Comparing the 1/nBiCGstab distributions at fixed r0Mπ

In quenched QCD with Wilson fermions so-called exceptional configurations (on which the
massive Dirac operator Dm could not be inverted) hindered the approach to light quark masses.
In full QCD the functional measure suppresses configurations on whichDm has near-zero modes.
Still, the issue persists in the form of instabilities in the HMC evolution.

In [39] it was shown that the stability of these simulations is linked to the distribution of
the lowest eigenvalue of D†

mDm. The latter is roughly Gaussian distributed, and the simulation
is deemed safe as long as the center of the distribution is at least four standard deviations
away from zero. The BMW collaboration noticed that the smallest eigenvalue of D†

mDm is
directly related to the number of iterations in the inversion, and used the inverse iteration
count 1/nCG in the monitoring [40]. In Fig. 15 we present 1/nBiCGstab for either operator at the
values (r0Mπ)2=1.56 and 0.56 (Mπ∼500MeV and 300MeV). In either case an inversion with
the Brillouin operator requires about 60% of the forward applications7 of the Wilson operator.

7For fixed Mπ the smallest eigenvalues of the two A = D†
mDm are approximately equal, while the largest

eigenvalue is near 2.52 for the Brillouin operator and near 7.52 for the Wilson operator. Since nCG ∝
√

CN(A)
one would expect the relative iteration count to be around 1/3 for CG and around 1/

√
3 $ 0.6 for BiCGstab.
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Relation to overlap fermions

R
� �

µ

�2
µ +�2

�
= 2�Dγ5 + γ5D = RDγ5D

◆Difference from GW fermion

・Wilson (2D)

indicates difference from GW relation.         
����2 +�2 − 2

R
�

���

� = 2− cos p1 − cos p2

�µ = iγµ sin pµ

・Brillouin (2D)
�iso

µ = iγµ sin pµ(2 + cos pν)/3

�bri = 2− 2 cos2
p1

2
cos2

p2

2

Ultra-local fermion mimicking GW relation !  cf.)Hyepercubic fermion
     Bietenholtz (00)(02)

� �

� �

� �

� �

����2 +�2 − 2
R
�

���



(ii) More GW-like fermion

Further improvement

����2 +�2 − 2
R
�

���

・1-parameter deformation 

 TM (14)

More GW-like and suitable to overlap kernel
� �

t = 2.00 (Brillouin)

� �
� �

t = 1.50

C =
λmax(A†A)
λmin(A†A)

・Exponential locality bound for overlap

A†A = �2 + (�− 1
R

)2
Θ=0.141  for  Wilson
Θ=0.415  for Brillouin
Θ=0.555  for  t=1.55

t=1.55 is best

θ =
1
2l

log
�√C + 1√

C − 1

�
||(A†A)−1/2(x, y)|| ≤ Ke−θ|x−y|/a

� �

t = 1.60 t = 1.55

�µ(t) = iγµSµ

�

ν �=µ

t + Cν

1 + t

(i) Better dispersion relation  Cho, Hashimoto, Noaki,  Juttner, Marinkovic (13)



III. Central branch



◆Wilson fermion without onsite term

Extra U(1) symmetry! →prohibits usual mass !"##$

%&##$

III. Central-branch Creutz, Kimura, TM (11)

Aoki Phases in the Lattice Gross-Neveu Model
with Flavored Mass terms

February 7, 2012

1 Introduction

MW ≡ m + 4r = 0 (1)

ψ̄ψ ↔ ψ̄γ5ψ (2)

ψx → eiθ(−1)x1+x2+x3+x4
, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4 (3)

S =
1
2

∑

x,µ

ψ̄x[γµ(ψx+µ − ψx−µ) − (ψx+µ + ψx−µ)] (4)

MH = M (1)
H + M (2)

H + M (3)
H , (5)

M (1)
H =

i

2
√

3
[ε12η1η2(C1C2 + C2C1) + ε34η3η4(C3C4 + C4C3)], (6)

M (2)
H =

i

2
√

3
[ε13η1η3(C1C3 + C3C1) + ε42η4η2(C4C2 + C2C4)], (7)

M (3)
H =

i

2
√

3
[ε14η1η4(C1C4 + C4C1) + ε23η2η3(C2C3 + C3C2)]. (8)

MT &→ MH (9)

M (i)
T → M (i)

H (10)

[σµν ,σνρ] &= 0 (11)

Snf(M
(i)
T ) → Sst(M

(i)
H ) (12)

x → R(µν)R(ρσ)x (13)

1

S =
1
2

�

x,µ

ψ̄x[γµ(Ux,µψx+µ − Ux,−µψx−µ)− (Ux,µψx+µ + Ux,−µψx−µ)]

ψx → eiθ(−1)x1+x2+x3+x4
ψx, ψ̄x → ψ̄xeiθ(−1)x1+x2+x3+x4

1      4       6        4        1

・Strong-coupling QCD

NG boson with U(1) breaking Aoki phase

η-condensate

Kimura, Komatsu, TM, Noumi, Torii, Aoki (11)

cosh(mπ) = 1 +
2M2

W (16 + M2
W )

16− 15M2
W

→ mπ = 0

�ψ̄γ5ψ� �= 0 �ψ̄ψ� = 0

Kimura, Komatsu, TM, Noumi, Torii, Aoki (11)



◆Relation to Dashen-Creutz phase
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FIG. 1: Phase structure in mu-md plain, where the CP breaking Dashen phase are shaded in blue,

while the CP preserving phase with U0 = τ3 (lower right) or U0 = −τ3 (upper left) are shaded in

red.

which breaks CP symmetry spontaneously, since �π0� = tr τ 3(U0 − U †
0)/(2i) =

2 cos(ϕ0) sin(ϕ3) and �η� = tr (U0 − U †
0)/(2i) = 2 sin(ϕ0) cos(ϕ3). This phase, where the

neutral pion and the eta fields condense, corresponds to the Dashen phase. The spon-

taneous CP breaking 2nd-order phase transition occurs at the boundaries of the Dashen

phase: Lines between phase A and phase B, on which sin2 ϕ3 = sin2 ϕ0 = 0, are defined by

(md +mu)∆+mdmu = 0 (a line aa�) and (md +mu)∆−mdmu = 0 (a line bb�), while those

between B and C, on which sin2 ϕ3 = sin2 ϕ0 = 1, are given by (md −mu)∆+mdmu = 0 (a

line ab) and (md −mu)∆−mdmu = 0 (a line a�b�). Note that sin2 ϕ3 = 1 also on a m+ = 0

line.

We next calculate pseudo-scalar meson masses in each phase. Expanding U(x) around

U0 as U(x) = U0eiΠ(x)/f with

Π(x) =





η(x) + π0(x)√
2

π−(x)

π+(x)
η(x) + π0(x)√

2



 , (6)
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mu = −md
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mu = −md

on the lattice ?



◆ 2-flavor central branch

(1,3,3,2,3,3,1) splitting

the mass parameter. The problem is, however, that it produces 6 flavors.
The question is whether or not two-flavor central-branch fermions can be
constructed.

We note this case corresponds to the central cusp of the Aoki phase
diagram in Fig. 2, at which six fermion modes with momentum shift, p =
(π, π, 0, 0), (π, 0,π, 0), (π, 0, 0, π), (0,π, π, 0), (0,π, 0,π) and (0, 0, π, π), are
expected to appear in the continuum limit.

2 2-flavor central branch

In this section, we discuss 2-flavor central-branch fermions. For example, we
consider a simple modification of the usual Wilson flavored-mass as

4∑

µ=1

Cµ →
3∑

j=1

Cj + 3C4. (4)

where Cµ ≡ (T+µ + T−µ)/2 with T±µψn = Un,±µψn±µ In this case the action
(1) is modified for a free case as

SW2 =
1

2

∑

n,µ

ψ̄nγµ(ψn+µ̂ − ψn−µ̂)

− r

2

∑

n

ψ̄n

[
3∑

j=1

(
ψn+ĵ + ψn−ĵ

)
+ 3ψ̄n(ψn+4̂ + ψn−4̂)

]
. (5)

The schematic Dirac spectrum is depicted in Fig. 3. The 16 species are split
into seven branches with 1, 3, 3, 2, 3, 3 and 1 flavors. The central branch
corresponds to the two zeros of the Dirac operator (0, 0, 0,π) and (π, π, π, 0).
We note this fermion action explicitly breaks hypercubic symmetry into cubic
symmetry while it does not break any of C, P and T symmetry. The emer-
gence of the dimension-3 operator is forbidden by these invarinces, thus what
we need to care regarding Lorentz symmetry restoration is the dimension-4
operator as ψ̄γ4∂4ψ.

In five dimensions, we can take a parallel procedure to have two-flavor
central-branch fermions. The deformation from the 5d Wilson is given as

5∑

µ=1

Cµ →
4∑

j=1

Cj + 4C5. (6)

4

! " # $%"%#%$
!!! " ## ##

Figure 3: 4-dimensional two-flavor central branch with
∑

j Cj + 3C4.

6

the mass parameter. The problem is, however, that it produces 6 flavors.
The question is whether or not two-flavor central-branch fermions can be
constructed.

We note this case corresponds to the central cusp of the Aoki phase
diagram in Fig. 2, at which six fermion modes with momentum shift, p =
(π, π, 0, 0), (π, 0,π, 0), (π, 0, 0, π), (0,π, π, 0), (0,π, 0,π) and (0, 0, π, π), are
expected to appear in the continuum limit.

2 2-flavor central branch

In this section, we discuss 2-flavor central-branch fermions. For example, we
consider a simple modification of the usual Wilson flavored-mass as

4∑

µ=1

Cµ →
3∑

j=1

Cj + 3C4. (4)

where Cµ ≡ (T+µ + T−µ)/2 with T±µψn = Un,±µψn±µ In this case the action
(1) is modified for a free case as

SW2 =
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∑
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∑
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ψ̄n

[
3∑

j=1

(
ψn+ĵ + ψn−ĵ

)
+ 3ψ̄n(ψn+4̂ + ψn−4̂)

]
. (5)

The schematic Dirac spectrum is depicted in Fig. 3. The 16 species are split
into seven branches with 1, 3, 3, 2, 3, 3 and 1 flavors. The central branch
corresponds to the two zeros of the Dirac operator (0, 0, 0,π) and (π, π, π, 0).
We note this fermion action explicitly breaks hypercubic symmetry into cubic
symmetry while it does not break any of C, P and T symmetry. The emer-
gence of the dimension-3 operator is forbidden by these invarinces, thus what
we need to care regarding Lorentz symmetry restoration is the dimension-4
operator as ψ̄γ4∂4ψ.

In five dimensions, we can take a parallel procedure to have two-flavor
central-branch fermions. The deformation from the 5d Wilson is given as

5∑

µ=1

Cµ →
4∑

j=1

Cj + 4C5. (6)

4

・4D 2-flavor CB

(1,4,6,4,2,4,6,4,1) splitting

Hypercubic symmetry   →  Cubic symmetry

5D hypercubic  →  4D hypercubic

・5D 2-flavor CB

Other types of Minimal-doubling

TM(14)



1. The latest of Mike’s contribution includes
   broad subjects of lattice fermions and QCD.
 
2. All of them are on-going hot topics.

3. Mike encourages lots of young researchers. 

4. I hope Mike will continue contributing the 
   community directly and indirectly !
                                                                    

What I want to emphasize



SUSY-based chiral fermion TM (13)

Extended SUSY lattice :  doubling problem is more serious
1. #boson = #fermion
2. R symmetry ~ chiral symmetry

“Well-defined SUSY lattice”  ⇆  “Successful doubling bypass”  

◆2D N=(2,2) SUSY lattice Sugino (03)

・4D N=1 SYM → 2D N=(2,2) SYM

・4 SUSY                    4 real spinor                2 U(1)R (flavor sym)

・Topological twist → scalar supercharge (BRST)

→Scalar SUSY can survive on the lattice

R-FlavorEuclidian

S = QV (U,φ,ψ)

Q± Q̄± λ± λ̄±

Q2 = 0

SO(2)E� = diag[SO(2)E ⊗ SO(2)R]

J
H
E
P
1
2
(
2
0
1
3
)
0
6
3

2 Fermion action in N = (2, 2) SUSY lattice

In this section we investigate the fermion action of the two-dimensional N = (2, 2) super

Yang-Mills lattice formulation.

The lattice model for 2D N = (2, 2) super Yang-Mills theory invented by Sugino [44–

48] is based on the topological-twisted form of the action [64–66]: The original continuum

N = (2, 2) theory has four real supercharges Q±, Q̄± and four real one-spinors (two

Majorana spinors) λ±, λ̄± with two U(1) R-symmetries we denote as U(1)R × U(1)L. In

the topological twist, the subscripts associated with one of R-rotation U(1)L ∼ SO(2)L
and Euclidian rotation SO(2)E are mixed, or equivalently, we consider diagonal subgroup

SO(2)E′ of SO(2)L ⊗ SO(2)E to redefine quantum numbers. On the flat spacetime, this

procedure is just change of field variables, and the twisted theory is equivalent to the

original one. In this basis the supercharges are transformed into a 0-form, an one-form and

a two-form as linear combinations of the original supercharges [64],

Q±, Q̄± → Q, Qµ Q12 (µ = 1, 2) . (2.1)

We now have a scalar supercharge (BRST charge) Q, which is nilpotent Q2 = 0 up to gauge

transformation. Sugino’s lattice model is constructed to keep invariance under this scalar

supercharge Q unbroken, which is not related with the infinitesimal translation [67–75] and

can be seen as fermionic internal symmetry. Indeed, the action in the Sugino model [44]

is written in a Q-exact form. We note that, in this basis, the four real one-spinors λ±, λ̄±

are also transformed into topological-twisted forms including a 0-form η, an one-form ψµ

and a two-form χ12 = χ.

Now, we look into the fermion action part of the N = (2, 2) lattice formulation [44–46].

Instead of the standard two-spinor fermion action in two dimensions, the fermion variable

is introduced as a single four-spinor Ψ = (ψ1,ψ2,χ,
1
2η)

T , where the original d.o.f. of two

2D Majorana flavors is assembled into a single pseudo-4D fermion field. Such four-spinor

treatment is quite natural since 2D N = (2, 2) super Yang-Mills theory is obtained from 4D

N = 1 super Yang-Mills theory through the dimensional reduction. The action is given by

SN=(2,2)
F = −

a3

4g20

∑

n,µ

trΨT
n [Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ Pµ(2− Un,µΨn+µ − Un,−µΨn−µ)] , (2.2)

with a bare gauge coupling g0, lattice spacing a, two-dimensional lattice sites n = (n1, n2)

and a link variable Un,µ. The trace tr is taken since fermions are in the adjoint representa-

tion. Γµ and Pµ (µ = 1, 2) belong to the four-dimensional gamma matrices. We note that

the first and second terms are kinetic and Wilson-like terms respectively. As explicit forms

of these matrices, the reference [44] chooses the following,

Γ1 = −i

(

σ1
σ1

)

, Γ2 = i

(

σ3
σ3

)

, P1 =

(

σ2
σ2

)

, P2 = i

(

−1

1

)

. (2.3)

with Pauli matrices σj (j = 1, 2, 3). These four gamma matrices satisfy the four-

dimensional clifford algebra as

{Γµ, Γν} = −2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 , (2.4)

– 3 –

No relation to translation



2. U(1)R invariance (flavor-chiral invariance)

1. No more species doubling  (never conflicts with no-go theorem)

→ prohibits additive mass

p = (0, 0, 0, 0)with only zero at

・2-flavor × 2-spinor → 4D 4-spinor

If we simply imposed (3.1) just by putting the step functions

∏

x

θ
(

ε2 − ||1 − U12(x)||2
)

(3.16)

in front of the Boltzmann weight exp
[

−SLAT
N=2

]

with the original action (2.2), the super-

symmetry Q would be broken due to the contribution from the boundary (3.9). The mod-

ification of the action (3.6, 3.7) however makes the breaking effect completely suppressed,

and maintains the supersymmetry.

No Fermion Doublers and Renormalization We may expand the exponential of the

link variable (1.1), and the action (3.6, 3.7) leads to the N = 2 SYM theory in the classical

continuum limit:

a → 0 with g2
2 ≡ g2

0/a
2 fixed. (3.17)

Note that ε is independent of the lattice spacing a. Also, the modification to the fermionic

part of the action reads

tr
[

iχ(x)QΦ̂(x)
]

=
1

1 − 1
ε2 ||1 − U12(x)||2

tr [iχ(x)QΦ(x)]

− tr [iχ(x)Φ(x)]
(

1 − 1
ε2 ||1 − U12(x)||2

)2

1

ε2
tr [QU12(x) + QU21(x)] , (3.18)

where the second term contributes to gauge-fermion interaction terms of the irrelevant

order O(a8) but not to fermion kinetic terms. (Notice that fermionic variables are rescaled

as (fermions) → a3/2(fermions) when taking the continuum limit.) Thus, the modification

does not affect the fermion kinetic terms, and the absence of fermion doubling is shown as

in the previous paper [1]. Indeed, the fermion kinetic terms are expressed as

S(2)
f =

a4

2g2
0

∑

x,µ

tr

[

−1

2
Ψ(x)T γµ(∆µ + ∆∗

µ)Ψ(x) − a
1

2
Ψ(x)T Pµ∆µ∆∗

µΨ(x)

]

, (3.19)

where fermions were combined as ΨT =
(

ψ1,ψ2,χ, 1
2η

)

. The γ-matrices and Pµ are given

by

γ1 = −i

(

0 σ1

σ1 0

)

, γ2 = i

(

0 σ3

σ3 0

)

, P1 =

(

0 σ2

σ2 0

)

, P2 = −i

(

0 12

−12 0

)

(3.20)

with σi (i = 1, 2, 3) being Pauli matrices. Note that they all anticommute each other:

{γµ, γν} = −2δµν , {Pµ, Pν} = 2δµν , {γµ, Pν} = 0. (3.21)

∆µ and ∆∗
µ represent forward and backward difference operators respectively:

∆µf(x) ≡ 1

a
(f(x + µ̂) − f(x)) , ∆∗

µf(x) ≡ 1

a
(f(x) − f(x − µ̂)) . (3.22)

– 10 –

4D clifford algebra !

Kinetic term

Wilson-like term

2D N=(2,2) fermion part

J
H
E
P
1
2
(
2
0
1
3
)
0
6
3
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with a bare gauge coupling g0, lattice spacing a, two-dimensional lattice sites n = (n1, n2)
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Γ1 = −i

(

σ1
σ1

)

, Γ2 = i

(

σ3
σ3

)

, P1 =

(
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with Pauli matrices σj (j = 1, 2, 3). These four gamma matrices satisfy the four-

dimensional clifford algebra as

{Γµ, Γν} = −2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 , (2.4)
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2 Fermion action in N = (2, 2) SUSY lattice

In this section we investigate the fermion action of the two-dimensional N = (2, 2) super
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T , where the original d.o.f. of two

2D Majorana flavors is assembled into a single pseudo-4D fermion field. Such four-spinor
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tion. Γµ and Pµ (µ = 1, 2) belong to the four-dimensional gamma matrices. We note that
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where the minus sign in the first relation just arises from the anti-hermitian definition of

Γµ, which can be translated into hermitian definition as Γµ ↔ iΓµ.

An outstanding point of this fermion action is that, due to the 4D clifford algebra (2.4),

it prevents “further” species-doubling from developing. The associated free Dirac operator

in the momentum space is given by

aD(p) =
2

∑

µ=1

[−iΓµ sin apµ + Pµ (1− cos apµ)] . (2.5)

The number of species is counted by looking into zeros of the denominator of the Dirac

propagator, which we denote as |a2D2(p)|,

|a2D2(p)| =
2

∑

µ=1

[

sin2 apµ + (1− cos apµ)
2
]

. (2.6)

Because of the 4D clifford algebra (2.4), this operator has no contact term between sin

(kinetic) and cos (Wilson) terms. Hence, it is clear that the number of zeros is only one at

ap = (0, 0), and the action has no further species-doubling. We note that it is also possible

to interpret that two Majorana species originally exist in this case, and this viewpoint

becomes important from the next section.

This action possesses the exact chiral-U(1)R symmetry. The Dirac operator D(p) anti-

commutes with the four product of Γ1,Γ2, P1 and P2 since the action contains Γµ in the

kinetic term and Pµ in the Wilson term. We denote the generator as

Γ5 = Γ1Γ2P1P2 , (2.7)

which satisfies the relation

{D(p), Γ5} = 0 , (2.8)

It means that the fermion action (2.2) is invariant under the following transformation,

Ψn → exp[i θ Γ5]Ψn , (2.9)

ΨT
n → ΨT

n exp[i θ Γ5] . (2.10)

This transformation is the chiral U(1)R rotation, which gives rotation in the multiple

supercharge space, or the “flavor” space. We note that this chiral symmetry is realized as

the pseudo higher-dimensional chiral symmetry in this formulation (2.7). For the explicit

forms of gamma matrices (2.3), the generator

Γ5 = Γ1Γ2P1P2 =

(

1

−1

)

, (2.11)

rotates phases of ψ1,ψ2 and χ, η in opposite directions. This exact invariance under the

chiral-U(1)R prohibits mass renormalization of the fermion field in the model of 2D N =

(2, 2) super Yang-Mills theory.
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As explicit Γµ and Pµ, we, for example, take the following forms,

Γ1 = 1⊗ σ1 =

(

σ1
σ1

)

, Γ2 = 1⊗ σ2 =

(

σ2
σ2

)

,

P1 = −σ2 ⊗ σ3 =

(

iσ3
−iσ3

)

, P2 = σ1 ⊗ σ3 =

(

σ3
σ3

)

. (3.4)

Since these satisfies the four-dimensional clifford algebra (3.2), we have only one zero at

p = (0, 0, 0, 0) in the denominator of the Dirac propagator

|D(p)|2 =
2

∑

µ

[

sin2 pµ + (1− cos pµ)
2
]

. (3.5)

The Dirac propagator anti-commute with the product of Γµ and Pµ as

Γ5 = Γ1Γ2P1P2 = (σ3 ⊗ σ3) =

(

γ5
−γ5

)

, {D(p), Γ5} = 0 , (3.6)

where we define the two-dimensional gamma-5 as σ3 ≡ γ5. This action is thus invariant

under the following chiral rotation,

Ψn → exp[i θ Γ5]Ψn , (3.7)

Ψ̄n → Ψ̄n exp[i θ Γ5] . (3.8)

This is the σ3-flavored subgroup of the SU(2) axial symmetry.

A notable point in this action is that it breaks SU(2) flavor symmetry at O(a). It

is due to the Wilson-like term (3.1), which causes flavor-Lorentz mixing. This is natural

since the present action is originally based on the topologically-twisted action of N = (2, 2)

SYM, which mixes Lorentz rotation SO(2)E and flavor-R rotation U(1)L ∼ SO(2)L.

One may be reminded of staggered fermions by this flavor-Lorentz mixing. The Dirac

operator (3.3) is rewritten as

D(p) = i(1⊗ σµ) sin pµ + (σµσ3 ⊗ σ3)(1− cos pµ)

= i(1⊗ γµ) sin pµ + (γµγ5 ⊗ γ5)(1− cos pµ) , (3.9)

where we introduce a flavor-spin representation as 1⊗ σµ and define σµ ≡ γµ and σ3 ≡ γ5.

This action or Dirac operator are incorrectly referred to as staggered fermions in most of

textbooks [76, 77] However, it is clearly different from staggered fermions. First of all,

the flavor symmetry (taste) breaking starts from O(a) in the present free action, while

the staggered fermion just has O(a2) taste mixing due to the exchange of highly-virtual

gluons. The reason why this action is derived from the staggered fermion is well elucidated

in [78]: The form of the action (3.9) is obtained from the co-ordinate space spin-flavor

representation of staggered fermions. The hypercubic blocking to construct the co-ordinate-

space spin-flavor basis breaks translation invariance into double lattice-spacing translation

invariance. The final representation is, then, no longer the staggered fermion. We note
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One may have a question how the doubler-free lattice fermion can have exact chiral

symmetry. As we noted, the action originally contains two Majorana flavors in the four-

spinor fermion field. In the original paper [44], it is argued that the reason of the absence of

doubling in the action is the explicit breaking of U(1) fermion number (baryon) symmetry.

However, we note that, although the loss of U(1) baryon invariance breaks an assumption

of the no-go theorem [2], it does not directly mean absence of unnecessary fermionic modes

as seen in the surplus modes in 4D Sugino models [46]. Furthermore, the breaking of U(1)

baryon invariance is just specific to the present form of the action, and we still have the

same property in the Dirac fermion version which possesses exact U(1) baryon symmetry, as

will be shown in the next section. We argue that the main reason why the chiral-symmetric

fermion action of N = (2, 2) lattice model has no unnecessary fermionic modes is that it

has 4D clifford-algebra structure, where two degrees of freedom of 2D fermions are treated

as the pseudo-4D four-spinor fermion Ψ. In the next section, we show details of the present

formulation by studying the case of Dirac fermion action.

3 2D two-flavor Dirac fermion

In this section we consider the Dirac fermion version of the Sugino fermion action (2.2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iPµ(2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (3.1)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (3.1) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (3.2)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator

in the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1− cos pµ) . (3.3)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0,

apµ → pµ and aD(p) → D(p).
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a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (3.1) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (3.2)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator

in the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1− cos pµ) . (3.3)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0,

apµ → pµ and aD(p) → D(p).
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As explicit Γµ and Pµ, we, for example, take the following forms,

Γ1 = 1⊗ σ1 =

(

σ1
σ1

)

, Γ2 = 1⊗ σ2 =

(

σ2
σ2

)

,

P1 = −σ2 ⊗ σ3 =

(

iσ3
−iσ3

)

, P2 = σ1 ⊗ σ3 =

(

σ3
σ3

)

. (3.4)

Since these satisfies the four-dimensional clifford algebra (3.2), we have only one zero at

p = (0, 0, 0, 0) in the denominator of the Dirac propagator

|D(p)|2 =
2

∑

µ

[

sin2 pµ + (1− cos pµ)
2
]

. (3.5)

The Dirac propagator anti-commute with the product of Γµ and Pµ as

Γ5 = Γ1Γ2P1P2 = (σ3 ⊗ σ3) =

(

γ5
−γ5

)

, {D(p), Γ5} = 0 , (3.6)

where we define the two-dimensional gamma-5 as σ3 ≡ γ5. This action is thus invariant

under the following chiral rotation,

Ψn → exp[i θ Γ5]Ψn , (3.7)

Ψ̄n → Ψ̄n exp[i θ Γ5] . (3.8)

This is the σ3-flavored subgroup of the SU(2) axial symmetry.

A notable point in this action is that it breaks SU(2) flavor symmetry at O(a). It

is due to the Wilson-like term (3.1), which causes flavor-Lorentz mixing. This is natural

since the present action is originally based on the topologically-twisted action of N = (2, 2)

SYM, which mixes Lorentz rotation SO(2)E and flavor-R rotation U(1)L ∼ SO(2)L.

One may be reminded of staggered fermions by this flavor-Lorentz mixing. The Dirac

operator (3.3) is rewritten as

D(p) = i(1⊗ σµ) sin pµ + (σµσ3 ⊗ σ3)(1− cos pµ)

= i(1⊗ γµ) sin pµ + (γµγ5 ⊗ γ5)(1− cos pµ) , (3.9)

where we introduce a flavor-spin representation as 1⊗ σµ and define σµ ≡ γµ and σ3 ≡ γ5.

This action or Dirac operator are incorrectly referred to as staggered fermions in most of

textbooks [76, 77] However, it is clearly different from staggered fermions. First of all,

the flavor symmetry (taste) breaking starts from O(a) in the present free action, while

the staggered fermion just has O(a2) taste mixing due to the exchange of highly-virtual

gluons. The reason why this action is derived from the staggered fermion is well elucidated

in [78]: The form of the action (3.9) is obtained from the co-ordinate space spin-flavor

representation of staggered fermions. The hypercubic blocking to construct the co-ordinate-

space spin-flavor basis breaks translation invariance into double lattice-spacing translation

invariance. The final representation is, then, no longer the staggered fermion. We note
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One may have a question how the doubler-free lattice fermion can have exact chiral

symmetry. As we noted, the action originally contains two Majorana flavors in the four-

spinor fermion field. In the original paper [44], it is argued that the reason of the absence of

doubling in the action is the explicit breaking of U(1) fermion number (baryon) symmetry.

However, we note that, although the loss of U(1) baryon invariance breaks an assumption

of the no-go theorem [2], it does not directly mean absence of unnecessary fermionic modes

as seen in the surplus modes in 4D Sugino models [46]. Furthermore, the breaking of U(1)

baryon invariance is just specific to the present form of the action, and we still have the

same property in the Dirac fermion version which possesses exact U(1) baryon symmetry, as

will be shown in the next section. We argue that the main reason why the chiral-symmetric

fermion action of N = (2, 2) lattice model has no unnecessary fermionic modes is that it

has 4D clifford-algebra structure, where two degrees of freedom of 2D fermions are treated

as the pseudo-4D four-spinor fermion Ψ. In the next section, we show details of the present

formulation by studying the case of Dirac fermion action.

3 2D two-flavor Dirac fermion

In this section we consider the Dirac fermion version of the Sugino fermion action (2.2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iPµ(2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (3.1)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (3.1) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (3.2)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator

in the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1− cos pµ) . (3.3)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0,

apµ → pµ and aD(p) → D(p).
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In this modified formulation, we introduce a common gamma matrix P for four-dimensional

components of the Wilson term. This modification, which we name the single-P formula-

tion, bypasses the problem discussed in (4.1).

The associated Dirac operator in a free theory is given by

D(p) = iΓµ sin pµ + iP
4

∑

µ=1

(1− cos pµ) +m0 . (5.3)

Due to the anti-commuting relation (5.2), the denominator of the associated

Dirac propagator,

|D(p)|2 =
4

∑

µ

sin2 pµ +

[

4
∑

µ

(1− cos pµ)

]2

+m2
0 . (5.4)

has only one zero at p = (0, 0, 0, 0) for m0 → 0. This denominator of the propagator is

exactly the same as that of the Wilson fermion. Therefore, all the doublers, for example at

p = (π, 0, 0, 0), have O(1/a) mass, and are decoupled in the continuum limit. The fermion

action avoids further species-doubling and contains only two flavors, which are originally

incorporated by the pseudo 8-spinor fermion field Ψ.

Consider the case we choose γ(6)1∼5 for Γµ and P . We then have two extra anti-

commuting elements γ(6)6 and γ(6)7 = γ(6)1 γ(6)2 · · · γ(6)6 . It means that the action can possess

larger subgroup of exact chiral symmetry, which is subgroup of SU(2) axial symmetry. We

denote these two extra elements as ΓA
5 and ΓB

5 .

In this case the recipe is given as follows,

1) Assemble two flavors of 4D four-spinors into a single pseudo 6D eight-spinor field

spuriously.

2) Introduce five out of six 6D gamma matrices and assign four of them to a kinetic

term as Γµ and one to a Wilson term as P .

3) Due to part of the 6D clifford algebra, we can avoid further species-doubling with

keeping subgroup of exact chiral symmetry.

The question here is whether we can find explicit forms of Γµ and P to keep four-

dimensional requisite symmetries, including flavor symmetry, hypercubic symmetry, and

C, P, T invariance. (We note that there are lots of equivalent choices. The point is just

relative difference between Γµ and P .)

We consider the following explicit Γµ and P ,

Γj = 1⊗ σ1 ⊗ σj = 1⊗ γj =

(

γj
γj

)

, (j = 1, 2, 3),

Γ4 = 1⊗ σ2 ⊗ 1 = 1⊗ γ4 =

(

γ4
γ4

)

,

P = σ3 ⊗ σ3 ⊗ 1 = σ3 ⊗ γ5 =

(

γ5
−γ5

)

. (5.5)
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The flavored-time-reversal transformation is given by

Ψn0,nj
→ i(γ5 ⊗ γ4γ5)Ψ−n0,nj

, (4.14)

Ψ̄n0,nj
→ −Ψ̄−n0,nj

i(γ5 ⊗ γ5γ4) . (4.15)

This action could be useful for the N = 4 super Yang-Mills lattice formulation. In

the 4D N = 4 Sugimo model [46], the two-flavor structure with 8 × 8 matrices for Γµ

and Pµ is adopted. In this setup, surplus modes other than p = (0, 0, 0, 0) emerge since

eight 8 × 8 matrices Γµ and Pµ never fully anti-commute with one another. Our present

setup for the four-flavor lattice fermion adopts sixteen-spinor fermion fields with 8D 16×16

gamma matrices, which does not yield surplus modes with keeping exact chiral symmetry.

To construct the N = 4 SYM lattice model with four supercharges and four fermions, our

setup could be more proper. The question is whether we can find the four-dimensional

N = 4 lattice SYM action which contains the following fermion action,

SN=4
F = −

1

4g20

∑

n,µ

trΨT
n [Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ Pµ(2− Un,µΨn+µ − Un,−µΨn−µ)] , (4.16)

whereΨ = (ψA,ψB,ψC ,ψD)T is the four-flavor multiplet assembled into a single 8D sixteen-

spinor field. and Γµ and Pµ belong to the 8D gamma matrices as (4.7). Further study is

required to answer this question.

In this section we discussed the four-flavor 4D extension of the pseudo higher-

dimensional clifford-algebra method. On the other hand, for practical application to lattice

QCD, it is better if we reduce species (flavors) to two, the “minimal” number. In the next

section, we propose the two-flavor 4D extension by introducing proper modification of the

higher-dimensional clifford-algebra method.

5 Extension to 4D two-flavor fermion

In this section, we propose another way of extending the higher-dim clifford algebra method

to four dimensions and obtain a two-flavor lattice fermion setup with exact chiral symmetry.

We first introduce a single-P formulation.

5.1 Single-P formulation

We consider the following 4D two-flavor lattice fermion action,

S =
1

2

∑

n

4
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iP (2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (5.1)

where a doublet fermion field Ψ = (ψA,ψB)T is treated as a pseudo-6D eight-spinor. Γµ

and P are 8× 8 hermite gamma matrices which are five out of six elements of 6D gamma

matrices γ(6)M (M = 1, · · ·, 6). We thus have the following relation

{Γµ,Γν} = 2δµν , {Γµ, P} = 0 . (5.2)
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One may have a question how the doubler-free lattice fermion can have exact chiral

symmetry. As we noted, the action originally contains two Majorana flavors in the four-

spinor fermion field. In the original paper [44], it is argued that the reason of the absence of

doubling in the action is the explicit breaking of U(1) fermion number (baryon) symmetry.

However, we note that, although the loss of U(1) baryon invariance breaks an assumption

of the no-go theorem [2], it does not directly mean absence of unnecessary fermionic modes

as seen in the surplus modes in 4D Sugino models [46]. Furthermore, the breaking of U(1)

baryon invariance is just specific to the present form of the action, and we still have the

same property in the Dirac fermion version which possesses exact U(1) baryon symmetry, as

will be shown in the next section. We argue that the main reason why the chiral-symmetric

fermion action of N = (2, 2) lattice model has no unnecessary fermionic modes is that it

has 4D clifford-algebra structure, where two degrees of freedom of 2D fermions are treated

as the pseudo-4D four-spinor fermion Ψ. In the next section, we show details of the present

formulation by studying the case of Dirac fermion action.

3 2D two-flavor Dirac fermion

In this section we consider the Dirac fermion version of the Sugino fermion action (2.2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iPµ(2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (3.1)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (3.1) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (3.2)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator

in the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1− cos pµ) . (3.3)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0,

apµ → pµ and aD(p) → D(p).
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4 Extension to 4D four-flavor fermion

In this section, we discuss the four-dimensional Dirac versions of the fermion construction

by use of higher-dimensional clifford algebra. A naive extension is by introducing the six-

dimensional clifford algebra into four-dimensional fermion actions to obtain the two-flavor

fermion with exact chiral symmetry. Though, the six-dimensional clifford algebra consists

of six elements of gamma matrices γ(6)M (M = 1, 2, ···, 6), which are insufficient for necessary

eight anti-commuting matrices for Γµ and Pµ (µ = 1, 2, 3, 4) in the present extension of the

method in section 3.

In other words, if we have four Γµ and four Pµ with two flavors of 4D four-

spinors identified as a pseudo-6D eight-spinor field, they cannot satisfy the requisite

anti-commuting relation,

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pµ} != 0 , (4.1)

with µ = 1, 2, 3, 4. It means the Dirac propagator can have poles other than p = (0, 0, 0, 0).

This is one reason why the N = 2 four-dimensional super Yang-Mills lattice formulation is

not yet well-constructed as shown in [46].

However, we have several ways of the extension. We discuss them in this and next

sections. One simple way of extending the idea to four dimensions is to give up the

two-flavor property, and instead, consider four Dirac flavors and eight-dimensional clifford

algebra. Then, the recipe is altered as follows,

1) Treat four flavors of 4D four-spinors as a single pseudo-8D sixteen-spinor field.

2) Introduce eight 8D gamma matrices and assign half to a kinetic term as Γµ and the

other half to a Wilson term as Pµ.

3) Due to the 8D clifford algebra, we can avoid further species-doubling with keeping

subgroup exact chiral symmetry.

The four-dimensional action in this way of extension is given by

S =
1

2

∑

n

4
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iPµ(2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (4.2)

where Ψ = (ψA,ψB,ψC ,ψD)T stands for a 4D four-flavor multiplet treated as a single

pseudo-8D sixteen-spinor field. Γµ and Pµ belong to the eight 8D gamma matrices γ(8)M

(M = 1, · · ·, 8). They satisfy the eight-dimensional clifford algebra as

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pµ} = 0 . (4.3)

with µ = 1, 2, 3, 4. Due to this relation, the fermion action avoids further species-doubling.

Since the associated Dirac operator anti-commutes with the product of Γµ and Pµ,

{D,Γ5} = 0 , Γ5 = Γ1Γ2Γ3Γ4P1P2P3P4 , (4.4)
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the fermion action is invariant under the following transformation

Ψn → exp[i θ Γ5]Ψn , (4.5)

Ψ̄n → Ψ̄n exp[i θ Γ5] . (4.6)

As explicit gamma matrices, for example, we consider the following choices,

Γµ = 1⊗ γµ =

(

γµ
γµ

)

(µ = 1, 2, 3, 4) ,

Pµ = −iγµγ5 ⊗ γ5 , (4.7)

where we again introduce the flavor-spin representation and γµ, γ5 stand for four-

dimensional hermite gamma matrices. Other seemingly-different choices of Pµ, for ex-

ample, Pµ = γµ ⊗ γ5, can be derived by change of variables as Ψ̄ → Ψ̄ exp[−iπ/4 (γ5 ⊗ 1)],

Ψ → exp[iπ/4 (γ5 ⊗ 1)]Ψ.

The action (4.2) with this basis gives the following free massless Dirac operator in a

momentum space,

D(p) = i(1⊗ γµ) sin pµ + (γµγ5 ⊗ γ5)(1− cos pµ) . (4.8)

This is a four-dimensional version of the Halved-translation-invariance fermion (3.9), which

has been misunderstood as “staggered fermions”. For the present choice of Γµ and Pµ, the

symmetric chiral rotation is given by

Γ5 = Γ1Γ2Γ3Γ4P1P2P3P4 = (γ5 ⊗ γ5) =

(

γ5
−γ5

)

, (4.9)

Ψn → exp[i θ (γ5 ⊗ γ5)]Ψn , (4.10)

Ψ̄n → Ψ̄n exp[i θ (γ5 ⊗ γ5)] . (4.11)

which is the same flavored-chiral symmetry as the staggered chiral symmetry.

We can list up symmetries of this 4D four-flavor fermion action (4.2). The symmetries

are qualitatively the same as those of the 2D two-flavor Dirac fermion action in section 3,

and we here show some relevant ones:

1. Flavored-non-singlet chiral symmetry with Γ5 = γ5 ⊗ γ5,

2. Discrete flavor-rotation symmetry SW4,

3. Flavored-P and -T invariances associated with γ5,

The fermion action of course has gamma-5 hermiticty and U(1) baryon symmetry too.

The flavored-parity in this case stands for

Ψn0,nj
→ i(γ5 ⊗ γ4)Ψn0,−nj

, (4.12)

Ψ̄n0,nj
→ −Ψ̄n0,−nj

i(γ5 ⊗ γ4) . (4.13)
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One may have a question how the doubler-free lattice fermion can have exact chiral

symmetry. As we noted, the action originally contains two Majorana flavors in the four-

spinor fermion field. In the original paper [44], it is argued that the reason of the absence of

doubling in the action is the explicit breaking of U(1) fermion number (baryon) symmetry.

However, we note that, although the loss of U(1) baryon invariance breaks an assumption

of the no-go theorem [2], it does not directly mean absence of unnecessary fermionic modes

as seen in the surplus modes in 4D Sugino models [46]. Furthermore, the breaking of U(1)

baryon invariance is just specific to the present form of the action, and we still have the

same property in the Dirac fermion version which possesses exact U(1) baryon symmetry, as

will be shown in the next section. We argue that the main reason why the chiral-symmetric

fermion action of N = (2, 2) lattice model has no unnecessary fermionic modes is that it

has 4D clifford-algebra structure, where two degrees of freedom of 2D fermions are treated

as the pseudo-4D four-spinor fermion Ψ. In the next section, we show details of the present

formulation by studying the case of Dirac fermion action.

3 2D two-flavor Dirac fermion

In this section we consider the Dirac fermion version of the Sugino fermion action (2.2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iPµ(2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (3.1)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (3.1) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (3.2)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator

in the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1− cos pµ) . (3.3)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0,

apµ → pµ and aD(p) → D(p).
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spinor fermion field. In the original paper [44], it is argued that the reason of the absence of

doubling in the action is the explicit breaking of U(1) fermion number (baryon) symmetry.

However, we note that, although the loss of U(1) baryon invariance breaks an assumption

of the no-go theorem [2], it does not directly mean absence of unnecessary fermionic modes

as seen in the surplus modes in 4D Sugino models [46]. Furthermore, the breaking of U(1)

baryon invariance is just specific to the present form of the action, and we still have the

same property in the Dirac fermion version which possesses exact U(1) baryon symmetry, as

will be shown in the next section. We argue that the main reason why the chiral-symmetric

fermion action of N = (2, 2) lattice model has no unnecessary fermionic modes is that it

has 4D clifford-algebra structure, where two degrees of freedom of 2D fermions are treated

as the pseudo-4D four-spinor fermion Ψ. In the next section, we show details of the present

formulation by studying the case of Dirac fermion action.

3 2D two-flavor Dirac fermion

In this section we consider the Dirac fermion version of the Sugino fermion action (2.2)

in order to clarify the argument in the previous section and also extend the idea to more

general cases.

We begin with the following 2D two-flavor Dirac fermion action on the lattice

S =
1

2

∑

n

2
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iPµ(2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (3.1)

where we introduce two-flavor fermion fields Ψ = (ψA,ψB)T , Ψ̄ = (ψ̄A, ψ̄B) assembled into

a single pseudo-4D four-spinor field. (each of ψA, ψB, ψ̄A, ψ̄B are usual 2D Dirac fermion

fields.) The second term in (3.1) is the Wilson-like term accompanied by Pµ. Γµ and Pµ

(µ = 1, 2) belong to the four-dimensional gamma matrices γ(4)M (M = 1, 2, 3, 4). These

matrices therefore satisfy the four-dimensional clifford algebra

{Γµ,Γν} = 2δµν , {Pµ, Pν} = 2δµν , {Γµ, Pν} = 0 . (3.2)

In this case, we choose both Γµ and Pµ as hermitian. The associated free Dirac operator

in the momentum space in a massless theory is given by

D(p) = iΓµ sin pµ + iPµ(1− cos pµ) . (3.3)

We here make all the fields and parameters dimensionless as a3/2ψ → ψ, ma → m0,

apµ → pµ and aD(p) → D(p).

– 5 –

with 8D gamma matrices

Note it is not equivalent to staggered fermion !
                                             (O(a^2) flavor breaking) 

8 elements are sufficient !



2. Chiral invariance

1. No more species doubling

3. Flavored-P,T → reduces to true P, T. 

(2) 4D two-flavor chiral fermion Ψ = (ψA, ψB)T

J
H
E
P
1
2
(
2
0
1
3
)
0
6
3

In this modified formulation, we introduce a common gamma matrix P for four-dimensional

components of the Wilson term. This modification, which we name the single-P formula-

tion, bypasses the problem discussed in (4.1).

The associated Dirac operator in a free theory is given by

D(p) = iΓµ sin pµ + iP
4

∑

µ=1

(1− cos pµ) +m0 . (5.3)

Due to the anti-commuting relation (5.2), the denominator of the associated

Dirac propagator,

|D(p)|2 =
4

∑

µ

sin2 pµ +

[

4
∑

µ

(1− cos pµ)

]2

+m2
0 . (5.4)

has only one zero at p = (0, 0, 0, 0) for m0 → 0. This denominator of the propagator is

exactly the same as that of the Wilson fermion. Therefore, all the doublers, for example at

p = (π, 0, 0, 0), have O(1/a) mass, and are decoupled in the continuum limit. The fermion

action avoids further species-doubling and contains only two flavors, which are originally

incorporated by the pseudo 8-spinor fermion field Ψ.

Consider the case we choose γ(6)1∼5 for Γµ and P . We then have two extra anti-

commuting elements γ(6)6 and γ(6)7 = γ(6)1 γ(6)2 · · · γ(6)6 . It means that the action can possess

larger subgroup of exact chiral symmetry, which is subgroup of SU(2) axial symmetry. We

denote these two extra elements as ΓA
5 and ΓB

5 .

In this case the recipe is given as follows,

1) Assemble two flavors of 4D four-spinors into a single pseudo 6D eight-spinor field

spuriously.

2) Introduce five out of six 6D gamma matrices and assign four of them to a kinetic

term as Γµ and one to a Wilson term as P .

3) Due to part of the 6D clifford algebra, we can avoid further species-doubling with

keeping subgroup of exact chiral symmetry.

The question here is whether we can find explicit forms of Γµ and P to keep four-

dimensional requisite symmetries, including flavor symmetry, hypercubic symmetry, and

C, P, T invariance. (We note that there are lots of equivalent choices. The point is just

relative difference between Γµ and P .)

We consider the following explicit Γµ and P ,

Γj = 1⊗ σ1 ⊗ σj = 1⊗ γj =

(

γj
γj

)

, (j = 1, 2, 3),

Γ4 = 1⊗ σ2 ⊗ 1 = 1⊗ γ4 =

(

γ4
γ4

)

,

P = σ3 ⊗ σ3 ⊗ 1 = σ3 ⊗ γ5 =

(

γ5
−γ5

)

. (5.5)
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The flavored-time-reversal transformation is given by

Ψn0,nj
→ i(γ5 ⊗ γ4γ5)Ψ−n0,nj

, (4.14)

Ψ̄n0,nj
→ −Ψ̄−n0,nj

i(γ5 ⊗ γ5γ4) . (4.15)

This action could be useful for the N = 4 super Yang-Mills lattice formulation. In

the 4D N = 4 Sugimo model [46], the two-flavor structure with 8 × 8 matrices for Γµ

and Pµ is adopted. In this setup, surplus modes other than p = (0, 0, 0, 0) emerge since

eight 8 × 8 matrices Γµ and Pµ never fully anti-commute with one another. Our present

setup for the four-flavor lattice fermion adopts sixteen-spinor fermion fields with 8D 16×16

gamma matrices, which does not yield surplus modes with keeping exact chiral symmetry.

To construct the N = 4 SYM lattice model with four supercharges and four fermions, our

setup could be more proper. The question is whether we can find the four-dimensional

N = 4 lattice SYM action which contains the following fermion action,

SN=4
F = −

1

4g20

∑

n,µ

trΨT
n [Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ Pµ(2− Un,µΨn+µ − Un,−µΨn−µ)] , (4.16)

whereΨ = (ψA,ψB,ψC ,ψD)T is the four-flavor multiplet assembled into a single 8D sixteen-

spinor field. and Γµ and Pµ belong to the 8D gamma matrices as (4.7). Further study is

required to answer this question.

In this section we discussed the four-flavor 4D extension of the pseudo higher-

dimensional clifford-algebra method. On the other hand, for practical application to lattice

QCD, it is better if we reduce species (flavors) to two, the “minimal” number. In the next

section, we propose the two-flavor 4D extension by introducing proper modification of the

higher-dimensional clifford-algebra method.

5 Extension to 4D two-flavor fermion

In this section, we propose another way of extending the higher-dim clifford algebra method

to four dimensions and obtain a two-flavor lattice fermion setup with exact chiral symmetry.

We first introduce a single-P formulation.

5.1 Single-P formulation

We consider the following 4D two-flavor lattice fermion action,

S =
1

2

∑

n

4
∑

µ=1

Ψ̄n
[

Γµ(Un,µΨn+µ − Un,−µΨn−µ)

+ iP (2− Un,µΨn+µ − Un,−µΨn−µ) + 2m0Ψn
]

, (5.1)

where a doublet fermion field Ψ = (ψA,ψB)T is treated as a pseudo-6D eight-spinor. Γµ

and P are 8× 8 hermite gamma matrices which are five out of six elements of 6D gamma

matrices γ(6)M (M = 1, · · ·, 6). We thus have the following relation

{Γµ,Γν} = 2δµν , {Γµ, P} = 0 . (5.2)
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denote these two extra elements as ΓA
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In this case the recipe is given as follows,
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spuriously.

2) Introduce five out of six 6D gamma matrices and assign four of them to a kinetic

term as Γµ and one to a Wilson term as P .

3) Due to part of the 6D clifford algebra, we can avoid further species-doubling with
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The question here is whether we can find explicit forms of Γµ and P to keep four-

dimensional requisite symmetries, including flavor symmetry, hypercubic symmetry, and

C, P, T invariance. (We note that there are lots of equivalent choices. The point is just

relative difference between Γµ and P .)

We consider the following explicit Γµ and P ,
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γj
γj

)

, (j = 1, 2, 3),

Γ4 = 1⊗ σ2 ⊗ 1 = 1⊗ γ4 =

(

γ4
γ4

)

,

P = σ3 ⊗ σ3 ⊗ 1 = σ3 ⊗ γ5 =

(

γ5
−γ5

)

. (5.5)

– 11 –

J
H
E
P
1
2
(
2
0
1
3
)
0
6
3

In the above explicit example (5.6), ΓA,B
5 are given by

ΓA
5 = σ1 ⊗ σ3 ⊗ 1 = σ1 ⊗ γ5 =

(

γ5
γ5

)

,

ΓB
5 = σ2 ⊗ σ3 ⊗ 1 = σ2 ⊗ γ5 =

(

−iγ5
iγ5

)

. (5.14)

These are flavor-non-singlet chiral symmetries associated with σ1 and σ2, which are sub-

group of SU(2) axial symmetry. The other flavor-non-singlet chiral symmetry associated

with σ3 is broken due to the Wilson-like term in (5.1)(5.6) at O(a). This broken part

causes additive renormalization of the operator iΨ̄n(σ3⊗ γ5)Ψn and requires fine-tuning of

the parameter.

We look into other lattice symmetries. To investigate flavor symmetry, we again use

the explicit basis (5.6). It has one exact flavor symmetry associated with σ3 as,

Ψn → exp[i θ (σ3 ⊗ 1)]Ψn , (5.15)

Ψ̄n → Ψ̄n exp[−i θ (σ3 ⊗ 1)] . (5.16)

This is subgroup of SU(2) vector symmetry. We note the generator for this flavor sym-

metry is represented as ∼ iΓA
5 Γ

B
5 . We also have flavor-singlet vector symmetry, or U(1)

baryon symmetry.

Ψn → exp[iθ(1⊗ 1)]Ψn , (5.17)

Ψ̄n → Ψ̄n exp[−iθ(1⊗ 1)] . (5.18)

Other flavor-non-singlet vector symmetries associated with σ2 and σ3 are broken by the

Wilson-like term in (5.1)(5.6) at O(a). The total amount of flavor-non-singlet vector and

axial symmetries does not change in the twisted and non-twisted bases. The total SU(2)

group is just transformed into each other as follows

[σ1 ⊗ 1]V ⊗ [σ2 ⊗ 1]V ⊗ [σ3 ⊗ 1]V ↔ [σ1 ⊗ γ5]A ⊗ [σ2 ⊗ γ5]A ⊗ [σ3 ⊗ 1]V . (5.19)

where the left one is symmetry of the non-twisted basis while the right is that of the

twisted basis.

The action (5.6) has flavored-parity and flavored-time-reversal invariances. The

flavored-parity transformations are given by

Ψn0,nj
→ i(σ1,2 ⊗ γ4)Ψn0,−nj

, (5.20)

Ψ̄n0,nj
→ −Ψ̄n0,−nj

i(σ1,2 ⊗ γ4) . (5.21)

The flavored-time-reversal transformations are given by

Ψn0,nj
→ i(σ1,2 ⊗ γ4γ5)Ψ−n0,nj

, (5.22)

Ψ̄n0,nj
→ −Ψ̄−n0,nj

i(σ1,2 ⊗ γ5γ4) . (5.23)

– 13 –

Two more anti-commuting elements

J
H
E
P
1
2
(
2
0
1
3
)
0
6
3

The free Dirac operator is given by

D(p) = iΓµ sin pµ + iP
4

∑

µ=1

(1− cos pµ) +m0

= i(1⊗ γµ) sin pµ + i(σ3 ⊗ γ5)
4

∑

µ

(1− cos pµ) +m0 . (5.6)

It is clear that the second terms of (5.6) is the Wilson term twisted by iσ3 ⊗ γ5. We note

that, even if we take σj ⊗ γ5 (j = 1, 2) as P, the structure does not change.

5.2 Equivalence to Wilson twisted-mass fermion

The action (5.6) is exactly the “physical basis” representation of the Wilson full-twisted-

mass fermion (Wtm fermion) [14, 15, 79–83]. The standard Wtm “twisted-mass basis” is

easily obtained by changing the fermion variables [84] as

Ψn → Ψ′
n ≡ exp

[

i
π

4
(σ3 ⊗ γ5)

]

Ψn , (5.7)

Ψ̄n → Ψ̄′
n ≡ Ψ̄n exp

[

i
π

4
(σ3 ⊗ γ5)

]

. (5.8)

The Dirac operator (5.6) is then transformed to

D(p) = i(1⊗ γµ) sin pµ −
∑

µ

(1− cos pµ) +m0(σ3 ⊗ γ5) , (5.9)

which is the well-known Wilson twisted-mass action. As we mentioned, we have a variety

of choices for Γµ and P as we will discuss in the end of this section. Though, all the

forms can be transformed into the Wtm fermion action by the change of variables. In

this sense, the present two-flavor lattice fermion action obtained here is equivalent to the

Wilson twisted-mass fermion action.

To show the details, we discuss symmetries of the action (5.1)(5.3). As shown above,

we have two more hermite matrices anti-commuting Γµ and P . We denote these two as ΓA
5

and ΓB
5 , which satisfy the relation,

{Γµ, Γ
A,B
5 } = 0 , {P, ΓA,B

5 } = 0 , {ΓA
5 , Γ

B
5 } = 0 . (5.10)

This relation indicates the anti-commuting relation between D(p) and ΓA,B
5

{D(p),ΓA,B
5 } = 0 . (5.11)

It means that the lattice fermion action (5.1)(5.3) in the massless limit m0 → 0 is invariant

under the subgroup of SU(2) axial rotation associated with ΓA
5 and ΓB

5

Ψn → exp[i θ ΓA,B
5 ]Ψn , (5.12)

Ψ̄n → Ψ̄n exp[i θ Γ
A,B
5 ] . (5.13)
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In the above explicit example (5.6), ΓA,B
5 are given by
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,
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5 = σ2 ⊗ σ3 ⊗ 1 = σ2 ⊗ γ5 =
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These are flavor-non-singlet chiral symmetries associated with σ1 and σ2, which are sub-

group of SU(2) axial symmetry. The other flavor-non-singlet chiral symmetry associated

with σ3 is broken due to the Wilson-like term in (5.1)(5.6) at O(a). This broken part

causes additive renormalization of the operator iΨ̄n(σ3⊗ γ5)Ψn and requires fine-tuning of

the parameter.

We look into other lattice symmetries. To investigate flavor symmetry, we again use

the explicit basis (5.6). It has one exact flavor symmetry associated with σ3 as,

Ψn → exp[i θ (σ3 ⊗ 1)]Ψn , (5.15)

Ψ̄n → Ψ̄n exp[−i θ (σ3 ⊗ 1)] . (5.16)
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metry is represented as ∼ iΓA
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5 . We also have flavor-singlet vector symmetry, or U(1)
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The action (5.6) is exactly the “physical basis” representation of the Wilson full-twisted-

mass fermion (Wtm fermion) [14, 15, 79–83]. The standard Wtm “twisted-mass basis” is

easily obtained by changing the fermion variables [84] as

Ψn → Ψ′
n ≡ exp

[

i
π

4
(σ3 ⊗ γ5)

]

Ψn , (5.7)

Ψ̄n → Ψ̄′
n ≡ Ψ̄n exp

[

i
π

4
(σ3 ⊗ γ5)

]

. (5.8)

The Dirac operator (5.6) is then transformed to

D(p) = i(1⊗ γµ) sin pµ −
∑

µ

(1− cos pµ) +m0(σ3 ⊗ γ5) , (5.9)

which is the well-known Wilson twisted-mass action. As we mentioned, we have a variety

of choices for Γµ and P as we will discuss in the end of this section. Though, all the

forms can be transformed into the Wtm fermion action by the change of variables. In

this sense, the present two-flavor lattice fermion action obtained here is equivalent to the

Wilson twisted-mass fermion action.

To show the details, we discuss symmetries of the action (5.1)(5.3). As shown above,

we have two more hermite matrices anti-commuting Γµ and P . We denote these two as ΓA
5

and ΓB
5 , which satisfy the relation,

{Γµ, Γ
A,B
5 } = 0 , {P, ΓA,B

5 } = 0 , {ΓA
5 , Γ

B
5 } = 0 . (5.10)

This relation indicates the anti-commuting relation between D(p) and ΓA,B
5

{D(p),ΓA,B
5 } = 0 . (5.11)

It means that the lattice fermion action (5.1)(5.3) in the massless limit m0 → 0 is invariant

under the subgroup of SU(2) axial rotation associated with ΓA
5 and ΓB

5

Ψn → exp[i θ ΓA,B
5 ]Ψn , (5.12)

Ψ̄n → Ψ̄n exp[i θ Γ
A,B
5 ] . (5.13)
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Here we omit the transformation for the link variable for simplicity. The usual parity and

time-reversal are broken due to the Wilson-like term at O(a).

The fermion action (5.1) has the same hypercubic symmetry as Wilson fermion. We

then expect that Lorentz symmetry recovers in the continuum limit even in the interact-

ing theory.

We now list up all the relevant exact symmetries of our two-flavor fermion action:

1. Flavor-non-singlet chiral symmetry with ΓA
5 and ΓB

5 ,

2. Flavor symmetry associated with iΓA
5 Γ

B
5 ,

3. Hypercubic symmetry,

4. Flavored-parity and flavored-time-reversal associated with σ2 and σ3,

The action also has gamma-5 hermicity (with ΓA,B
5 ) and U(1) baryon symmetry. These

symmetries are the same as those of the Wilson twisted-mass action in a massless limit. It

exhibits that the present two-flavor lattice formulation is equivalent to the Wilson twisted-

mass fermion.

For the different choices of Γµ and P , although the explicit forms of chiral, flavor and

P, T symmetries change, we essentially have the same symmetries which look different in

a different basis. The associated action can be transformed to (5.6) by appropriate change

of variables. For example, a different choice of Γµ and P is given by

Γj = 1⊗ σ1 ⊗ σj = 1⊗ γj =

(

γj
γj

)

, (j = 1, 2, 3),

Γ4 = σ3 ⊗ σ2 ⊗ 1 = σ3 ⊗ γ4 =

(

γ4
−γ4

)

,

P = σ1 ⊗ σ2 ⊗ 1 = σ1 ⊗ γ4 =

(

γ4
γ4

)

. (5.24)

In this basis, two chiral generators are transformed into

ΓA
5 = 1⊗ σ3 ⊗ 1 = 1⊗ γ5 =

(

γ5
γ5

)

,

ΓB
5 = σ2 ⊗ σ2 ⊗ 1 = σ2 ⊗ γ4 =

(

−iγ4
iγ4

)

. (5.25)

It seems that this basis breaks hypercubic symmetry, while it keeps flavored hypercubic

symmetry. The flavor symmetry also seems to be broken at O(1) in this basis. These are

all due to the change of basis. The following change of the fermion variables transforms

the associated action to (5.6),

Ψ → Ψ′ ≡ exp

[

i
π

4
(σ3 ⊗ γ4γ5)

]

exp

[

i
π

4
(1⊗ γ4γ5)

]

exp

[

i
π

4
(σ2 ⊗ 1)

]

Ψ , (5.26)

Ψ̄ → Ψ̄′ ≡ Ψ̄ exp

[

− i
π

4
(σ2 ⊗ 1)

]

exp

[

− i
π

4
(1⊗ γ4γ5)

]

exp

[

− i
π

4
(σ3 ⊗ γ4γ5)

]

. (5.27)
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