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We propose finite lattice effects as a probe of the glueball mass spectrum, and give an analysis
of the recent SU(2) Monte Carlo data of Brower, Nauenberg and Schalk in terms of a gas of free
glueballs. For L* lattices with L =4, S, 6 fits are made to &(m = 1/a€) which indicate a rather
large effective number of degrees of freed (i.e. istical deg acy where a spin J counts as
27 +1) from 5 to 15 states. As the d

generacy is i d, the central giueball mass i
from m =(1.3£0.2)Vk at degeneracy S to about m =(1.9+0.2)Vx at degeneracy 15, relative
to the SU(2) string tension Vx.
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My Motivation

®m Conformal Field Theories, interesting for

BSM composite Higgs
AdS/CFT weak-strong duality
Model building & Critical Phenomena in general

Potential Huge Advantage for CFT!

Linear Hypercubic  vs Exponential Radial Lattice

a<r<al—1<log(r) <L

Both UV asy freedom and IR conformal on a lattice?



Radial Quantization: Early History

[=] S. Fubini, A. Hanson and R. Jackiw PRD 7, 1732 (1972)

Abstract: A field theory is quantized covariantly on Lorentz-
invariant surfaces. Dilatations replace time translations as
dynamical equations of motion. .... The Virasoro algebra of
the dual resonance model is derived in a wide class of 2-
dimensional Euclidean field theories.

[=] J. CardyJ. Math. Gen 18 757 (1985).

Abstract: The relationship between the correlation length
and critical exponents in finite width strips in two
dimensions is generalised to cylindrical geometries of
arbitrary dimensionality d. For d > 2 these correspond
however, to curved spaces. The result is verified for the

spherical model



Radial Quantization
H=F int = D in 1 = log(r)

Evolution:

ds* = dxtdx,, = e*"[dT* + dQ2]

Can drop /

d 1
— R XS
Weyl factor!

"time” T =log(r), "mass” A=d/2—-1+n

D%xuauzrﬁr:ag



Back to the Boostrap! (CFTs : No local Lagragian) JE_}J

(i.e. Data: spectra + couplings to conformal blocks)

Exact 2 and 3 ’xl — 5’72‘2A
correlators

Only “tree” diagrams! 1 P4
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CFT Bootstrap: OPE & factorization completely fixed the theory



Inequalities from Bootstrap*

Allowed Region Assuming A(e')=3.8
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«“Solving the 3D Ising Model with the Conformal Bootstrap” (EI-Showk, Paulos,
Poland, Rychkov, Simmons-Duffin and Vichi) arXiv:1203.6064v1v [hep-th] (2012)



Exact CFT: Power Law Correlator

Conformal correlator: (¢(x1)p(x2)) = C

r2rs (p(T, Q) (e, )Y = C

[7“2/7‘1 —+ 7“1/7‘2 — 2 (308((912)]A
Ce_(log(”'“Q) — log(r1)A
— CQ_TA

2

With |x1 — 5132|2 = ri7r2|r2/T1 + 71 /T2 — 2 C08(012))

as 7 = log(ry) — log(r1) — oo



Narrative

‘ .Review: First attempt & VWhat failed™.
3D Ising on R x Icosahedron:

2. BlEE=NEIEmeEnts Methods (FEM) to the resete
Exact Classical Lagrangian

3.QFT on smooth background manifold

Regge Calculus (1961)."General relativity without coordinates” (No gravity!)

Rondom Lattice (1982) Christ, Friedberg, Lee NP (Not random!)
4.Better Lattice & UV counters !

*R.C.B., G.T. Fleming and H. Neuberger, Phys.Lett. B 721 (2013)



First Attempt: 3-d Ising at Wilson-Fisher FP

R x S*
) (r=20)
+00 T — lOgT' — 00
leing — Z 65 Zt,(x,y) O(tv $)0<t7 y) + 5 Zt,x O-(t + 1, ZU)O'(t, ZB)

o(x,t)==%1

RCB, G. Fleming, H. Neuberger Phys.Lett, B721 (2013)



Order s Refined Triangulated Icosahedron
s =38

=0 (A),1(T1), 2 (H) are irreducible 120
Iscosahedral subgroup of O(3)



Ul(B — Ber) LYY, (X = Aey) L%, ]
U*(x) +O(L™%)

Fitting to Finite scaling

Y

U*(0) 4+ a1(8 — Ber) LYY + ¢(A\) L™ + - -

Icosahedron (s) Ny=4xs
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UB,s=L)=1-— NBE

BCT’OSS =~ BCT’ _I_ C]_L—l/l/_w
Berit = 0.16098703(3)

Double Scaling: = (8 — Ber)L1/"



(o—ty) / (py—eg)

Determine “speed of light” via
Descendant Relation & rescale “log(r)”

Icosahedron(s), T=8xs, £=0.16098700
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c = 1.5105(7)



A, = 0.5[(y+ue)/(y—po) — 1]

0.54

Current Fit:

Icosahedron(s), T=8xs, =0.16098700

0.93

0.52

D175



15t Failure to recover fullO(4,1) of [ = 3?

Icosahedron(s), T=8xs, £=0.16098700
1.70 I | I T | | T I | ‘ T I

G rep

—————————————? - ,¢y;}u L{%-,”p, |

% 1.65 — . . -

T2rep ””’,f—’——?

Apparent lack of convergence
to a single O(3) irreducible
representation for | = 3
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Replace Ising Model by phi 4t

B S e
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1672



Finite Element Method: What is it?

Google: 3,410,000 results
Hrennikoff, Alexander (1941). Courant, R. (1943)

RCB, M. Cheng and G.T. Fleming,
“Improved Lattice Radial Quantization” PoS LATTICE2013 (2013) 335



Discretize a Lagrangian
on simplicial Manifold?

"o / d*z[\/99" 0,0 b + A/g(¢° — p* /2X)°]

/i

project spherical
triangle onto
local tangent plane




Regge Calculus formulation for smooth manifold.

" (P2 — ¢3)°

FEM : Ag=——;
1

Delaunay Link Area: Ag = hilq

> Vyk)g? (k) (Pk — &i)(Pr — D)

Lieilk;

H. Hamber, S. Liu, Feynman rules for simplicial gravity, NP B475 (1996)



Einstein Regge Curvature  _
eV
Y 6y =2mx=27(F—-E+V)

Could Optimize adaptive Delaney triangles on unit sphere

/ 1 /gI\— kR? + aR?] = 3" A,[A - 2kR, + aR?]

Rv — 25@/14@ flat triangles: 51} = 47T/AU



Kinetic term for Linear Element

[10 — x
Ki(z,y) = [llz—x—(lzy o)y %)/
(70, %o) Ky(x,y) = [l‘—@]/hz
Yo

K()(l',y) — E

Yo

lo1
lo2

(0,0) (l12,0)

l12

On each triangle expand: ¢(x,y) ZK x,y)p; an integrate

1

BEY I —— (151 + 130 — 135) (¢1 — P2)* + cyclic]



Linear Finite Element Method for triangulate Manifold

¢(T) — Z Wi (T)¢z Piecewise linear

i subspace of Hilbert space

A7 = &;dx’ ds® = dT - dT = g;;dx"dz’



FEM have “spectral fidelity”

* Taylor expansion on hypercubic lattice:
07 3 (9() o+ o) = (V4" + O
. Taylor series for FEM does not work!
a? )y K(z,y)(6(z) = 6(y)) = ¢0,00,¢ + O(a?)
Y

e FEM “meta-theorem”: spectrum < cut-off to
O(a”™2) if “triangles are regular enough”



FEM fixes the huge Spectral defects

Fors =8first (I+1)*(1 +1) =64 ev

BEFORE (K = 1) AFTER (FEM K’s)

— N




Spectrum of FE Laplacian on a sphere

.....
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Test as Phi 4™ on the Rieman sphere!

T+ 1y

projection — tan(0/2)e 1 —
¢ = tan(6/2)e ™" = T

P(co)

/ N (I=P(A)
[ * Z | x
I\‘ | / . | \ A

NO FINITE VOLUME
APPROXIMATION!



Exact Solution to CFT

Exact Two point function

T P S —

my =22 |1 — cosfg]A

A=n/2=1/8 2y’ 27 =1

4 ptfunction  (x1,x2,x3,24) = (0,&,1,00)

1 —
g(O,g,l,OO):2‘5‘1/4‘1_5‘1/4[14— 1_€|+’1_ 1_5‘]

. . M4>
Critical Binder Commulant g < — 0.
U =1~ grypaypagey = 0-567336




<6(x)9(0)>

Test of rotational symmetry?
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2" Failure: UV divergence breaks Rotations

Co amE = Me(a)e(a)) —

one configuration average of config.



3 possible solutions?

(i) Pauli-Villars® 1949 (like gradient flow?)

1 1 1
p2  p2+M2Z,  p?+pt/M3,

1/£§ < Mpy < m/a
(ii) Subtract x-dependent mass Counter term

(ii) Better simplex distribution (Exact const
curvature density)

(*Richard Feynman, Ernst Stueckelberq)




PV does improve symmetry

0.035 T T T T

11
o

i
‘o)

0.03 -

N 7~
[7) I~
NO o
— — N
= 2T 1
[SX =Y Xe))
333 37
I
[eNeloNe)

0.025 - .

0.02 -

0.015 - -

0.01 |- n

0.005 |- n

-0.005

-0.01 | | | | | |




Impact of PV term on UV Divergent CT

1/Mpy =0 0.03 001 @s =32

1/M3, =1



Fermions and Gauge fields
“FEM” or discrete Exterior Calculus

Fermions on smooth manifold: "’ 7726,“ (aﬂ — Wu)ww

€u (z) = GZ’Ya,

wy () = Wzb%zfyb Guv(T) = 62(37)63(33)

(1) Lattice Fermions are on simplicial curved manifolds
must be done with great care: Spin connection
does not always exist!

(2) Compact gauge links can be using Nedelic/Whitney “edge”
elements the spirit of Christ, Friedberg, Lee



What about Radial Quantization of Yang Mills? (even QCD)?

R x T3 VS R x §3

y

1. Short distances: Asymptotically free OPE
2. In confining phase: Hamiltonian evolution!
3. In Conformal Window: Dilatation evolution!

4. Relevant mass deformation

(Spectral flow: Anamalous Dimension = Energies!)



* This can also be viewed as generalizing graphene lattices!



Extra



Accurate Results require

Graduate student help: Andrew Gasbarro & Timothy Raben\

An icosahedron-based method for pixelizing the celestial sphere
MAX TEGMARK THE ASTROPHYSICAL JOURNAL, 470:L81-L84, 1996 October 20



FUN IDENTITY

] + (2 3)+ (2 4)

ot T-U U-S

\/2—#2\/(1—2)(1—2)4—2\/?:|1+\/1—z|—|-|1—\/1—z|



Simplicial FEM Essentially

equivalent to

* Regge Calculus T. Regge, Nuovo Cimento 19
(1961) 558.

 Random Lattices: N. H. Christ, R. Friedberg,
and T. D. Lee, Nucl. Phys. B 202, 89 (1982).

 FEM: Discrete Exterior Calculus (de Rahm
Complex, Whitney, etc, etc.), even ‘t Hooft



