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Collective Phenomena
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https://youtu.be/W3h5vQOUJTg

A relativistic QCD many-body system
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Defining the Quark-Gluon Plasma
Which properties of hot QCD matter can we determine 
from relativistic heavy ion data (LHC, RHIC, and FAIR)?

Tµ⌫ () e, P , s
<latexit sha1_base64="yMKfmlSp4o6Gd1ymWR72jp0DOPU="></latexit>

c2s = @P/@e|s/n
<latexit sha1_base64="ZmkHV1gPfZw+p9+Z1lSoLK3DklE=">AAACEnicdVA7T8MwGHTKq5RXgJHFokKCJU0KAjogVbAwFok+pCZEjuu2Vh0nsh2kKupvYOGvsDCAECsTG/8Gpy2I50mWTnff2f4uiBmVyrbfjNzM7Nz8Qn6xsLS8srpmrm80ZJQITOo4YpFoBUgSRjmpK6oYacWCoDBgpBkMzjK/eU2EpBG/VMOYeCHqcdqlGCkt+eYe9uVVGZ5AN0ZCUcRgrfRJCXR1VvmpLPGRbxZtq2I7lUMH/iaOZY9RBFPUfPPV7UQ4CQlXmCEp244dKy/N7saMjApuIkmM8AD1SFtTjkIivXS80gjuaKUDu5HQhys4Vr8mUhRKOQwDPRki1Zc/vUz8y2snqnvspZTHiSIcTx7qJgyqCGb9wA4VBCs21ARhQfVfIe4jgbDSLRZ0CR+bwv9Jo2w5+1b54qBYPZ3WkQdbYBvsAgccgSo4BzVQBxjcgDvwAB6NW+PeeDKeJ6M5Y5rZBN9gvLwDJRydMw==</latexit>

Electromagnetic emissivity

Equation of State

DB , DQ, DS
<latexit sha1_base64="fODjUY+W1d9j3ItEZZY2drhLgMg=">AAAB+nicdVDLSgMxFM3UV62vqS7dBIvgogwzVdTuSu3CZYv2Ae0wZNJMG5rJDElGKWM/xY0LRdz6Je78G9OH4PPA5R7OuZfcHD9mVCrbfjcyS8srq2vZ9dzG5tb2jpnfbckoEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH11M/fYNEZJG/FqNY+KGaMBpQDFSWvLMfM2rFntFWPMa83blmQXbKttO+dSBv4lj2TMUwAJ1z3zr9SOchIQrzJCUXceOlZsioShmZJLrJZLECI/QgHQ15Sgk0k1np0/goVb6MIiELq7gTP26kaJQynHo68kQqaH86U3Fv7xuooJzN6U8ThTheP5QkDCoIjjNAfapIFixsSYIC6pvhXiIBMJKp5XTIXz+FP5PWiXLObZKjZNCpbqIIwv2wQE4Ag44AxVwCeqgCTC4BffgETwZd8aD8Wy8zEczxmJnD3yD8foBUi+SHg==</latexit>

Charge diffusion

Shear and bulk viscosities
⌘/s(T, µB), ⇣/s(T, µB)

<latexit sha1_base64="q1c+P0UbdNaNLChOS37X0YKYY9o=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1WoUGJSRe2u1I3LCn1BE8JkOmmHTh7MTIQa+gNu/BU3LhRx696df+P0IWjVAxcO59zLvfd4MaNCmuaHlllYXFpeya7m1tY3Nrf07Z2miBKOSQNHLOJtDwnCaEgakkpG2jEnKPAYaXmDy7HfuiFc0Cisy2FMnAD1QupTjKSSXP3AJhIdi0K9CO0gcatHRbto385prp43jbJplc8s+JtYhjlBHsxQc/V3uxvhJCChxAwJ0bHMWDop4pJiRkY5OxEkRniAeqSjaIgCIpx08s0IHiqlC/2IqwolnKjfJ1IUCDEMPNUZINkX895Y/MvrJNK/cFIaxokkIZ4u8hMGZQTH0cAu5QRLNlQEYU7VrRD3EUdYqgBzKoSvT+H/pFkyrBOjdH2ar1RncWTBHtgHBWCBc1ABV6AGGgCDO/AAnsCzdq89ai/a67Q1o81mdsEPaG+fAEuZow==</latexit>

Spectra, collective flow, 
femtoscopy

Anisotropic flow vn

Balance functions

Jets and heavy-quarks

Photons and dileptons

Energy-momentum transport
q̂, ê, ê2, ...

<latexit sha1_base64="Z3Yg0GaKtvxUL8lW0JTRS2cvPFg=">AAACCXicdZDJSgNBEIZr4hbjNurRS2MQPIRhJoqaW9CLxwhmgWQYejo9SZOexe4eIQy5evFVvHhQxKtv4M23sbOI+w8NH39VUV2/n3AmlW2/Gbm5+YXFpfxyYWV1bX3D3NxqyDgVhNZJzGPR8rGknEW0rpjitJUIikOf06Y/OBvXm9dUSBZHl2qYUDfEvYgFjGClLc9EnT5W2dWoNAX6CV65hCzL8syibVVsp3LkoN/gWPZERZip5pmvnW5M0pBGinAsZduxE+VmWChGOB0VOqmkCSYD3KNtjREOqXSzySUjtKedLgpioV+k0MT9OpHhUMph6OvOEKu+/Fkbm3/V2qkKTtyMRUmqaESmi4KUIxWjcSyoywQlig81YCKY/isifSwwUTq8gg7h41L0PzTKlnNglS8Oi9XTWRx52IFd2AcHjqEK51CDOhC4gTt4gEfj1rg3noznaWvOmM1swzcZL+/g2pkq</latexit>



Chun Shen (WSU/RBRC) JETSCAPE Summer School 2020 8
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Charge diffusion

Shear and bulk viscosities
⌘/s(T, µB), ⇣/s(T, µB)

<latexit sha1_base64="q1c+P0UbdNaNLChOS37X0YKYY9o=">AAACDXicdVDLSsNAFJ3UV62vqEs3g1WoUGJSRe2u1I3LCn1BE8JkOmmHTh7MTIQa+gNu/BU3LhRx696df+P0IWjVAxcO59zLvfd4MaNCmuaHlllYXFpeya7m1tY3Nrf07Z2miBKOSQNHLOJtDwnCaEgakkpG2jEnKPAYaXmDy7HfuiFc0Cisy2FMnAD1QupTjKSSXP3AJhIdi0K9CO0gcatHRbto385prp43jbJplc8s+JtYhjlBHsxQc/V3uxvhJCChxAwJ0bHMWDop4pJiRkY5OxEkRniAeqSjaIgCIpx08s0IHiqlC/2IqwolnKjfJ1IUCDEMPNUZINkX895Y/MvrJNK/cFIaxokkIZ4u8hMGZQTH0cAu5QRLNlQEYU7VrRD3EUdYqgBzKoSvT+H/pFkyrBOjdH2ar1RncWTBHtgHBWCBc1ABV6AGGgCDO/AAnsCzdq89ai/a67Q1o81mdsEPaG+fAEuZow==</latexit>

Spectra, collective flow, 
femtoscopy

Anisotropic flow vn

Balance functions

Jets and heavy-quarks

Photons and dileptons

Energy-momentum transport
q̂, ê, ê2, ...

<latexit sha1_base64="Z3Yg0GaKtvxUL8lW0JTRS2cvPFg=">AAACCXicdZDJSgNBEIZr4hbjNurRS2MQPIRhJoqaW9CLxwhmgWQYejo9SZOexe4eIQy5evFVvHhQxKtv4M23sbOI+w8NH39VUV2/n3AmlW2/Gbm5+YXFpfxyYWV1bX3D3NxqyDgVhNZJzGPR8rGknEW0rpjitJUIikOf06Y/OBvXm9dUSBZHl2qYUDfEvYgFjGClLc9EnT5W2dWoNAX6CV65hCzL8syibVVsp3LkoN/gWPZERZip5pmvnW5M0pBGinAsZduxE+VmWChGOB0VOqmkCSYD3KNtjREOqXSzySUjtKedLgpioV+k0MT9OpHhUMph6OvOEKu+/Fkbm3/V2qkKTtyMRUmqaESmi4KUIxWjcSyoywQlig81YCKY/isifSwwUTq8gg7h41L0PzTKlnNglS8Oi9XTWRx52IFd2AcHjqEK51CDOhC4gTt4gEfj1rg3noznaWvOmM1swzcZL+/g2pkq</latexit>

LQCD
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LQCD



Relativistic Fluid Dynamics
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Hydrodynamics
a long wavelength effective description of interacting systems

Conservation laws + Equation of State

L ⇠ 1018m l ⇠ 1010m

Star formation Quark-Gluon 
Plasma

L ⇠ 10�14m l ⇠ 10�16m

Macroscopic: Microscopic: l ⇠ lmfp ⇠ 1/(n�)
<latexit sha1_base64="u4RI5HGivXc4yOmO+VgKR0NnN+E="></latexit>

�
<latexit sha1_base64="73z8+d+4Ntr80c9Yc42y2rMUSGc=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0wUNbegF48RzQLJEHo6PZMm3T1Dd48QhnyCFw+KePWLvPk3dhbB9UHB470qquqFKWfaeN67s7C4tLyyWlgrrm9sbm2XdnabOskUoQ2S8ES1Q6wpZ5I2DDOctlNFsQg5bYXDy4nfuqNKs0TemlFKA4FjySJGsLHSTTeOe6Wy51Y9v3rqo9/Ed70pyjBHvVd66/YTkgkqDeFY647vpSbIsTKMcDoudjNNU0yGOKYdSyUWVAf59NQxOrRKH0WJsiUNmqpfJ3IstB6J0HYKbAb6pzcR//I6mYnOg5zJNDNUktmiKOPIJGjyN+ozRYnhI0swUczeisgAK0yMTadoQ/j8FP1PmhXXP3Yr1yfl2sU8jgLswwEcgQ9nUIMrqEMDCMRwD4/w5HDnwXl2XmatC858Zg++wXn9ALFOjhQ=</latexit>L ⇠ 1/@v

<latexit sha1_base64="duSPbx2HALd1WdKFA7WqqaTYf6g="></latexit>

Air dynamics 
of race car

l ⇠ 10�7mL ⇠ 1m
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Conservation laws
Conservation of energy and momentum:

@µT
µ⌫(x) = 0

<latexit sha1_base64="MLrGEtzvkRO9MIQJhVc0/KwYR7Q=">AAACB3icdVDLSsNAFJ34rPUVdSnIYBHqJiRV1C6EohuXFfqCJobJdNoOnUzCzEQsoTs3/oobF4q49Rfc+TdO2go+DwxzOOde7r0niBmVyrbfjZnZufmFxdxSfnlldW3d3NhsyCgRmNRxxCLRCpAkjHJSV1Qx0ooFQWHASDMYnGd+85oISSNeU8OYeCHqcdqlGCkt+eaOGyOhKGK+GyawdpXqz+XJqHizD0+h7ZsF2yrbTvnIgb+JY9ljFMAUVd98czsRTkLCFWZIyrZjx8pLsxmYkVHeTSSJER6gHmlrylFIpJeO7xjBPa10YDcS+nEFx+rXjhSFUg7DQFeGSPXlTy8T//LaieqeeCnlcaIIx5NB3YRBFcEsFNihgmDFhpogLKjeFeI+EggrHV1eh/B5KfyfNEqWc2CVLg8LlbNpHDmwDXZBETjgGFTABaiCOsDgFtyDR/Bk3BkPxrPxMimdMaY9W+AbjNcPFkeYzA==</latexit>

Conservation of charge:
@µJ

µ(x) = 0
<latexit sha1_base64="oKHfRDkhD/I1rxA1rWzVlJ1NHlQ=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqJiRV1C6EohtxVcE+oIlhMp22Q2eSMDMRS+jCjb/ixoUibv0Id/6Nk7aCzwPDHM65l3vvCWJGpbLtd2Nmdm5+YTG3lF9eWV1bNzc2GzJKBCZ1HLFItAIkCaMhqSuqGGnFgiAeMNIMBqeZ37wmQtIovFTDmHgc9ULapRgpLflmwY2RUBQx3+UJPL9K9Tcq3ezCY2j7ZtG2KrZTOXDgb+JY9hhFMEXNN9/cToQTTkKFGZKy7dix8tJsAGZklHcTSWKEB6hH2pqGiBPppeMjRnBHKx3YjYR+oYJj9WtHiriUQx7oSo5UX/70MvEvr52o7pGX0jBOFAnxZFA3YVBFMEsEdqggWLGhJggLqneFuI8EwkrnltchfF4K/yeNsuXsWeWL/WL1ZBpHDhTANigBBxyCKjgDNVAHGNyCe/AInow748F4Nl4mpTPGtGcLfIPx+gGR2Jdl</latexit>

Local conservation of particle number and energy-momentum

Hydrodynamics!
This can be generalized to multicomponent systems and 
systems with several conserved charges:

@µJ
µ
i (x) = 0

<latexit sha1_base64="sAyK6SKiKz19bNJkqMW+kWAoul8=">AAACBnicdVDLSsNAFJ34rPUVdSnCYBHqJiRV1C6EohtxVcE+oIlhMp22QyeTMDMRS+jKjb/ixoUibv0Gd/6Nk7aCzwMXDufcy733BDGjUtn2uzE1PTM7N59byC8uLa+smmvrdRklApMajlgkmgGShFFOaooqRpqxICgMGGkE/dPMb1wTIWnEL9UgJl6Iupx2KEZKS7655cZIKIqY74YJPPfpVarJsHizC4+h7ZsF2yrbTvnAgb+JY9kjFMAEVd98c9sRTkLCFWZIypZjx8pLsxWYkWHeTSSJEe6jLmlpylFIpJeO3hjCHa20YScSuriCI/XrRIpCKQdhoDtDpHryp5eJf3mtRHWOvJTyOFGE4/GiTsKgimCWCWxTQbBiA00QFlTfCnEPCYSVTi6vQ/j8FP5P6iXL2bNKF/uFyskkjhzYBNugCBxwCCrgDFRBDWBwC+7BI3gy7owH49l4GbdOGZOZDfANxusHIK2YQQ==</latexit>

   = baryon number, strangeness, electric charge …i
<latexit sha1_base64="f6KjAV9L3QqiLdnQ58DkMsjxdlw=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GmaiqLkFvXhMwCyQDKGnU5O06Vno7hHCkC/w4kERr36SN//GziK4Pih4vFdFVT0/EVxpx3m3ckvLK6tr+fXCxubW9k5xd6+p4lQybLBYxLLtU4WCR9jQXAtsJxJp6Ats+aOrqd+6Q6l4HN3ocYJeSAcRDzij2kh13iuWHLviuJUzl/wmru3MUIIFar3iW7cfszTESDNBleq4TqK9jErNmcBJoZsqTCgb0QF2DI1oiMrLZodOyJFR+iSIpalIk5n6dSKjoVLj0DedIdVD9dObin95nVQHF17GoyTVGLH5oiAVRMdk+jXpc4lMi7EhlElubiVsSCVl2mRTMCF8fkr+J82y7Z7Y5fppqXq5iCMPB3AIx+DCOVThGmrQAAYI9/AIT9at9WA9Wy/z1py1mNmHb7BePwBB0o0/</latexit>
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Ideal hydrodynamics EoM
In the local rest frame                   

D = uµ@µ = @t
<latexit sha1_base64="XwFIu6dLyw5jvFv64IEi0X608eI=">AAACDHicdVDLSgMxFM34rPVVdekmWARXw0wVtYtCURcuK9gHdMaSSTNtaDIz5CGUoR/gxl9x40IRt36AO//GTFvxfSBw7jn3JrknSBiVynHerJnZufmFxdxSfnlldW29sLHZkLEWmNRxzGLRCpAkjEakrqhipJUIgnjASDMYnGZ+85oISePoUg0T4nPUi2hIMVJG6hSKZ7AC9ZXHNfQSJBRFrJMVlc9SmS7HLjtu+dCFv4lrO2MUwRS1TuHV68ZYcxIpzJCUbddJlJ9m92FGRnlPS5IgPEA90jY0QpxIPx0vM4K7RunCMBbmRAqO1a8TKeJSDnlgOjlSffnTy8S/vLZW4bGf0ijRikR48lCoGVQxzJKBXSoIVmxoCMKCmr9C3EcCYWXyy5sQPjaF/5NGyXb37dLFQbF6Mo0jB7bBDtgDLjgCVXAOaqAOMLgBd+ABPFq31r31ZD1PWmes6cwW+Abr5R2r3prM</latexit>

uµ = (1, 0, 0, 0)
<latexit sha1_base64="I6a3oIZIEW2yU3aMXMyd8SnSzmA=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCBRlmqqhdCEU3LivYB7RjyaSZNjTJDElGqEPxV9y4UMSt/+HOvzF9CD4P98LhnHvJzQliRpV23XcrMzM7N7+QXcwtLa+srtnrGzUVJRKTKo5YJBsBUoRRQaqaakYasSSIB4zUg/75yK/fEKloJK70ICY+R11BQ4qRNlLb3kquWzyBp7Dg7UN3UnttO+86JdcrHXnwN/Ecd4w8mKLStt9anQgnnAiNGVKq6bmx9lMkNcWMDHOtRJEY4T7qkqahAnGi/HR8/RDuGqUDw0iaFhqO1a8bKeJKDXhgJjnSPfXTG4l/ec1Ehyd+SkWcaCLw5KEwYVBHcBQF7FBJsGYDQxCW1NwKcQ9JhLUJLGdC+Pwp/J/Uio534BQvD/Pls2kcWbANdkABeOAYlMEFqIAqwOAW3INH8GTdWQ/Ws/UyGc1Y051N8A3W6wfmHJJJ</latexit>

rµ = �µ⌫@
⌫ = @i = ri

<latexit sha1_base64="s0qVUcuzbNNexG82u8ERlJjhkKg=">AAACLHicdVDLSgMxFM3UV62vqks3wSK4KjNV1C6EYl24rGAf0KnDnTRtQzOZIckIZegHufFXBHFhEbd+h5m2gs8LgfO4N8k9fsSZ0rY9sTILi0vLK9nV3Nr6xuZWfnunocJYElonIQ9lywdFORO0rpnmtBVJCoHPadMfVlO/eUelYqG40aOIdgLoC9ZjBLSRvHzVFeBz8BI3iMf4HLuXlOsZdYVR3AikZsBvDUvtOfVYSmajzMsX7GLZdsonDv4NnKI9rQKaV83LP7ndkMQBFZpwUKrt2JHuJOnVhNNxzo0VjYAMoU/bBgoIqOok02XH+MAoXdwLpTlC46n6dSKBQKlR4JvOAPRA/fRS8S+vHeveWSdhIoo1FWT2UC/mWIc4TQ53maRE85EBQCQzf8VkABKINvnmTAifm+L/QaNUdI6KpevjQuViHkcW7aF9dIgcdIoq6ArVUB0RdI8e0QuaWA/Ws/Vqvc1aM9Z8Zhd9K+v9A2s1qFQ=</latexit>

time derivative
spatial gradient

and

De = �(e+ P )✓
<latexit sha1_base64="GV94tG5bLxXu8QncCa1e79Ixbjw=">AAAB+3icdVDJSgNBEO2JW4xbjEcvjUGIiGEmipqDENSDxwhmgSSEnk4ladKz0F0jhiG/4sWDIl79EW/+jZ1FcH1Q8Hiviqp6biiFRtt+txJz8wuLS8nl1Mrq2vpGejNT1UGkOFR4IANVd5kGKXyooEAJ9VAB81wJNXdwMfZrt6C0CPwbHIbQ8ljPF13BGRqpnc5cAj2jBzQH++W9JvYBWTudtfNF2ykeO/Q3cfL2BFkyQ7mdfmt2Ah554COXTOuGY4fYiplCwSWMUs1IQ8j4gPWgYajPPNCteHL7iO4apUO7gTLlI52oXydi5mk99FzT6THs65/eWPzLa0TYPW3Fwg8jBJ9PF3UjSTGg4yBoRyjgKIeGMK6EuZXyPlOMo4krZUL4/JT+T6qFvHOYL1wfZUvnsziSZJvskBxxyAkpkStSJhXCyR25J4/kyRpZD9az9TJtTVizmS3yDdbrB2m1ksc=</latexit>

Duµ =
rµP

(e+ P )
<latexit sha1_base64="k8BrkRyij8napfXkBhf8eGP4Snc=">AAACDHicdVDLSsNAFJ3UV62vqks3g0WoCCWponYhFHXhMoJ9QBPLZDpph04mYWYilJAPcOOvuHGhiFs/wJ1/4zSt4PPAwOGcc7lzjxcxKpVpvhu5mdm5+YX8YmFpeWV1rbi+0ZRhLDBp4JCFou0hSRjlpKGoYqQdCYICj5GWNzwb+60bIiQN+ZUaRcQNUJ9Tn2KktNQtls7jayeI4Ql0fIFw4nDkMZRJdpqUyZ69m+qUWamZVu3Qgr+JVTEzlMAUdrf45vRCHAeEK8yQlB3LjJSbIKEoZiQtOLEkEcJD1CcdTTkKiHST7JgU7milB/1Q6McVzNSvEwkKpBwFnk4GSA3kT28s/uV1YuUfuwnlUawIx5NFfsygCuG4GdijgmDFRpogLKj+K8QDpEtRur+CLuHzUvg/aVYr1n6lenlQqp9O68iDLbANysACR6AOLoANGgCDW3APHsGTcWc8GM/GyySaM6Yzm+AbjNcPh2SarA==</latexit>

continuity equation

fluid acceleration

In ideal hydrodynamics, entropy is conserved
sµ = suµ

<latexit sha1_base64="Bb0w40mCnJlzNE+iduch/4JzYVI=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCp2EmipqDEPTiMYJZIBlDT6eTNOnuGXoR4pAv8eJBEa9+ijf/xp4kguuDgsd7VVTVixJGlfb9dye3sLi0vJJfLaytb2wW3a3thoqNxKSOYxbLVoQUYVSQuqaakVYiCeIRI81odJH5zVsiFY3FtR4nJORoIGifYqSt1HWL6qbDDTyDCpqMdd2S71X8oHIcwN8k8PwpSmCOWtd96/RibDgRGjOkVDvwEx2mSGqKGZkUOkaRBOERGpC2pQJxosJ0evgE7lulB/uxtCU0nKpfJ1LElRrzyHZypIfqp5eJf3lto/unYUpFYjQReLaobxjUMcxSgD0qCdZsbAnCktpbIR4iibC2WRVsCJ+fwv9Jo+wFh1756qhUPZ/HkQe7YA8cgACcgCq4BDVQBxgYcA8ewZNz5zw4z87LrDXnzGd2wDc4rx8g1ZLD</latexit>

@µs
µ = 0

<latexit sha1_base64="FZy2wTYk/xxlUvO4KbqhS/ZYHjQ=">AAAB/3icdVBNS8MwGE7n15xfVcGLl+AQPJV2HeoOwtCLxwnuA9Za0izdwpK2JKkw5g7+FS8eFPHq3/DmvzHdJqjoAwkPz/O+b948YcqoVLb9YRQWFpeWV4qrpbX1jc0tc3unJZNMYNLECUtEJ0SSMBqTpqKKkU4qCOIhI+1weJH77VsiJE3iazVKic9RP6YRxUhpKTD3vBQJRRELPJ5BeZPfZ9AOzLJt1XIcwxlxa5rYVcd2XehY9hRlMEcjMN+9XoIzTmKFGZKy69ip8sf5bMzIpORlkqQID1GfdDWNESfSH0/3n8BDrfRglAh9YgWn6veOMeJSjnioKzlSA/nby8W/vG6molN/TOM0UyTGs4eijEGVwDwM2KOCYMVGmiAsqN4V4gESCCsdWUmH8PVT+D9pVSzHtSpX1XL9fB5HEeyDA3AEHHAC6uASNEATYHAHHsATeDbujUfjxXidlRaMec8u+AHj7RNwTpW7</latexit>
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Duµ =
rµP

e+ P

K O
Pressure gradients driven dynamics
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Duµ =
rµP

e+ P

Spatial 
imhomogeneity Flow

particle 
momentum 
anisotropy

acceleration

force

moment 
of inertia

Pressure gradients driven dynamics
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Pressure gradients driven dynamics

18

Duµ =
rµP

e+ P

Spatial 
imhomogeneity Flow

particle 
momentum 
anisotropy

acceleration

force

moment 
of inertia

C. Shen and U. Heinz, Nucl. Phys. News 25, no. 2, 6 (2015)

K. M O’Hara, et. al, 
Science 298, 2179 (2002)



Chun Shen (WSU/RBRC) JETSCAPE Summer School 2020 19

Dissipative hydrodynamics
Energy momentum tensor

Conserved currents

Equations of motion

Dissipative quantities are evolved with 2nd order Israel-
Stewart type of equations
At Navier-Stokes limit,

⇡µ⌫ ⇠ 2⌘rhµu⌫i ⇧ ⇠ �⇣@µu
µ qµ ⇠ rµ µ

T

@µJ
µ = 0

P (e, n)+
@µT

µ⌫ = 0

Tµ⌫ = euµu⌫ � (P +⇧)�µ⌫ + ⇡µ⌫
<latexit sha1_base64="CNE+HVQCHj9+3aQFqGkj/RvWQA8="></latexit>

Jµ = nuµ + qµ
<latexit sha1_base64="ZbRjfwicskdflwFNf9QK3Xs0/jo="></latexit>

�µ⌫ = gµ⌫ � uµu⌫
<latexit sha1_base64="l3+tSo4SwKbN1QgkmOYNCYVTMVk=">AAACE3icdVDLSgMxFM34rPU16tJNsAgiWGaqqF0IRV24rGAf0JmWTJq2oZnMkIdQhv6DG3/FjQtF3Lpx59+YaSu+DyScnHMvN/cEMaNSOc6bNTU9Mzs3n1nILi4tr6zaa+tVGWmBSQVHLBL1AEnCKCcVRRUj9VgQFAaM1IL+WerXromQNOJXahATP0RdTjsUI2Wklr3rnROmUDPxQu1xPYQnsPv52IO6aXh6c92yc06+6LjFQxf+Jm7eGSEHJii37FevHWEdEq4wQ1I2XCdWfoKEopiRYdbTksQI91GXNAzlKCTST0Y7DeG2UdqwEwlzuIIj9WtHgkIpB2FgKkOkevKnl4p/eQ2tOsd+QnmsFeF4PKijGVQRTAOCbSoIVmxgCMKCmr9C3EMCYWVizJoQPjaF/5NqIe/u5wuXB7nS6SSODNgEW2AHuOAIlMAFKIMKwOAG3IEH8GjdWvfWk/U8Lp2yJj0b4Busl3fNrZ4h</latexit>

rµ = �µ⌫@⌫
<latexit sha1_base64="Gwjf67ZDpkpQ2GJUgBMv9aByTrY=">AAACEnicdVDLSgMxFM34rPVVdekmWATdlJkqahdCURcuK9gHdKbDnTRtQzOZIckIZeg3uPFX3LhQxK0rd/6N6UPweSBw7jn3JrkniDlT2rbfrZnZufmFxcxSdnlldW09t7FZU1EiCa2SiEeyEYCinAla1Uxz2oglhTDgtB70z0d+/YZKxSJxrQcx9ULoCtZhBLSR/Ny+KyDg0HLDBJ9i94JyDa3UVK5IhtiNQWoG3DeVn8vbhZLtlI4c/Js4BXuMPJqi4ufe3HZEkpAKTTgo1XTsWHvp6EbC6TDrJorGQPrQpU1DBYRUeel4pSHeNUobdyJpjtB4rH6dSCFUahAGpjME3VM/vZH4l9dMdOfES5mIE00FmTzUSTjWER7lg9tMUqL5wBAgkpm/YtIDCUSbFLMmhM9N8f+kViw4B4Xi1WG+fDaNI4O20Q7aQw46RmV0iSqoigi6RffoET1Zd9aD9Wy9TFpnrOnMFvoG6/UDsmieKg==</latexit>
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Shear viscosity Bulk viscosity

⇡µ⌫ ⇠ 2⌘rhµu⌫i

Resistance to 
deformation

⇧ ⇠ �⇣@µu
µ

Resistance to 
expansion

Diffusion

qµ ⇠ Brµ(µB/T )

particles diffuse 
out of fluid cell

QGP transport property
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Effects of shear viscosity

System expands more isotropically with shear viscosity

no shear viscosity with shear viscosity

Shear viscosity smears out the fine flow patterns
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http://www.physics.mcgill.ca/music/

A realization of relativistic hydrodynamics
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When to end?
• Particle is observed, not fluid
• How and when to convert fluid to particles (evaporation)
• How far is hydrodynamics valid?

x (fm)

o 
(fm

/c
)
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Scattering rate     expansion rate�

<latexit sha1_base64="73z8+d+4Ntr80c9Yc42y2rMUSGc=">AAAB6nicdVDJSgNBEK1xjXGLevTSGARPw0wUNbegF48RzQLJEHo6PZMm3T1Dd48QhnyCFw+KePWLvPk3dhbB9UHB470qquqFKWfaeN67s7C4tLyyWlgrrm9sbm2XdnabOskUoQ2S8ES1Q6wpZ5I2DDOctlNFsQg5bYXDy4nfuqNKs0TemlFKA4FjySJGsLHSTTeOe6Wy51Y9v3rqo9/Ed70pyjBHvVd66/YTkgkqDeFY647vpSbIsTKMcDoudjNNU0yGOKYdSyUWVAf59NQxOrRKH0WJsiUNmqpfJ3IstB6J0HYKbAb6pzcR//I6mYnOg5zJNDNUktmiKOPIJGjyN+ozRYnhI0swUczeisgAK0yMTadoQ/j8FP1PmhXXP3Yr1yfl2sU8jgLswwEcgQ9nUIMrqEMDCMRwD4/w5HDnwXl2XmatC858Zg++wXn9ALFOjhQ=</latexit>

⌧�1
sc ⇠ �n / �T 3

<latexit sha1_base64="nBqZlQcotnYNu64/xzcHT6ABGPg="></latexit>

✓ = @µu
µ

<latexit sha1_base64="gLTi5TCFm6HxuAAw4t+tLRuDiWE="></latexit>

Fluid description breaks down at
⌧�1
sc = ✓

<latexit sha1_base64="QwVqfky5ksLTjH92tQuD6sE9g+s="></latexit>

Approximation: decouple takes 
place at a fixed temperature

T = Tfo /
✓
✓

�

◆1/3

<latexit sha1_base64="B43zBxgSJosPhZH9eblT5RUl82I="></latexit>
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then feed particles into hadronic cascade (UrQMD/
SMASH)

24

S. A. Bass et al., Prog. Part. Nucl. Phys. 41, 255–369 (1998)
M. Bleicher et al., J. Phys. G25, 1859–1896 (1999)
J. Weil, et al. Rev. C 94, 054905 (2016)

Sample particles on the freeze-out surface 
(surface of constant (low) energy density) 
according to

which performs resonance decays and scattering 
according to hadronic cross sections

E
dNi

d3p
=

gi
(2⇡)3

Z

⌃(Tfo)
d3�µp

µ

✓
f i
eq

✓
pµuµ

T

◆
+ �f i

◆

<latexit sha1_base64="feCqDM51ZLYORSl5Kyfx3brspi4="></latexit>

Cooper-Frye Particlization



Anisotropic Flows
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A clear azimuthal anisotropy is seen in the 
particle momentum distribution

Anisotropic flow
@ Gunther RolandCMS Pb+Pb collisions event display



Chun Shen (WSU/RBRC) JETSCAPE Summer School 2020 27

@ Gunther Roland

�

Anisotropic flow
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Anisotropic flow
dN

d�
=

N

2⇡
(1 + 2(v1 cos(�� 1)

<latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit>
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Anisotropic flow
dN

d�
=

N

2⇡
(1 + 2(v1 cos(�� 1)

<latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit>

+v2 cos(2(�� 2))
<latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit>
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Anisotropic flow
dN

d�
=

N

2⇡
(1 + 2(v1 cos(�� 1)

<latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit>

+v2 cos(2(�� 2))
<latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit>

+v3 cos(3(�� 3))
<latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit><latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit><latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit><latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit>
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Anisotropic flow
dN

d�
=

N

2⇡
(1 + 2(v1 cos(�� 1)

<latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit><latexit sha1_base64="zlNa0w1GEKAxBiJ/qbdJdQmtThw="></latexit>

+v2 cos(2(�� 2))
<latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit><latexit sha1_base64="q/V+C5QvmERIRganRAYBggApf0o="></latexit>

+v3 cos(3(�� 3))
<latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit><latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit><latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit><latexit sha1_base64="deGY74zbBU5zfKFlkuvPB8Dccfg="></latexit>

+v4 cos(4(�� 4))
<latexit sha1_base64="E357XGAI97leS+PIJowWDNy6JV4="></latexit><latexit sha1_base64="E357XGAI97leS+PIJowWDNy6JV4="></latexit><latexit sha1_base64="E357XGAI97leS+PIJowWDNy6JV4="></latexit><latexit sha1_base64="E357XGAI97leS+PIJowWDNy6JV4="></latexit>
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Anisotropic flow
dN
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Δη

Δη :  D I F F E R E N C E   
I N  P S E U D O - R A P I D I T Y  
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ΔΦ :  D I F F E R E N C E   
I N  A Z I M U T H A L  A N G L E  

ΔΦ2-particle correlation as a function of Δη and Δϕ
Δη :  D I F F E R E N C E  I N  P S E U D O - R A P I D I T Y  
ΔΦ :  D I F F E R E N C E  I N  A Z I M U T H A L  A N G L E  

Measure vn from multi-particle correlation
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Measure vn from multi-particle correlation
Azimuthal structure quantified using Fourier expansion
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Planck Collaboration: The Planck mission
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Fig. 19. The temperature angular power spectrum of the primary CMB from Planck, showing a precise measurement of seven acoustic peaks, that
are well fit by a simple six-parameter⇤CDM theoretical model (the model plotted is the one labelled [Planck+WP+highL] in Planck Collaboration
XVI (2013)). The shaded area around the best-fit curve represents cosmic variance, including the sky cut used. The error bars on individual points
also include cosmic variance. The horizontal axis is logarithmic up to ` = 50, and linear beyond. The vertical scale is `(`+ 1)Cl/2⇡. The measured
spectrum shown here is exactly the same as the one shown in Fig. 1 of Planck Collaboration XVI (2013), but it has been rebinned to show better
the low-` region.
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Fig. 20. The temperature angular power spectrum of the CMB, esti-
mated from the SMICA Planck map. The model plotted is the one la-
belled [Planck+WP+highL] in Planck Collaboration XVI (2013). The
shaded area around the best-fit curve represents cosmic variance, in-
cluding the sky cut used. The error bars on individual points do not in-
clude cosmic variance. The horizontal axis is logarithmic up to ` = 50,
and linear beyond. The vertical scale is `(` + 1)Cl/2⇡. The binning
scheme is the same as in Fig. 19.

8.1.1. Main catalogue

The Planck Catalogue of Compact Sources (PCCS, Planck
Collaboration XXVIII (2013)) is a list of compact sources de-

tected by Planck over the entire sky, and which therefore con-
tains both Galactic and extragalactic objects. No polarization in-
formation is provided for the sources at this time. The PCCS
di↵ers from the ERCSC in its extraction philosophy: more e↵ort
has been made on the completeness of the catalogue, without re-
ducing notably the reliability of the detected sources, whereas
the ERCSC was built in the spirit of releasing a reliable catalog
suitable for quick follow-up (in particular with the short-lived
Herschel telescope). The greater amount of data, di↵erent selec-
tion process and the improvements in the calibration and map-
making processing (references) help the PCCS to improve the
performance (in depth and numbers) with respect to the previ-
ous ERCSC.

The sources were extracted from the 2013 Planck frequency
maps (Sect. 6), which include data acquired over more than two
sky coverages. This implies that the flux densities of most of
the sources are an average of three or more di↵erent observa-
tions over a period of 15.5 months. The Mexican Hat Wavelet
algorithm (López-Caniego et al. 2006) has been selected as the
baseline method for the production of the PCCS. However, one
additional methods, MTXF (González-Nuevo et al. 2006) was
implemented in order to support the validation and characteriza-
tion of the PCCS.

The source selection for the PCCS is made on the basis of
Signal-to-Noise Ratio (SNR). However, the properties of the
background in the Planck maps vary substantially depending on
frequency and part of the sky. Up to 217 GHz, the CMB is the

27

Inflation

E V E N T- B Y- E V E N T  F L U I D  D Y N A M I C S

• Evolve many initial shapes using viscous fluid dynamics 

• Convert energy density to particles (“freeze-out”) 

• Determine     coefficients of particle distributions 

• Average and compare to experimental data
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Elucidating QGP Transport Properties 
with Anisotropic Flows
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• The QGP shear viscosity 
suppresses particle 
anisotropic flow; the 
suppression is larger for 
higher order vn

Extract the QGP shear viscosity

PbPb @ 2.76 TeV

C. Shen, Z. Qiu and U. Heinz, Phys. Rev. C 92, 014901 (2015)

⌘/s = 0 ⌘/s = 0.20⌘/s = 0.095
v2

v3
v4

S. McDonald, C. Shen, F. Fillion-Gourdeau, S. Jeon and C. Gale, Phys. Rev. C 95, 064913 (2017)
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Quantitative characterization of QGP

• Broad theoretical efforts and experimental advances lead 
to precise determination of the QGP transport properties 

Hot & Dense QCD White Paper
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Quantitative characterization of QGP

• Broad theoretical efforts and experimental advances lead 
to precise determination of the QGP transport properties 

Hot & Dense QCD White Paper

• Phenomenological approaches have set the strongest 
constraints on the QGP shear viscosity

C. Shen and U. Heinz,
Nucl. Phys. News 25, 6 (2015)

1

4⇡
 (⌘/s)QGP  2.5

4⇡



Nearly Perfect Fluidity
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Specific shear viscosity η/s
P. Danielewicz and M. Gyulassy, Phys. Rev. D 31, 53 (1985)

In kinetic theory, the shear viscosity can be computed as

s ⇠ 4kBnFor a relativistic system, the entropy density
So the ratio

⌘ =
1

3
np̄lmfp
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~ momentum diffusion 
per degree of freedom
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Specific shear viscosity η/s
P. Danielewicz and M. Gyulassy, Phys. Rev. D 31, 53 (1985)

In kinetic theory, the shear viscosity can be computed as

s ⇠ 4kBnFor a relativistic system, the entropy density
So the ratio

~ momentum diffusion 
per degree of freedom

⌘ =
1

3
np̄lmfp
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A minimum bound from 
the uncertainty relation

A universal bound was derived from string theory
Kovtun, Son & Starinets PRL 94 (2005) 111601 
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Specific shear viscosity η/s
P. Danielewicz and M. Gyulassy, Phys. Rev. D 31, 53 (1985)

In kinetic theory, the shear viscosity can be computed as

s ⇠ 4kBnFor a relativistic system, the entropy density
So the ratio

~ momentum diffusion 
per degree of freedom

⌘ =
1

3
np̄lmfp

<latexit sha1_base64="WtG9txqdCuZ8PX1tDteiT+58D3M=">AAACEXicdVDLSsNAFJ34rPUVdelmsAhdlaQVtQuh6MZlBfuAJoTJdNIOnZmEmYlQQn7Bjb/ixoUibt2582+cPgSfBy4czrmXe+8JE0aVdpx3a2FxaXlltbBWXN/Y3Nq2d3bbKk4lJi0cs1h2Q6QIo4K0NNWMdBNJEA8Z6YSji4nfuSFS0Vhc63FCfI4GgkYUI22kwC57RCN4Br1IIpy5eVbLoYBeiGSW5JAFmSc55FGSB3bJqdQdt37swt/ErThTlMAczcB+8/oxTjkRGjOkVM91Eu1nSGqKGcmLXqpIgvAIDUjPUIE4UX42/SiHh0bpwyiWpoSGU/XrRIa4UmMemk6O9FD99CbiX14v1dGpn1GRpJoIPFsUpQzqGE7igX0qCdZsbAjCkppbIR4ik402IRZNCJ+fwv9Ju1pxa5Xq1VGpcT6PowD2wQEoAxecgAa4BE3QAhjcgnvwCJ6sO+vBerZeZq0L1nxmD3yD9foB2O+dFA==</latexit>

s ⇠ 4kBn
<latexit sha1_base64="NToPAW0Cd0pDfSaFcBheJBuLtJA=">AAAB9XicdVDJSgNBEK2JW4xb1KOXxiB4GmZiUHML8eIxglkgGUNPpydp0t0zdPcoIeQ/vHhQxKv/4s2/sbMIrg8KHu9VUVUvTDjTxvPenczS8srqWnY9t7G5tb2T391r6DhVhNZJzGPVCrGmnElaN8xw2koUxSLktBkOL6Z+85YqzWJ5bUYJDQTuSxYxgo2VbjTqaCZQCQ27VSS7+YLnlj2/fOqj38R3vRkKsECtm3/r9GKSCioN4Vjrtu8lJhhjZRjhdJLrpJommAxxn7YtlVhQHYxnV0/QkVV6KIqVLWnQTP06McZC65EIbafAZqB/elPxL6+dmug8GDOZpIZKMl8UpRyZGE0jQD2mKDF8ZAkmitlbERlghYmxQeVsCJ+fov9Jo+j6J27xqlSoVBdxZOEADuEYfDiDClxCDepAQME9PMKTc+c8OM/Oy7w14yxm9uEbnNcPGnWRng==</latexit>

⌘

s
⇠ 1

12

p̄lmfp

kB
� 1

12

~
kB

<latexit sha1_base64="RB07TKYUbW0GgBgUBuLAX9wkO4I="></latexit>
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⌘/s[~/kB ]⌘[Pa · s]T [K]P [Pa]

 0.5 1.7⇥ 10�15

T. Schäfer and D. Teaney, Rept. Prog. Phys. 72, 126001 (2009)

smaller η/s better fluidity
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Specific shear viscosity η/s
P. Danielewicz and M. Gyulassy, Phys. Rev. D 31, 53 (1985)

In kinetic theory, the shear viscosity can be computed as

s ⇠ 4kBnFor a relativistic system, the entropy density
So the ratio

~ momentum diffusion 
per degree of freedom

⌘ =
1

3
np̄lmfp
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Quantitative characterization of QGP
4⇡

k B ~
⌘ s

• Quark-Gluon Plasma is the hottest, smallest, 
and the most perfect fluid in nature!

Burrows A et al. 2013 Implementing the 2007 Long Range Plan



Phenomenological Success of 
Hydrodynamics Description of QGP
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Radial flow and the slopes of particle spectra

• Particles are “surfing” with a relativistic flow

E
dNi

d3p
=

gi
(2⇡)3

Z

⌃(Tfo)
d3�µp

µ 1

epµuµ/T ± 1
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Identified particle spectra

• A common hydrodynamic radial flow can describe a 
zoo of identified particle spectra within 30% accuracy

S. McDonald, C. Shen, F. Fillion-Gourdeau, S. Jeon and C. Gale, Phys. Rev. C 95, 064913 (2017)
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Anisotropic flow vn

RHIC LHC
B. Schenke, C. Shen and P. Tribedy, arXiv:2005.14682 [nucl-th]

• A framework with viscous hydrodynamics can 
describe flow coefficients over more than 2 orders of 
magnitude in charge hadron multiplicity
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Event-by-event distribution of vn

S. McDonald, C. Shen, F. Fillion-Gourdeau, S. Jeon and C. Gale, Phys. Rev. C 95, 064913 (2017)

• Hydrodynamic framework can reproduce the charged 
hadron vn at LHC on an event-by-event basis!

C. Gale, S. Jeon, B. Schenke, P. Tribedy and R. Venugopalan, Phys. Rev. Lett.  10, 012302 (2013)
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Event plane correlation
S. McDonald, C. Shen, F. Fillion-Gourdeau, S. Jeon and C. Gale, Phys. Rev. C 95, 064913 (2017)

• Hydrodynamic framework can reproduce the 
correlations between different flow harmonics

Z. Qiu and U. Heinz, Phys. Lett. B 717, 261 (2012)

 n
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• Quark-Gluon Plasma is the hottest, smallest, and 
the most perfect fluid ever created in the laboratory

• Viscous relativistic hydrodynamics provides a 
robust, reliable, efficient, and accurate 
description of QGP evolution in heavy-ion collisions

relativistic, strongly coupled, and nonlinear system
exhibits universal collective behavior

a few remarkable quantitative predictions
model parameters has direct connection to the 
physics properties of the strongly-couple QGP

state-of-the-art lattice QCD inputs

Summary


