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 QCD transition in external magnetic field

Outline: QCD phase structure

 LQCD meet experiments—Fluctuations of 
conserved charges

HTD, S.-T. Li, A. Tomiya, X.-D. Wang & Y. Zhang, 
arXiv:2008.00493 & work in progress

 Chiral crossover and chiral phase transition T
HTD, P. Hegde, O. Kaczmarek et al.,[HotQCD],  PRL 123 (2019) 062002 
A. Bazavov, HTD, P. Hegde et al.,[HotQCD], PLB795 (2019) 15

A. Bazavov, D. Bollweg, HTD et al., [HotQCD],  
PRD101 (2020) 074502, PRD96 (2017) 074510

HTD, F. Karsch, S. Mukherjee, arXiv: 1504.05274 
Int.J.Mod.Phys. E24 (2015) no.10, 1530007
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Magnetic fields created in HIC

Skokov, Illarionov and V.Toneev, IJMPA 24 (2009) 5925

eB ⇠ 15m2
⇡

<latexit sha1_base64="l0pKQ1pGxNgNKtH8KmKN9ZtxfK8=">AAAB+nicbVDLTsJAFJ3iC/FVdOlmIjFxRVoC0SXBjUtM5JHQ2kyHKUyYmTYzUw2pfIobFxrj1i9x5984QBcKnuQmJ+fcm3vvCRNGlXacb6uwsbm1vVPcLe3tHxwe2eXjropTiUkHxyyW/RApwqggHU01I/1EEsRDRnrh5Hru9x6IVDQWd3qaEJ+jkaARxUgbKbDLpOUpyqHbgDzwEnpfC+yKU3UWgOvEzUkF5GgH9pc3jHHKidCYIaUGrpNoP0NSU8zIrOSliiQIT9CIDAwViBPlZ4vTZ/DcKEMYxdKU0HCh/p7IEFdqykPTyZEeq1VvLv7nDVIdXfkZFUmqicDLRVHKoI7hPAc4pJJgzaaGICypuRXiMZIIa5NWyYTgrr68Trq1qluvNm7rlWYrj6MITsEZuAAuuARNcAPaoAMweATP4BW8WU/Wi/VufSxbC1Y+cwL+wPr8AYHHkuA=</latexit>

eB ⇠ m2
⇡

<latexit sha1_base64="+t/W8KqQ2IqYero/qpmjT7CvxD0=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkpSKnos9eKxgv2ANobNdtIu3U3C7kaoob/EiwdFvPpTvPlv3LY5aOuDgcd7M8zMCxLOlHacb6uwsbm1vVPcLe3tHxyW7aPjjopTSaFNYx7LXkAUcBZBWzPNoZdIICLg0A0mN3O/+whSsTi619MEPEFGEQsZJdpIvl2G5kAxgbHwBwl7qPl2xak6C+B14uakgnK0fPtrMIxpKiDSlBOl+q6TaC8jUjPKYVYapAoSQidkBH1DIyJAedni8Bk+N8oQh7E0FWm8UH9PZEQoNRWB6RREj9WqNxf/8/qpDq+9jEVJqiGiy0VhyrGO8TwFPGQSqOZTQwiVzNyK6ZhIQrXJqmRCcFdfXiedWtWtVy/v6pVGM4+jiE7RGbpALrpCDXSLWqiNKErRM3pFb9aT9WK9Wx/L1oKVz5ygP7A+fwCUp5Jm</latexit>

t=0:
LHC:
RHIC:
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t=0:
LHC:
RHIC:

Fukushima & Hidaka, PRL 117, 102301 (2016)

�Q
2
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µQ
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Based on HRG with μB=0.6 GeV, 
detect eB by comparing 2nd order 

electrical charge fluctuation in 
peripheral to central collisions
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(Inverse) magnetic catalyses v.s. reduction of Tpc  
in a background magnetic field

Bali et al., JHEP02(2012)044

Chiral condensate always increases as eB at T<<Tpc 

Its connection to the reduction of Tpc is highly non-trivial
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Reduction of Tpc v.s. lighter pion

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD],  
Phys. Rev. Lett. 123 (2019) 062002

HTD,  arXiv:2002.11957

Bali et al., PRD 97, 034505 (2018) 

eB=0 eB=/=0
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Is (neutral) pion still a 
Goldstone boson at eB=/=0 ?

M⇡u(eB)/M⇡(eB = 0)

<latexit sha1_base64="yTG1ZLN3IJXLVk/2VrfUs2C32zA=">AAACAnicbZDLSgMxFIbP1Futt1FX4iZYhHZTZ6SiG6HUjZtCBXuBdhwyaVpDMxeSjFCG4sZXceNCEbc+hTvfxrSdhbb+EPjyn3NIzu9FnEllWd9GZml5ZXUtu57b2Nza3jF395oyjAWhDRLyULQ9LClnAW0opjhtR4Ji3+O05Q2vJvXWAxWShcGtGkXU8fEgYH1GsNKWax7U3KQbsbt4XKDV4knN1RdNl1bRNfNWyZoKLYKdQh5S1V3zq9sLSezTQBGOpezYVqScBAvFCKfjXDeWNMJkiAe0ozHAPpVOMl1hjI6100P9UOgTKDR1f08k2Jdy5Hu608fqXs7XJuZ/tU6s+hdOwoIoVjQgs4f6MUcqRJM8UI8JShQfacBEMP1XRO6xwETp1HI6BHt+5UVonpbscunsppyvVNM4snAIR1AAG86hAtdQhwYQeIRneIU348l4Md6Nj1lrxkhn9uGPjM8f1IeVxg==</latexit>
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Gell-Mann-Oakes-Renner relation

• At T=0, in the weak magnetic field the 2-flavor GMOR relation holds true for chiral 
(& point-like) pions from LO ChPT Shushpanov and Smilga, PLB402(1997)351 

M. Gell-Mann, R. J. Oakes, and B. Renner, Phys. Rev. 175, 2195 (1968), J. Gasser and H. Leutwyler, Nucl. Phys. B 250, 465 (1985) 

• At eB=/=0, additional pion decay constants appear due to a nonzero pion-to-
vacuum transition via the vector electroweak current Fayazbakhsh & Sadooghi, PRD 88(2013)065030 

Bali  et al., PRD121(2018)072001 

Coppola et al., PRD.99 (2019)0540312
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At physical 
pion mass
δπ~6%

6

Gell-Mann-Oakes-Renner relation

• At T=0, in the weak magnetic field the 2-flavor GMOR relation holds true for chiral 
(& point-like) pions from LO ChPT Shushpanov and Smilga, PLB402(1997)351 
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symmetry breaking
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Lattice setup
 Symanzik-improved gauge action with HISQ fermions  

 323x96 lattices, with a=0.117 fm (a-1=0.17 GeV), ml/ms =1/10 (Mπ =220 MeV) 

 In our setup fπ= 96.93(2) MeV, fK=112.50(2) MeV, fK/fπ=1.1606(3)

✦ Magnetic flux: Nb=0,1,2,3,4,6,8,10,12,16,20,24,32,48 & 64

✦ 0 ≤ eB ≤ 3.35 GeV2 (~70        ) M2
⇡

<latexit sha1_base64="w4sbAad/EhZ/g6a8KyDGfhzW9A0=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9ktFT0WvXgRKtgPaNeSTbNtaDYbkqxQlv4ILx4U8erv8ea/MdvuQVsfDDzem2FmXiA508Z1v53C2vrG5lZxu7Szu7d/UD48aus4UYS2SMxj1Q2wppwJ2jLMcNqViuIo4LQTTG4yv/NElWaxeDBTSf0IjwQLGcHGSp27QV+yx9qgXHGr7hxolXg5qUCO5qD81R/GJImoMIRjrXueK42fYmUY4XRW6ieaSkwmeER7lgocUe2n83Nn6MwqQxTGypYwaK7+nkhxpPU0CmxnhM1YL3uZ+J/XS0x45adMyMRQQRaLwoQjE6PsdzRkihLDp5Zgopi9FZExVpgYm1DJhuAtv7xK2rWqV69e3Ncrjes8jiKcwCmcgweX0IBbaEILCEzgGV7hzZHOi/PufCxaC04+cwx/4Hz+AMuAjzk=</latexit>

✦ Magnetic field is quantized as

 FLAG 2019: At physical mass point fπ= 92.1(6) MeV, fK=110.1(5) MeV, fK/fπ=1.1917(37)

arXiv:2008.00493

✦ Fixed scale approach to nonzero T
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Magnetic catalysis at T=0
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qB scaling of light quark chiral condensate at T=0

�UV
cut

<latexit sha1_base64="8HSVUtGvPtPfD6dxRI/t48Mr2AE=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1VwVRKp6LLoxmUF0xbaGCaTSTt0MgkzE6GE/IAbf8WNC0Xcunfn3zhpg2jrgYEz59zLvff4CaNSWdaXUVlaXlldq67XNja3tnfM3b2OjFOBiYNjFouejyRhlBNHUcVILxEERT4jXX98VfjdeyIkjfmtmiTEjdCQ05BipLTkmUcDposD5GWDCKmRiDKcqjy/+/k6nTz3zLrVsKaAi8QuSR2UaHvm5yCIcRoRrjBDUvZtK1FuhoSimJG8NkglSRAeoyHpa8pRRKSbTa/J4bFWAhjGQj+u4FT93ZGhSMpJ5OvKYkc57xXif14/VeGFm1GepIpwPBsUpgyqGBbRwIAKghWbaIKwoHpXiEdIIKx0gDUdgj1/8iLpnDbsZuPspllvXZZxVMEBOAQnwAbnoAWuQRs4AIMH8ARewKvxaDwbb8b7rLRilD374A+Mj2+ntZ02</latexit>

: different estimates of UV 
divergence in the chiral 
condensate are removed

Chiral condensate at T=0&B=0 is subtracted

No subtraction

qu=2/3e, qd=-1/3e
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Decay constants of neutral pion and kaon

• All the decay constants increase with eB 
• qB scaling observed in u and d quark flavor components of fπ
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Gell-Mann-Oakes-Renner relation

neutral pion remains as a Goldstone 
boson with eB up to ~3.5 GeV2
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Gell-Mann-Oakes-Renner relation
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Fluctuations of conserved charges

p

T 4
=

1

V T 3
lnZ(T, V, µ̂u, µ̂d, µ̂s) =

1X

i,j,k=0

�BQS
ijk

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

Taylor expansion of the QCD pressure:
Allton et al., Phys.Rev. D66 (2002) 074507

Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506 

 Taylor expansion coefficients at μ=0 are 
computable in LQCD

fluctuations of conserved charges:

LQCD

HTD, F. Karsch, S. Mukherjee,  
arXiv:1504.05274

�BQS
ijk ⌘ �BQS

ijk (T ) =
1

V T 3

@i+j+kP (T, µ)/T 4

@µ̂i
B@µ̂

j
Q@µ̂

k
S

���
µ̂B,Q,S=0

<latexit sha1_base64="GGyiMAq10HKdOywV1I/iXT4I/R0="></latexit>
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Change of  degree of  freedom in thermal QCD

14

�B
4 /�

B
2

measure of fluctuations of 
Baryon number

Appearance of 
fractional 

baryon number

1/32

HotQCD: PRL 111(2013) 082301,
HTD, F. Karsch, S. Mukherjee, arXiv: 1504.05274
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Quark number susceptibilities in nonzero magnetic field

• Up and down quark sus. are degenerate at eB=0 and start to deviate at 
eB=/=0

• Ratio for down to strange quark sus. is independent on eB at high T, while 
decreases at two low temperatures
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Fluctuations of conserved charges in strong magnetic field

Magnetic field accelerates the transition from hadronic matter to QGP

free quark gas limit

free quark gas limit
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Fluctuations of conserved charges
Quantities that probes               at high T at eB=/=0�u

2/�
d
2

<latexit sha1_base64="KzYedYDbGLvW5+8zo1thwDLTYHU=">AAAB+nicbZC7TsMwFIZPuJZyS2FksaiQmEpSFcFYwcJYJHqR2hA5jtNadZzIdkBV6aOwMIAQK0/Cxtvgthmg5ZcsffrPOTrHf5ByprTjfFsrq2vrG5uFreL2zu7evl06aKkkk4Q2ScIT2QmwopwJ2tRMc9pJJcVxwGk7GF5P6+0HKhVLxJ0epdSLcV+wiBGsjeXbpR4ZML96n53lEPp22ak4M6FlcHMoQ66Gb3/1woRkMRWacKxU13VS7Y2x1IxwOin2MkVTTIa4T7sGBY6p8saz0yfoxDghihJpntBo5v6eGONYqVEcmM4Y64FarE3N/2rdTEeX3piJNNNUkPmiKONIJ2iaAwqZpETzkQFMJDO3IjLAEhNt0iqaENzFLy9Dq1pxa5Xz21q5fpXHUYAjOIZTcOEC6nADDWgCgUd4hld4s56sF+vd+pi3rlj5zCH8kfX5A0yuk2M=</latexit>

R(eB) =
�Q
2 + �BQ

11

�Q
2 � 2�BQ

11

<latexit sha1_base64="/pc+iMRuRvlbZY3GYa+H4Mr8mfQ=">AAACJ3icbZDLSsNAFIYn9VbrLerSTbAIFbEkpaIbpdSNy1bsBZo0TKaTdujkwsxEKCFv48ZXcSOoiC59E6dpEG09MPDx/+dw5vxOSAkXuv6p5JaWV1bX8uuFjc2t7R11d6/Ng4gh3EIBDVjXgRxT4uOWIILibsgw9ByKO874eup37jHjJPDvxCTElgeHPnEJgkJKtnp1W8L140vTZRDFJhoRu9JvnqQQG0bSj+vNJPkxTitzjq0W9bKelrYIRgZFkFXDVl/MQYAiD/sCUch5z9BDYcWQCYIoTgpmxHEI0RgOcU+iDz3MrTi9M9GOpDLQ3IDJ5wstVX9PxNDjfOI5stODYsTnvan4n9eLhHthxcQPI4F9NFvkRlQTgTYNTRsQhpGgEwkQMSL/qqERlJEJGW1BhmDMn7wI7UrZqJbPmtVirZ7FkQcH4BCUgAHOQQ3cgAZoAQQewBN4BW/Ko/KsvCsfs9acks3sgz+lfH0DbfulHA==</latexit>

R(eB)/R(eB = 0)

<latexit sha1_base64="Zxe309wTVJbDGp2chtgWkT8KGR8=">AAAB9HicbVDLTgIxFO3gC/GFunTTSExggzMGoxsTghuXaOSRwIR0yh1o6HTGtkNCCN/hxoXGuPVj3Pk3dmAWCp7k3pycc296e7yIM6Vt+9vKrK1vbG5lt3M7u3v7B/nDo6YKY0mhQUMeyrZHFHAmoKGZ5tCOJJDA49DyRreJ3xqDVCwUj3oSgRuQgWA+o0QbyX0oQq10nvQbu9TLF+yyPQdeJU5KCihFvZf/6vZDGgcgNOVEqY5jR9qdEqkZ5TDLdWMFEaEjMoCOoYIEoNzp/OgZPjNKH/uhNCU0nqu/N6YkUGoSeGYyIHqolr1E/M/rxNq/dqdMRLEGQRcP+THHOsRJArjPJFDNJ4YQKpm5FdMhkYRqk1POhOAsf3mVNC/KTqV8eV8pVGtpHFl0gk5RETnoClXRHaqjBqLoCT2jV/Rmja0X6936WIxmrHTnGP2B9fkD11yQNA==</latexit>

• Comparison between fluctuations in peripheral and central collisions to check 
the impact of the magnetic field ?  

•…

LHC, t=0
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Search for Criticality

Toshihiro Nonaka,  arXiv:2002.12505 
Ashish Pandav, arXiv:2005.13398  

4th to 2nd order cumulant ratio 6th to 2nd order cumulant ratio

18

3rd to 1st order cumulant ratio

STAR, arXiv: 2001.02852
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Ginzburg-Landau-Wilson approach
Z =

Z
[d�] exp

⇣
�

Z
dxLeff (�(x);K)

⌘

Leff =
1

2
(r�)2 +

X

n

an(K)�n

σ(x): order parameter field;  
K={m,μ}: external parameters

2nd order phase transition 1st order phase transition

Partition function:

Landau function:
Same symmetry with the underlying theory

Z(2) Ising model, Nf=2 QCD Z(3) Potts model, Nf=3 QCD

Leff =
1

2
a�2 +

1

4
b�4 Leff =

1

2
a�2 � 1

3
c�3 +

1

4
b�4

Leff
Leff
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Ginzburg-Landau-Wilson approach
Z =

Z
[d�] exp

⇣
�

Z
dxLeff (�(x);K)

⌘

Leff =
1

2
(r�)2 +

X

n

an(K)�n

σ(x): order parameter field;  
K={m,μ}: external parameters

2nd order phase transition 1st order phase transition

Partition function:

Landau function:
Same symmetry with the underlying theory

order parameter M: 
continuous in T

M:
 discontinuous in T

fluctuations of M:fluctuations of M:
�(T ) =

T

V
(hM2i � hMi2)

�(Tc) ⇠ V (2�⌘)/3
�(Tc) ⇠ V
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Landau functional of QCD
Symmetry: SU(Nf )L ⇥ SU(Nf )R ⇥ U(1)V ⇥ U(1)A

Chiral field: �ij ⇠
1

2
q̄j(1� �5)q

i = q̄jRq
i
L � ! e�2i↵A VL �V †

R
Chiral transformation: 

Pisarski & Wilczek, PRD 84’

SU(Nf)LxSU(Nf)RxU(1)A

SU(Nf)LxSU(Nf)R

Quark mass term

Results on phase transitions should be eventually 
checked by Lattice QCD

Leff =
1

2
tr @�†@�+

a

2
tr�†�

+
b1
4!

�
tr�†�

�2
+

b2
4!

tr
�
�†�

�2

� c

2

�
det�+ det�†�

� 1

2
trh

�
�+ �†� .d
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QCD criticality relevant to the real world

mu,d

ms

'

'

cross over

2nd order
Z(2)

2nd order
O(4)

Nf=2

Nf=1

2nd order
Z(2)

1st

order

PURE
GAUGE

Nf=3physical point

mtri
s

1st

order
mu,d

ms

'

'

cross over

2nd order
Z(2)

2nd order
O(4)

Nf=2

Nf=1

2nd order
Z(2)

1st

order

PURE
GAUGE

Nf=3physical point

mtri
s

1st

order
mu,d

ms

'

'

cross over

2nd order
Z(2)

2nd order
O(4)

Nf=2

Nf=1

2nd order
Z(2)

1st

order

PURE
GAUGE

Nf=3physical point

mtri
s

1st

order
mu,d

ms

'

'

cross over

2nd order
Z(2)

2nd order
O(4)

Nf=2

Nf=1

2nd order
Z(2)

1st

order

PURE
GAUGE

Nf=3physical point

mtri
s

1st

order

mc

?

?

Columbia plot: 
QCD phase diagram in quark mass plane

 Nf=2+1 QCD:  fate of axial U(1) symmetry ? O(4) or 1st order ?

 Fundamental scale of QCD: chiral Tc0 ?

 Criticalities that are relevant to QCD thermodynamics at the physical point ?

 At physical point: crossover type transition

 Critical lines of second order transition
    Nf=2:  O(4) universality class
    Nf=3:   Ising universality class Karsch, Laermann, Schmidt PLB ’04,...

Pisarski & Wilczek PRD ’84,Kogut & Sinclair, PRD ’06 …

[HotQCD] PRL,113(2014)082001, PRD 85(2012)054503  
[Wuppertal-Budapest], JHEP 1009 (2010) 073
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Fate of axial U(1) symmetry at T=/=0

 Axial U(1) symmetry remains broken at T!SB  

 In the chiral limit of Nf=2 QCD the transition is most likely 2nd order belonging 
to O(4) universality class

Effective restoration of UA(1) symmetry

mπ=140 MeV

Bazavov et al.[HotQCD], PRD 19’, 1908.09552 

see more in H. Fukaya EPJ Web Conf. 175 (2018) 01012,

HTD, S.-T. Li, A. Tomiya, S. Mukherjee, X.-D. Wang, Y. Zhang, 
work in progress

0

0.5

1

1.5

2

2.5

3

0 0.0005 0.001 0.0015 0.002 0.0025 0.003

55 80 11
0

14
0

16
0 m⇡[MeV]

0

0.5

1

1.5

2

2.5

3

0 0.0005 0.001 0.0015 0.002 0.0025 0.003

55 80 11
0

14
0

16
0 m⇡[MeV]

⇢(�)M
�1

(H ⌘ ml/ms)
2

N⌧=8
N⌧=12
N⌧=16

m
2
s (�⇡ � ��)/T4

(H ⌘ ml/ms)
2

m
2
s (�⇡ � ��)/T4

continuum & 
chiral limit

T=207 MeV

/

b

o
2:  q a

5
q

:  q o
2 q

:  q

:  q a5

m

d
L RSU(2)   x SU(2)

SU(2)   x SU(2)L R

U(1)AU(1)A

q

q

rr

rrcon

con

5,con

5,con + r

< r 5,disc

disc

�⇡ � �� = 0

<latexit sha1_base64="xKRdchtxj3ThNmBQXe58Hm95+SQ=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYBDeWRCq6EYpuXFawF2hCmExO2qGTCzMToYS68VXcuFDErW/hzrdx2mahrT8MfPznHM6c3085k8qyvo3S0vLK6lp5vbKxubW9Y+7utWWSCQotmvBEdH0igbMYWoopDt1UAIl8Dh1/eDOpdx5ASJbE92qUghuRfsxCRonSlmceOHTAPCdl+BTPMACuyJXlmVWrZk2FF8EuoIoKNT3zywkSmkUQK8qJlD3bSpWbE6EY5TCuOJmElNAh6UNPY0wikG4+vWCMj7UT4DAR+sUKT93fEzmJpBxFvu6MiBrI+drE/K/Wy1R46eYsTjMFMZ0tCjOOVYInceCACaCKjzQQKpj+K6YDIghVOrSKDsGeP3kR2mc1u147v6tXG9dFHGV0iI7QCbLRBWqgW9RELUTRI3pGr+jNeDJejHfjY9ZaMoqZffRHxucP/haV9g==</latexit>

http://arxiv.org/abs/arXiv:1908.09552
http://arxiv.org/abs/arXiv:1908.09552
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p

T 4
=

1

V T 3
lnZ(V, T, ~µ) = �h(2�↵)/��fs(t/h

1/��)� fr(V, T, ~µ)

h ⇠ mq t ⇠ T � Tc

Tc
+ 2

⇣µB

T

⌘2

Critical behavior in QCD
 Close to the critical window QCD transition is governed by the universal singular behavior

“Magnetic coupling”: “Thermal coupling”:

singular regular
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V T 3
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h ⇠ mq t ⇠ T � Tc
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+ 2

⇣µB
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⌘2

Critical behavior in QCD
 Close to the critical window QCD transition is governed by the universal singular behavior

“Magnetic coupling”: “Thermal coupling”:

singular regular
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critical lines: 
h=0,t=0
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p

T 4
=

1

V T 3
lnZ(V, T, ~µ) = �h(2�↵)/��fs(t/h

1/��)� fr(V, T, ~µ)

h ⇠ mq t ⇠ T � Tc

Tc
+ 2

⇣µB

T

⌘2

Critical behavior in QCD
 Close to the critical window QCD transition is governed by the universal singular behavior

“Magnetic coupling”: “Thermal coupling”:

singular regular

@2 lnZ

@h2

@2 lnZ

@h@t

@2 lnZ

@t2

Magnetic ThermalMixed

⇠ h�↵/��⇠ h(��1)/��⇠ h1/��1

-0.793 -0.34 0.11O(4)

Z(2) -0.792 -0.43 -0.07

2nd order susceptibilities

Divergences

Magnetic sus.: strong 
Mixed sus.: mild 
Thermal sus.: only at higher 
orders for O(4)

critical lines: 
h=0,t=0
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Critical behavior in QCD
 Close to the critical window QCD transition is governed by the universal singular behavior

“Magnetic coupling”: “Thermal coupling”:

singular regular
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-0.793 -0.34 0.11O(4)

Z(2) -0.792 -0.43 -0.07

2nd order susceptibilities

Divergences

Magnetic sus.: strong 
Mixed sus.: mild 
Thermal sus.: only at higher 
orders for O(4)

critical lines: 
h=0,t=0

Chiral phase (crossover) 
transition 
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p
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=
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Critical behavior in QCD
 Close to the critical window QCD transition is governed by the universal singular behavior

“Magnetic coupling”: “Thermal coupling”:

singular regular
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Z(2) -0.792 -0.43 -0.07

2nd order susceptibilities

Divergences

Magnetic sus.: strong 
Mixed sus.: mild 
Thermal sus.: only at higher 
orders for O(4)

critical lines: 
h=0,t=0

Chiral phase (crossover) 
transition 

Fluctuations
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Crossover transition temperature Tpc in the real world

 Chiral phase transition: most likely 2nd order, 3d O(4)

T

h ̄ i

T

Ejiri et al., PRD 80(2009)094505, 
HTD et al. [HotQCD], arXiv:1903.04801…

 Crossover nature of the transition

 A well-defined chiral crossover transition temperature: 
based on scaling properties of QCD

Tpc:  
inflection point

Tpc: 
 peak location

�dis

u,d,s
u,d,s

HotQCD, Phys. Lett. B795 (2019) 15
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Scaling behavior of chiral observables
chiral condensate: chiral susceptibility:

�⌃(T, µB) ⇠ m1/��1 f�⌃(T, µB) ⇠ m1/� fG

Taylor expansions:

⌃(T, µX) =
1X

n=0

C⌃
2n(T )

(2n)!

⇣µX

T

⌘2n

f�(z)

f 0
G(z)

z

z ⇠
�
(T � T 0

c )/T
0
c +K(µB/T )

2
�
/m

1
��

@T�
⌃(T )

@TC
�
0 (T )

C�
2 (T )

m1/��1�1/��f 0
�(z)~

@

@T
' @2

@µ2
B

@2
TC

⌃
0 (T )

@TC
⌃
2 (T )

~ m1/��1/��f 00
G(z)

@f�
@T

=
@f�
@z

@z

@T
⌘ f 0

�m
�1/��
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Well-defined notation of chiral crossover transition T

f�(z)

f 0
G(z)

z

@T�
⌃(T )

@TC
�
0 (T )

C�
2 (T )

m1/��1�1/��f 0
�(z)~

@2
TC

⌃
0 (T )

@TC
⌃
2 (T )

~ m1/��1/��f 00
G(z)

@2
TC

⌃
0 (T ) = 0 @TC

⌃
2 (T ) = 0@T�

⌃(T ) = 0 @TC
�
0 (T ) = 0 C�

2 (T ) = 0

 5 conditions to extract Tc: maxima of f" and f’G 

 m=0: all these susceptibilities diverge at a unique T

 m=/=0: non-unique temperatures, crossover
z ⇠

�
(T � T 0

c )/T
0
c +K(µB/T )

2
�
/m

1
��
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N
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1/N2
⌧

�⌃
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0

C⌃
0

C⌃
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2

(156.5± 1.5) MeV

QCD chiral crossover transition temperature with mπ =140 MeV

A. Bazavov, HTD, P. Hegde et al. [HotQCD], Phys. Lett. B795 (2019) 15

Tpc =156.5(1.5)MeV

Chiral crossover temperature 
in the continuum limit:

Consistent results from Wuppertal-Budapest 
arXiv:2002.02821 
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T 0
c

T tri
c

TCEP
c

Tpc

QCD phase diagram in 3D: quark mass, μB, T

0

Chiral crossover 
transition T at μB=0 
and Mπ=140 MeV

tri-critical point

Tpc = 156.5± 1.5 MeV

<latexit sha1_base64="GAhVDF9CNk3spoEXONCz0yhId4Y="></latexit>

              decreases as μB up 
to NLO from LQCD 

O. Kaczmarek et al., PRD83 (2011) 014504

P. Hegde & HTD, PoS LATTICE2015 (2016) 141

T 0
c (µB)

<latexit sha1_base64="J/4mtGBXoDIFC7F5IqNWh4m+0+4=">AAAB83icbVDLSsNAFJ3UV62vqks3g0Wom5JIRZelblxW6AuaGCbTSTt0ZhLmIZTQ33DjQhG3/ow7/8Zpm4W2HrhwOOde7r0nShlV2nW/ncLG5tb2TnG3tLd/cHhUPj7pqsRITDo4YYnsR0gRRgXpaKoZ6aeSIB4x0osmd3O/90Skoolo62lKAo5GgsYUI20lvx3iR7fqcxM2L8Nyxa25C8B14uWkAnK0wvKXP0yw4URozJBSA89NdZAhqSlmZFbyjSIpwhM0IgNLBeJEBdni5hm8sMoQxom0JTRcqL8nMsSVmvLIdnKkx2rVm4v/eQOj49sgoyI1mgi8XBQbBnUC5wHAIZUEaza1BGFJ7a0Qj5FEWNuYSjYEb/XlddK9qnn12vVDvdJo5nEUwRk4B1XggRvQAPegBToAgxQ8g1fw5hjnxXl3PpatBSefOQV/4Hz+AKzAkM4=</latexit>

Y. Hatta & T. Ikeda, PRD67 (2003) 014028

M. A. Halasz et al,  PRD 58 (1998) 096007 
M. Buballa, S. Carignano, PLB791(2019)361

T tri
c �TCEP

c (mq) / m2/5
q

 Random Matrix Model & NJL 
suggests:  

Indications:
T phys
pc > T 0

c > T tri
c > TCEP

c

Mπ→0, O(4)
Chiral phase transition T at μB=0
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Chiral crossover transition temperature 

Tpc(H) = T
0
c

✓
1 +

zp

z0
H

1
��

◆

Chiral phase transition T

HTD, P. Hegde, O. Kaczmarek et al.[HotQCD], PRL 123 (2019) 062002 
HTD, arXiv:2002.11957 

See also in QCD-inspired model calculations: 
e.g. J. Berges, D. U. Jungnickel and C. Wetterich, Phys. Rev.D59, 034010 (1999)

J. Braun, B. Klein, H.-J. Pirner and A. H. Rezaeian,Phys. Rev. D73, 074010 (2006)

  Indication of TCEP ≲ 132 MeV 
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Tb, No=6,8,12
Tb, No=8,12

Tpc, No=6,8,12
Tpc, No=8,12

T phys
pc = 156.5(1.5)MeV
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Critical behavior and higher order cumulants

�BQ
42 Irregular sign change seen at T>Tpc in 

 Irregular sign change expected  at T≳ 135 MeV in �BQ
62
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Critical behavior and higher order cumulants

@

@T
' @2

@µ2
B

In the scaling regime:

�BQS
ijk (T ) =

@i+j+kP (T, µ̂)/T 4

@µ̂i
B@µ̂

j
Q@µ̂

k
S

���
µ̂=0

Many 8th order fluctuations turn to be negative at T ≽ 135-140 MeV
  Suggests singularity in the complex plane at T>135-140 MeV

More support for TCEP < Tc0
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T 0
c

T tri
c

TCEP
c

Tpc

QCD phase diagram in 3D: quark mass, μB, T

0

Mπ→0, O(4)
Chiral phase transition T at μB=0

Chiral crossover 
transition T at μB=0 
and Mπ=140 MeV

tri-critical point

Tpc = 156.5± 1.5 MeV

<latexit sha1_base64="GAhVDF9CNk3spoEXONCz0yhId4Y="></latexit>

TCEP < Tc0 ~132 MeV

How about the strength of  
transition along the 

crossover transition line?
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Bazavov, HTD, P. Hegde et al. [HotQCD],  Phys. Lett. B795 (2019) 15

Chiral crossover line: Tpc(µB) = Tpc(0)

✓
1� 2

⇣µB

T

⌘2
� 4

⇣µB

T

⌘4
◆

Tf = 156.5(1.5) MeV 
Andronic et al, Nature 561 (7723) (2018) 321

ALICE data point:

STAR data points:
Adamczyk et al., Phys. Rev. C 96 (4) (2017) 044904 

Consistent results on the chiral crossover line from Wuppertal-Budapest, arXiv:2002.02821 
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disconnected susceptibility

Strength of QCD transition at μB ≲ 300 MeV

µCEP
B > 300MeV

Lattice data suggests

TCEP
c < 135� 140MeV ⇠ T 0

c,

Along the crossover transition line
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B. Friman et al., Eur.Phys.J. C71 (2011) 1694 

Baryon number fluctuations according to 
3-d O(4) universality class 

3-d O(4) : #=-0.21,

becomes negative only with n>=4

2� ↵� n/2
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The exponent of t:
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Taylor expansion 
coefficients at μB=0

35

�B
n (T ) =

@nP (T, µB)/T 4

@µ̂n
B

���
µ̂B=0

<latexit sha1_base64="w7JDhPB61tDnbLjEFlX4uz0VLRw="></latexit>

HotQCD, 2001.08530
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Fluctuations of  baryon numbers at μB=/=0 

36

= �1(T, µB)/�2(T, µB)
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Continuum estimate
in strangeness neutral case

R12(μB/T) is almost independent on T and will be used to convert μB to √sNN
HotQCD, 2001.08530
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Continuum estimates for skewness and kurtosis ratios in NNLO
Skewness ratio Kurtosis ratio

Both ratios decrease with μB/T and becomes larger at smaller T 
HotQCD, 2001.08530
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hyper-skewness and hyper-kurtosis ratios

Both C5/C1 & C6/C2 are negative in NLO!
HotQCD, 2001.08530
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Explore the QCD phase diagram through  
fluctuations of conserved charges x=B,Q,S

39

HIC

skewness: Sx

variance:  σx 2

mean: Mx

hyper-skewness: Sx

hyper-kurtosis: $x

kurtosis: $x
h

h
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Many caveats 
Non-equilibrium effects

Proton v.s. Baryon

Detector effects: cuts in acceptance & kinematics… 

Final-state interactions in the hadronic phase
…  …  

40

V. Skokov et al., PRC (2013)…

M. Kitazawa and M. Asakawa, PRC(2012)…

J.Steinheimer et al., PRL (2013)…

S. Mukherjee, R. Venugopalan, Yi Yin PRL(2016). …

V. Koch, S. Jeon, PRL (2000)
A.Bzdak,V.Koch, PRC (2012) 



/45

Many caveats 
Non-equilibrium effects

Proton v.s. Baryon

Detector effects: cuts in acceptance & kinematics… 

Final-state interactions in the hadronic phase
…  …  

40

V. Skokov et al., PRC (2013)…

M. Kitazawa and M. Asakawa, PRC(2012)…

J.Steinheimer et al., PRL (2013)…

S. Mukherjee, R. Venugopalan, Yi Yin PRL(2016). …

V. Koch, S. Jeon, PRL (2000)

Baseline from thermal equilibrated QCD

A.Bzdak,V.Koch, PRC (2012) 
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LQCD data are obtained at Tpc(μB) in NNLO

LQCD meet experiment

 General trend of kurtosis & 
skewness ratios are consistent

High statistics data at 54.4 GeV 
are in good agreement

62.4 GeV kurtosis data 
is off the trend 
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LQCD data are obtained at Tpc(μB) in NNLO

LQCD meet experiment

 General trend of kurtosis & 
skewness ratios are consistent

High statistics data at 54.4 GeV 
are in good agreement
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62.4 GeV kurtosis data are now 
consistent with updated STAR data
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Qualitatively different sign!!!

A large higher order (10th) Taylor expansion coefficient is needed to  
turn C6/C2 positive, however, such a large coefficient is not expected since 54.4 

GeV is  not expected be close or in the critical region

1st, 2nd, 3rd & 4th order 
cumulant (ratios) at 54.4 GeV are 

consistent while C6/C2 is not

Statistics? 
NNLO contributions in LQCD 

computations? Continuum 
extrapolation?

Off equilibrium effects?
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LQCD and STAR data: 
same sign

The LQCD results at 200 GeV is 
more reliable than that at 54.4 GeV, 
as the contribution from the higher 

expansion coefficients is more under 
control in the former case

Due to the agreement in C3/C1 & 
C4/C2 at 54.4 GeV, more statistics 
seems to be needed at 200 GeV to 

reconcile the conflict

STAR: C5/C1 ?
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Summary

45
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 Chiral and deconfinment properties in strong magnetic 
field: GMOR relation, 2nd order fluctuation and 
correlations of conserved charges

  Up to 6th order cumulants of net baryon number 
along the crossover line

 Negative 6th and 8th order cumulants as well as 
Tc0≈132 MeV suggests a possible critical end point can 
located only at 

µCEP
B > 300MeVTCEP

c < 135� 140MeV ⇠ T 0
c


