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2.4  Strong Interactions
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• In particle physics a simpler table made of leptons and quarks: the degrees of 
freedom

• 3 forces: electromagnetic, weak and strong forces

 H

Int.    w
w

,e
w

,e,s

C
harge    0     -1          +2/3   -1/3



Strong interaction

• Problem: quarks and gluons are bound inside hadrons

• High energies, short distance: 
αS  small Asymptotic freedom

Perturbative QCD
Theory “easy” to solve

Order-by-order expansion in 

QuarksProton

Asymptotic freedom
small smaller
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• Looking for new physics in hadronic processes       not direct access to 

quarks due to confinement 

Ø Low energy (Q <~1 GeV), long 

distance: αS becomes large !

A perturbative expansion in the usual

sense fails

Use of alternative approaches, 

expansions…

Strong interaction

Non-perturbative QCD

Confinement

Quarks
Proton
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• Looking for new physics in hadronic processes      not direct access to 
quarks due to confinement 

Ø Non-perturbative methods:
‒ Numerical simulations on 

the lattice

Strong interaction

Confinement

QuarksProton
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Lattice QCD

• Principle: Discretization of the space time and solve QCD on the 
lattice numerically
– All quark and gluon fields

of QCD on a 4D-lattice
– Field configurations by

Monte Carlo sampling

• Important subtleties due to the 
discretization, should come back 
to the continuum, formulation 
of the fermions on the lattice…
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• Looking for new physics in hadronic processes      not direct access to 
quarks due to confinement 

Ø Non-perturbative methods:
‒ Numerical simulations on 

the lattice

– Analytical methods: 
Effective field theory
Ex: ChPT for light quarks
Dispersion relations
Synergies with lattice QCD

Strong interaction

Confinement

QuarksProton
PDG’12

u

µ

Hadronic Physics



Quark masses
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• Strong force:  If mu~ md: Mn ~ Mp isospin symmetry

Countless experiments have shown that strong force obeys isospin symmetry
Results are the same if we interchange neutrons and protons (or up and 
down quarks)

QuarksProtonNeutron

Heisenberg’60

vs.

  Mn = 939.57 MeV   M p = 938.27 MeV
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Quark masses
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• Strong force:  If mu~ md: Mn ~ Mp isospin symmetry

Countless experiments have shown that strong force obeys isospin symmetry
Results are the same if we interchange neutrons and protons

• Electromagnetic energy: one obvious difference between a neutron and a 
proton is their electric charges:  

QuarksProtonNeutron

Heisenberg’60

vs.

  QP = 1   Qn = 0and
  
Ee ∝

Q2

R
Since Mp > Mn ?
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• Strong force:  If mu~ md: Mn ~ Mp isospin symmetry

Countless experiments have shown that strong force obeys isospin symmetry

Results are the same if we interchange neutrons and protons

• Electromagnetic energy: one obvious difference between a neutron and a 

proton is their electric charges:  

Terrible consequences : Proton would decay into neutrons and there

will be no chemistry and we would not be there in this room!

Quarks
ProtonNeutron

Heisenberg’60

vs.

  QP = 1   Qn = 0and
  
Ee ∝

Q2

R
Since Mp > Mn ?
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• Strong force:  If mu~ md: Mn ~ Mp isospin symmetry

• Electromagnetic energy:

• This is not the case: 

QuarksProtonNeutron

Heisenberg’60

vs.

Mp > Mn

Why?
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• Strong force:  If mu~ md: Mn ~ Mp isospin symmetry

• Electromagnetic energy:

• This is not the case: 

• Another small effect in addition to e.m. force: 

different fundamental quark masses

Different coupling to Higgs field

QuarksProtonNeutron

Heisenberg’60

vs.

Mp > Mn

Why?

 md ≠ mu



Quark masses

16Emilie Passemar

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)

QUARKSQUARKSQUARKSQUARKS
The u-, d-, and s-quark masses are estimates of so-called “current-
quark masses,” in a mass-independent subtraction scheme such as
MS at a scale µ ≈ 2 GeV. The c- and b-quark masses are the
“running” masses in the MS scheme. For the b-quark we also
quote the 1S mass. These can be different from the heavy quark
masses obtained in potential models.
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−

Neutrons can decay in 
protons! 

Quark mass difference more 
important than e.m. effect
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Neutrons can decay in 
protons! 

Quark mass difference more 
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Neutron lifetime experiments
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To determine these
fundamental parameters
need to know how to
disentangle them from QCD

treat strong interactions
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later



2.5  Success of the Standard Model and search for
New Physics
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• Let us consider simplest hadrons: the mesons. They are quark-anti-quark 
bound states. They interact with strong, electromagnetic and weak forces

1.1   The Standard Model 
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 H
The mediators of weak interaction (W, Z) become massive through the Higgs 
Mechanism       one scalar particle remain in the spectrum: H

  π
+ :  ud

  π
− :  ud

,   π
0 :  uu  or dd  

- The simplest one is the pion:

The pions mediate strong force in nuclei
It is ubiquitous in hadronic collisions
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• Let us consider simplest hadrons: the mesons. They are quark-anti-quark 
bound states. They interact with strong, electromagnetic and weak forces.

1.1   The Standard Model 
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 H
The mediators of weak interaction (W, Z) become massive through the Higgs 
Mechanism       one scalar particle remain in the spectrum: H

  π
+ :  ud

  π
− :  ud

,   π
0 :  uu  or dd  

- The simplest one is the pion:

- The ones containing a s quark 
are the kaons 

  K
+ :  us ,

  K
− :  us

  K
0 :  ds , K 0 : sd  

Discovered in cosmic ray experiments



• Discovered in 1964 by Christenson, Cronin, Fitch and Turlay

Nobel Prize in 1980 for Cronin and Fitch

• Start with a                  after some time it transforms into a

• The rate of this oscillation is suppressed but measurable in the Standard 
Model

goes through weak interactions   ~ GF

Oscillations of Kaons
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through weak interaction
Short distance effect

  K 0   K 0

Historic Example: Beta Decay

GF

n
p

e
ν̄e

effective low energy description
of nuclear beta decay by a
4 fermion contact interaction

the interaction strength is given by
the Fermi constant

GF ≃ 1.17× 10−5 GeV−2

this defines an energy scale

Λ = (GF
√
2)−1/2 ≃ 246 GeV

Wolfgang Altmannshofer The Flavor Puzzle June 26, 2014 28 / 40



Oscillations of Kaons
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• Discovered in 1964 by Christenson, Cronin, Fitch and Turlay

Nobel Prize in 1980 for Cronin and Fitch

• Start with a                  after some time it transforms into a

• The rate of this oscillation is very suppressed in the Standard Model

goes through weak interactions   ~ GF 

• How can we understand the oscillation rate? 
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• Process described using the 
bag parameter BK
Fundamental hadronic quantity 
proportional to matrix element

determined using lattice QCD
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1.1   Introduction: 1.1  Test of New Physics : Vus 

Ø  BSM: sensitive to tree-level and loop effects of a large class of models 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

Ø  Look for new physics by comparing the extraction of Vus from different 
processes: helicity suppressed Kµ2, helicity allowed Kl3, hadronic τ decays 
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1.2  Constraining New Physics 

Matthew Moulson & Emilie Passemar 

Oscillations of Kaons

• Since process is suppressed in the Standard Model:

very sensitive to new physics: new degrees of freedom and symmetries

• If measured with very good precision
provided the SM contribution is known

stringent constraints on new physics
models

E

ΛBSM

ΛLE
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• Similar tests with other mesons Beauty mesons contain a b-quark

Oscillations of B mesons
1.1   The Standard Model 
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 H
The mediators of weak interaction (W, Z) become massive through the Higgs 
Mechanism       one scalar particle remain in the spectrum: H

• B meson physics have been studied
extensively at BaBar, Belle, CDF, 
D0@Tevatron and now Belle-II, LHCb, 
CMS and ATLAS@LHC
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  B
+ :  ub

  B
− :  ub  ,

,   B
0 : db  

  B
0 : db 

  Bs
0 :  sb   ,   Bs

0 :  sb  

  Bc
0 :  cb   ,

  Bc
0 :  cb 



• Similar tests with other mesons Beauty mesons contain a b-quark

• Similar tests with D mesons

Oscillations of B mesons
1.1   The Standard Model 
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 H
The mediators of weak interaction (W, Z) become massive through the Higgs 
Mechanism       one scalar particle remain in the spectrum: H

• B meson physics have been studied
extensively at BaBar, Belle, CDF, 
D0@Tevatron and now Belle-II, LHCb, 
CMS and ATLAS@LHC

28Emilie Passemar

  B
+ :  ub

  B
− :  ub  ,

,   B
0 : db  

  B
0 : db 

  Bs
0 :  sb   ,   Bs

0 :  sb  

  Bc
0 :  cb   ,

  Bc
0 :  cb 



SM BSM

  B0   B0

1.1   The Standard Model 

6Emilie Passemar

 H
The mediators of weak interaction (W, Z) become massive through the Higgs 
Mechanism       one scalar particle remain in the spectrum: H

3
ud ub cd cb td tbV V V V V V Al� � �� � �

B0 ─  B0  MIXING ¯ 

0
1(0.5064 0.0019) ps

dB
M −∆ = ± tdV

20 0 2 24 ˆH ( , )
3t t B B BtdB B V S r r M f B

� ¬­� ­� ­�� ®
�

0
1(17.757 0.021) ps

sB
M −∆ = ±

22
ts tdV V�

0 0
2 2/ 1tbB BM m m%( % � �

2 21 /c tq p m m� �

0 0 0.770 0.004
d dB BM∆ Γ = ±

( )0Re 0.0010 0.0008
dB

ε = − ±

  

�  

�   

�   

�   

�( very  small 

0 0 0.129 0.009
s sB B∆Γ Γ = − ±

0 0 26.72 0.09
s sB BM∆ Γ = ±

( )0Re 0.0003 0.0014
sB

ε = − ±

45 Flavour  Physics  &  CP                                                                                                           A. Pich  –  CLASHEP  2017 

  B0   B0
+

• B-Bbar measured by BaBar and Belle’01

• Bs-Bsbar mixing observed by CDF’06 and 
LHCb’11

CP violation in B decays LHCb’13

• Similar tests with other mesons

• Stringent constraints on new physics models provided hadronic matrix 
elements known

CP violation in D decays LHCb’19
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Oscillations of B mesons



New Physics and Flavour sector
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• Very sensitive to New Physics

High Sensitivity to New Physics

Wolfgang Altmannshofer The Flavor Puzzle June 26, 2014 30 / 40

W. Altmannshofer



• Exciting discrepancies found recently:

Anomalies in Flavour Physics

New Physics in the Flavour Sector 

Page 5 Andreas Crivellin 

“Popular 
news” 

New Physics in the Flavour Sector 

Page 5 Andreas Crivellin 

“Popular 
news” 
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• Exciting discrepancies found recently:

Anomalies in Flavour Physics
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3

B meson anomalies

  

Lepton Flavor Universality (LFU)

● Several discrepancies have been observed in b-hadron decays:      
                                                                                                             

● If confirmed with more data, they will indicate the existence of New Physics 
at the O(TeV) scale.

[LHCb, B-factories]

[LEP, τ-decays]

● Well-tested property of the SM gauge sector, which is broken by Yukawas:

1

See also:
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• Hadronic uncertainties 
cancel in the ratio:
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• These anomalies have generated a lot of excitement and theoretical papers
to try to explain them using new physics models

• This requires a good understanding of hadronic physics
see e.g. Celis, Cirigliano, E.P., Phys.Rev. D89 (2014) 013008, 

Phys.Rev. D89 (2014) no.9, 095014

• New measurements are planned at ATLAS, CMS (dedicated B physics run) 
LHCb and Belle II

• Better precision within the next decade match the level of precision
theoretically with hadronic physics

Anomalies in Flavour Physics
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3. Selected examples: 
η → 3π  and light quark mass ratio

Emilie Passemar

Colangelo, Lanz, Leutwyler, E. P., PRL 118 (2017) no.2, 022001,
EPJC78 (2018) no.11, 947 
Review on η and η’ physics: Gan, Kubis, E.P., Tulin, 
ArXiv: 2007.00664[hep-ph] 



PDG’21

Introduction

• η decay from PDG: 

37Emilie Passemar

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016)

η IG (JPC ) = 0+(0 − +)

We have omitted some results that have been superseded by later
experiments. The omitted results may be found in our 1988 edition
Physics Letters B204B204B204B204 (1988).

η MASSη MASSη MASSη MASS

Recent measurements resolve the obvious inconsistency in previous η mass
measurements in favor of the higher value first reported by NA48 (LAI 02).
We use only precise measurements consistent with this higher mass value
for our η mass average.

VALUE (MeV) EVTS DOCUMENT ID TECN COMMENT

547.862±0.017 OUR AVERAGE547.862±0.017 OUR AVERAGE547.862±0.017 OUR AVERAGE547.862±0.017 OUR AVERAGE

547.865±0.031±0.062 NIKOLAEV 14 CRYB γp → pη

547.873±0.005±0.027 1M GOSLAWSKI 12 SPEC d p → 3He η

547.874±0.007±0.029 AMBROSINO 07B KLOE e+ e− → φ → ηγ
547.785±0.017±0.057 16k MILLER 07 CLEO ψ(2S) → J/ψη

547.843±0.030±0.041 1134 LAI 02 NA48 η → 3π0

• • • We do not use the following data for averages, fits, limits, etc. • • •

547.311±0.028±0.032 1 ABDEL-BARY 05 SPEC d p → 3He η
547.12 ±0.06 ±0.25 KRUSCHE 95D SPEC γp → ηp, threshold

547.30 ±0.15 PLOUIN 92 SPEC d p → 3He η

547.45 ±0.25 DUANE 74 SPEC π− p → n neutrals
548.2 ±0.65 FOSTER 65C HBC
549.0 ±0.7 148 FOELSCHE 64 HBC
548.0 ±1.0 91 ALFF-... 62 HBC
549.0 ±1.2 53 BASTIEN 62 HBC

1ABDEL-BARY 05 disagrees significantly with recent measurements of similar or better
precision. See comment in the header.

η WIDTHη WIDTHη WIDTHη WIDTH

This is the partial decay rate Γ(η → γγ) divided by the fitted branching
fraction for that mode. See the note at the start of the Γ(2γ) data block,
next below.

VALUE (keV) DOCUMENT ID

1.31±0.05 OUR FIT1.31±0.05 OUR FIT1.31±0.05 OUR FIT1.31±0.05 OUR FIT

η DECAY MODESη DECAY MODESη DECAY MODESη DECAY MODES

Scale factor/
Mode Fraction (Γi /Γ) Confidence level

Neutral modesNeutral modesNeutral modesNeutral modes
Γ1 neutral modes (72.12±0.34) % S=1.2

Γ2 2γ (39.41±0.20) % S=1.1

Γ3 3π0 (32.68±0.23) % S=1.1

HTTP://PDG.LBL.GOV Page 1 Created: 10/1/2016 20:06

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016)

Γ4 π02γ ( 2.56±0.22) × 10−4

Γ5 2π02γ < 1.2 × 10−3 CL=90%

Γ6 4γ < 2.8 × 10−4 CL=90%

Γ7 invisible < 1.0 × 10−4 CL=90%

Charged modesCharged modesCharged modesCharged modes
Γ8 charged modes (28.10±0.34) % S=1.2

Γ9 π+π−π0 (22.92±0.28) % S=1.2

Γ10 π+π−γ ( 4.22±0.08) % S=1.1

Γ11 e+ e−γ ( 6.9 ±0.4 ) × 10−3 S=1.3

Γ12 µ+µ−γ ( 3.1 ±0.4 ) × 10−4

Γ13 e+ e− < 2.3 × 10−6 CL=90%

Γ14 µ+µ− ( 5.8 ±0.8 ) × 10−6

Γ15 2e+ 2e− ( 2.40±0.22) × 10−5

Γ16 π+π− e+ e− (γ) ( 2.68±0.11) × 10−4

Γ17 e+ e−µ+µ− < 1.6 × 10−4 CL=90%

Γ18 2µ+ 2µ− < 3.6 × 10−4 CL=90%

Γ19 µ+µ−π+π− < 3.6 × 10−4 CL=90%

Γ20 π+ e− νe + c.c. < 1.7 × 10−4 CL=90%

Γ21 π+π−2γ < 2.1 × 10−3

Γ22 π+π−π0γ < 5 × 10−4 CL=90%

Γ23 π0µ+µ−γ < 3 × 10−6 CL=90%

Charge conjugation (C ), Parity (P),Charge conjugation (C ), Parity (P),Charge conjugation (C ), Parity (P),Charge conjugation (C ), Parity (P),
Charge conjugation × Parity (CP), orCharge conjugation × Parity (CP), orCharge conjugation × Parity (CP), orCharge conjugation × Parity (CP), or

Lepton Family number (LF ) violating modesLepton Family number (LF ) violating modesLepton Family number (LF ) violating modesLepton Family number (LF ) violating modes

Γ24 π0γ C < 9 × 10−5 CL=90%

Γ25 π+π− P,CP < 1.3 × 10−5 CL=90%

Γ26 2π0 P,CP < 3.5 × 10−4 CL=90%

Γ27 2π0γ C < 5 × 10−4 CL=90%

Γ28 3π0γ C < 6 × 10−5 CL=90%

Γ29 3γ C < 1.6 × 10−5 CL=90%

Γ30 4π0 P,CP < 6.9 × 10−7 CL=90%

Γ31 π0 e+ e− C [a] < 4 × 10−5 CL=90%

Γ32 π0µ+µ− C [a] < 5 × 10−6 CL=90%

Γ33 µ+ e− + µ− e+ LF < 6 × 10−6 CL=90%

[a] C parity forbids this to occur as a single-photon process.

HTTP://PDG.LBL.GOV Page 2 Created: 10/1/2016 20:06
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They are well within the uncertainty of the overall world average quoted above. Note,
however, that the average excluding the lattice result is no longer as close to the value
obtained from lattice alone as was the case in the 2013 Review, but is now smaller by
almost one standard deviation of its assigned uncertainty.

Notwithstanding the many open issues still present within each of the sub-fields
summarised in this Review, the wealth of available results provides a rather precise and
reasonably stable world average value of αs(M2

Z), as well as a clear signature and proof of
the energy dependence of αs, in full agreement with the QCD prediction of Asymptotic
Freedom. This is demonstrated in Fig. 9.3, where results of αs(Q2) obtained at discrete
energy scales Q, now also including those based just on NLO QCD, are summarized.
Thanks to the results from the Tevatron and from the LHC, the energy scales at which
αs is determined now extend up to more than 1 TeV♦.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  

0.1

0.2

0.3

αs (Q2)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2016

τ decays (N3LO)

1000

 (NLO
pp –> tt (NNLO)

)(–)

Figure 9.3: Summary of measurements of αs as a function of the energy scale Q.
The respective degree of QCD perturbation theory used in the extraction of αs is
indicated in brackets (NLO: next-to-leading order; NNLO: next-to-next-to leading
order; res. NNLO: NNLO matched with resummed next-to-leading logs; N3LO:
next-to-NNLO).

♦ We note, however, that in many such studies, like those based on exclusive states of
jet multiplicities, the relevant energy scale of the measurement is not uniquely defined.
For instance, in studies of the ratio of 3- to 2-jet cross sections at the LHC, the relevant
scale was taken to be the average of the transverse momenta of the two leading jets [434],
but could alternatively have been chosen to be the transverse momentum of the 3rd jet.

June 5, 2018 19:47

Introduction

• η→ 3π forbidden by isospin symmetry Unique access to (md − mu)

• Mη ~  548 MeV
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Introduction

• η→ 3π forbidden by isospin symmetry Unique access to (md − mu)

• Mη ~  548 MeV

Too low for perturbative QCD
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• Chiral Perturbation Theory (ChPT): Effective field theory in the light quark sector

• Hadronic energy scale (                 )        Light mesons and their interaction

• Degrees of freedom: light mesons (Goldstone Bosons):

• Chiral symmetry

• New parameter of expansion                        + small light quark masses

• Validity:

40

Chiral Perturbation Theory

, ,Kp h

( )Sa µ
p H

p
L

p << ~ 1 GeVHL

2 4

0 2 4     +     +      +  ...
H H

p p
s s s s

æ ö æ ö
= ç ÷ ç ÷L Lè ø è ø

  ΛH ~ 1 GeV
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η→ 3π in ChPT

• Compute the amplitude using ChPT :

• The Chiral series has convergence problems

Emilie Passemar 41

LO:
NLO:

NNLO:
 
Γη→3π = 66 + 94 + ... + ...( )eV = 300 ±12( )eV

LO NLO NNLO PDG’16

Osborn, Wallace’70

Gasser & Leutwyler’85

Bijnens & Ghorbani’07

s = u



Dispersive approach

• The Chiral series has convergence problems

Large ππ final state interactions 

• Dispersive treatment : 
– analyticity, unitarity and crossing symmetry
– Take into account all the rescattering effects

42

-
h

Roiesnel & Truong’81



Why a new dispersive analysis?

• Several new ingredients: 
– New inputs available: extraction ππ phase shifts has improved

– New experimental programs, precise Dalitz plot measurements

– Many improvements needed in view of very precise data: inclusion of 
‒ Electromagnetic effects (O(e2m))

‒ Isospin breaking effects

Ditsche, Kubis, Meissner’09

43Emilie Passemar

Garcia-Martin et al’09, Colangelo et al.’11

CBall-Brookhaven, CLAS, GlueX (JLab), KLOE I-II (Frascati)
TAPS/CBall-MAMI (Mainz), WASA-Celsius (Uppsala), WASA-Cosy (Juelich)

BES III (Beijing)



• Decomposition of the amplitude as a function of isospin states 

• Unitarity relation: 

  
M (s, t,u) = M0

0(s) + s − u( )M1
1(t) + s − t( )M1

1(u) + M0
2(t) + M0

2(u) − 2
3

M0
2(s)
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Representation of the amplitude
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Discontinuity relations

Consider(J=1(only
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disc Mℓ

I (s)⎡⎣ ⎤⎦ = ρ(s)tℓ
*(s) Mℓ

I (s) + M̂ℓ
I (s)( )

right-hand cut left-hand cut 

From unitarity to integral equation

Unitarity relation for F(s):
discF(s) = 2i

{

F(s)
︸︷︷︸

right-hand cut

+ F̂(s)
︸︷︷︸

left-hand cut

}

× θ(s− 4M2
π)× sin δ11(s) e

−iδ11(s)

• inhomogeneities F̂(s): angular averages over the F(s)

F(s) = aΩ(s)

{

1 +
s

π

∫ ∞

4M2
π

ds′

s′
sin δ11(s

′)F̂(s′)

|Ω(s′)|(s′ − s− iϵ)

}

F̂(s) =
3

2

∫ 1

−1

dz (1− z2)F
(

t(s, z)
)

Khuri, Treiman 1960
Aitchison 1977

Anisovich, Leutwyler 1998

F(s) = +++ ...

B. Kubis, Precision tools in hadron physics for Dalitz plot studies – p. 12

Unitarity

9

π

ππ

π

π
Vinput

π

π

π

Vinput

Disc aJ(s) = t⇤J(s) ⇢(s)

✓
aJ(s) +

Z +1

�1

d cos ✓

2

...aJ(t)

◆

A�(s, t, u) = "µ⌫↵�✏
µ
�p

⌫
⇡+p↵⇡�p

�
⇡0F(s, t, u)

F(s, t, u) = F(s) + F(t) + F(u)

2.4  ω/φ  → 3π	

•  Simple system: restricted to odd partial waves  
        P wave interactions only (neglecting F- and higher)  

•  Amplitude: 

 
 
 

•  F(s) function of one variable with only a right-hand cut 
 

•  Unitarity relation: 

•  Relation of dispersion to reconstruct the amplitude everywhere: 
 
 
 
 
 
 
 
 
 

ω(s): conformal map of inelastic contributions: 
        Coefficients ai play the role of improved  
        subtraction constants in alternative approaches:  
        e.g, Niecknig, Kubis, Schneider‘12 

•    
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Unitarity relation for the p-wave F(s):
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dispersive#relation

Danilkin et al., JPAC’15  
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• The amplitude along the line s = u : 

Results: Amplitude for η→ π+ π-π0 decays
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Intro mu − md η → 3π and Q η → 3π disp. Summary iso-breaking Fits to data

Momentum dependence

0 2 4 6 8

s/Mπ
2

0

0.5

1

1.5

2

2.5

3

3.5

ReM

LO of χPT (current algebra)
NLO of χPT
uncertainty estimate for NLO representation
NNLO of χPT (Bijnens & Ghorbani 2007)
Kampf et al. 2011
Guo et al. 2016
this work

Adler zero

s = u

physical region



Light quark mass ratio extraction

46

• Extract the light quark mass ratio very precisely
complementary to lattice determination

      3. What is the physics impact  !→3π measurement? 
 

!   A clean probe for quark mass ratio: 
 

"  decays through isospin violation: 
"        is small  
"  Amplitude: 

! Uncertainties in quark mass ratio (E. Passemar, talk at AFCI workshop ) 

  

 
 

13 

Q2 =
ms
2 −
m2

md
2 −mu

2

αem

A = (mu −md )A1 +αemA2

Γη→3πDalitz  

m̂ =
mu +md

2

ChPT ππ phase shifts

Can be 
investigated and 
reduced at 
GlueX, JEF, 
CLAS12

η→ 3π

Lattice

  

mu

md

= 0.44 ± 0.03

Shift towards lower values of 
quark mass ratios compared 
to Current Algebra result 



Light quark mass ratio extraction
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3.2   Anomalous magnetic moment of the muon 
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Introduction

• The gyromagnetic factor of the muon is modified by loop contribution

• Predicted by Dirac to be 2

• Schwinger computed the first order correction
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•  In lowest order, where mass effects appear, contributions 

from heavy virtual particles scale as m2
e /µ  :  

 aµ should be roughly 50 times more sensitive to NP than ae ! 

γ 

µ ? •  Loose about a factor of 800 in experimental precision 

The experimental precision for aµ will be worse than for ae, so why do it ? 

aτ even more sensitive, but insufficient experimental accuracy Emilie Passemar 49
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scattering” 

… or no effect on aµ, 
but new physics at the 
LHC? That would be 
interesting as well !! 

Anomalous magnetic moment of elementary fermions 

ae = 1159652180.73(28) × 10−12 (0.24 × 10−9)
PRL 100, 120801 (2008)

QED test or αem determination

aμ = 116592091(63) × 10−11 (0.54 × 10−6)
E821, PRD 73, 072003 (2006)

Sensitive test of the Standard Model

aτ = −0.018(17) or − 0.052 < aτ < 0.013 95%CL
(DELPHI), EPJC 35, 159 (2004)

Theory: 117721(5) × 10−8, Eidelman, Passera, MPL A 22, 159 (2007)

aμ much more sensitive to NP than ae ∼ (mμ/me)2 ≈ 4.3 · 104

Single non trivial parameter coming from loops in QFT

QED:



Experimental result
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aµ(SM) = 0.00116591810(43) à 368 ppb

• Individual tension 
with SM
– BNL: 3.7s
– FNAL: 3.3s

aµ(Exp) - aµ(SM) = 0.00000000251(59) à 4.2s

à 3.7s

à 3.3s

FNAL g-2’21
Chris Polly



What is the SM prediction? 
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• Not very easy to obtain at this level of precision
3.3  Contribution to (g-2)µ

46 Seminar, LAPP-Annecy, 2011 Andreas Hoecker   –   Charged-Lepton Flavour Physics 

Loop contributions: 

Weak 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

QED 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

SUSY... ? 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

 χ χ

 ν

   

  χ
0

   

... or some unknown 
type of new physics ? 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

? 

Hadronic 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

“Light-by-light 
scattering” 

… or no effect on aµ, 
but new physics at the 
LHC? That would be 
interesting as well !! 

Need to compute the SM prediction with high precision!           Not so easy!  
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… or no effect on aµ, 
but new physics at the 
LHC? That would be 
interesting as well !! 

Need to compute the SM prediction with high precision!           Not so easy!  

Emilie Passemar 39 

Hoecker’11 

Muon “(g- 2) Theory Initiative” 
led by A. El-Khadra and 
C. Lehner
White Paper: Phys.Rept. 887 
(2020) 1-166, 
ArXiv: 2006.04822 [hep-ph]



What is the SM prediction? 

QCD!Sector:!Muon!magne8c!moment!gµA2!!

George!Lafferty!!!!!!!!!!!!!!!!!!!!!!!

University!of!Manchester!

13th!Interna8onal!Workshop!on!Tau!

Lepton!Physics! 23!

…!or!…!

Let’s!agree!on!“about!3¾”!

Uncertainty!dominated!by!hadronic!vacuum!

polariza8on!and!lightAbyAlight!scarering,!both!of!

which!need!experimental!input!from!tau!and!e+eA!

Conserved!vector!current!(CVC)!relates!lowA

energy!e+eA!scarering!to!hadronic!¿!decays!

• Theoretical Prediction: 
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… or no effect on aµ, 
but new physics at the 
LHC? That would be 
interesting as well !! 

From D. Hertzog
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Muon g-2 measurements sensitivity 
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QCD!Sector:!Muon!magne8c!moment!gµA2!!

George!Lafferty!!!!!!!!!!!!!!!!!!!!!!!

University!of!Manchester!

13th!Interna8onal!Workshop!on!Tau!

Lepton!Physics! 23!

…!or!…!

Let’s!agree!on!“about!3¾”!

Uncertainty!dominated!by!hadronic!vacuum!

polariza8on!and!lightAbyAlight!scarering,!both!of!

which!need!experimental!input!from!tau!and!e+eA!

Conserved!vector!current!(CVC)!relates!lowA

energy!e+eA!scarering!to!hadronic!¿!decays!
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Hadronic*Contribu2on*
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12π Im∏γ (s) = σ
(0)[e+e− →hadrons]
σ (0)[e+e− → µ+µ− ]

≡R(s)

 Im[                   ] ∝ |                 had |2 

•  Cannot be computed from first principles due to low-energy hadronic effects 

•  Fortunately, one can benefit from analyticity and unitarity to obtain real part of photon 
polarisation function from dispersion relation over total hadronic cross section data 

• Theoretical Prediction: 

• Important contribution comes from 
virtual hadrons in the loop! 

• Tackled using :
- Models
- Dispersion Relations
- Lattice QCD
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… or no effect on aµ, 
but new physics at the 
LHC? That would be 
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6 Problem 6 (Extra Credit): Multivariable Integration (4 points)
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is not looking, Michel seizes the opportunity, grabs a glass with milk o↵ the table and pours its
entire contents into Gaston’s bowl. Will the bowl overflow?
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2 + y
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• Hadronic contribution cannot be computed from first principles
due to low-energy hadronic effects

• Use analyticity + unitarity real part of photon polarisation function from
dispersion relation over total hadronic cross section data 

• Leading order hadronic vacuum polarization :

• Low energy contribution dominates : ~75% comes from s < (1 GeV)2               

ππ contribution extracted from data

Computation of HVP using data
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Hadronic*Contribu2on*
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12π Im∏γ (s) = σ
(0)[e+e− →hadrons]
σ (0)[e+e− → µ+µ− ]

≡R(s)

 Im[                   ] ∝ |                 had |2 

•  Cannot be computed from first principles due to low-energy hadronic effects 

•  Fortunately, one can benefit from analyticity and unitarity to obtain real part of photon 
polarisation function from dispersion relation over total hadronic cross section data 
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• But still some progress 
need to be done
Ø Inconsistencies τ vs. e+e-:

Isospin corrections?
Ø Inconsistencies between

ISR and direct data: 
Radiative corrections?

Ø Lattice Calculation?

New data expected from
KLOE2, Belle-II, BES-III?

• Huge 20-years effort by experimentalists and theorists to reduce error on 
lowest-order hadronic part 
Ø Improved e+e– cross section data from Novisibirsk (Russia)
Ø More use of perturbative QCD
Ø Technique of “radiative return” allows to use data from Φ and B factories
Ø Isospin symmetry allows us to also use τ hadronic spectral functions

Computation of HVP using data

Dominant Region

54 Seminar, LAPP-Annecy, 2011 Andreas Hoecker   –   Charged-Lepton Flavour Physics 

use QCD 

  

aµ
had,LO =

α 2

3π 2 ds
4mπ

2

∞

∫
K(s)

s
R(s)

Due to the strongly decaying integration 

kernel, 73% of dispersion integral stems 

from π+π� channel, which must be 

obtained from experiment  

Plot not fully up to date – for illustration only 
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Computation of HVP using data

Dominant Region
60
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Computation of HVP using data
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Computation of HVP using lattice QCD

62

• Very impressive progress using lattice QCD within the last 5 years

	600 	650 	700 	750

No	New	PhysicsNo	New	Physics

LM	2020
BMW	2020
ETM	2018/19
Mainz/CLS	2019
FNAL-HPQCD-MILC	2019
PACS	2019
RBC/UKQCD	2018
BMW	2017
Mainz/CLS	2017
HPQCD	2016
ETM	2013

KNT	2019
DHMZ	2019
BDJ	2019
Jegerlehner	2018

RBC/UKQCD	2018

LQCD
Pheno.

Pheno+LQCD

Lattice – pheno 	≈ 18.5	 18.8

HVP (Lattice): aµ = 7116 (184) x 10-11
(2.6%)

HVP (pheno):  aµ = 6931 (40) x 10-11
(0.58%)

HVP (BMW-20): aµ = 7087 (53) x 10-10
(0.75%)

BMW-20 – pheno ≈ 15.6	(6.6)
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Computation of HLbL using data
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• Very impressive progress using dispersive techniques and data in particular  
in pion pole contribution

π
0
, η, η

′

µ µ

π
±
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Loop contributions: 
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… or no effect on aµ, 
but new physics at the 
LHC? That would be 
interesting as well !! 
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Figure 57: The pseudoscalar-pole contribution: the dashed lines stand for the pseudoscalar meson, while the blobs can be unambiguously related
to the TFFs. Reprinted from Ref. [19].

implying potentially large uncertainties. As a result, it was necessary to use more phenomenological descriptions for
the pseudoscalar TFFs, based on vector-meson-dominance (VMD) ideas and guided by the few existing experimental
data [488, 501]. Later, building on large-Nc ideas and new data, the inclusion of additional resonances allowed the
authors to satisfy (certain) known low- and high-energy QCD constraints and to better fit and interpolate the data [473].
We do not discuss the nonpole (“⇡0-exchange”) contributions or even variants in which one vertex contains a constant
form factor [18, 476, 596] for the reasons outlined in Sec. 4.2.3.

With the advent of the new generation of (g�2)µ experiments, systematic uncertainties of such approaches (related
to the finite number of resonances and the large-Nc limit), previously irrelevant, must be improved upon far beyond
the typical 30% estimates. Consequently, the phenomenological determinations must be model-independent and data-
driven to as large an extent as possible, making use of all experimental data on the corresponding TFFs in order
to achieve a new standard of precision, and also to provide a competitive cross-check on the lattice calculation in
Sec. 5.5. In the following, we review what we believe are the most up-to-date evaluations of the pseudoscalar-pole
contributions in the literature, with a special emphasis on the ⇡0. In particular, we demand that three criteria be met:

1. in addition to the TFF normalization given by the real-photon decay widths, also high-energy constraints must
be fulfilled;

2. at least the spacelike experimental data for the singly-virtual TFF must be reproduced;

3. systematic uncertainties must be assessed with a reasonable procedure.

We distinguish two di↵erent strategies fulfilling these criteria: the dispersive one, which could in principle reconstruct
the TFF from completely unrelated data based on analyticity constraints; and the one based in the mathematical
framework of Padé approximants along with experimental data in the spacelike (and low-energy timelike) region. As
both are based on very di↵erent approaches, the numerical agreement that is found between the two, and also with
the lattice determination in Sec. 5.5, gives us further confidence in the reliability of the ⇡0-pole contribution thus
determined. In addition, we also comment on recent progress in other approaches. Finally, we summarize the status
of the ⌘ and ⌘0 contributions.

4.4.1. Definitions, asymptotic constraints
The pseudoscalar-pole contributions are given according to

aP-pole
µ =

✓↵

⇡

◆3 Z

dQ1dQ2d⌧
h

w1(Q1,Q2, ⌧)FP�⇤�⇤ (�Q2
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+ w2(Q1,Q2, ⌧)FP�⇤�⇤ (�Q2
1,�Q2

2)FP�⇤�⇤ (�Q2
3, 0)
i

, (4.19)

where Q2
3 ⌘ Q2

1 + Q2
2 + 2⌧Q1Q2. The explicit form of the weight functions w1/2(Q1,Q2, ⌧) can be found in the

literature [19, 21, 476, 555]. A numerical evaluation of w1(Q1,Q2, 0) is shown in Fig. 58: their most important
property is the fact that they are peaked at low energies, for the ⇡0 in the range Qi < 1 GeV. The TFF appearing above
is defined as

i
Z

d4x eiq1 · xh0|T { jµ(x) j⌫(0)}|P(q1 + q2)i = ✏µ⌫⇢�q⇢1q�2 FP�⇤�⇤ (q2
1, q

2
2) , (4.20)

109

Weight functions
Meson Transitions 
form factors

g-2 Theory Initiative
White Paper’20



Computation of HLbL using data

Emilie Passemar 65

g-2 Theory Initiative
White Paper’20

• Weight contribution               low energy dominates

Use experimental data with dispersive analysis to reconstruct from
dominant low-energy singularities (2/3 pions intermediate states)

Figure 58: Weight function w1(Q1,Q2, 0) for ⇡0 (left) and ⌘0 (right); cf. Eq. (4.19). Reprinted from Ref. [19].

where jµ(x) = q̄(x)Q�µq(x), with Q = diag(2,�1,�1)/3, and ✏0123 = +1. For real photons and in the chiral limit
mu,d,s ! 0 (supplemented by the large-Nc limit for the ⌘0, so that the latter remains massless), it is related to the
anomaly [521, 522, 597],

X

P

Fa
PFP�⇤�⇤ (0, 0) =

3
4⇡2 Tr(Q2�a) , (4.21)

where a = 0, . . . , 8 is the corresponding flavor index associated to the Gell-Mann matrices �a, extended to include
�0 ⌘

p
2/3 diag(1, 1, 1), and h0| ja5µ|Pi ⌘ ipµFa

P with ja5µ = q̄�µ�5
�a

2 q. Away from the chiral limit, corrections arise
and ⌘–⌘0 mixing must be accounted for, see Refs. [598, 599] and references therein. The high-energy behavior can be
obtained by expanding the product of electromagnetic currents on the light-cone, obtaining at leading order in pQCD
and at leading-twist [600, 601]

FP�⇤�⇤ (�Q2
1,�Q2

2) =
X

a

2 Tr(Q2�a)Fa
P

Z 1

0
dx

�a
P(x)

xQ2
1 + (1 � x)Q2

2
. (4.22)

Higher-order corrections in pQCD have been derived as well [602, 603]. Since for large momenta �a
P(x) ! 6x(1 �

x) [601, 604], the following limits can be inferred

lim
Q2!1

Q2FP�⇤�⇤ (�Q2, 0) =
X
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6 Tr(Q2�a)Fa
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, (4.23)
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2 Tr(Q2�a)Fa
P
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1 � �a0 2Nf
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↵s(µ0)

#

, (4.24)

where we include �0 ⌘ 11Nc/3 � 2Nf /3, with Nf the number of e↵ective active flavors. The first limit is commonly
known as the Brodsky–Lepage (BL) limit [600, 601], while the latter can be rigorously obtained from the operator
product expansion (OPE) [605–608]. The ⌘ and ⌘0 cases receive important ↵s corrections due to the anomalous
dimension of the singlet axial current [609], which have been accounted for by the last factor [599, 610, 611]. Finally,
higher-order corrections have been calculated using the OPE, which, for the ⇡0, multiply Eq. (4.24) by (1 � 8

9
�2

Q2 ),
with the estimate �2 = 0.20(2) GeV2 determined from sum rules [606] already used in Refs. [18, 476, 596] and also
supported by lattice results [22, 612].

4.4.2. The pion pole in a dispersive approach
The central idea behind the dispersive analysis of the ⇡0 TFF [21, 497, 613] is to reconstruct this object from

its dominant low-energy singularities. As Fig. 58 (left) demonstrates, the main weight for the HLbL integration
in Eq. (4.19) lies in the region of Qi < 1 GeV; in this range, where a precise and reliable theoretical description is
therefore of prime importance, the intermediate states dominating the discontinuities in the two form factor virtualities
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are given by two- and three-pion intermediate states. In particular, these discontinuities can be reconstructed from data
on e+e� ! 2⇡, 3⇡ and automatically contain the e↵ects of the lowest-lying resonances in these channels, the ⇢(770),
!(782), and �(1020), in a model-independent way. Beyond this dominant part constructed rigorously from dispersion
theory, two further pieces are added in order to fulfill all asymptotic constraints described in the previous section: an
e↵ective pole that parameterizes heavier intermediate states; and an asymptotic contribution constructed on the basis
of a pion distribution amplitude. Altogether, the TFF is therefore written as [21, 497]

F⇡0�⇤�⇤ = Fdisp
⇡0�⇤�⇤

+ Fe↵
⇡0�⇤�⇤ + Fasym

⇡0�⇤�⇤
. (4.25)

For the dispersive part, it is useful to decompose the TFF according to the photons’ isovector (v) and isoscalar (s)
components as
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This function obeys a double-spectral representation
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where q⇡(s) =
p

s/4 � M2
⇡, FV

⇡ (s) is the electromagnetic form factor of the pion, and f1(s, q2) the partial-wave ampli-
tude for �⇤(q)⇡! ⇡⇡. The onset of the isoscalar discontinuity is sthr = 9M2

⇡ in the absence of electromagnetic e↵ects,
while taking into account the significant decay ! ! ⇡0� lowers it to M2

⇡0 . siv/is represent isovector and isoscalar cut-
o↵s. FV

⇡ (s) is described in terms of an Omnès representation [251] based on a variety of inputs for the ⇡⇡ P-wave phase
shift and fit to data on ⌧� ! ⇡�⇡0⌫⌧ [185]. The amplitude f1(s, q2) is constructed based on solutions of Khuri–Treiman
equations [261], with a normalization function a(q2) that needs to be adjusted to e+e� ! 3⇡ data. At the real-photon
point, f1(s, q2 = 0) can be tested experimentally in the reaction �⇡ ! ⇡⇡ [614, 615], while Dalitz plot distributions
on !! 3⇡ [586, 587] and �! 3⇡ [52, 585] probe it on the narrow isoscalar vector resonances [588]. For general q2,
a representation of a(q2) with good analytic properties [21] is fit to e+e� ! 3⇡ cross section data by SND [42, 616]
and BABAR [44] up to q2 = (1.8 GeV)2. In particular, a single-variable dispersion relation yields a prediction for the
timelike singly-virtual ⇡0 TFF [21, 613, 617] that is in very good agreement with precise data [76, 537, 618, 619]:
with its correct analytic properties, the dispersive TFF representation links the timelike and the spacelike form factor
seamlessly, such that timelike data helps constrain the spacelike low-energy region where data is still relatively scarce.
Even more importantly, the dispersive formulation as in Eq. (4.27) fixes the doubly-virtual TFF, for which no data at
all is available as yet, from singly-virtual input.

To account for the asymptotic behavior of the TFF in doubly-virtual kinematics, we realize that Eq. (4.22) can be
written in a double-spectral form akin to Eq. (4.27), with a formal asymptotic double-spectral function

⇢asym(x, y) = �2⇡2F⇡xy�00(x � y) , (4.28)

where �00(.) denotes the second derivative of a delta function. Inserting Eq. (4.28) into the double-spectral representa-
tion Eq. (4.27) and integrating over all x and y reproduces the pQCD form of Eq. (4.22) for the asymptotic distribution
amplitude. Restraining however the support for this contribution to energies above a lower matching point sm, the
asymptotic TFF contribution becomes

Fasym
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2
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Z 1
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1q2
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which does not contribute for singly-virtual kinematics, but ensures the asymptotic behavior Eq. (4.22) otherwise.
Finally, the addition of an e↵ective pole
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!(782), and �(1020), in a model-independent way. Beyond this dominant part constructed rigorously from dispersion
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a representation of a(q2) with good analytic properties [21] is fit to e+e� ! 3⇡ cross section data by SND [42, 616]
and BABAR [44] up to q2 = (1.8 GeV)2. In particular, a single-variable dispersion relation yields a prediction for the
timelike singly-virtual ⇡0 TFF [21, 613, 617] that is in very good agreement with precise data [76, 537, 618, 619]:
with its correct analytic properties, the dispersive TFF representation links the timelike and the spacelike form factor
seamlessly, such that timelike data helps constrain the spacelike low-energy region where data is still relatively scarce.
Even more importantly, the dispersive formulation as in Eq. (4.27) fixes the doubly-virtual TFF, for which no data at
all is available as yet, from singly-virtual input.

To account for the asymptotic behavior of the TFF in doubly-virtual kinematics, we realize that Eq. (4.22) can be
written in a double-spectral form akin to Eq. (4.27), with a formal asymptotic double-spectral function
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where �00(.) denotes the second derivative of a delta function. Inserting Eq. (4.28) into the double-spectral representa-
tion Eq. (4.27) and integrating over all x and y reproduces the pQCD form of Eq. (4.22) for the asymptotic distribution
amplitude. Restraining however the support for this contribution to energies above a lower matching point sm, the
asymptotic TFF contribution becomes
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Exp. inputs for evaluation of aµ(had, l-by-l)

e+e− → e+e−π0 γπ → ππγπ → ππ

e+e− → π0γe+e− → π0γ ω,φ → ππγ e+e− → ππγ

ππ → ππ

Pion transition form factor

Fπ0γ∗γ∗

(

q2
1
, q2

2

)

Partial waves for

γ∗γ∗
→ ππ e+e− → e+e−ππ

Pion vector

form factor F π
V

Pion vector

form factor F π
V

e+e− → 3π pion polarizabilitiespion polarizabilities γπ → γπ

ω,φ → 3π ω,φ → π0γ∗ω,φ → π0γ∗

Fig. from G. Colangelo et al, arXiv:1408.2517

D. Nomura (YITP) g − 2: Theory Oct 30, 2014 20 / 21

• Input for hadronic light-by-light scattering

Slide by M. Vanderhaeghen, talk at “Lepton Moments 2014”, July 2014
D. Nomura (YITP) g − 2: Theory Oct 30, 2014 19 / 21

Colangelo, Hoferichter, Procura, Stoffer’14,etc 
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Contribution PdRV(09) [475] N/JN(09) [476, 596] J(17) [27] Our estimate

⇡0, ⌘, ⌘0-poles 114(13) 99(16) 95.45(12.40) 93.8(4.0)
⇡,K-loops/boxes �19(19) �19(13) �20(5) �16.4(2)

S -wave ⇡⇡ rescattering �7(7) �7(2) �5.98(1.20) �8(1)

subtotal 88(24) 73(21) 69.5(13.4) 69.4(4.1)

scalars � � � �

� 1(3)tensors � � 1.1(1)
axial vectors 15(10) 22(5) 7.55(2.71) 6(6)

u, d, s-loops / short-distance � 21(3) 20(4) 15(10)

c-loop 2.3 � 2.3(2) 3(1)

total 105(26) 116(39) 100.4(28.2) 92(19)

Table 15: Comparison of two frequently used compilations for HLbL in units of 10�11 from 2009 and a recent update with our estimate. Legend:
PdRV = Prades, de Rafael, Vainshtein (“Glasgow consensus”); N/JN = Ny↵eler / Jegerlehner, Ny↵eler; J = Jegerlehner.

We opted for the following procedure, which we consider more sensible. We first add the errors from the inde-
pendent data-driven, dispersive estimates for the pseudoscalar poles, the pion box, and ⇡⇡ rescattering in quadrature,
yielding ±4.1 ⇥ 10�11, then we add the errors for the model-dependent estimates for the sum of scalars and ten-
sors, the axial-vector contribution, and the short-distance contribution linearly, yielding ±19 ⇥ 10�11, and finally we
combine these two errors and the one from the charm quark loop in quadrature. This leads to our final estimate
aHLbL
µ = 92(19) ⇥ 10�11.

4.9.3. Comparison to the Glasgow consensus and other compilations
The intense activity on the HLbL contribution of the last five years based on the dispersive approach has been

reported in this section and summarized above. It is useful to discuss here in some detail what are the reasons behind
the changes in the numbers compared to the estimates used in 2009, even though on the surface they do not seem
to be so large. We will also comment on a few recent estimates. In Table 15 we have collected the frequently used
compilations for HLbL from 2009 by Prades, de Rafael, and Vainshtein (“Glasgow consensus,” PdRV(09)) [475, 717]
and Jegerlehner and Ny↵eler (N/JN(09)) [476, 596], and a recent update of the latter that has appeared in the book by
Jegerlehner (2nd edition, J(17)) [27]. Our estimate is also shown for comparison.

The main di↵erence of the first three estimates by PdRV [475], N/JN [476, 596], and J [27] to our result is
that they are based purely on model calculations, see also Table 13 in Sec. 4.2 for details of the original works
for some of the individual contributions. Some constraints from theory, e.g., from ChPT at low energies or from
short distances in pQCD, and from experiment are taken into account in those models, e.g., on the singly-virtual
pseudoscalar TFFs. But this model dependence makes it very di�cult to estimate the uncertainty in a reliable way.
On the other hand, our estimates for the numerically dominant contributions from the light pseudoscalar poles ⇡0, ⌘, ⌘0

and for a substantial part of the two-pion intermediate state in HLbL (pion-box and S -wave ⇡⇡ rescattering) are
now based on model-independent dispersion relations or Canterbury approximants and the error estimates are largely
driven by the precision of the input data. To emphasize this significant progress we have evaluated the sum of these
contributions and compared the di↵erent evaluations for the corresponding subtotal in the line labeled as “subtotal”
in Table 15.44 While the central values are all quite close to each other (the largest discrepancy is with the Glasgow
consensus, which, however, includes a large part of the short-distance contribution in the pseudoscalar poles) and all
compatible within errors, the largest improvement is in the uncertainty, which has been reduced by a factor 6 to 3.

The lower part of the table contains the remaining contributions, which still su↵er from significant uncertainties,
further separated into the contribution from light quarks as well as the c-loop. For these a comparison among di↵erent

44To make a meaningful comparison, since the largest contribution among the scalars is due to the �/ f0(500), which is treated as a ⇡⇡ rescat-
tering e↵ect here, we have considered the contribution of the scalars of earlier evaluations in the line labeled “S -wave ⇡⇡ rescattering.” This is
indeed justified for the scalar contribution �6.8(2.0)⇥ 10�11 in the ENJL model from Ref. [488], as confirmed in Ref. [690]. The �/ f0(500) is also
responsible for 50–80% of the value �6.0(1.2) ⇥ 10�11 from Ref. [27], depending on the mixing.
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Very impressive progress since 7 years ago to improve the HLbL
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Systematically improvable methods are maturing; uncertainty to aµ

controlled at 0.15ppm; cross-checks facilitated by Theory Initiative
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• Not many calculations yet: it is very challenging! The agreement with 
analytical results is good. 
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❖ Accurate neutrino measurements:

• Mass hierarchy

• Oscillations

• CP violation

• Beyond 3 flavours? 

❖ Precise knowledge  
of ! numbers         
 
         Neutrino Cross Section

❖ Need precise E! reconstruction

86 4 Neutrino Mixing, Mass Hierarchy, and CP Violation

baseline, there is no degeneracy between matter and CP asymmetries at the first oscillation node
where the LBNE neutrino beam spectrum peaks. The wide coverage of the oscillation patterns
enables the search for physics beyond the three-flavor model because new physics effects may
interfere with the standard oscillations and induce a distortion in the oscillation patterns. As a
next-generation neutrino oscillation experiment, LBNE aims to study in detail the spectral shape
of neutrino mixing over the range of energies where the mixing effects are largest. This is crucial
for advancing the science beyond the current generation of experiments, which depend primarily
on rate asymmetries.

10 20 300

200

400

600

800

1000

 (GeV)νE 1 10

 C
C

 e
vt

s/
G

eV
/1

0k
t/M

W
.y

r
µ ν

0

200

400

600

800

1000

Ap
pe

ar
an

ce
 P

ro
ba

bi
lit

y

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

0.2
 CC spectrumµν 

=n/acpδ = 0.0, 13θ22sin
/2π=-cpδ = 0.1, 13θ22sin

=0cpδ = 0.1, 13θ22sin
/2π=+cpδ = 0.1, 13θ22sin

2 = 2.4e-03 eV 31
2m∆ CC spectrum at 1300 km,  µν

Figure 4.1: The simulated unoscillated spectrum of ‹µ events from the LBNE beam (black histogram)
overlaid with the ‹µ æ ‹e oscillation probabilities (colored curves) for different values of ”CP and normal
hierarchy.

The LBNE reconfiguration study [25] determined that the far detector location at the Sanford
Underground Research Facility provides an optimal baseline for precision measurement of neutrino
oscillations using a conventional neutrino beam from Fermilab. The 1,300≠km baseline optimizes
sensitivity to CP violation and is long enough to resolve the MH with a high level of confidence,
as shown in Figure 2.7.

Table 4.1 lists the beam neutrino interaction rates for all three known species of neutrinos as ex-
pected at the LBNE far detector. This table shows only the raw interaction rates using the neutrino
flux from the Geant4 simulations of the LBNE beamline and the default interaction cross sections
included in the GLoBeS package [130] with no detector effects included. A tunable LBNE beam
spectrum, obtained by varying the distance between the target and the first focusing horn (Horn 1),
is assumed. The higher-energy tunes are chosen to enhance the ‹· appearance signal and improve
the oscillation fits to the three-flavor paradigm. To estimate the NC event rates based on visible
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Studying Oscillations
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• Experimentally, important effort to study 
the neutrino oscillations

many experiments in the world!

• In the US: a priority          LBNE (Long Base Line Neutrino Experiment)
DUNE (Deep Underground Neutrino Experiment)                                         

S. Zeller, SSI, 07/15/13 
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Future Accelerator ν’s: Project-X 

•  upgraded proton beam power to MW needed for future 
  precision intensity frontier physics … long-baseline ν physics! 

•  Project-X 

•  700 kW (NOvA)  
   2.3 MW 

•  discovery of CP  
   in the ν sector 

•  precision BSM 
  ν investigations 

http://theory.fnal.gov/people/ask/PX-book/ 

LBNE 

Fermilab 
(Bob Tschihart’s talk on Fri) 

S. Zeller, SSI, 07/15/13 

•  on-axis, wide band beam (ν, ν ) 
     - want to measure the spectrum of ν’s  
       across largest possible dynamic range 

LBNE 
49 

1300km 
Fermilab 

•  three ingredients: 
•  1300 km baseline 
  - optimized for joint CP, MH determination 

ν#

Homestake 
mine 

•  Liquid Argon TPC 
   - high signal ε over broad E, very low bkgs 
     - 34 kton fiducial volume (goal) 

Experimental Nuclear Physics - PHYS741Karsten Heeger, Univ. Wisconsin 

Other oscillations? Sterile Neutrinos? 

νµ ⇒ ντ

νe ⇒ νµ,τ

LSND
νµ ⇒ νe ?

Will be checked by MiniBoone 

at FNAL (2005)

Cannot be explained by 3 active neutrinos!

30



S. Zeller, SSI, 07/15/13 

Neutrino Detection 
4 

•  start from … 

neutrino detector 

ν 
ν 
ν ν 

ν 

•  how many ν 
  interactions  
  should I expect  
  to see? 

•  and what will 
  they look like? 

neutrino source 
supernova, sun,  

atmosphere, cosmic, 

accelerator, reactor,  
radiactive decays, geoneutrinos 

? 

Detection

73

• Neutrino beams created at Fermilab

• Neutrinos detected 810 miles away in South Dakota in Liquid Argon detectors

S. Zeller, SSI, 07/15/13 
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Conventional Neutrino Beam 

•  proton target 

  - low Z material 

  - typically 1-2 interaction lengths 
    cylinder or ruler with longest dimension in beam direction 

  - target has to withstand proton beam (shock and heating) 
    air or water cooled, often segmented 

Proton 
Beam 

Target 

Focusing 
Devices Decay Pipe 

Beam Dump 

νµ#π,K 

µ#

(graphite target with Al casing) 



Pions produced inside the nucleus can be absorbed or charge 
exchanged before getting out, this are Final State Effects 

Cross section

74Emilie Passemar

• In Liquid Argon detectors interaction 
of a neutrino with nucleus 

Compute cross section

• But not so easy!   Ev ~ 1 GeV
Non perturbative QCD!

Argon, fat nucleus (18 protons, 22 neutrons) several processes:
– Nucleon form factors 
– Transport inside nucleus

• To be computed for the electron 
neutrino as well!

General formula for cross section 
contains a product of the leptonic 
and hadronic tensors 

Pauli blocking p > pF Energy transfer > EB 



Cross section : different regions
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Cross section : different regions
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Cross section : different regions
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Cross section : different regions
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Quasi-elastic (QE) scattering 
Hadronic matrix element involved:  
 

❖              and             can be extracted from precision electron data at  
Mainz (Bernauer et al, A1 coll.’06) and JLab

❖            the pseudo-scalar Form Factor is related to

❖ The main unknown is            

•             provides the largest contribution to the QE cross section 
at 1 GeV  
 

!11

⟨p(p′ �) |J+μ
W |n(p)⟩ ∝ ūp(p′�){γμFV

1 (q2) + i
2mN

σμνqνFV
2 (q2) + γμγ5FA(q2)+ 1

mN
qμγ5FP(q2)}u(n)(p)

FV
1 (q2) FV

2 (q2)

FP(q2) FA(q2)

FA(q2)

Cannot be determined from electron scattering data

FA(q2)

Emilie Passemar
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What is know on the Axial Form Factor?
❖ Old problem

❖ Traditionally it was assumed to follow a simplistic parametrisation  
 
 
 
 

• The parameters are                    and the axial mass MA  
 

                determined using a combination of processes 

• Neutrino nucleon cross section:

• Pion electroproduction  

!14

         the dipole parametrisationFA(q2) = FA(0)

(1 − q2

M2
A )

2

gA ≡ FA(0)

σ (νN → ℓN)

Axial structure of the nucleon 11

3.2. Determination of the axial form factor II: Electroproduction formalism

Consider now pion electroproduction off nucleons,

γ⋆(k2) + N1(p1) → πa(q) + N2(p2) , (23)

where γ⋆ denotes the virtual photon with virtuality k2 < 0, Ni(pi) (i = 1, 2) the

initial/final nucleon and πa(q) the pion with Cartesian isospin a = (0, +,−) and four–

momentum qµ. We will also use the positive definite quantity Q2 = −k2. The pertinent
Mandelstam variables are s = (p1 + k)2, t = (p1 − p2)2 and u = (p1 − q)2, subject

to the constraint s + t + u = 2m2 + M2
π + k2, with Mπ the pion mass. In the Born

(one-photon-exchange) approximation, the corresponding coincidence cross section can

be factorized as [73]

dσ

dE ′
e dΩ′

e dΩ⋆
π

= Γv
dσv

dΩ⋆
π

, (24)

where Γv is the virtual photon flux, E ′
e, Ω′

e the energy and the solid angle of the scattered

electron, and dσv/dΩ⋆
π is the virtual photon cross section in the centre-of-mass frame

of the final πN system, as denoted by the star. It can be further decomposed into

transverse, longitudinal and two interference parts,

dσv

dΩ⋆
π

=
dσT

dΩ⋆
π

+ ϵ⋆
L

dσL

dΩ⋆
π

+
√

2 ϵ⋆
L(1 + ϵ)

dσLT

dΩ⋆
π

cos φπ + ϵ
dσTT

dΩ⋆
π

cos 2φπ (25)

with the transverse (ϵ) and longitudinal (ϵ⋆
L = −k2ϵ/k⋆2

0 ) polarizations of the virtual

photon fixed by the electron kinematics. In parallel kinematics (θ⋆
π = θπ = 0◦, with θπ

the polar angle in the scattering plane as seen in the laboratory system) the interference

parts vanish. Therefore, at constant four–momentum transfer, the transverse and the

longitudinal cross sections can be separated using the Rosenbluth method by varying ϵ,

dσv

dΩ⋆
π

=
dσT

dΩ⋆
π

− ϵ
k2

k⋆2
0

dσL

dΩ⋆
π

. (26)

(Note that often the photon energy is denoted by ω, however, here this symbol is entirely

reserved for the pion energy). At low energies, the connection to theory is most easily

made by means of the multipole expansion. For doing that, one considers the transition

current related to equation (23), which can be decomposed in terms of six invariant

amplitudes (we follow the conventions and notations of reference [74], see also [75])

ϵ · T (p2, s2; q, a|p1, s1; k) = i ū2 γ5

6∑

i=1

ϵ · Mi Ai(s, u) u1 , (27)

with si the spin index of nucleon i. The explicit forms of the operators Mi can be found
in [74] and the Ai are invariant functions that depend on two kinematical variables.

Here, we have chosen the Mandelstam variables s and u. The amplitudes Ai(s, u) have

the isospin decomposition

Ai(s, u) = A(+)
i (s, u) δa3 + A(−)

i (s, u) 1
2 [τa, τ3] + A(0)

i (s, u) τa . (28)

Emilie Passemar
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❖ Up to recently good agreement between all determination of FA

What is know on the Axial Form Factor?
Axial structure of the nucleon 4

(anti)neutrino scattering off protons [8, 9, 10], off deuterons [11]-[16] and other nuclei (Al,

Fe) [17, 18] or composite targets like freon [19]-[22] and propane [22, 23]. In the left panel

of figure 1 we show the available values for the axial mass MA obtained from neutrino

scattering experiments. As pointed out in [24], references [17, 19, 20, 23] reported

0.85 0.95 1.05 1.15 1.25
MA  [GeV]

Average

Argonne (1969)

CERN (1977)
Argonne (1977)
CERN (1979)
BNL (1980)
BNL (1981)
Argonne (1982)
Fermilab (1983)
BNL (1986)
BNL (1987)
BNL (1990)

Argonne (1973)

0.85 0.95 1.05 1.15 1.25
MA  [GeV]

Frascati (1970)
Frascati (1970) GEn=0
Frascati (1972)
DESY (1973)
Daresbury (1975)  SP
Daresbury (1975)  DR
Daresbury (1975)  FPV
Daresbury (1975)  BNR

Average
MAMI (1999)
Saclay (1993)
Olsson (1978)
Kharkov (1978)
DESY (1976)

Daresbury (1976)  SP

Daresbury (1976)  BNR
Daresbury (1976)  DR

Figure 1. Axial mass MA extractions. Left panel: From (quasi)elastic neutrino
and antineutrino scattering experiments. The weighted average is MA = (1.026 ±
0.021)GeV. Right panel: From charged pion electroproduction experiments. The
weighted average is MA = (1.069 ± 0.016)GeV. Note that value for the MAMI
experiment contains both the statistical and systematical uncertainty; for other values
the systematical errors were not explicitly given. The labels SP, DR, FPV and BNR
refer to different methods evaluating the corrections beyond the soft pion limit as
explained in the text.

severe uncertainties in either knowledge of the incident neutrino flux or reliability of the

theoretical input needed to subtract the background from genuine elastic events (both

of which gradually improved in subsequent experiments). The values derived in these

papers fall well outside the most probable range of values known today and exhibit
very large statistical and systematical errors. Following the data selection criteria of

the Particle Data Group [4], they were excluded from this compilation. In all cases,

the axial form factor data were parameterized in terms of a dipole, the resulting world

average is

MA = (1.026 ± 0.021) GeV (neutrino scattering) . (9)

The other determinations of the axial form factor are based on the analysis of charged

pion electroproduction off protons, see references [24][25]-[34], slightly above the pion

production threshold (note that the MAMI measurement is presently extended [35] to

lower momentum transfer and to check the cross section at the highest Q2 point reported

in [24]). Such type of analysis is more involved. It starts from the low–energy theorem of
Nambu, Lurié and Shrauner [36, 37] for the electric dipole amplitude E(−)

0+ at threshold,

A. Liesenfeld et al, MAMI’99

νN → ℓN

MA = 1.026 ± 0.021 GeV

Axial structure of the nucleon 11

3.2. Determination of the axial form factor II: Electroproduction formalism

Consider now pion electroproduction off nucleons,

γ⋆(k2) + N1(p1) → πa(q) + N2(p2) , (23)

where γ⋆ denotes the virtual photon with virtuality k2 < 0, Ni(pi) (i = 1, 2) the

initial/final nucleon and πa(q) the pion with Cartesian isospin a = (0, +,−) and four–

momentum qµ. We will also use the positive definite quantity Q2 = −k2. The pertinent
Mandelstam variables are s = (p1 + k)2, t = (p1 − p2)2 and u = (p1 − q)2, subject

to the constraint s + t + u = 2m2 + M2
π + k2, with Mπ the pion mass. In the Born

(one-photon-exchange) approximation, the corresponding coincidence cross section can

be factorized as [73]

dσ

dE ′
e dΩ′

e dΩ⋆
π

= Γv
dσv

dΩ⋆
π

, (24)

where Γv is the virtual photon flux, E ′
e, Ω′

e the energy and the solid angle of the scattered

electron, and dσv/dΩ⋆
π is the virtual photon cross section in the centre-of-mass frame

of the final πN system, as denoted by the star. It can be further decomposed into

transverse, longitudinal and two interference parts,

dσv

dΩ⋆
π

=
dσT

dΩ⋆
π

+ ϵ⋆
L

dσL

dΩ⋆
π

+
√

2 ϵ⋆
L(1 + ϵ)

dσLT

dΩ⋆
π

cos φπ + ϵ
dσTT

dΩ⋆
π

cos 2φπ (25)

with the transverse (ϵ) and longitudinal (ϵ⋆
L = −k2ϵ/k⋆2

0 ) polarizations of the virtual

photon fixed by the electron kinematics. In parallel kinematics (θ⋆
π = θπ = 0◦, with θπ

the polar angle in the scattering plane as seen in the laboratory system) the interference

parts vanish. Therefore, at constant four–momentum transfer, the transverse and the

longitudinal cross sections can be separated using the Rosenbluth method by varying ϵ,

dσv

dΩ⋆
π

=
dσT

dΩ⋆
π

− ϵ
k2

k⋆2
0

dσL

dΩ⋆
π

. (26)

(Note that often the photon energy is denoted by ω, however, here this symbol is entirely

reserved for the pion energy). At low energies, the connection to theory is most easily

made by means of the multipole expansion. For doing that, one considers the transition

current related to equation (23), which can be decomposed in terms of six invariant

amplitudes (we follow the conventions and notations of reference [74], see also [75])

ϵ · T (p2, s2; q, a|p1, s1; k) = i ū2 γ5

6∑

i=1

ϵ · Mi Ai(s, u) u1 , (27)

with si the spin index of nucleon i. The explicit forms of the operators Mi can be found
in [74] and the Ai are invariant functions that depend on two kinematical variables.

Here, we have chosen the Mandelstam variables s and u. The amplitudes Ai(s, u) have

the isospin decomposition

Ai(s, u) = A(+)
i (s, u) δa3 + A(−)

i (s, u) 1
2 [τa, τ3] + A(0)

i (s, u) τa . (28)

MA = 1.069 ± 0.016 GeV
Emilie Passemar !15
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What is know on the Axial Form Factor?
❖ Recently very significant progress on two fronts:

• Experimentally many new measurements: MiniBooNE, K2K, MINERvA, NOMAD 
 
 
 
 
 
 
 
 
 
 

•                        
see talk by M. Constantinou
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FIG. 13: (Color online). Flux-integrated double differential
cross section per target neutron for the νµ CCQE process.
The dark bars indicate the measured values and the surround-
ing lighter bands show the shape error. The overall normal-
ization (scale) error is 10.7%. Numerical values are provided
in Table VI in the Appendix.

simplicity, the full error matrices are not reported for all
distributions. Instead, the errors are separated into a to-
tal normalization error, which is an error on the overall
scale of the cross section, and a “shape error” which con-
tains the uncertainty that does not factor out into a scale
error. This allows for a distribution of data to be used
(e.g. in a model fit) with an overall scale error for un-
certainties that are completely correlated between bins,
together with the remaining bin-dependent shape error.

V. RESULTS AND DISCUSSION

A. CCQE flux-integrated double differential cross
section

The flux-integrated, double differential cross section
per neutron, d2σ

dTµd cos θµ
, for the νµ CCQE process is ex-

tracted as described in Section IVD and is shown in
Figure 13 for the kinematic range, −1 < cos θµ < +1,
0.2 < Tµ(GeV) < 2.0. The errors, for Tµ outside of this
range, are too large to allow a measurement. Also, bins
with low event population near or outside of the kine-
matic edge of the distribution (corresponding to large
Eν) do not allow for a measurement and are shown as
zero in the plot. The numerical values for this double
differential cross section are provided in Table VI in the
Appendix.
The flux-integrated CCQE total cross section, ob-

tained by integrating the double differential cross section
(over −1 < cos θµ < +1, 0 < Tµ(GeV) < ∞), is mea-
sured to be 9.429× 10−39 cm2. The total normalization
error on this measurement is 10.7%.
The kinematic quantities, Tµ and cos θµ, have been cor-
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=1.007)κ=1.35 GeV, eff
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1.08×=1.007) κ=1.35 GeV, eff
ARFG model (M

FIG. 14: (Color online). Flux-integrated single differential
cross section per target neutron for the νµ CCQE process.
The measured values are shown as points with the shape
error as shaded bars. Calculations from the nuance RFG
model with different assumptions for the model parameters
are shown as histograms. Numerical values are provided in
Table IX in the Appendix.

rected for detector resolution effects only (Section IVD).
Thus, this result is the most model-independent mea-
surement of this process possible with the MiniBooNE
detector. No requirements on the nucleonic final state
are used to define this process. The neutrino flux is an
absolute prediction [19] and has not been adjusted based
on measured processes in the MiniBooNE detector.

B. Flux-integrated single differential cross section

The flux-integrated, single differential cross section per
neutron, dσ

dQ2

QE
, has also been measured and is shown

in Figure. 14. The quantity Q2
QE is defined in Eq. 2

and depends only on the (unfolded) quantities Tµ and
cos θµ. It should be noted that the efficiency for events
with Tµ < 200 MeV is not zero because of difference
between reconstructed and unfolded Tµ. The calculation
of efficiency for these (low-Q2

QE) events depends only on
the model of the detector response, not on an interaction
model and the associated uncertainty is propagated to
the reported results.
In addition to the experimental result, Figure 14 also

shows the prediction for the CCQE process from the nu-
ance simulation with three different sets of parameters
in the underlying RFG model. The predictions are ab-
solutely normalized and have been integrated over the
MiniBooNE flux. The RFG model is plotted assum-
ing both the world-averaged CCQE parameters (MA =
1.03 GeV, κ = 1.000) [9] and the CCQE parameters ex-
tracted from this analysis (MA = 1.35 GeV, κ = 1.007)
in a shape-only fit. The model using the world-averaged

gA ≡ FA(0)

Reference mA [GeV] Èr2
AÍ [fm2]

K2K [10] 1.20 ± 0.12 0.32 ± 0.06
NOMAD [11] 1.05 ± 0.06 0.42 ± 0.05
MiniBoonNE [12] 1.35 ± 0.17 0.26 ± 0.06
MINERvA [13] 0.99 0.48
MINOS [14] 1.23+0.13

≠0.09 0.31+0.07
≠0.05

Table 1: Axial mass and squared axial radius determinations from neutrino scattering
experiments.

The parametrization given in Eq. (3) is tempting since it has only one free parameter,
mA, whose value can be determined from fits to experimental data. In the literature, mA is
being sometimes referred as the axial mass. However, this model is a too rough approach
to the form factor, it neglects contributions of heavier resonance states and it cannot be
employed above threshold where the form factor develops the imaginary part. Furthermore,
it does not satisfies the expected 1/Q4 fall-o� at high-energies that perturbative QCD
dictates [6]. These facts downgrade the axial mass mA to an e�ective mass parameter,
me�

A , that encompasses all the aforementioned dynamics, but it should not be understood
as the a1 pole mass in any case.

A commonly used representation that respects the 1/Q4 behavior is the dipole ansatz
introduced by Lewellyn-Smith [3] to explain neutrino quasielastic scattering data

ÂfA(Q2) = 1
(1 + Q2/m2

A)2 . (4)

Di�erent experiments have reported values for the e�ective mass me�
A . The weighted aver-

age values extracted from neutrino scattering experiments and from pion electroproduction
are mA = (1.026±0.021) GeV and mA = (1.069±0.016) GeV [9], respectively. Other more
recent results from neutrino scattering have been obtained by the K2K, the NOMAD, the
MiniBooNE, the Minerva and the MINOS Collaborations, and the corresponding results
are collected in the second column of Table 1.

As seen, the values reported for the axial mass parameter show some dispersion. A
possible cause that explains the disagreement between di�erent experiments in the cen-
tral values of mA might be due to the fact of using the dipole ansatz (cf. Eq. (4)). This
parametrization, although respecting the high energy scaling expected from perturbative
QCD, is a too rough approach to describe the functional Q2 dependence at accessible neu-
trino energies that are well below the perturbative region, Q2 Æ 1 GeV2. In this respect,
the slope of the form factor at Q2 = 0 is better suited to define the axial mass parameter
in a model-independent way and to address the tensions between the di�erent reported
measurements since it is essentially the only relevant parameter at low Q2.

The slope can be identified with the squared axial radius Èr2
AÍ after expanding the

normalized axial form factor around Q2 = 0

ÂfA(Q2) = 1 ≠ 1
6Èr2

AÍQ2 + · · · , (5)

3

FA(q2) = F(0)(1 + 1
6 ⟨r2

A⟩q2 + $(q4))
⟨r2

A⟩ = 12
M2

A
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What is know on the Axial Form Factor?
❖ Recently very significant progress on two fronts:

• Lattice QCD results on                          and  
 
 
 
 
 
 
 
 
 
 
 
 
 

!18

FA(q2)gA ≡ FA(0)

PNDME ’18
CalLat ’18
PNDME ’16
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RBC/UKQCD ’08
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ETMC ’17
Mainz ’17
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ETMC ’15
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AWSR ’16
COMPASS ’15

Brown ’17
Mund ’13
Mendenhall ’12
Liu ’10
Abele ’02
Mostovoi ’01
Liaud ’97
Yerozolimsky’97
Bopp ’86
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 see talk by M. Constantinou

Hill, Kammel, Marciano, and Sirlin’18  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What is know on the Axial Form Factor?
❖ Recently very significant progress on two fronts:

• Lattice QCD results on                          and  
 
 
 
 
 
 
 
 
 
 
 
 
 

FA(Q2)gA ≡ FA(0)

Gupta et al., PNDME collab.’17
 Alexandrou et al., ETMC’17

NF = 2 + 1 + 1  see talk by M. Constantinou
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Experimental data

Alexandrou et.al (mπ=130 MeV)

PNDME (mπ=130 MeV)

PNDME (mπ=135 MeV)

PNDME (mπ=220 MeV)

PNDME (mπ=220 MeV)

PNDME (mπ=220 MeV)

PNDME (mπ=310 MeV)

PNDME (mπ=310 MeV)

PNDME (mπ=310 MeV)

Dipole mA=1.35(17) GeV

Electroproduction data’70

 see also Green et al’17, Capitani et al’17
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Bridging Lattice QCD and neutrino measurements

❖ Connecting predicted             to measured total and differential 
cross sections  

❖ Creating a physically motivated analytical parametrisation that 
can be used to assist and complement the lattice simulations 
(beyond the dipole)  
 
 
 

!21

FA(q2)

Emilie Passemar

Friedland, Gonzalez-Solis, E.P., 
Quirion, Ristow in preparation



Which value of Q2  impact neutrino data?
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Friedland, Gonzalez-Solis, E.P., 
Quirion, Ristow in preparation



Which value of Q2  impact neutrino data?

Emilie Passemar 87

Which values of Q2 impact neutrino data?

❖  

!33

❖ Composition of MiniBooNE Cross Section

 

❖ At E ~ 0.5 GeV the XS comes from Q2 < 0.6 GeV2

Emilie Passemar

Friedland, Gonzalez-Solis, E.P., Quirion, Ristow in preparation
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Friedland, Gonzalez-Solis, E.P., 
Quirion, Ristow in preparation

Which values of Q2 impact neutrino data?

❖  

!34

❖ Composition of MiniBooNE Cross Section

 

❖ At E ~ 0.5 GeV the XS comes from Q2  < 0.6 GeV2

❖ At E ~ 1 GeV, ~40% contributions from 0.6 GeV2 < Q2 < 2 GeV2

Friedland, Gonzalez-Solis, E.P., Quirion, Ristow in preparation



Which value of Q2  impact neutrino data?
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Friedland, Gonzalez-Solis, E.P., 
Quirion, Ristow in preparation

Which values of Q2 impact neutrino data?

❖  

!36

❖ Composition of MINERvA Cross Section

❖ The situation is similar, although E! is higher the relevant values are 
Q2 < 2 GeV2  

Friedland, Gonzalez-Solis, E.P., Quirion, Ristow in preparation



Prospects for the future

• Processus involved:  

• So far we have considered only QE scattering but many more processes
involved that need to be understood and requires hadronic physics

multi-year program
Emilie Passemar 90

Physical Processes Involved

As discussed before

❖ Quasi elastic scattering

❖ One pion production through  
resonances

❖ Non-resonant pion production

❖ Deep Inelastic Scattering

❖ Final State Interactions

!7

General formula for cross section 
contains a product of the leptonic 
and hadronic tensors 

Pauli blocking p > pF Energy transfer > EB 

P. Vogel
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Physical Processes Involved

As discussed before

❖ Quasi elastic scattering

❖ One pion production through  
resonances

❖ Non-resonant pion production

❖ Deep Inelastic Scattering

❖ Final State Interactions

!7

General formula for cross section 
contains a product of the leptonic 
and hadronic tensors 

Pauli blocking p > pF Energy transfer > EB 

P. Vogel

Emilie Passemar

P. Vogel



4. Conclusion and Outlook
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4.1  Conclusion
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• Studying fundamental symmetries and testing the Standard Model is crucial 

to understand fundamental laws of physics and new physics phenomena

• The precision / intensity frontier plays a key role in the search for the “new 

Standard Model” and its symmetries

• Broad and vibrant experimental program 

• K, D and B mesons measurements more accurate require inputs 

from hadronic physics

• To reach this quest, studying interactions of quarks, leptons and even

neutrinos with high precision requires a precise knowledge of hadronic

physics: directly for quark interactions or indirectly for leptons and neutrinos

• We have enter a precision era in all domains of particle physics requiring

an unprecedent effort in taming the hadronic uncertainties

• Hadronic physics relies on non-perturbative techniques to treat QCD at low

energies:          synergies between lattice QCD and analytical methods: 

ChPT, dispersion relations, etc.
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• In this lecture, 3 examples:

• η→ 3π allows to extract the light quark mass ratios with very good 

precision

• Studying the anomalous magnetic moment of the muon 

allows to test the Standard Model very precisely: at the moment there is

a discrepancy between SM prediction and experimental

measurements.         We need to work hard on theory front (lattice

QCD, analytical methods) and experimental from (g-2 experiment at

FNAL and at JPARC) to understand the origin of the discrepancy

Is it a hint of New Physics? 

• To measure the neutrino properties one needs to know the neutrino 

nucleus cross section with a very good accuracy. 

• Many more examples where hadronic physics is of prime importance to be 

able to interpret the very precise experimental measurements:

Extraction of CKM mixing parameters, EDMs, Neutrinoless double-beta 

decays, Neutron decay experiments, …

• The hope is to try to understand the big open questions



3. Back up
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• Let us consider the proton: it is not a fundamental particle, it is made of 3 
quarks

Proton

Emilie Passemar



Electroweak Interactions: Charged Currents
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Experimentally: electroweak interaction exhibits interesting characteristics:

- The doublet partners of the up, charm and top quarks appear to be mixtures of 
the three quarks with charge − 1/3

the weak eigenstates are different than the mass eigenstates:

Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 
eigenstates in Standard Model 

•  The CKM Mechanism source of Charge Parity Violation in SM 
 

•  Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 
eigenstates in Standard Model  

 
  
  

 
 

 

 

 

 
 

3.1  Probing the CKM mechanism 
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The CKM Mechanism

The CKM Mechanism source of ChargeParityViolation in SM
• Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 

eigenstates in Standard Model

• Fully parametrized by four parameters if unitarity holds: three real parameters 
and one complex phase that if non-zero results in CPV

• Unitarity can be visualized using triangle equations, e.g. 
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Precision measurement of |Vus| is a test of CKM unitarity

Vij: Mixing between Weak and Mass Eigenstates

• |Vud| = 0.97417 ± 0.00021 (from nuclear β decays) 

• |Vub| = (4.09 ± 0.39) x 10-3 (from B → Xu ℓ ν decays) 

 ⇒  |Vus|CKM = 0.22582 ± 0.00091



• Study of the process:

• Can it go through strong, EM, weak interactions? 

• How many Feynman diagrams at tree level? 

Application of EW interactions

97Emilie Passemar

 ν e + e− → ν e + e−



• Study of the process:

• Involve leptons only no strong interaction

• The neutrinos are electrically neutral no EM interaction  
Only Weak interactions !

• How many Feynman diagrams? 

Application of EW interactions

98Emilie Passemar

 ν e + e− → ν e + e−



2.2  Flavour Physics
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1.1   Introduction: 1.1  Test of New Physics : Vus 

•  Extraction of the Cabibbo-Kobayashi-Maskawa matrix element Vus 

Ø  Fundamental parameter of the Standard Model 
 
Description of the weak interactions: 

 
 

 
 
 
 
 

 
 
 

 

 

   
LEW = g

2
Wα

+ DLVCKMγ
αU L + eLγ

αν eL
+ µLγ

αν µL
+ τ Lγ

αντ L
( ) + h.c.

1.1   The Standard Model  

•  Theory that describes the strong and electroweak interactions 
!  Degrees of Freedom:  

" Quarks and Leptons  
" The gauge bosons:  

   W+/-, Z and A 

 
 
 

 
 
 
 

 

 

4 

Particle physics

Central question of QFT-based particle physics

L =?

i.e. which degrees of freedom, symmetries, scales ?

H Hi
gg

s

3 générations

SM best answer up to now, but
neutrino masses
dark matter
dark energy
baryon asymmetry of the
universe
hierarchy problem

S. Descotes-Genon (LPT) Heavy flavours 20/01/14 3

3 generations 
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• The CKM Mechanism source of Charge Parity Violation in SM

• Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 
eigenstates in Standard Model 

Probing the CKM mechanism
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The CKM Mechanism

The CKM Mechanism source of ChargeParityViolation in SM
• Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 

eigenstates in Standard Model

• Fully parametrized by four parameters if unitarity holds: three real parameters 
and one complex phase that if non-zero results in CPV

• Unitarity can be visualized using triangle equations, e.g. 
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Precision measurement of |Vus| is a test of CKM unitarity

Vij: Mixing between Weak and Mass Eigenstates

• |Vud| = 0.97417 ± 0.00021 (from nuclear β decays) 

• |Vub| = (4.09 ± 0.39) x 10-3 (from B → Xu ℓ ν decays) 

 ⇒  |Vus|CKM = 0.22582 ± 0.00091



• The CKM Mechanism source of Charge Parity Violation in SM

• Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 
eigenstates in Standard Model 

• Fully parametrized by four parameters if unitarity holds: three real 
parameters and one complex phase that if non-zero results in CPV 

• Unitarity can be visualized using triangle equations, e.g. 
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The CKM Mechanism

The CKM Mechanism source of ChargeParityViolation in SM
• Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 

eigenstates in Standard Model

• Fully parametrized by four parameters if unitarity holds: three real parameters 
and one complex phase that if non-zero results in CPV

• Unitarity can be visualized using triangle equations, e.g. 
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The CKM Mechanism

The CKM Mechanism source of ChargeParityViolation in SM
• Unitary 3x3 Matrix, parametrizes rotation between mass and weak interaction 

eigenstates in Standard Model

• Fully parametrized by four parameters if unitarity holds: three real parameters 
and one complex phase that if non-zero results in CPV

• Unitarity can be visualized using triangle equations, e.g. 
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Existence of CPV phase established in 2001 by BaBar & Belle

• Picture still holds 15 years later, constrained with remarkable precision 
• But: still leaves room for new physics contributions 

CKM picture over the years: from discovery to precision
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Existence of CPV phase established in 2001 by BaBar & Belle
• Picture still holds 15 years later, constrained with remarkable precision
• But: still leaves room for new physics contributions
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2 Global analyses
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Fig. 10: sin 2�1 versus Br(B ! ⌧⌫) derived from the global fit (contour) and direct mea-

surements (data points) for current world average values (left) and Belle II projections

(right).
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Fig. 11: UT fit today (left) and extrapolated to the 50 ab�1 scenario for an SM-like scenario

(right). Four tests are shown ...
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Loop

Tree

CP conserving

CP violating

2 Global analyses

Table 6: Parameter values for each scenario. The label “id” and “id*” denotes that the value

is the same as the column to the left, and two to the left respectively.

World average SM-like

Input 2016 Belle II

(+LHCb)

2025

Belle II (+LHCb) 2025

|Vub|(semileptonic)[10�3] 4.01 ± 0.08 ± 0.22 ±0.10 3.71 ± 0.09

|Vcb|(semileptonic)[10�3] 41.00 ± 0.33 ± 0.74 ±0.57 41.80 ± 0.60

B(B ! ⌧⌫) 1.08 ± 0.21 ±0.04 0.817 ± 0.03

sin 2� 0.691 ± 0.017 ±0.008 0.710 ± 0.008

�[�] 73.2+6.3
�7.0 ±1.5

(±1.0)

67 ± 1.5 (±1.0)

↵[�] 87.6+3.5
�3.3 ±1.0 90.4 ± 1.0

�md 0.510 ± 0.003 - -

�ms 17.757 ± 0.021 - -

B(Bs ! µµ) 2.8+0.7
�0.6 (±0.5) 3.31+0.7

�0.6 (±0.5)

fBs
0.224 ± 0.001 ± 0.002 0.001 -

BBs
1.320 ± 0.016 ± 0.030 0.010 -

fBs
/fBd

1.205 ± 0.003 ± 0.006 0.005 -

BBs
/BBd

1.023 ± 0.013 ± 0.014 0.005 -

|Vcd|(⌫N) 0.230 ± 0.011 - -

|Vcs|(W ! cs̄) 0.94+0.32
�0.26 ± 0.13 - -

fDs
/fDd

1.175+0.001
�0.004 - -

B(D ! µ⌫) 0.374 ± 0.017 ±0.010 -

✏K 2.228 ± 0.011 - -

|Vus|fK!⇡
+ (0) 0.2163 ± 0.0005 - 0.22449 ± 0.0005

B(K ! e⌫) 1.581 ± 0.008 - 1.5689 ± 0.008

B(K ! µ⌫) 0.6355 ± 0.0011 - 0.6357 ± 0.0011

B(⌧ ! K⌫) 0.6955 ± 0.0096 - 0.7170 ± 0.0096

|Vud| 0.97425 ± 0.00022 - -

to be feasible in practice. However, in some cases only a restricted set of Wilson coe�cients 966

contributes and such model-independent fits are possible. These cases are discussed in this 967

section. 968

2.2.1. Tree-level decays. Ryoutaro Watanabe 969

(Semi-)leptonic B meson decays are derived from the quark level process, b ! q`⌫ for q = u 970

and c. The SuperKEKB/Belle II has su�cient e�ciencies to precisely measure a variety of 971

observables for B̄ ! D(⇤)`⌫̄, B̄ ! ⇡`⌫̄, and B̄ ! `⌫̄ (for ` = ⌧ , µ, e). As we know that a 972

clear discrepancy of 4� in RD(⇤) ⌘ B(B̄ ! D(⇤)⌧ ⌫̄)/B(B̄ ! D(⇤)`⌫̄) (for ` = µ or e) has been 973

realized between the present data [203–207] and the SM predictions, it would be deserved 974
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Expect substantial 
improvements to tree 
constraints!University of Zurich, 2016, May 9 Flavour anomalies & Belle II's impact on the physics landscape
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CKM Picture over the years: from discovery to precision
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2001 2015

Existence of CPV phase established in 2001 by BaBar & Belle
• Picture still holds 15 years later, constrained with remarkable precision
• But: still leaves room for new physics contributions



• Similar tests with other mesons

• Stringent constraints on new physics models provided hadronic matrix 
elements known

2.2  Oscillations of Kaons

SM BSM

1.1   The Standard Model 
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 H
The mediators of weak interaction (W, Z) become massive through the Higgs 
Mechanism       one scalar particle remain in the spectrum: H

  D0   D0

3
ud ub cd cb td tbV V V V V V Al� � �� � �

B0 ─  B0  MIXING ¯ 

0
1(0.5064 0.0019) ps

dB
M −∆ = ± tdV

20 0 2 24 ˆH ( , )
3t t B B BtdB B V S r r M f B

� ¬­� ­� ­�� ®
�

0
1(17.757 0.021) ps

sB
M −∆ = ±

22
ts tdV V�

0 0
2 2/ 1tbB BM m m%( % � �

2 21 /c tq p m m� �

0 0 0.770 0.004
d dB BM∆ Γ = ±

( )0Re 0.0010 0.0008
dB

ε = − ±

  

�  

�   

�   

�   

�( very  small 

0 0 0.129 0.009
s sB B∆Γ Γ = − ±

0 0 26.72 0.09
s sB BM∆ Γ = ±

( )0Re 0.0003 0.0014
sB

ε = − ±

45 Flavour  Physics  &  CP                                                                                                           A. Pich  –  CLASHEP  2017 

  D0   B0
+

CDF, D0’06, LHCb’11

CP violation in D decays LHCb’19



Lattice results for BK
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Lattice  Results  for  BK 
^ 

Flavianet  Lattice  Averaging  Group 
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Flavor anomalies: P5’ & BRs
❖ Several angular observables measured as functions of q2

❖ Some, like P5’, are optimized to be insensitive to 
hadronic uncertainties:

The curious case of P5
n Most angular observables agree with SM
n Deviation in P5′ near q2=~6 GeV2

Exotic hadrons & flavor physics, May 2018 18

′
[Descotes-Genon, Matias, Ramon, Virto 2012]
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• Build an observable the less 
sensitive possible to hadronic
uncertainties          P5’
Only at LO

• But new physics contributions 
involve hadronic physics!

DHMV: Descotes-Genon et al.’15
ASZB: 



RK, RK*

107Emilie Passemar

Flavor anomalies: RK & RK*

RK(⇤) =
�(B̄ ! K̄(⇤)µ+µ�)

�(B̄ ! K̄(⇤)e+e�)

“The RK Anomaly”
LHCb 1406.6482

2.6� hint for violation of lepton flavor universality (LFU)

RK =
BR(B ! Kµ+µ�)[1,6]
BR(B ! Ke+e�)[1,6]

= 0.745+0.090
�0.074 ± 0.036

Wolfgang Altmannshofer (UC) Theoretical Advances in Flavor Physics January 14, 2016 21 / 34

� 2.2-2.4 ı in two bins

R(K*) = B→K*μ+μ-/B→K*e+e-
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• Hadronic uncertainties cancel in the ratio

• Update from LHCb and Belle
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Figure 1: (Top) expected distributions of the opening angle between the two leptons, in the
laboratory frame, for the four modes in the double ratio used to determine RK . (Bottom) the
single ratio rJ/ relative to its average value

⌦
rJ/ 

↵
as a function of the opening angle.

in the double ratio. For each of the variables examined, no significant trend is observed.
Figure 1 shows the ratio as a function of the dilepton opening angle and other examples
are provided in the Supplemental Material [71]. Assuming the deviations that are observed
indicate genuine mismodelling of the e�ciencies, rather than fluctuations, and taking into
account the spectrum of the relevant variables in the nonresonant decay modes of interest,
a total shift on RK is computed for each of the variables examined. In each case, the
resulting variation is within the estimated systematic uncertainty on RK . The rJ/ ratio
is also computed in two- and three-dimensional bins of the considered variables. Again, no
trend is seen and the deviations observed are consistent with the systematic uncertainties
on RK . An example is shown in Fig. S7 in the Supplemental Material [71]. Independent
studies of the electron reconstruction e�ciency using control channels selected from the
data also give consistent results.

The results of the fits to the m(K+`+`�) and mJ/ (K+`+`�) distributions are shown
in Fig. 2. A total of 1943 ± 49 B+! K+µ+µ� decays are observed. A study of the
B+! K+µ+µ� di↵erential branching fraction gives results that are consistent with pre-
vious LHCb measurements [12] but, owing to the selection criteria optimised for the
precision on RK , are less precise. The B+! K+µ+µ� di↵erential branching fraction
observed is consistent between the 7 and 8TeV data and the 13TeV data.

The value of RK is measured to be

RK = 0.846 +0.060
� 0.054

+0.016
� 0.014 ,

7

is assessed by incorporating a resolution e↵ect that takes into account the di↵erence between
the mass shape in simulated events for B+! J/ (! e+e�)K+ and B+! K+e+e� decays and
contributes a relative systematic uncertainty of 3% to the value of R

K

.
The e�ciency to select B+! K+µ+µ�, B+! K+e+e�, B+! J/ (! µ+µ�)K+ and B+!

J/ (! e+e�)K+ decays is the product of the e�ciency to reconstruct the final state particles.
This includes the geometric acceptance of the detector, the trigger and the selection e�ciencies.
Each of these e�ciencies is determined from simulation and is corrected for known di↵erences
relative to data. The use of the double ratio of decay modes ensures that most of the possible
sources of systematic uncertainty cancel when determining R

K

. Residual e↵ects from the trigger
and the particle identification that do not cancel in the ratio arise due to di↵erent final-state
particle kinematic distributions in the resonant and non resonant dilepton mass region.

The dependence of the particle identification on the kinematic distributions contributes a
systematic uncertainty of 0.2% to the value of R

K

. The e�ciency associated with the hardware
trigger on B+! J/ (! e+e�)K+ and B+! K+e+e� decays depends strongly on the kinematic
properties of the final state particles and does not entirely cancel in the calculation of R

K

, due
to di↵erent electron and muon trigger thresholds. The e�ciency associated with the hardware
trigger is determined using simulation and is cross-checked using B+ ! J/ (! e+e�)K+ and
B+! J/ (! µ+µ�)K+ candidates in the data, by comparing candidates triggered by the kaon
or leptons in the hardware trigger to candidates triggered by other particles in the event. The
largest di↵erence between data and simulation in the ratio of trigger e�ciencies between the
B+! K+`+`� and B+! J/ (! `+`�)K+ decays is at the level of 3%, which is assigned as a
systematic uncertainty on R

K

. The veto to remove misidentification of kaons as electrons contains
a similar dependence on the chosen binning scheme and a systematic uncertainty of 0.6% on R

K

is
assigned to account for this.

Overall, the e�ciency to reconstruct, select and identify an electron is around 50% lower than
the e�ciency for a muon. The total e�ciency in the range 1 < q2 < 6GeV2/c4 is also lower for
B+! K+`+`� decays than the e�ciency for the B+! J/ (! `+`�)K+ decays, due to the softer
lepton momenta in this q2 range.

The ratio of e�ciency-corrected yields of B+! K+e+e� to B+! J/ (! e+e�)K+ is deter-
mined separately for each type of hardware trigger and then combined with the ratio of e�ciency-
corrected yields for the muon decays. R

K

is measured to have a value of 0.72+0.09

�0.08

(stat)±0.04 (syst),
1.84+1.15

�0.82

(stat)± 0.04 (syst) and 0.61+0.17

�0.07

(stat)± 0.04 (syst) for dielectron events triggered by elec-
trons, the kaon or other particles in the event, respectively. Sources of systematic uncertainty are
assumed to be uncorrelated and are added in quadrature. Combining these three independent
measurements of R

K

and taking into account correlated uncertainties from the muon yields and
e�ciencies, gives

R
K

= 0.745+0.090

�0.074

(stat) ± 0.036 (syst).

The dominant sources of systematic uncertainty are due to the parameterization of the B+ !
J/ (! e+e�)K+ mass distribution and the estimate of the trigger e�ciencies that both contribute
3% to the value of R

K

.
The branching fraction of B+! K+e+e� is determined in the region from 1 < q2 < 6GeV2/c4

by taking the ratio of the branching fraction from B+ ! K+e+e� and B+ ! J/ (! e+e�)K+

decays and multiplying it by the measured value of B(B+! J/ K+) and J/ ! e+e� [11]. The

7
❖ And there is more: exciting news from Belle …
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• Hadronic uncertainties cancel in the ratio

• Update from LHCb and Belle

Flavor anomalies: RK & RK*
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�(B̄ ! K̄(⇤)µ+µ�)

�(B̄ ! K̄(⇤)e+e�)

“The RK Anomaly”
LHCb 1406.6482

2.6� hint for violation of lepton flavor universality (LFU)

RK =
BR(B ! Kµ+µ�)[1,6]
BR(B ! Ke+e�)[1,6]

= 0.745+0.090
�0.074 ± 0.036

Wolfgang Altmannshofer (UC) Theoretical Advances in Flavor Physics January 14, 2016 21 / 34
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Figure 1: (Top) expected distributions of the opening angle between the two leptons, in the
laboratory frame, for the four modes in the double ratio used to determine RK . (Bottom) the
single ratio rJ/ relative to its average value

⌦
rJ/ 

↵
as a function of the opening angle.

in the double ratio. For each of the variables examined, no significant trend is observed.
Figure 1 shows the ratio as a function of the dilepton opening angle and other examples
are provided in the Supplemental Material [71]. Assuming the deviations that are observed
indicate genuine mismodelling of the e�ciencies, rather than fluctuations, and taking into
account the spectrum of the relevant variables in the nonresonant decay modes of interest,
a total shift on RK is computed for each of the variables examined. In each case, the
resulting variation is within the estimated systematic uncertainty on RK . The rJ/ ratio
is also computed in two- and three-dimensional bins of the considered variables. Again, no
trend is seen and the deviations observed are consistent with the systematic uncertainties
on RK . An example is shown in Fig. S7 in the Supplemental Material [71]. Independent
studies of the electron reconstruction e�ciency using control channels selected from the
data also give consistent results.

The results of the fits to the m(K+`+`�) and mJ/ (K+`+`�) distributions are shown
in Fig. 2. A total of 1943 ± 49 B+! K+µ+µ� decays are observed. A study of the
B+! K+µ+µ� di↵erential branching fraction gives results that are consistent with pre-
vious LHCb measurements [12] but, owing to the selection criteria optimised for the
precision on RK , are less precise. The B+! K+µ+µ� di↵erential branching fraction
observed is consistent between the 7 and 8TeV data and the 13TeV data.

The value of RK is measured to be

RK = 0.846 +0.060
� 0.054

+0.016
� 0.014 ,

7

is assessed by incorporating a resolution e↵ect that takes into account the di↵erence between
the mass shape in simulated events for B+! J/ (! e+e�)K+ and B+! K+e+e� decays and
contributes a relative systematic uncertainty of 3% to the value of R

K

.
The e�ciency to select B+! K+µ+µ�, B+! K+e+e�, B+! J/ (! µ+µ�)K+ and B+!

J/ (! e+e�)K+ decays is the product of the e�ciency to reconstruct the final state particles.
This includes the geometric acceptance of the detector, the trigger and the selection e�ciencies.
Each of these e�ciencies is determined from simulation and is corrected for known di↵erences
relative to data. The use of the double ratio of decay modes ensures that most of the possible
sources of systematic uncertainty cancel when determining R

K

. Residual e↵ects from the trigger
and the particle identification that do not cancel in the ratio arise due to di↵erent final-state
particle kinematic distributions in the resonant and non resonant dilepton mass region.

The dependence of the particle identification on the kinematic distributions contributes a
systematic uncertainty of 0.2% to the value of R

K

. The e�ciency associated with the hardware
trigger on B+! J/ (! e+e�)K+ and B+! K+e+e� decays depends strongly on the kinematic
properties of the final state particles and does not entirely cancel in the calculation of R

K

, due
to di↵erent electron and muon trigger thresholds. The e�ciency associated with the hardware
trigger is determined using simulation and is cross-checked using B+ ! J/ (! e+e�)K+ and
B+! J/ (! µ+µ�)K+ candidates in the data, by comparing candidates triggered by the kaon
or leptons in the hardware trigger to candidates triggered by other particles in the event. The
largest di↵erence between data and simulation in the ratio of trigger e�ciencies between the
B+! K+`+`� and B+! J/ (! `+`�)K+ decays is at the level of 3%, which is assigned as a
systematic uncertainty on R

K

. The veto to remove misidentification of kaons as electrons contains
a similar dependence on the chosen binning scheme and a systematic uncertainty of 0.6% on R

K

is
assigned to account for this.

Overall, the e�ciency to reconstruct, select and identify an electron is around 50% lower than
the e�ciency for a muon. The total e�ciency in the range 1 < q2 < 6GeV2/c4 is also lower for
B+! K+`+`� decays than the e�ciency for the B+! J/ (! `+`�)K+ decays, due to the softer
lepton momenta in this q2 range.

The ratio of e�ciency-corrected yields of B+! K+e+e� to B+! J/ (! e+e�)K+ is deter-
mined separately for each type of hardware trigger and then combined with the ratio of e�ciency-
corrected yields for the muon decays. R

K

is measured to have a value of 0.72+0.09

�0.08

(stat)±0.04 (syst),
1.84+1.15

�0.82

(stat)± 0.04 (syst) and 0.61+0.17

�0.07

(stat)± 0.04 (syst) for dielectron events triggered by elec-
trons, the kaon or other particles in the event, respectively. Sources of systematic uncertainty are
assumed to be uncorrelated and are added in quadrature. Combining these three independent
measurements of R

K

and taking into account correlated uncertainties from the muon yields and
e�ciencies, gives

R
K

= 0.745+0.090

�0.074

(stat) ± 0.036 (syst).

The dominant sources of systematic uncertainty are due to the parameterization of the B+ !
J/ (! e+e�)K+ mass distribution and the estimate of the trigger e�ciencies that both contribute
3% to the value of R

K

.
The branching fraction of B+! K+e+e� is determined in the region from 1 < q2 < 6GeV2/c4

by taking the ratio of the branching fraction from B+ ! K+e+e� and B+ ! J/ (! e+e�)K+

decays and multiplying it by the measured value of B(B+! J/ K+) and J/ ! e+e� [11]. The

7
❖ And there is more: exciting news from Belle …
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Figure 1: (Top) expected distributions of the opening angle between the two leptons, in the
laboratory frame, for the four modes in the double ratio used to determine RK . (Bottom) the
single ratio rJ/ relative to its average value
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in the double ratio. For each of the variables examined, no significant trend is observed.
Figure 1 shows the ratio as a function of the dilepton opening angle and other examples
are provided in the Supplemental Material [71]. Assuming the deviations that are observed
indicate genuine mismodelling of the e�ciencies, rather than fluctuations, and taking into
account the spectrum of the relevant variables in the nonresonant decay modes of interest,
a total shift on RK is computed for each of the variables examined. In each case, the
resulting variation is within the estimated systematic uncertainty on RK . The rJ/ ratio
is also computed in two- and three-dimensional bins of the considered variables. Again, no
trend is seen and the deviations observed are consistent with the systematic uncertainties
on RK . An example is shown in Fig. S7 in the Supplemental Material [71]. Independent
studies of the electron reconstruction e�ciency using control channels selected from the
data also give consistent results.

The results of the fits to the m(K+`+`�) and mJ/ (K+`+`�) distributions are shown
in Fig. 2. A total of 1943 ± 49 B+! K+µ+µ� decays are observed. A study of the
B+! K+µ+µ� di↵erential branching fraction gives results that are consistent with pre-
vious LHCb measurements [12] but, owing to the selection criteria optimised for the
precision on RK , are less precise. The B+! K+µ+µ� di↵erential branching fraction
observed is consistent between the 7 and 8TeV data and the 13TeV data.

The value of RK is measured to be

RK = 0.846 +0.060
� 0.054

+0.016
� 0.014 ,

7

is assessed by incorporating a resolution e↵ect that takes into account the di↵erence between
the mass shape in simulated events for B+! J/ (! e+e�)K+ and B+! K+e+e� decays and
contributes a relative systematic uncertainty of 3% to the value of R

K

.
The e�ciency to select B+! K+µ+µ�, B+! K+e+e�, B+! J/ (! µ+µ�)K+ and B+!

J/ (! e+e�)K+ decays is the product of the e�ciency to reconstruct the final state particles.
This includes the geometric acceptance of the detector, the trigger and the selection e�ciencies.
Each of these e�ciencies is determined from simulation and is corrected for known di↵erences
relative to data. The use of the double ratio of decay modes ensures that most of the possible
sources of systematic uncertainty cancel when determining R

K

. Residual e↵ects from the trigger
and the particle identification that do not cancel in the ratio arise due to di↵erent final-state
particle kinematic distributions in the resonant and non resonant dilepton mass region.

The dependence of the particle identification on the kinematic distributions contributes a
systematic uncertainty of 0.2% to the value of R

K

. The e�ciency associated with the hardware
trigger on B+! J/ (! e+e�)K+ and B+! K+e+e� decays depends strongly on the kinematic
properties of the final state particles and does not entirely cancel in the calculation of R

K

, due
to di↵erent electron and muon trigger thresholds. The e�ciency associated with the hardware
trigger is determined using simulation and is cross-checked using B+ ! J/ (! e+e�)K+ and
B+! J/ (! µ+µ�)K+ candidates in the data, by comparing candidates triggered by the kaon
or leptons in the hardware trigger to candidates triggered by other particles in the event. The
largest di↵erence between data and simulation in the ratio of trigger e�ciencies between the
B+! K+`+`� and B+! J/ (! `+`�)K+ decays is at the level of 3%, which is assigned as a
systematic uncertainty on R

K

. The veto to remove misidentification of kaons as electrons contains
a similar dependence on the chosen binning scheme and a systematic uncertainty of 0.6% on R

K

is
assigned to account for this.

Overall, the e�ciency to reconstruct, select and identify an electron is around 50% lower than
the e�ciency for a muon. The total e�ciency in the range 1 < q2 < 6GeV2/c4 is also lower for
B+! K+`+`� decays than the e�ciency for the B+! J/ (! `+`�)K+ decays, due to the softer
lepton momenta in this q2 range.

The ratio of e�ciency-corrected yields of B+! K+e+e� to B+! J/ (! e+e�)K+ is deter-
mined separately for each type of hardware trigger and then combined with the ratio of e�ciency-
corrected yields for the muon decays. R

K

is measured to have a value of 0.72+0.09

�0.08

(stat)±0.04 (syst),
1.84+1.15

�0.82

(stat)± 0.04 (syst) and 0.61+0.17

�0.07

(stat)± 0.04 (syst) for dielectron events triggered by elec-
trons, the kaon or other particles in the event, respectively. Sources of systematic uncertainty are
assumed to be uncorrelated and are added in quadrature. Combining these three independent
measurements of R

K

and taking into account correlated uncertainties from the muon yields and
e�ciencies, gives

R
K

= 0.745+0.090

�0.074

(stat) ± 0.036 (syst).

The dominant sources of systematic uncertainty are due to the parameterization of the B+ !
J/ (! e+e�)K+ mass distribution and the estimate of the trigger e�ciencies that both contribute
3% to the value of R

K

.
The branching fraction of B+! K+e+e� is determined in the region from 1 < q2 < 6GeV2/c4

by taking the ratio of the branching fraction from B+ ! K+e+e� and B+ ! J/ (! e+e�)K+

decays and multiplying it by the measured value of B(B+! J/ K+) and J/ ! e+e� [11]. The
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Flavor anomalies: RD & RD*

Enhanced B→D(*)τν decay rates
❖ Puzzling observation of enhanced semileptonic decay rates for third-

generation leptons (~22% of B→D*τν events due to new physics):

M. Neubert: Heavy Flavour Physics (Introductory Talk)                                                                                                      3

R(D*) status today

Moriond ElectroWeak March 22 , 2017

5

If WA is correct, 22% of the D*tn events are mediated by new physics!

http://www.slac.stanford.edu/xorg/hfag/semi/index.html

MITP/15-100
November 9, 2015

One Leptoquark to Rule Them All:
A Minimal Explanation for RD(⇤), RK and (g � 2)µ

Martin Bauera and Matthias Neubertb,c
aInstitut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany

bPRISMA Cluster of Excellence & MITP, Johannes Gutenberg University, 55099 Mainz, Germany
cDepartment of Physics & LEPP, Cornell University, Ithaca, NY 14853, U.S.A.

We show that by adding a single new scalar particle to the Standard Model, a TeV-scale leptoquark
with the quantum numbers of a right-handed down quark, one can explain in a natural way three of
the most striking anomalies of particle physics: the violation of lepton universality in B̄ ! K̄`+`�

decays, the enhanced B̄ ! D(⇤)⌧ ⌫̄ decay rates, and the anomalous magnetic moment of the muon.
Constraints from other precision measurements in the flavor sector can be satisfied without fine-
tuning. Our model predicts enhanced B̄ ! K̄(⇤)⌫⌫̄ decay rates and a new-physics contribution to
Bs�B̄s mixing close to the current central fit value.

Introduction. Rare decays and low-energy precision
measurements provide powerful probes of physics beyond
the Standard Model (SM). During the first run of the
LHC, many existing measurements of such observables
were improved and new channels were discovered, at rates
largely consistent with SM predictions. However, a few
anomalies observed by previous experiments have been
reinforced by LHC measurements and some new anoma-
lous signals have been reported. The most remarkable
example of a confirmed e↵ect is the 3.5� deviation from
the SM expectation in the combination of the ratios

R
D

(⇤) =
�(B̄ ! D(⇤)⌧ ⌫̄)

�(B̄ ! D(⇤)`⌫̄)
; ` = e, µ. (1)

An excess of the B̄ ! D(⇤)⌧ ⌫̄ decay rates was first noted
by BaBar [1, 2], and it was shown that this e↵ect can-
not be explained in terms of type-II two Higgs-doublet
models. The relevant rate measurements were consis-
tent with those reported by Belle [3–5] and were recently
confirmed by LHCb for the case of R

D

⇤ [6]. Since these
decays are mediated at tree level in the SM, relatively
large new-physics contributions are necessary in order to
explain the deviations. Taking into account the di↵eren-
tial distributions d�(B̄ ! D⌧ ⌫̄)/dq2 provided by BaBar
[2] and Belle [7], only very few models can explain the ex-
cess, and they typically require new particles with masses
near the TeV scale and O(1) couplings [8–17]. One of the
interesting new anomalies is the striking 2.6� departure
from lepton universality of the ratio

R
K

=
�(B̄ ! K̄µ+µ�)

�(B̄ ! K̄e+e�)
= 0.745+0.090

�0.074 ± 0.036 (2)

in the dilepton invariant mass bin 1GeV2  q2  6 GeV2,
reported by LHCb [18]. This ratio is essentially free from
hadronic uncertainties, making it very sensitive to new
physics. Equally intriguing is a discrepancy in angu-
lar observables in the rare decays B̄ ! K̄⇤µ+µ� seen
by LHCb [19], which is however subject to significant
hadronic uncertainties [20–22]. Both observables are in-
duced by loop-mediated processes in the SM, and assum-
ing O(1) couplings one finds that the dimension-6 opera-

tors that improve the global fit to the data are suppressed
by mass scales of order tens of TeV [23–26].

In this letter we propose a simple extension of the SM
by a single scalar leptoquark � transforming as (3,1,� 1

3 )
under the SM gauge group, which can explain both the
R

D

(⇤) and the R
K

anomalies with a low mass M
�

⇠
1 TeV and O(1) couplings. The fact that such a particle
can explain the anomalous B̄ ! D(⇤)⌧ ⌫̄ rates and q2

distributions is well known [13, 17]. Here we show that
the same leptoquark can resolve in a natural way the R

K

anomaly and explain the anomalous magnetic moment of
the muon. Reproducing R

K

with a light leptoquark is
possible in our model, because the transitions b ! s`+`�

are only mediated at loop level. Such loop e↵ects have
not been studied previously in the literature. We also
discuss possible contributions to B

s

�B̄
s

mixing, the rare
decays B̄ ! K̄(⇤)⌫⌫̄, D0 ! µ+µ�, ⌧ ! µ�, and the
Z-boson couplings to fermions. We focus primarily on
fermions of the second and third generations, leaving a
more complete analysis for future work.

The leptoquark � can couple to LQ and e
R

u
R

, as well
as to operators which would allow for proton decay and
will be ignored in the following. Such operators can be
eliminated, e.g., by means of a discrete symmetry, under
which SM leptons and � are assigned opposite parity.
The leptoquark interactions follow from the Lagrangian

L
�

= (D
µ

�)†D
µ

�� M2
�

|�|2 � g
h�

|�|2|�|2
+ Q̄c�Li⌧2L�

⇤ + ūc

R

�Re
R

�⇤ + h.c. ,
(3)

where � is the Higgs doublet, �L,R are matrices in fla-
vor space, and  c = C ̄T are charge-conjugate spinors.
Note that our leptoquark shares the quantum numbers of
a right-handed sbottom, and the couplings proportional
to �L can be reproduced from the R-parity violating su-
perpotential. The above Lagrangian refers to the weak
basis. Switching to the mass basis for quarks and charged
leptons, the couplings to fermions take the form

L
�

3 ūc

L

�L

ue

e
L

�⇤�d̄c
L

�L

d⌫

⌫
L

�⇤+ūc

R

�R

ue

e
R

�⇤+h.c. , (4)

where

�L

ue

= UT

u

�LU
e

, �L

d⌫

= UT

d

�L , �R

ue

= V T

u

�
R

V
e

, (5)
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⇠ 3.5�

LEPTON UNIVERSALITY VIOLATION?
➤ Deviations in B→ D(*)τν 

decays found in multiple 
measurements over the last 6 
years, almost 4σ disagreement 
with SM prediction  

➤ Other hints of lepton 
universality violations in 
other decay modes R(D)

0.2 0.3 0.4 0.5 0.6

R
(D

*)

0.2

0.25

0.3

0.35

0.4

0.45

0.5 BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, PRL118,211801(2017)
LHCb, FPCP2017
Average

SM Predictions

 = 1.0 contours2χΔ

R(D)=0.300(8) HPQCD (2015)
R(D)=0.299(11) FNAL/MILC (2015)
R(D*)=0.252(3) S. Fajfer et al. (2012)

HFLAV

FPCP 2017

) = 71.6%2χP(

σ4

σ2

HFLAV
FPCP 2017

R(J/ )|th = 0.25� 0.28
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R(J/ )|
exp

=
BR(B

c

! J/ ⌧ ⌫)

BR(B
c

! J/ ` ⌫)
= 0.71± 0.17± 0.18

<latexit sha1_base64="6/6DBm2Le6kd9rWVNOhVMNnGR0U="></latexit><latexit sha1_base64="6/6DBm2Le6kd9rWVNOhVMNnGR0U="></latexit><latexit sha1_base64="6/6DBm2Le6kd9rWVNOhVMNnGR0U="></latexit><latexit sha1_base64="6/6DBm2Le6kd9rWVNOhVMNnGR0U="></latexit><latexit sha1_base64="6/6DBm2Le6kd9rWVNOhVMNnGR0U="></latexit>

R(K)|
exp

=
BR(B ! K µµ)

BR(B ! K ee)
= 0.745+0.090

�0.074 ± 0.036
<latexit sha1_base64="qCldFvR/xUrbkAqqoQdO+L+wiPw="></latexit><latexit sha1_base64="qCldFvR/xUrbkAqqoQdO+L+wiPw="></latexit><latexit sha1_base64="qCldFvR/xUrbkAqqoQdO+L+wiPw="></latexit><latexit sha1_base64="qCldFvR/xUrbkAqqoQdO+L+wiPw="></latexit><latexit sha1_base64="qCldFvR/xUrbkAqqoQdO+L+wiPw="></latexit>

vs

Is it New Physics? Interesting BSM interpretations → see talks in later sessions

vs R(K)|
exp

= 1.00± 0.01
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RD, RD* : recent update from Belle
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Recent update from Belle (03/19)
Recent update from Belle 

19/40 Johannes Albrecht 
G. Caria, Moriond EW, March 19 

8. Mai 2019 

(Belle 2019: 1.2σ)

Significance reduced from 4.1 to 3.1σ  !
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Leptons decaysThe very basic of charged leptons

Muon LFC

µ → µγ

(g − 2)µ, (EDM)µ

νe ↔ νµ

νµ ↔ ντ

νe ↔ ντ

NeutrinoOscillations

τ → ℓγ

τ → ℓℓ+i ℓ
−

j

Tau LFV

Tau LFC

τ → τγ

(g − 2)τ , (EDM)τ

Muon LFV

µ+ → e+γ

µ+e− → µ−e+
µ−N → e+N ′

µ−N → e−N
µ+ → e+e+e−

LFV

Thanks to Babu
Y. Grossman Charged lepton theory Lecce, May 6, 2013 p. 15

Adapted from Talk by 
Y. Grossman@CLFV2013
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Contribution to (g-2)μ

46 Seminar, LAPP-Annecy, 2011 Andreas Hoecker   –   Charged-Lepton Flavour Physics 

Loop contributions: 

Weak 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

QED 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

SUSY... ? 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

 χ χ

 ν

   

  χ
0

   

... or some unknown 
type of new physics ? 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

? 

Hadronic 

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

h

γ

µ
γ γ

µ ν µ

W W

γ
µ µ

γ

µ Z

h

µ
γ

γ

µ µ

γ

γµ

µ µ

“Light-by-light 
scattering” 

… or no effect on aµ, 
but new physics at the 
LHC? That would be 
interesting as well !! 

Need to compute the SM prediction with high precision!           Not so easy! 
Hadrons enter virtually through loops! 

Emilie Passemar 114

Hoecker’11



2.1  Quark masses

115Emilie Passemar

• Quark masses fundamental parameters of the QCD Lagrangian

• No direct experimental access to quark masses due to confinement!

• Let us consider the proton: it is not a fundamental particle, but a bound state 
of 3 quarks

   
LQCD = − 1

4
Ga

µνGµν
a + qk

k=1

NF

∑ iγ µ Dµ − mk( )qk

QuarksProton Contrary to naïve expectation, most of its
mass comes from strong force

Only 1% of its mass comes from the quark
masses (Coupling of the quarks to the Higgs
boson)



2.1  Quark masses
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• Quark masses fundamental parameters of the QCD Lagrangian

• No direct experimental access to quark masses due to confinement!

• Let us consider the proton: it is not a fundamental particle, but a bound state 
of 3 quarks

   
LQCD = − 1

4
Ga

µνGµν
a + qk

k=1

NF

∑ iγ µ Dµ − mk( )qk

QuarksProton



2.6   Why a new dispersive analysis?

• Several new ingredients: 
– New inputs available: extraction ππ phase shifts has improved

– New experimental programs, precise Dalitz plot measurements

– Many improvements needed in view of very precise data: inclusion of 
‒ Electromagnetic effects (O(e2m))

‒ Isospin breaking effects

Ditsche, Kubis, Meissner’09
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Kaminsky et al’01, Garcia-Martin et al’09

Ananthanarayan et al’01, Colangelo et al’01
Descotes-Genon et al’01

CBall-Brookhaven, CLAS, GlueX (JLab), KLOE I-II (Frascati)
TAPS/CBall-MAMI (Mainz), WASA-Celsius (Uppsala), WASA-Cosy (Juelich)

BES III (Beijing)
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2.7  Method

• S-channel partial wave decomposition

• One truncates the partial wave expansion :         Isobar approximation
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2.7  Method

• S-channel partial wave decomposition

• One truncates the partial wave expansion :         Isobar approximation

• Use a Khuri-Treiman approach or dispersive approach
Restore 3 body unitarity and take into account the final state interactions    
in a systematic way
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• Decomposition of the amplitude as a function of isospin states 

Ø isospin I rescattering in two particles 
Ø Amplitude in terms of S and P waves       exact up to NNLO (O(p6))
Ø Main two body rescattering corrections inside MI

( ) ( )0 1 1 2 2 2
2( , , ) ( ) ( ) ( ) ( ) ( ) ( )
3

M s t u M s s u M t s t M u M t M u M s= + - + - + + -

IM
Fuchs, Sazdjian & Stern’93

Anisovich & Leutwyler’96
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2.8  Representation of the amplitude



• Decomposition of the amplitude as a function of isospin states 

• Unitarity relation: 

  
M (s, t,u) = M0

0(s) + s − u( )M1
1(t) + s − t( )M1

1(u) + M0
2(t) + M0

2(u) − 2
3

M0
2(s)
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2.8  Representation of the amplitude
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From unitarity to integral equation
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• inhomogeneities F̂(s): angular averages over the F(s)
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2.4  ω/φ  → 3π	

•  Simple system: restricted to odd partial waves  
        P wave interactions only (neglecting F- and higher)  

•  Amplitude: 

 
 
 

•  F(s) function of one variable with only a right-hand cut 
 

•  Unitarity relation: 

•  Relation of dispersion to reconstruct the amplitude everywhere: 
 
 
 
 
 
 
 
 
 

ω(s): conformal map of inelastic contributions: 
        Coefficients ai play the role of improved  
        subtraction constants in alternative approaches:  
        e.g, Niecknig, Kubis, Schneider‘12 

•    
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ω/φ→3π
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• Decomposition of the amplitude as a function of isospin states 

• Unitarity relation: 

• Relation of dispersion to reconstruct the amplitude everywhere:

• PI(s) determined from a fit to NLO ChPT + experimental Dalitz plot

( ) ( )0 1 1 2 2 2
2( , , ) ( ) ( ) ( ) ( ) ( ) ( )
3

M s t u M s s u M t s t M u M t M u M s= + - + - + + -
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2.8  Representation of the amplitude
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2.9  η→ 3π Dalitz plot

• In the charged channel: experimental data from WASA, KLOE, BESIII

• New data expected from CLAS and GlueX with very different systematics
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FIG. 7: (Color online) The experimental background
subtracted Dalitz plot distribution represented by the
two dimensional histogram with 371 bins. Only bins
used for the Dalitz parameter fits are shown. The

physical border is indicated by the red line.

TABLE V: Summary of the systematic errors for the
asymmetries.

syst. error (⇥105) �ALR �AQ �AS

EGmin ±1 ±0 ±4

BkgSub ±5 ±3 ±16

✓+� , ✓�� cut +2
�0

+0
�2

+2
�0

�te cut +49
�92

+48
�22

+ 7
�15

�te ��t⇡ cut +0
�2

+3
�0

+0
�1

✓⇤�� cut + 1
�57

+3
�4

+0
�8

MM +0
�4

+0
�1

+1
�2

ECL ±9 ±0 ±25

TOTAL + 50
�109

+48
�23

+31
�35

These results confirm the tension with the theoretical
calculations on the b parameter, and also the need for
the f parameter. In comparison to the previous mea-
surements shown in Tab. I, the present results are the
most precise and the first including the g parameter.
The improvement over KLOE(08) analysis comes from
four times larger statistics and improvement in the sys-
tematic uncertainties which are in some cases reduced
by factor 2 � 3. The major improvement in the system-
atic uncertainties comes from the analysis of the e↵ect of
the Event classification with an unbiased prescaled data
sample.

The final values of the charge asymmetries are all con-
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FIG. 8: (Color online) The experimental background
subtracted Dalitz plot data, Ni, (points with errors),

compared to set #4 fit results (red lines connecting bins
with the same Y value). The row with lowest Ni values

corresponds to the highest Y value (Y = +0.75).
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FIG. 9: (Color online) Distribution of the normalized
residuals, ri, for fit #4.
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• The amplitude along the line s = u : 

2.10  Results: Amplitude for η→ π+ π-π0 decays
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Intro mu − md η → 3π and Q η → 3π disp. Summary iso-breaking Fits to data

Momentum dependence
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• The amplitude along the line t = u : 

2.10  Results: Amplitude for η→ π+ π-π0 decays

0 2 4 6 8

s/Mπ
2

0

0.5

1

1.5

2

2.5

3

3.5

ReM

LO of χPT (current algebra)
NLO of χPT
NNLO of χPT (Bijnens & Ghorbani 2007)
Kampf et al. 2011
Guo et al. 2016
this work

t = u

physical region

Emilie Passemar 125



• The amplitude squared in the neutral channel is

2.11  Z distribution for η→ π0 π0π0 decays

The agreement is excellent between 
our prediction and the data!
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2.12  Comparison of results for α

Emilie Passemar

Intro mu − md η → 3π and Q η → 3π disp. Summary iso-breaking Fits to data

Dalitz plot in the neutral channel: value of α

Comparison with other determinations:

-0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
α

ChPT O(p4)

ChPT O(p6)

Kambor et al.

Kampf et al.

NREFT, Schneider et al.

JPAC, Guo et al.

KT-elastic, AM

KT-coupled, AM

Dispersive, fit to charged KLOE

GAMS-2000 (1984)

Crystal Barrel@LEAR (1998)

Crystal Ball@BNL (2001)

SND (2001)

WASA@CELSIUS (2007)

WASA@COSY (2008)

Crystal Ball@MAMI-B (2009)

Crystal Ball@MAMI-C (2009)

KLOE (2010)

PDG average

127 α = −0.0302 ± 0.0011



2.13  Quark mass ratio
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  Q = 22.1 ± 0.7

• No systematics taken into account collaboration with experimentalists

20 21 22 23 24

Q

χPT O(p4) (Gasser, Leutwyler’85)

η → 3π

χPT O(p6) (Bijnens, Ghorbani’07)

dispersive (Anisovich et al.’96)

dispersive (Kambor et al.’96)

dispersive (Kampf et al.’11)

disp, single-channel (Albaladejo et al.’17)

disp, coupled-channel (Albaladejo et al.’17)

dispersive (Guo et al., JPAC’15’17)

dispersive (Colangelo et al.’18)

Weinberg’77

kaon mass splitting

Kastner, Neufeld’08

Nf = 2

lattice, FLAG’19

Nf = 2 + 1

Nf = 2 + 1 + 1



• Smaller values for Q        smaller values for ms/md and mu/md than LO ChPT

2.14  Light quark masses
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  Q = 22.1 ± 0.7
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2.14  Light quark masses
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Formulation of QCD

Dynamics: The Lagrangien

• Build all the invariants under SU(3)C with the quarks

invariant under global SU(3)C: 

• Gauge the theory: SU(3)C local
8 different independent gauge fields:       the gluons
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L0 = qk

k=1

NF

∑ iγ µ ∂µ − mk( )qk

( )'
 k k kq q U qa a a b
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with exp
2
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S aU ig l qæ ö= -ç ÷
è ø
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• Looking for new physics in hadronic processes      not direct access to 
quarks due to confinement 

Ø Model independent methods:
– Effective field theory

Ex: ChPT for light quarks

‒ Dispersion relations

‒ Numerical simulations on 
the lattice

1.4  Strong interaction

Confinement

QuarksProton

Emilie Passemar

PDG’12

u

µ

Hadronic Physics



Dispersive approach

• Dispersion Relations: extrapolate ChPT at higher energies

• Important corrections in the physical region taken care of by the dispersive
treatment!

133

Good convergence

ChPT NLO

ChPT LO

 ChPT

Dispersion relations

DispersiveRe M

s in units of Mπ

Anisovich & Leutwyler’96 
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Method

• S-channel partial wave decomposition

• One truncates the partial wave expansion :         Isobar approximation
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Method

• S-channel partial wave decomposition

• One truncates the partial wave expansion :         Isobar approximation

• Use a Khuri-Treiman approach or dispersive approach
Restore 3 body unitarity and take into account the final state interactions    
in a systematic way
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• Decomposition of the amplitude as a function of isospin states 

Ø isospin I rescattering in two particles 
Ø Amplitude in terms of S and P waves       exact up to NNLO (O(p6))
Ø Main two body rescattering corrections inside MI

( ) ( )0 1 1 2 2 2
2( , , ) ( ) ( ) ( ) ( ) ( ) ( )
3

M s t u M s s u M t s t M u M t M u M s= + - + - + + -

IM
Fuchs, Sazdjian & Stern’93

Anisovich & Leutwyler’96
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Representation of the amplitude



• Decomposition of the amplitude as a function of isospin states 

• Unitarity relation: 

• Relation of dispersion to reconstruct the amplitude everywhere:

• PI(s) determined from a fit to NLO ChPT + experimental Dalitz plot

( ) ( )0 1 1 2 2 2
2( , , ) ( ) ( ) ( ) ( ) ( ) ( )
3

M s t u M s s u M t s t M u M t M u M s= + - + - + + -
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Representation of the amplitude

   
disc Mℓ

I (s)⎡⎣ ⎤⎦ = ρ(s)tℓ
*(s) Mℓ
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I (s)( )
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Gasser & Rusetsky’18



η→ 3π Dalitz plot

• In the charged channel: experimental data from WASA, KLOE, BESIII

• New data expected from CLAS and GlueX with very different systematics
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FIG. 7: (Color online) The experimental background
subtracted Dalitz plot distribution represented by the
two dimensional histogram with 371 bins. Only bins
used for the Dalitz parameter fits are shown. The

physical border is indicated by the red line.

TABLE V: Summary of the systematic errors for the
asymmetries.

syst. error (⇥105) �ALR �AQ �AS

EGmin ±1 ±0 ±4

BkgSub ±5 ±3 ±16

✓+� , ✓�� cut +2
�0

+0
�2

+2
�0

�te cut +49
�92

+48
�22

+ 7
�15

�te ��t⇡ cut +0
�2

+3
�0

+0
�1

✓⇤�� cut + 1
�57

+3
�4

+0
�8

MM +0
�4

+0
�1

+1
�2

ECL ±9 ±0 ±25

TOTAL + 50
�109

+48
�23

+31
�35

These results confirm the tension with the theoretical
calculations on the b parameter, and also the need for
the f parameter. In comparison to the previous mea-
surements shown in Tab. I, the present results are the
most precise and the first including the g parameter.
The improvement over KLOE(08) analysis comes from
four times larger statistics and improvement in the sys-
tematic uncertainties which are in some cases reduced
by factor 2 � 3. The major improvement in the system-
atic uncertainties comes from the analysis of the e↵ect of
the Event classification with an unbiased prescaled data
sample.

The final values of the charge asymmetries are all con-
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FIG. 8: (Color online) The experimental background
subtracted Dalitz plot data, Ni, (points with errors),

compared to set #4 fit results (red lines connecting bins
with the same Y value). The row with lowest Ni values

corresponds to the highest Y value (Y = +0.75).
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FIG. 9: (Color online) Distribution of the normalized
residuals, ri, for fit #4.

KLOE’16
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Which value of Q2  impact neutrino data?
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Which values of q2 impact neutrino data?
❖ The experimental results point towards a larger value of the axial 

form factor 

❖ If true, the value of MA saturates the cross section leaving little 
room for multi nucleon effects

❖ Is the dipole physically motivated?  
 
 
 
 
The parametrisation has an impact on different q2 dependence 
ranges on the neutrino data  

!38

MA ∼ 1.35 GeV

FA(q2) = FA(0)

(1 − q2

M2
A )

2

Emilie Passemar



Improving the Form Factor parametrization
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Improving the Form Factor parametrisation
❖ For intermediate energy region: Can try to use VMD

• Analytical structure of FF (e.g. F1 or FA)  
 
 
 
 
 

• Resonances (Vector Mesons)                For FA  (Axial Vector Mesons)

Photon or W sees proton through  
all hadronic states (with vector or 
axial-vector  Quantum Number)
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Processes in unphysical  
region t < 4 mN

2 

!43

a1(1230) and a1’(1647)
Masjuan et al.’12

FA(t) = gA
m2

a1
m2

a′�1
(m2a1 − t)(m2

a′�1 − t)
Emilie Passemar



Improving the Form Factor parametrization
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Improving the Form Factor parametrisation
❖ For intermediate energy region: Can try to use VMD, e.g. EM FF

• Dispersion Relations

• Use spectral function from theory or from experiment 

!44
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Improving the Form Factor parametrization
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❖ How to connect to the nucleon?  

Axial form factor constrained from Tau data and nucleon data 

!52

FA(q2) = gA ⋅ fA→3π (q2)

• Take a constant gA

Does not work!

A��������� ������������ �� ��� �����-����

Axial form factor of the nucleon
FA(Q�) = fa�(Q�)Pa�NN(Q�) ,

I fa�(Q�): from ⌧ ! �⇡
I Pa�NN(Q�): a�-NN vertex function
I if Pa�NN(Q�) = �: direct extrapolation of fa�(Q�)
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