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Outline

 What is Lattice QCD (LQCD) ?             10 min    

 LQCD simulations                                 25 min 

 Famous plots                                        40 min 

 Questions                                             15 min
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QCD running 
coupling

3

强相互作⽤特性：渐近⾃由与禁闭

强
相
互
作
⽤
跑
动
耦
合
常
数

禁
闭

短距离，微扰长距离，⾮微扰

⾮微扰 David J. Gross H. David Politzer Frank Wilczek

for the discovery of 
asymptotic freedom in 
the theory of the strong 

interaction2004

Ⴙᬪᛔኧ

ஙಟ઀୏҅
ත඼Ѻ

Millennium Prize 
Problems
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Lattice gauge theory

4

June 8, 1936 - June 15, 2013
Kenneth G. Wilson

1982

for his theory for 
critical phenomena
 in connection with 
phase transitions

አ๶ቘᥴᛔᆐኴӾ
ԅՋԍӧਂࣁᛔኧጱ३ظ

从第⼀性原理出发 
包含了体系所有（⾮）微扰性质
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string tension

lattice gauge couplingMichale Creutz 
@BNL

First numerical lattice simulations
Spawned golden age in lattice QCD M. Creutz, PRD 1980

Michale Creutz 
on the beach



/486

https://arxiv.org/archive/hep-lat

arXiv: hep-lat

https://arxiv.org/archive/hep-lat


/487https://mp.weixin.qq.com/s/wI0oQpNYWE_rD0TUazFOgA

https://mp.weixin.qq.com/s/wI0oQpNYWE_rD0TUazFOgA
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Latticeଙտғ໒ᅩ࣋ᦞᶾऒ๋ṛᕆڦտᦓ 

ᒫ37੺, 2019ଙ6์16-22෭@܏Ӿ૵᝜य़਍҅ྎ࿥
ᒫ27੺, 2009ଙ7์26-31෭@۹Ղय़਍҅۹Ղ

Lattice 2019: 340֟Ո݇տ

Ԇ֖ܔېғ܏Ӿ૵᝜य़਍
૵᝜य़਍, ࿯ᝁय़਍, ᥜਞૡӱܖ૝य़਍, დࢥ ,୏य़਍, ၭ࿯य़਍ܖ ,य़਍܏ғ۹Ղय़਍, Ⴔ֖ܔېܐ
य़਍, ݣკԻ᭗य़਍, ӾᑀᴺṛᚆᇔቘᎸᑪಅ,  ӾᑀᴺᬪդᇔቘᎸᑪಅ, ӾᑀᴺቘᦞᇔቘᎸᑪಅ
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Lattice QCD (໒ᅩᰁৼᜋۖێ਍)
唯⼀的从第⼀性原理出发的(从头开始算)  
⽤来研究QCD长程⾮微扰的理论⽅法

量⼦⾊动⼒学拉格朗⽇量

夸克 胶⼦

 ਖ਼෸ᑮᐶව۸ԅํӞਧᳵ᪗ጱ໒ৼғᡦ෸ጱཾپ᯾஑ᑮᳵѺ

 ३ظනࣁᅩӤ҅ᚂৼ֢ԅᅩӨᅩԏᳵጱᬳᕚ

 ਖ਼֢አێᰁҁ೉໒๔෭ᰁፘى҂ᐶව۸҅ਧԎ᪠ஆᑌړጱᰁଶ

 ਧԎݢᥡၥጱᇔቘᰁ
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Input parameters

•  quark masses

•  lattice size:

•  lattice gauge coupling:  

•  Temperature 

• Four dim. Euclidean lattice

•  adsf

a

aNσ

λ

setup of Lattice QCD simulations 

No free parameters 
input bare parameters of QCD Lagrangian 

fixed by reproducing physics at T=0

Thermodynamic limit:  V→0 
Continuum limit: a→0 
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໒ᅩᰁৼᜋۖێ਍ғṛᖌଶහ꧊ᑌړ

胶⼦场 夸克场 反夸克场 格点QCD作⽤量

hOi =
1

Z

Z
DU D D ̄ O exp(�SLQCD)

配分函数 路径积分

路径积分
维度： Nc

O
Nf

O
Nspin

O
Nd

O
N3

s

O
Nt & 109

᷏ᜋ
3

᭲ޱ
3

ᛔ෤
2

ᖌଶ
4

ᑮᳵᅩහ
ӗ48

෸ᳵᅩහ
ӗ12
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໒ᅩᰁৼᜋۖێ਍ғṛᖌଶහ꧊ᑌړ

胶⼦场 夸克场 反夸克场 格点QCD作⽤量

hOi =
1

Z

Z
DU D D ̄ O exp(�SLQCD)

配分函数 路径积分

• 4 dimensional grid (=Lattice)
• quarks live on lattice sites

• gluons live on the links

• typical sizes 243x6 to 2564

• parallelization over lattice sites (105 to 109 )
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໒ᅩᰁৼᜋۖێ਍ཛྷ೙

Un: ᕟா

Z =

Z
DU detMf exp(�SG)

重要抽样：

hOi = lim
N!1

1

N

NX

n=1

O[Un]

dP (U) =
detMf e�SG[U ]D[U ]R
D[U ] detMf e�SG[U ]

hOi =
1

Z

Z
DU detMf O exp(�SG)҅

1. Ծኞᕟா(gauge configurations)            ے᭛࢏ 
2. चԭᕟாᦇᓒᇙਧᥡၥᰁ                       റၥ࢏ 
3. ುݐᇔቘ                                                හഝړຉ

໒ᅩᦇᓒྍṈғ ᔄྲਫḵᎸᑪӾጱ
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໒ᅩᰁৼᜋۖێ਍ғ࿢ᥴय़ࣳᑑ዇Ꭵᴣ(M)ጱᭋ

 ಋ஄ٽᘸ (chiral condensate)

hq̄qi = @ lnZ

@mq
=

nf

4
hTrM�1i

Conjugate Gradient
M x = y

x = M�1y

矩阵⼤⼩ 109！

@2lnZ

@µ2
=

⌧
nf

4

@2(ln det M)

@µ2

�
+

*✓
nf

4

@(ln det M)

@µ

◆2
+

Tr

✓
M�1 @

2M

@µ2

◆
� Tr

✓
M�1 @M

@µ
M�1 @M

@µ

◆
Tr

✓
M�1 @M

@µ

◆

 lnZ੒۸਍۠ᚆμጱ؇੕ (general susceptibility)

⼀般需要107次求逆
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II: ᵋ๢ଘ࣐ғRandom Noise Method

lim
N!1

1

N

NX

k=1

⌘⇤ki⌘kj = �ij

hTrM�1i = lim
Nconf!1

1

Nconf

NconfX

k=1

�
TrM�1

�
k

�
TrM�1

�
k
= lim

Nrv!1

1

Nrv

NrvX

j=1

⌘†jM
�1
k ⌘j

最简单的情形: 对矩阵的逆求迹
 ⼆次平均: 组态平均+随机平均

Nconf: ~20000

组态(configuration)数⽬

Nrv: ~2000

随机向量(random noise vector)数⽬

⼀般需要107次求逆

I. 组态平均
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Challenges in computations of higher order fluctuations

M: fermion matrix

8th order 
susceptibility/ 

fluctuation
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Challenges in computations of higher order fluctuations

Too many 
inversions!

M: fermion matrix

8th order 
susceptibility/ 

fluctuation
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1989
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打游戏的显卡（GPU）
可以⽤来做科学计算！
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 ᓌᑍғ NSC3

N:         C3: Color 3 -> QCD

“᭲ኞӞ҅Ӟኞԫ҅ԫኞӣ҅ӣኞӡᇔ” —- ̽᭲஛ᕪ̾ᘌৼ 600 BC

୩ፘ԰֢አቘᦞ(QCD)Ӿ३ظଃํᕁᖖ᠗ӣᐿ᷏ᜋ
 S: Science,Nuclear , 

ChiralityConfinement Criticality

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

ᐬᳮ ಋ஄ ԁኴᤈԅ
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June, 2021

国内首个格点QCD专用超算平台，国内最快！

Peak performance: 
2 PFlops/s 

(ྯᑁ2܉ӡՊེၶᅩᬩᓒ) 
Storage: 

1 PB

38 computing nodes 
(304 V100 GPUs)

High Performance Computing in High Energy Physics 
Sep. 19-21, 2018

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏
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June, 2021

国内首个格点QCD专用超算平台，国内最快！

Peak performance: 
2 PFlops/s 

(ྯᑁ2܉ӡՊེၶᅩᬩᓒ) 
Storage: 

1 PB

38 computing nodes 
(304 V100 GPUs)

8 GPUs in each node
On 1-single GPU: 
643x16, 723x12

8 nodes in each rack

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏
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June, 2021

国内首个格点QCD专用超算平台，国内最快！

Peak performance: 
2 PFlops/s 

(ྯᑁ2܉ӡՊེၶᅩᬩᓒ) 
Storage: 

1 PB

38 computing nodes 
(304 V100 GPUs)

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

GPU HackathonҁἓਮḘ೉ຂ҂
•ᰒ੒Ոᗭғ 
       1҂మս۸GPUଫአᑕଧጱᎸᑪࢫᴚ
       2҂మ಩CPUᑕଧᑏ༙کGPUӤጱᎸᑪࢫᴚ
•೰੕ӫਹғ᝕ւᬡ݊ݪلӱٖGPU޾ᦇᓒ๢ӫ
ਹ

•෸ᳵғྯଙชॠ
Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏ᅩғࣈ•

GPU Hackathon 2020
http://physics.ccnu.edu.cn/info/1045/3637.htm

GPU Hackathon 2021
http://qlpl.ccnu.edu.cn/info/1093/2403.htm

http://physics.ccnu.edu.cn/info/1045/3637.htm
http://qlpl.ccnu.edu.cn/info/1093/2403.htm
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国内首个格点QCD专用超算平台，国内最快！

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

ս۸ጱGPUդᎱࣁӧݶຝ຅Ӥጱᬩᓒ᭛ଶ8ܜV100 ๐࢏ۓຝ຅
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宇宙终极问题? 42?

from The Hitchhiker's Guide to the Galaxy (2005) ̽ᱷမᔮᄓ჋೰̾ܖ
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፥ᑮᄶݎ——ਫḵਰӾԾኞෛጱᇔᨶ୵ா?!

μB T

Quark Gluon Plasma
(QGP)

३ظᚂৼᒵᐶৼ֛

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a 

՗ᬮܻᦞکෆ֛ᦞ

“໐ৼ᯿ইᇍ҅੒ඊኞෛா̶”
Ink painting masterpiece 1986:

 "Nuclei as Heavy as Bulls, Through Collision 
Generate New States of Matter”,

 by Li Keran, 
reproduced from open source works of T.D.Lee. 

ತکӶ०ጱ੒ᑍ௔Ҙ
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ਫḵਰӾጱ“ੜᆷᅨ”: ᯿ෛԾኞ३ظᚂৼᒵᐶৼ֛

RHIC

LHC

ፘ੒ᦞ᯿ᐶৼ੒ඊ๢ (Relativistic Heavy Ion Collider) 
@ᗦࢵ૲Ṽظၹ෈ࢵਹਫḵਰ

य़ࣳ୩ৼ੒ඊ๢(Large Hadron Collider)@ཾၖ໐ৼᎸᑪӾஞ
໐ᇔᨶၥᰁᨏը(CEE)@ӾᑀᴺᬪդᇔቘᎸᑪಅੂٯ
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QCD����

᩻ṛੂଶ

᩻
ṛ
Ⴥ
ଶ ३ظᚂৼᒵᐶৼ֛

ԁኴᅩ

热密核物质：探索QCD相结构, 寻找QCD 临界点

 从强⼦相到夸克胶⼦等离⼦的相变温度

 QCD 临界点(critical point) — Criticality
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平衡态
&

近平衡态

夸克胶⼦等离⼦体

ӟԿ᭗, F. Karsch, S. Mukherjee, Int.J.Mod.Phys. E24 (2015) no.10, 1530007  
https://arxiv.org/pdf/1504.05274 

ESI(1ڹ%)ṛᤩ୚෈ᒍ

https://arxiv.org/pdf/1504.05274
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Famous plots
#1:  What is the QCD Equation of State (EoS) ? 

#2:  At what temperature a QGP can be formed ? 

#3:  What happens if # of baryons is more than that of anti-

baryons ?

26
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Lattice QCD calculation of EoS at μB =0

HotQCD, PRD 90 (2014) 094503 
Cited by 872 records

J. Engels, F. Karsch, H. Satz, I. Montvay 
Phys. Lett. B 101 (1981) 89-94

SU(2) pure gauge; Quenched QCD 
at a finite lattice cutoff of Nt=2

Nf=2+1, physical point 
continuum extrapolated

(ε-3p)/T4

p/T4

s/4T4

 
 
 

0

1

2

3

4

130 170 210 250 290 330 370

T [MeV]

stout HISQ

3

Famous plots #1: 
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Quenched QCD v.s. dynamical QCD

28

<latexit sha1_base64="U3SMtoyopkfy1oXsJBmdD1nuDVQ="></latexit>

Z =

Z
DU

Y

f=u,d,s,···
D (f) D ̄(f) e�SG�SF =

Z
DUe�SG

Y

f=u,d,s,···
detMf

Integrate out the 
Grassman variables

detMf=constant, computationally cheap, 
no sea quarks 

detMf (U), more computing resources needed

<latexit sha1_base64="BqONqbUPQ5p8+Ec5rc3lhV65DkE="></latexit>

< O >=
1

Z

Z
DU O e�SG

Y

f=u,d,s,···
detMf

Quenched QCD: 

Dynamical (full) QCD:
Nf = #+# QCD: Nf=2+1 QCD:  mu=md≠ms , Nf=3 QCD:  mu=md=ms, 

     Nf=1+1+1 QCD: mu≠md≠ms , Nf=2+1+1 QCD:  mu=md≠ms≠mc

Physical mass point: u, d, s quark masses are tuned to reproduce 
the pion, kaon, and  masses ηss̄
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Wilson gauge action
Plaquette:

smallest Wilson loop that is gauge invariant

Wilson gauge action:

Reproduce the gauge action in the continuum limit with an order a2 

correction 

The above the above equation can be obtained with the help of :  

,
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३ظᚂৼᒵᐶৼ֛ጱᚆᰁੂଶ

Ⴥଶ

ᚆᰁੂଶ

1ᔂӗ4ଙ

εc≃5x1034 J/m3

A.Bazavov,…ӟԿ᭗ et al.[HotQCD], Phys.Rev. D90 (2014) 094503 
௛ᤩ୚872ེ

Nf=2+1 QCD at physical point
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३ظᚂৼᒵᐶৼ֛ٖጱܴ୩

Ⴥଶ

ܴ୩

A.Bazavov,…ӟԿ᭗ et al.[HotQCD], Phys.Rev. D90 (2014) 094503 
௛ᤩ୚872ེ

RHIC: p ≃1030  bar
Nf=2+1 QCD at physical point
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Order of  the Nf=2+1 QCD transition at the physical point

⼿征磁
化率

Staggeredғ
ԻᲙᩇᔂৼ
ᶋಋ஄ᩇᔂৼ

Y. Aoki et al., Nature 443 (2006) 675-678 
Cited by 1516 records

crossover transition

Famous plots #2: 
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实验中是否产⽣新的物质形态——夸克胶⼦等离⼦体

⼿征磁化率

温度

ᙧวԅIBM BGQ᩻ᕆᦇᓒ๢

୩ፘ԰֢አ໐ᇔᨶଘჶᬦჁک३ظᚂৼᒵᐶৼ֛ጱፘ᫨ݒჅଶԅ

155(1)(8) MeVӗ1.8x1012 K

̽ᇔቘᦧᦞளಸ̾ᖫᬋവគᴅ᧛ଚᤩᗦࢵᇔቘ਍տ̽ᥡᅩ̾๥பಸ᭲

T. Bhattacharya,…ӟԿ᭗,…et al.[HotQCD], Phys. Rev. Lett.,113(2014)082001 

ESI(1ڹ%)ṛᤩ୚෈ᒍ

室温：
293.15 K

太阳表⾯温度：
～5.8x103 K

太阳中⼼温度：
～1.57x107 K
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Doubler problem & Wilson fermion action

34

Naïve fermion action  
in the free limit:

Wilson fermion matrix:

Propagatorғ

physical poles:
unwanted poles,doublers:

Wilson fermion action:

Wilson 
term

Wilson term vanishes when pμ  =0 and gives an extra mass l/a (infinity at a=0)

<latexit sha1_base64="j8Ee9AEM7zmdLzxPp0o0ES6t4ic="></latexit>

lim
x!0

sin(x) = x
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Different discretization schemes

• Wilson fermions: free of the doublers but break the chiral 
symmetry explicitly  

• Staggered fermions: preserve part of the chiral symmetry 
and partially get rid of the doublers  

• Domain Wall fermions: live in 5D, preserve exact chiral 
symmetry as the extent of the 5th-d going to infinity 

• Overlap fermions: preserve exact chiral symmetry 

35
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Current hot & dense lattice QCD simulations
Lattice QCD: discretized version of QCD on a Euclidean space-time 
lattice, reproduces QCD when lattice spacing a→0 (continuum limit)

✤  Staggered actions at a≠0: taste symmetry breaking
✤ 1 physical Goldstone pion +15 heavier unphysical pions

✤ averaged pion mass, i.e. Root Mean Squared (RMS) pion mass

✤ Smaller RMS pion mass → Better improved action: HISQ, stout

✤  Chiral fermions(Domain Wall/Overlap) at a≠0
✤ preserves full flavor symmetry and chiral symmetries
✤ computationally expensive to simulate, currently starts to 

produce interesting results on QCD thermodynamics

Mostly dynamical QCD with Nf=2+1 and physical pion mass
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ๅᔜࣈٵ஑کԧፘ᫨ݒჅଶ
Tc(0)=156.5(1.5)MeV

A. Bazavov, ӟԿ᭗, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15, ௛ᤩ୚228ེ

150

155

160

165

170

N
⌧ =

1

N
⌧ =

16

N
⌧ =

12

N
⌧ =

8

N
⌧ =

6

Tc(0) [MeV]

1/N2
⌧

�⌃

C�
0

C⌃
0

C⌃
2

C�
2

(156.5± 1.5) MeV ᙧวԅV100  
(GPU)࢏୵॒ቘࢶ

Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏

ᬳᖅक़വᕮຎ

a0
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ᰁৼᜋۖێ਍ಋ஄ፘݒჅଶ

ԫᴤፘݒ,O(4)ᗭฦᭇᔄ

ӟԿ᭗҅P. Hegde et al.,  Phys. Rev. Lett. 123(2019) 062002҅௛ᤩ୚80ེ

ፘ᫨ݒჅଶ

३ظᨶᰁ

QCDԁኴᅩጱჅଶӤᴴ
Ӿ૵᝜य़਍໐ᑀ਍ᦇᓒӾஞ܏
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᩻ṛੂଶ

᩻
ṛ
Ⴥ
ଶ ३ظᚂৼᒵᐶৼ֛

ԁኴᅩ

᯿ৼහፓӧԅᵭ෸ጱQCD ፘᕮ຅ٳ
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⾮零重⼦化学势能下的格点QCD模拟

dP (U) =
detMf(µ) e�SG[U ]D[U ]R
D[U ] detMf(µ) e�SG[U ]

为复数 不正定
 重要抽样不再适⽤
 数值有正又有负，结果⾮常⼩，误差基本不能控制：NP-
hard Problem

符号问题

 凝聚态物理中存在类似问题：Hubbard模型等
 在传统意义上的计算机⼀般算法解决不了这个问题

•  量⼦计算机？
•  将NP问题转化成P问题？ Millennium Prize Problems

(Non-deterministic Polynomial time Problem)
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Lattice simulations at nonzero μB

 Taylor expansion coefficients at μ=0 are computable in LQCD

�BQS
ijk ⌘ �BQS

ijk (T ) =
1

V T 3

@P (T, µ̂)/T 4

@µ̂i
B@µ̂

j
Q@µ̂

k
S

���
µ̂=0

p

T 4
=

1

V T 3
lnZ(T, V, µ̂u, µ̂d, µ̂s) =

1X

i,j,k=0

�BQS
ijk

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

✏� 3p

T 4
= T

@P/T 4

@T
=

1X

i,j,k=0

T d�BQS
ijk /dT

i!j!k!

⇣µB

T

⌘i ⇣µQ

T

⌘j ⇣µS

T

⌘k

Thermodynamic quantities can be obtained using relations, e.g.

 Taylor expansion of the QCD pressure: Allton et al., Phys.Rev. D66 (2002) 074507
Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506 

 Taylor Expansion method, Imaginary chemical potential, 
Complex Langevin… 
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Taylor expansion coefficients at  μB=0 

42

�B
n (T ) =

@nP (T, µB)/T 4

@µ̂n
B

���
µ̂B=0

<latexit sha1_base64="w7JDhPB61tDnbLjEFlX4uz0VLRw="></latexit>
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QCD Equation of  State at small baryon density

43
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Famous plots #3: 

A. Bazavov, HTD. P. Hegde et al.,[HotQCD], Phys.Rev.D 95 (2017) 5, 054504 
Cited by 287 records

�(P/T 4) =
P (T, µB)� P (T, 0)

T 4
=

1X

n=1

�B
2n(T )

(2n)!

⇣µB

T

⌘2n

=
1

2
�B
2 (T )µ̂

2
B

⇣
1 +

1

12

�B
4 (T )

�B
2 (T )

µ̂2
B +

1

360

�B
6 (T )

�B
2 (T )

µ̂4
B + · · ·

⌘

 The EoS is well under control at μB/T≲2 or √sNN ≳12 GeV

Pressure difference Baryon number density
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Baryon number —> B

Baryon number fluctuation —> B2

Bound state of quarks
B=1, -1 
B2=1

q q
_ Unbounded quarks

B=1/3, -1/3 
B2=1/9

Changes of degree of freedom in thermal QCD

measure of fluctuations of B

Bielefeld-BNL-CCNU: PRL 111(2013) 082301, PLB 737(2014) 210

1/9
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Chiral crossover line: Tpc(µB) = Tpc(0)

✓
1� 2

⇣µB

T

⌘2
� 4

⇣µB

T

⌘4
◆

A. Bazavov, ӟԿ᭗, P. Hegde et al. [HotQCD],  
Phys. Lett. B795 (2019) 15, ௛ᤩ୚228ེ
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hot & dense lattice QCD
Other contents/frontiers not covered but very important

electrical conductivity & baryon diffusion 
energy loss of heavy quark in hot & dense medium 

thermal dilepton & photon emission from QGP 
shear & bulk viscosities  
fate of heavy quarkonia 

QCD in the external magnetic field 
…

See recent reviews: 
HTD, F. Karsch, S. Mukherjee, Int. J. Mod. Phys. E 24 (2015) no.10, 1530007 

plenary talks@lattice conference: HTD, arXiv:1702.00151, S. Kim, arXiv:1702.02297 
C. Schmidt & S. Sharma, arXiv:1701.04707  

G. Endrodi, PoS CPOD2014 (2015) 038
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✤ “Quantum Chromodynamics on the Lattice”,     
   C. Gattringer and C. B.  Lang, Springer 2010

✤ “Lattice QCD for Novices”,  
  G. Peter Lepage, arXiv:hep-lat/0506036

✤ “Thermodynamics of strong-interaction matter from Lattice QCD”, 
  HTD, F. Karsch, S. Mukherjee, arXiv:1504.05274  

Books & literatures

✤ Conference proceedings in the annual “lattice conference”

• Lattice 2017, Granda, Spain 
• Lattice 2018, Michigan, USA 
• Lattice 2019, CCNU, Wuhan, China 
• …
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Backup
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Chiral symmetry of QCD

50

,

Chiral rotation:

 Lagrangian density is invariant under the chiral rotation:

 A mass term explicitly breaks the chiral symmetry:

 Essence of chiral symmetry:

D: massless Dirac operator
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chiral symmetry on the lattice

51

Df (n|m)↵�,ab =
4

a
�↵��ab�n,m � 1

2a

±4X

µ=±1

(1� �µ)↵� Uµ(n)ab �n+µ̂,m

Massless Wilson Dirac operator breaks chiral symmetry

�2
5 = 1 {�5, �µ} = 0�†

5 = �5, ,
 The Ginsparg-Wilson equation

lattice space a ->0

 Lattice fermion satisfy the Ginsparg-Wilson equation preserve the 
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice
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chiral symmetry on the lattice

51

Df (n|m)↵�,ab =
4

a
�↵��ab�n,m � 1

2a

±4X

µ=±1

(1� �µ)↵� Uµ(n)ab �n+µ̂,m

Massless Wilson Dirac operator breaks chiral symmetry

�2
5 = 1 {�5, �µ} = 0�†

5 = �5, ,
 The Ginsparg-Wilson equation

lattice space a ->0

 Lattice fermion satisfy the Ginsparg-Wilson equation preserve the 
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice
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QCD action
 Gauge action:

!, β: Dirac index, 1,2,3,4 μ: Lorentz index, 1,2,3,4 c,d: color index, 1,2,3

 Fermion action:
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Sign problem at µB =/=0 

53

 Toy model for demonstration of the sign problem
Z =

X

{�(x)=±1}

sign(�) e�S(�)
Z0 =

X

{�(x)=±1}

e�S(�);

f(f0): free energy density 
corresponding to Z(Z0)

hsign(�)i0 =
Z

Z0
= e�(f�f0)V/T ⌧ 1

�sign(�)

hsign(�)i0
=

q
hsign2i0 � hsigni20p

Nhsigni0
' e(f�f0)V/T

p
N

⌧ 1 N � e2(f�f0)V/T

QCD: Z = Tr
h
e�(H�µN)/T

i
=

Z
[dA] det[D +mq + iµ�4] e

�S(A)

det D[µ]
D†(�µ) = �5D(µ)�5 Ɣ5-hermiticity does not hold and instead: 

det D[µ] is a complex number

hOi =
hO(�) sign(�)i0

hsign(�)i0
hOi =

1

Z

X

{�(x)=±1}

O(�)sign(�) e�S(�)
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Staggered fermions

54

staggered transformation:

Naïve fermions:

�(n) :Grassmann-valued fields with only color indices but without Dirac structure 
16 -> 4 tastes (doublers) 

staggered fermions:
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chiral fermions on the lattice
 Overlap fermion operator Dov : only operator that satisfies the Ginsparg-
Wilson equation 

 Domain Wall fermions: introduce the fictitious 5th dimension of extent N5

A denotes some suitable Ɣ5-hermitian “kernel” Dirac operator

sign(H) = H|H|�1 = H(H2)�
1
2, ,

large numerical cost due to the evaluation of (HH+)-1/2

costs > 100 x costs of Wilson formulation

s

preserve exact chiral symmetry N5. Residual symmetry breaking is 
quantified by the additive renormalization factor mres to the quark mass

costs > N5 x costs of Wilson formulation
Ns = 16-64
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Monte Carlo simulation

56

 Ɣ5-hermiticity:

 Treat the fermion determinant as a weight factor

hOi = 1

Z

Z
D[U ] e�SG[U ] det[Du] det[Dd]

(�5D)† = �5D D† = �5D�5or

Expectation value:

Partition function:

detD 2 R⇒

Wilson fermion matrix (page 18) satisfy Ɣ5-hermiticity

Un  is distributed 
according to: 

Should be real and 
nonnegative as a 

probability

O

hOi ⇡ 1

N

X
O[Un]
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Taste symmetry breaking of staggered fermions

57

T→0
T→∞

action(group) improvements at T→0 improvements at T→∞
naïve (Mumbai) none none

p4(BNL-Bi) poor very good
asqtad(hotQCD) ok good

2stout(WB) good none
4stout(WB) very good none

HISQ(hotQCD) very good good

0.80

1.00

1.20

1.40

1.60

1.80

4 8 12 16 20 24

No

naive & stout

asqtad & hisq

p4

P/PSB
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Discretization of the fermion action

58

 Free fermion action (A =0):

 Not gauge invariant: 

 Introduction of a gauge linkғ
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Pure gauge theory (Nf=0)

|h`i| / e�fq/T

` =
1

Nc
Tr

"
P exp

 
�ig

Z �

0
dx4 A4(x, x4)

!#

h`†(r)`(0)i / e�fqq̄ (r)/T

center transformation: A4(x, x4) ! z A4(x, x4) z 2 Z(Nc),
The gauge action is invariant under the center transformation

 Polyakov loop:

` ! z` h`i = 1

3
h`+ z`+ z2`i = 0⟹

 Polyakov loop is related to the heavy quark (pair) potential:

,


