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- What is Lattice QCD (LQCD) ? 10 min
- LQCD simulations 25 min
~ Famous plots 40 min
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Lattice gauge theory

PHYSICAL REVIEW D VOLUME 10, NUMBER 8 15 OCTOBER 1974

e

M — R ER K Confinement of quarks™ PREERE BRI
EENG SV NC DR T T N R AT R NS R

Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14850
(Received 12 June 1974)

A mechanism for total confinement of quarks, similar to that of Schwinger, is defined which requires
the existence of Abelian or non-Abelian gauge fields. It is shown how to quantize a gauge field theory
on a discrete lattice in_Euclidean space-time, preserving exact _gauge invariance and treating the gauge
fields as angular variables (which makes a gauge-fixing term unnecessary). The lattice gauge theory has
a_computable strong-coupling limit; in this limit the binding mechanism applies and there are no free
quarks. There is unfortunately no Lorentz (or Euclidean) invariance in the strong-coupling limit. The
strong-coupling expansion involves sums over all quark paths and sums over all surfaces (on the lattice)
joining quark paths. This structure is reminiscent of relativistic string models of hadrons.

Kenneth G.Wilson
June 8, 1936 - June 15,2013

for his theory for
critical phenomena
in connection with
phase transitions

© Cornell University



First numerical lattice simulations

Spawned golden age in lattice QCD M- Creutz, PRD 1980
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arXiv.org arXiv: hep-lat

Open access to 1,641,756 e-prints in the fields of physic
economics. Submissions to arXiv should conform to Corr httDS'//arXiVOrg/arChive/heD_lat

is funded by Cornell University, the Simons Foundation a

Subject search and browse: [ physics

06 Jan 2020: Martin Luther King, Jr. Holiday Schedule ani
See cumulative "What's New" pages. Read robots beware

Search... All fie

arXiv.org > hep-lat

Help | Advanced Search

PhYSlCS High Energy Physigs - Lattice (since February 1992)
. For a specific paper, enter the identifier il§g, the top right search box.
» Astrophysics (astro-ph new, recent, search) . Browse -
includes: Astrophysics of Galaxies; Cosmology and 7 Tecent Unst 5 maiimgyy o oeec)
. . o current month's hep-lat listings
Astrophysics; Solar and Stellar Astrophysics o specific year/month:

2020 ¥ | [ allmonths ¥ | Go

e Condensed Matter (cond-mat new, recent, search) - catch-up

Changes since: [ 314 01 (Jan) #)[ 2020 %, view results [ without+ | abstracts Go

includes: Disordered Systems and Neural Networks . searchwitin te hep-iac archive
Mechanlcs’ Strongly Correlated Electrons’ Supercor 2020 2019 2018 2017 2016 2015 2014 2013 2012 2011 2010 2009 2008 2007 2006 2005 2004 2003 2002 2001 2000 1999 1998 1997 1996 1995 1994 1993 1992
e General Relativity and Quantum Cosmology (gr-qc
e High Energy Physics - Experiment (hep-ex new, re
e High Energy Physics - Lattice (hep-lat new, recent,
e High Energy Physics - Phenomenology (hep-ph ne
e High Energy Physics - Theory (hep-th new, recent,
e Mathematical Physics (math-ph new, recent, searc
e Nonlinear Sciences (nlin new, recent, search)
includes: Adaptation and Self-Organizing Systems;
e Nuclear Experiment (nucl-ex new, recent, search)
e Nuclear Theory (nucl-th new, recent, search)
e Physics (physics new, recent, search)
includes: Accelerator Physics; Applied Physics; Atm
Computational Physics; Data Analysis, Statistics ani
Physics; Optics; Physics and Society; Physics Educa
e Quantum Physics (quant-ph new, recent, search)
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Lattice QCD (8 R=FE1/1%F)
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setup of Lattice QCD simulations

e Four dim. Euclidean lattice

\ \ '\ N3 x N;
\ ) \ T
] \ y / / * Temperature T = 1/(N;a)
Vw/s N/ Mot a< A< Nya

Thermodynamic limit: V—0
Continuum limit:a—0

Input parameters

TN
2L/ \ e lattice gauge coupling: 3(= 6/g°)
\
L__)\ > e quark masses
N / -
N | e |attice size: N.. N,

No free parameters

< aN S input bare parameters of QCD Lagrangian
fixed by reproducing physics at T=0
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MREFEBENTF: SEEDERD
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e parallelization over lattice sites (105to 109)
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BEBFEMNNE: REABRIENE (M)

S I /T \b

¢ F1EEEsR (chiral condensate)

Conjugate Gradient
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¢ INZX Mt FHBEPRIIRS (general susceptibility)

82an ny 0°(In det M) (e A(ln det M)\ °
ou? 4 op? 4 ou

13/48



B T PRI T XA B 4 36 >R
¢ TP A TISHREVL Y

Wiksas

conf

N
1 Nconf: 20000

TtM~') = lim TeM ! X

( ) Neons—00 Neon f kz::l ( )k 7H 2 (configuration)Z{{ H

I: BN Random Noise Method

Niv: 2000
(Tr M _1) = N 111200 Nm Z 77 77j AL 7] B (random noise vecton %y H

NIE%ONZW i = O

14 /48



Challenges in computations of higher order tluctuations
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Challenges in computations of higher order tluctuations

g > i g
1680tr | M—19M 19 \[l!_'d‘ljl_'d.Sf)
8th order
I\ A i
1680t M1 2 a2y - (M O M
susceptibility/
g\ g\ i g
F) 3/ 630t (21— 2 nr 12 I\ O M
. 2 TS dp? dp?
ﬂUCtU&tIOﬂ 1680t [ ag-12M g1 OM 1 OM L OM U_,m_u)
R . 4 .
();1 dy (a7 Jy Dyt
L3360tr [ M _,OM _1031‘1_,0\1‘1_103J1 M
Dy~ - a7 dp? g’
c3360tr [ M- t) U & U -1 FPM 1 (,),U t)‘ M
R ();1 ();1 Dpe? Uu g’
*'{:“'l)ll ‘ *l()‘l 71(’).\! ‘Ikll){ ‘! I l('\[ *ll) ‘!
336 )
Iy Iy o’ ()u p?
. 3360tr { M 19M _lﬁjl‘1_,011‘1_10‘J1‘1_,0-A!
. f);: dp e dpt - dp?
csosone (a1 2M 41 M LPM M _10331)
! ' r);l ();1 ();[" ) (')u2 ’ p? )
Iy ();1 ();1 ()u i);r’ )
6720t (Mg 2L gy OM 1 QM oy DMy 0 OV \1“‘7“”) M fel’l Nnion n IatrIX
- ();1 Ay . i du oy~ dp?
1mmmr.u*“”{w*””'u*“”'w*“”’u*“*"1 “;u)
T o7 v ) O o T
-rt)()’l11il'1!, 10080t (M1 2y -1 QM 1 OM G M OM M
Iy dp oy~ = e (’)t“
u u
Invers'ons| soa0we [ 2g-12M yg1OM A PM O OM ”_“r,\!)
- i p o p? e I At
s 1A A A )\ )=
v20160tr M1 2N -1 OM 2 OM o OM g OM 2 OM M
i oy e dp e T =
£040tr ( M- M u_lf)\l M- 1 OM ”_lr)\l U_li).\! u_lrl\l M- 1 OM u_lrl\!)
_ Ay e dy T A i T Ty

15/48



oo New Computer
B Wi o o' wa  Architectures For
AR physics out of it. orman Gt Cotumbis Lattice an

Peter Batacan

fter the initial 16-node system is run-
ning, we'll go on to build a 256-processor
machine with 5.0 gigafiops peak.

~Themas Nash, Fermilab
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Available online at www.sciencedirect.com
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© © ./..—l/.-—l/.\l/._H\I/.\I/._H m M2075 CG
'; * O . . . . I . . . " I . . . . I . . . . I . . .
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from The Hitchhiker's Guide to the Galaxy (2005) (R0 & €i5H8/)

21/48



A
>~ 1/

ERT

Ordinary Quark Gluon Plasma D,

nuclear

SCI0 = A FTRY4),
Tﬁ?ﬂ%%ﬂ’]ﬂﬁ VI

=
\\\

t
>

~
C
~

SHFE |} RHHEHT SN

>

(QGP)

“The whole is more than sum of its parts.”
Aristotle, Metaphysica 10f-1045a (6 == - = r T
PHYS mFEWNG, NEERS.

MIRIRICEIEIRIE

Ink painting masterpiece 1986:
"Nuclei as Heavy as Bulls, Through Collision
Generate New States of Matter”,
by Li Keran,
reproduced from open source works of T.D.Lee.

22/48



Initial energy
density

pre-

libri
e

t~0fm/c

t~1fm/c

viscous hydrodynamics

collision evolution

final detected
particles distributions
Kinetic 7
freeze-out _—

free streaming

—

t~ 10 fm/c t ~ 10" fm/c

\|

Collider)@ER3)

AR

E 3 e
s . Ca

HXICE R

o ——_—n -~ -

FX33E A, (Relativistic Heavy lon Collider)
@EEMERBNERILKE

N

Si Pixel

Superconducting Dipole

A B FOI &5 (CEE) @ RIRIA R AR @3 /48



I

PEEZYIC: RERQCDHME M, =
. QCDAREHIE

|
;

FKQCD I

=300 p=yprs
N = | i
/m - o
250 | ERRFEFEFIK
%: ‘ Quark-Gluon Plasma
Z 200
L
2 150
£
o
100
5
50 ' Color
Nuclez Superconductor

0 200 400 600 800 1000 1200 1400 1600
Baryon Doping — us (MeV) EBHZEE

¥ NI THIE) % S T4 T A A
$ QCD g5 s (critical point) — Criticality

L1

24/48



IR E THERMODYNAMICS OF STRONG-INTERACTION
MATTER FROM LATTICE QCD

18 RQCDHA R 52 1H B AF Y BV 5 1E 5|

Heng-Tong Ding

Key Laboratory of Quark & Lepton Physics (MOE), Institute of Particle Physics,
Central China Normal University, Wuhan, 430079, China

2R
—

Frithjof Karsch

7~ Y ? AP BT ?
Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA ‘5‘ j% Hjl # I% 1ZI§
and
Fokultdt fiir Physik, Universitdt Bielefeld, D-33615 Bielefeld, Germany
Swagato Mukherjee Sl
\) j \\

Physics Department, Brookhaven National Laboratory, Upton, NY 11973, USA —L'fé]‘ Jﬁ_‘\

We review results from lattice QCD calculations on the thermodynamics of strong- &

interaction matter with emphasis on input these calculations can provide to the

exploration of the phase diagram and properties of hot and dense matter created
in heavy ion experiments. This review is organized as follows: ‘E N7 ,f%ji jt
— A ‘
1) Introduction L’ /D

2) QCD thermodynamics on the lattice

3) QCD phase diagram at high temperature
4) Bulk thermodynamics

5) Fluctuations of conserved charges

6) Transport properties

7) Open heavy flavors and heavy quarkonia
8) QCD in external magnetic fields

arXiv:1504.05274v1 [hep-lat] 21 Apr 2015

9) Summary

|_|

L4

18, F. Karsch, S. Mukherjee, Int.J.Mod.Phys. E24 (2015) no.10, 1530007
https://arxiv.org/pdf/1504.05274

ESI(BI1%)S#H5IXE 25/48
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https://arxiv.org/pdf/1504.05274

-amous plots

#1: What is the QCD Equation of State (EoS) ?
#2: At what temperature a QGP can be formed 7

#3: What happens if # of baryons is more than that of anti-

baryons ?
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Famous plots #1:

Lattice QCD calculation of EoS at ps =0

SU(2) pure gauge; Quenched QCD
at a finite lattice cutoff of Nt=2

Ny =2

0.2..

01+ 3

0.0 !~ 3! + A + —
\ 15 2.0 2.5 30 4/g?

J. Engels, F. Karsch, H. Satz, |. Montvay
Phys. Lett. B 101 (1981) 89-94

0

Ni=2+1, physical point
continuum extrapolated

stout HISQ

(e-3p)/T+ B W
p/T4 B8
s/4T> W

T [MeV]

\130 170 210 250 290 330 370 /

HotQCD, PRD 90 (2014) 094503
Cited by 872 records
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Quenched QCD v.s. dynamical QCD

7 = / pU || Dy DY) e dem0r = / pUe % |[  det My

f=u,d,s,--- f=u,d,s,---

Integrate out the
Grassman variables

1
<C’)>:§/DU06_SGf_1;[ mdeth

-»-Quenched QCD: detMi=constant, computationally cheap,
no sea quarks

-»‘Dynamical (full) QCD: detM:(U), more computing resources needed

-2 Ni = #+# QCD: Ni=2+1 QCD: my=mgzms , Ni=3 QCD: my=mg=ms,
Ni=1+1+1 QCD: muzmgzms, Ni=2+1+1 QCD: my=mg#ms#mc

-»-Physical mass point: u, d, s quark masses are tuned to reproduce

the pion, kaon, and 7 .: masses
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Wilson gauge action
Plaguette:  U,,(n) =U,(n)U,(n+p)U_,(n+ p+2)U_,(n+ D)
n ’il U.(n+ v) l_n -+ D
smallest Wilson loop that is gauge invariant g

Wilson gauge action: Uuln) | Q | Uv(n+ i)

2 >
SG [U] ) S: S: Re tr []l o U,U'V(Jn’)] ”_T Un(n) T_” *

(
9 neA p<v

Reproduce the gauge action in the continuum limit with an order a2
correction

> >jt1 () +C’)( )

neA p,v

2J~

The above the above equation can be obtained with the help of :

1
U,(n) =exp(iad,(n)) - exp(A) exp(B) = exp (A + B + 5[‘4" B] + - )
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SRRFFREFANNER
Ni=2+1 QCD at physical point

1051 L N S N N O B B m = RHIC: p :1030 bar
- p(GeV/im®] 25
1E 3
i LHC =
01 RHIC
_ N ] - .
mE TMev] - 4> 10" bar
0.01 140 190 240 290 340

A.Bazavov,... T i@ et al.[HotQCD], Phys.Rev. D90 (2014) 094503
DAR51872)R
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Famous plots #2:

Order of the Ni=2+1 QCD transition at the physical point
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Y. Aoki et al., Nature 443 (2006) 675-678
Cited by 1516 records
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Doubler problem & Wilson fermion action

Na.|ve fermlon_aqtlon Spl. U] = a* S T(n) Z w Y(n+i) —U_p(n)y(n—f) +mab(n)
in the free limit: = 2a

Sr,, U] = a* Z Z P(n) o D(nlm) s ¥(m)gs
n.meA a,b,a,3 @ ab b
4

Ui(m)ab Ontam — U—_n(n)ab On—s A
D('7'2‘|’77'l-)aﬂ :§ :(A}’u)aﬁ u( )ab n-+p,m 5 M( )ab n—p,m 1 m ()af)' Oab On,m
ab =1 a
- —ia™t Y yusin(ppa) . .0 =1, YuP
C D( —1 _ [T ‘N a—0 p T . ) =
Propagator (p) e a2y, sin(ppa)? = }E}% Sl —

ohysical poles: p = (0, 0, 0, 0)
unwanted poles,doublers: p = (7/a,0,0,0), (0,7/a,0,0), ... ,(7/a,7/a,7/a,7/a)

—~

| , , i , 15 |
Wilson fermion matrix:  D(p) = ml + - 2:17;,, sin(ppa) + Il; Z:l (1 — cos(ppa)) V\t/'elrsrf]n
M= =

Wilson term vanishes when p, =0 and gives an extra mass l/a (infinity at a=0)

Wilson fermion action: Sy[v,v,U] = Z oW 5 (n) DD (nfm) D (m)

f=1 n,meA
+4

4\ . 1 i :
DY (n|m)ap = (m(f) + —> Sap Oab Onm—o= Y (1 =) 0 Uu(n)ab Ontim
ab a ‘ 2a '
p==1 34 /48



Different discretization schemes

Wilson fermions: free of the doublers but break the chiral
symmetry explicitly

Staggered fermions: preserve part of the chiral symmetry
and partially get rid of the doublers

Domain Wall fermions: live in 5D, preserve exact chiral
symmetry as the extent of the 5th-d going to infinity

Overlap fermions: preserve exact chiral symmetry
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Current hot & dense lattice QCD simulations

Lattice QCD: discretized version of QCD on a Euclidean space-time
lattice, reproduces QCD when lattice spacing a—0 (continuum limit)

Mostly dynamical QCD with N+=2+1 and physical pion mass

% at a=0: taste symmetry breaking

“* 1 physical Goldstone pion +15 heavier unphysical pions
“* averaged pion mass, i.e. Root Mean Squared (RMS) pion mass

“* Smaller RMS pion mass — Better improved action: HISQ, stout
o at az0

* preserves full flavor symmetry and chiral symmetries

* computationally expensive to simulate, currently starts to

produce interesting results on QCD thermodynamics
36/48
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Lattice simulations at nonzero us

¢ Taylor Expansion method, Imaginary chemical potential,
Complex Langevin...

Allton et al., Phys.Rev. D66 (2002) 074507

.@ Taylor expanSIOH Of the QCD pressure Gavai & Gupta et al., Phys.Rev. D68 (2003) 034506

0O BQS .

p 1 Xijk  (HB\" (PQ\! (1s\F
L e 3 S (12 (t2 ()
71 = yrs ALY s fa fis) ijzk:_ol!j!k! ) \1) \T

M Taylor expansion coefficients at u=0 are computable in LQCD

BQS _ | BQS ) 1 OP(T,j)/T*

X’L . — X’L . = . - R |
I I VI 0l 00 =0

A Thermodynamic quantities can be obtained using relations, e.g.

c—3p _ L OP/T" < Tdx; /AT g\ o\ [ sk
= = Z i51k! ( ) (?) <?)

T4 0T T

1,7,k=0
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[P(T,ug)-P(T,0)/T*

Famous plots #3:
QCD Equation of State at small baryon density

Pressure difference _Baryon number densit

HB/-I|-=2.I5 | I 0.8 :— “'IQ=|J'S=0 I}J.B/-II-=2.I5
_ 07| -
06 [ Mp/T=2 p—
——_ E 0.5 - 7
g i
I_" 0.4 N ]
O(ug) M 5 5 _
o) = | < 03| He/ T _
Ofg) | 0o i O(up) W ]
O(ud)
0.1 O(pg) W
0 ] ] ] ] ] ] ] ] ] ] ] ] 1 | , | \
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A. Bazavov, HTD. P. Hegde et al.,[HotQCD], Phys.Rev.D 95 (2017) 5, 054504
Cited by 287 records
00 B B
T4 —~ (2n) \T 92 B 123" P 360 (1) P

The EoS is well under control at ps/T=2 or y/snn 212 GeV
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Changes of degree of freedom in thermal QCD

f Baryon number —> B \

Baryon number fluctuation —> B2

Bound state of quarks
B=1, -1
B2="1

Unbounded quarks

B=1/3, -1/3
B2=1/9

-

measure of fluctuations of B

12 Fmm———————
B B
1 X4 / X2 1 cont. est. |
Ni=6 &
' Appearance of s
0.8 | B fractional B

06 | ® T.=~155MeV 27 (filed)
04 A

| RHIC
0.2 @

m¢/m=20 (open)

B l A @free quark ga_s 1 /9

BN

140 160 180 200 220 240 260
T [MeV]

Bielefeld-BNL-CCNU: PRL 111(2013) 082301, PLB 737(2014) 210

280
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Chiral crossover line: T,.(us) = Tp:(0) (1 — K2 (M—B)Q N (M—B)4>

1 1

175 ' 1 ' T ' T T T ‘ l ' I T T 4‘ T
170 Tpe [MeV] crossover line: O(up) =

T constant: € _
165 s B |

: freeze-out: STAR e
160 ALICE =
1 5 5 »~6’0’0’0’0’0’0’0’0:0:0:020':0:0:0:0:0‘:3’: ;::::::::::E:?f 3:’ : |
_50 B —— ]
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A. Bazavov, T 538, P. Hegde et al. [HotQCD],
Phys. Lett. B795 (2019) 15, 2#£5|228,%
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hot & dense |attice QCD

Other contents/frontiers not covered but very important

electrical conductivity & baryon diffusion
energy loss of heavy quark in hot & dense medium
thermal dilepton & photon emission from QGP
shear & bulk viscosities
fate of heavy quarkonia
QCD in the external magnetic field

See recent reviews:

HTD, F. Karsch, S. Mukherjee, Int. J. Mod. Phys. E 24 (2015) no.10, 1530007
plenary talks@lattice conference: HTD, arXiv:1702.00151, S. Kim, arXiv:1702.02297
C. Schmidt & S. Sharma, arXiv:1701.04707
G. Endrodi, PoS CPOD2014 (2015) 038
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Books & literatures

“* “Quantum Chromodynamics on the Lattice”,
C. Gattringer and C. B. Lang, Springer 2010

“ “Lattice QCD for Novices”,
G. Peter Lepage, arXiv:hep-lat/0506036

“ “Thermodynamics of strong-interaction matter from Lattice QCD”,
HTD, F. Karsch, S. Mukherjee, arXiv:1504.05274

“* Conference proceedings in the annual “lattice conference”

e | attice 2017, Granda, Spain
e | attice 2018, Michigan, USA
e | attice 2019, CCNU, Wuhan, China
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Chiral symmetry of QCD

Sl 0 A = [ ' L(6,5,4), L (0.5, 4) =57 @ +1A4) 6 =T Dy

D: massless Dirac operator

Chiral rotation: 1) — ' = e "), ) — ' =)@
¢ Lagrangian density is invariant under the chiral rotation:
L (L,?/ A) = 'y, (0 +1A,) ' =5, (0, +1A4,) 5
= 1) ela’Yoe—la’YS o (C) + 1A ) L’ = [, (l’;q A)

120y L

& A mass term explicitly breaks the chiral symmetry: m 'y = mae
Pty p _ L= — — — |
BT TR L (¢,¢,A) =+ Do +1r DR

I mip=m (Vrvr + ¢ VYR)

vr=FPrY, Yp=FPrv

¢ Essence of chiral symmetry: D5 +v5 D = 0
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chiral symmetry on the lattice

¢ Massless Wilson Dirac operator breaks chiral symmetry

+4
4 1
Df (n‘m)aﬁ,ab — 5@B5ab5n,m a8 Z (1 _ /Yu)aﬁ U,u(n)ab 5n—|—,&,m
a 2a
p==1
P o
. . . Y5 =5, V5 = 1, {757} =0
& The Ginsparg-Wilson equation o o

lattice space a ->0
Dys+vD=aDvy D ﬁD% +795D =0

¢ Lattice fermion satisty the Ginsparg-Wilson equation preserve the
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

' = exp (ioz% (]l — %D)) v, Y =exp (iar (]1 — %D) 75>

L (L"?/) = 1)) D1 =1 exp (i Q (]l — D) 75) D exp (ia V5 (]l — %D)) 0

¢

2
— : a : a ,
= 1) exp (104' (]1 —5 D) 75) exp (—1@ (]l —5 D) 75) D)
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chiral symmetry on the lattice

¢ Massless Wilson Dirac operator breaks chiral symmetry

+4
4 1
Df (n‘m)aﬁ,ab — a 5@B5ab5n,m — % Z (1 _ /Yu)aﬁ U,u(n)ab 5n—|—,&,m
p==1

P2
. . . Y5 =5, V5 = 1, {757} =0
& The Ginsparg-Wilson equation ol o

lattice space a ->0
Dys+vD=aDvy D ﬁD% +95D =0

¢ Lattice fermion satisty the Ginsparg-Wilson equation preserve the
chiral symmetry at nonzero lattice spacing

chiral rotation on the lattice

' = exp (ia: Vs (]l - %D)) v, ) =1exp (i o (]1 - %D) 75>

) 1 +7s 5 1—75
P - . P — s
R 9 . L 9 .

ﬁ]%:ﬁRﬁ ﬁLQZﬁLg ﬁRﬁL:ﬁLﬁR:O, ﬁR—l—ﬁL:]l

3 =15 (L — aD)

vp=PrY, YrL=PL¢, Yvr=vP,, ¢, =1vPFg

YD = DYp + g DyYr
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QCD action
¢ Gauge action:
:—/d (2) Fp ()] 4J22/d4F“ ()P (2)
Fp)(x) = 0,A0) (x) — 0,4 () — fiji A (2) ALY ()

¢ Fermion action:
Ny
S, ), Al = Z /d4¢1: L_(f)(.l) ('7 (O +1A,(x)) + m.(f)> @'b(f)(;v)
f 1
o Z/d4 e f ((Wu)aﬁ( cda + 1A (;L‘)cd)
+ ms aB0c d) () (4 )3
d

a, 3: Dirac index, 1,2,3,4 u: Lorentz index, 1,2,3,4 c¢,d: color index, 1,2,3
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Sign problem at pg =/=0

QCD: Z =Tr [e—<H—“N>/T} = /[dA] det[D + mg + ipya] e

¢ Ys-hermiticity does not hold and instead: DT(—pu) = 5D (u)vs
det D[u] iIs a complex number

¢ Toy model for demonstration of the sign problem

4 = Z sign(¢) e~ 5(®) - Zy = Z e 5 (®)

{¢(z)=%1} 1o(z)==+1}
1 - ~s(¢) _ (O(¢)sign(9))
O)=— > O@sign(9)e 5@ - 1210 °
{p(z)==1} <Slgn(¢)>0
. A (f— f(fo): f densi
_ L (f—foV/T (fo): free energy density
(sign(¢)), 7, € <l corresponding to Z(Zo)

Asign((b) B \/<Sign2>0 — <sign>(2) N e(f—fo)V/T e .
(sign(¢))o VN (sign)o - JN <1 N > e (f—=fo)V/
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Staggered fermions

. . o T o (n+ i) —Y(n— ) |
Naive fermions: Sr[,¢]=a" ) 4(n) (Z Vo - o + m L'(n))

neA

staggered transformation:

P(n) =1 > 2t v, d(n) =) v 5 57

D(n)y3(n+3) = (=1)™T"2 % (n) 1 (n £+ 3)

4 im0 — ab(n — )
Sr [ '] = a’ Z P(n)1 (Z M () pn + 4) > a,l'*' (n = ) +ma(n) )

neA p=1

m(n) =1, m2(n) = (=1)"", n3(n) = (=1)™"" , m(n) = (-1)™ 77"
staggered fermions:
4 o N (s ) — T n—iv(n—i
FIX,X]| = (142\ n) (Zﬁu Z)U#(n')/\(’H—l) U#(n Ax(n =k —I—m\’(ﬂ)>

2a
neA p=1

x(n) :Grassmann-valued fields with only color indices but without Dirac structure

16 -> 4 tastes (doublers)
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¢ Overlap
Wilson ec

Doy = — (1 + 75 sign|H|)

chiral fermions on the lattice

fermion operator Doy : Only operator that satisfies the Ginsparg-

uation

sign(H) = H|H|™' = H(H*)™2 | H = 5 A

a

A denotes some suitable Ys-hermitian “kernel” Dirac operator

large numerical cost due to the evaluation of (HH*)-1/2

costs > 100 x costs of Wilson formulation

¢ Domain Wall fermions: introduce the fictitious 5th dimension of extent Ns
preserve exact chiral symmetry Ns. Residual symmetry breaking is

quantified

by the additive renormalization tactor mres to the quark mass

costs > N5 x costs of Wilson formulation

Ns = 16-64
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Monte Carlo simulation

1
Expectation value:  (0) = ~ /D[U] e~V det[ D, det[Dy] O

Partition function: 7 — /D[U] e—SclU] det|D,,| det|Dg]
¢ Treat the fermion determinant as a weight tactor

Un is distributed 1 Should be real and
: — e %l det|Dy] det|Dg4| nonnegative as a

according to: 7 orobability
1
(0) ~ 5 2 _OlUn

& Ys-hermiticity: (75D)" = ~vsD or D' = ~v5D~s
det[D]* = det[D'] = det[ys D7s] = det[D] = detD € R
0 < det[D] det[D] = det[D] det[D'] = det[D DT]

Wilson fermion matrix (page 18) satisfy Ys-nermiticity
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600

500 r

400 r

300

200 r

100 |

Taste symmetry breaking of staggered fermions

action(group)

Improvements at T—0

Improvements at T oo

naive (Mumbai) none none
p4(BNL-BI) pPOOr very good
asgtad(hotQCD) ok good
2stout(WB) good none
4stout(WB) very good none
HISQ(hotQCD) very good good
RMS M, [MeV] 1.80 .
naive & stout H
o v P/Psg asqtad & hisq
HISa(g/é;gg ° . o ® 1.60 T—? 00 .
2stout v A P
4stout a 140 b
1.20
1.00 |
la[fm]

0.05 0.1 0.15

0.2

0.80 |

. Ny

8 12 16 20
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Discretization of the fermion action

¢ Free fermion action (A =0):

_ _ o I ) ,. .
Sp[v, 9] = / Az () (0 +m) () |t (@) = 50 W) —v(n =)

p . R . R
— - b(n+ i) —P(n—f) .,
2. 0] =a* Dy d(n) <§ Vi o + m(n)

neA pu=1

¢ Not gauge invariant:
Y(x) = P (x) = 2)p(z)  P(x) — P (@) = P(x)2(x)
Y(n)(n+ p) — V' (n) Y (n+ o) = (n) 2n)" 2n + ) b(n+ Q)
¢ Introduction of a gauge link:
P () Uh(n) ' (n+ ) = $(n) 2(n) UL (n) 2n + ) p(n + )
U(n) — Ul(n) = 2(n) Up(n) 2(n + )’

7+ > +7+[¢ U,(n) =exp(iad,(n))
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Pure gauge theory (Ns=0)
center transformation: A4(x, z4) = 2z Aa(x,24) 2 € Z(N,)

¢ The gauge action is invariant under the center transformation

C

B
¢ Polyakov loop: 7 = NiTr P exp (—z‘g/ dxy A4(X75L‘4))
0

1
0 =2 = () = §<€+z€+z2€> =0
¢ Polyakov loop is related to the heavy quark (pair) potential:

1(0)| oc e Fa/T (£F(r)e(0)) oc e Foa (r) /T

Confined (Disordered) Phase Deconfined (Ordered) Phase

Free Energy fq =00 fq <00
faq ~ or faa ~ fq+ fat+
Polyakov Loop (¢) =0 (£) #0
(r = 00) (€' (r)€(0)) — 0 (€ (r)£(0)) — [¢6)[* # 0
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