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  Anomalous Transports

Micro-quantum anomaly + B/ Ω  macro-transport (CME/CVE)

Micro

Macro

Search in HIC

Astrophysics, cosmology 

Nature Phys.12（2016） 

Phys. Rev. X.5（2015）

Science350（2015）413 

Kharzeev 2004, Kharzeev, Warringa, McLarren, Fukushima2008 … …
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Induced currents in chirality background

• In linear response theory

Two conditions for CME:

1. imbalance of left-handed & right-handed 

(anti)quarks (CP violation ) 

2. Strong magnetic field

If we replace B with ω, similar effect will be 

observed, which is the so-called chiral vortical 

effect(CVE).

Picture of chiral magnetic effect(CME). This figure is taken 
from Kharzeev, Liao, Voloshin and Wang, PPNP 
88(2016)1-28

Physics picture of CME

1. Quark spin locked by B or V

2. Chirality imbalance μ5≠0

3. Momenta flip



Strong EM Field/Rotation/ produced in HIC

Deng, Huang, 2015 

Jiang,Lin,Liao, 2016 
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Wn  lF the wind number                     QCD field strength

Topological charge fluctuations of QCD in QGP

Axial anomaly 



 Theoretical approaches:

    
       

       --- Quantum Field theory 
     
       --- Holographic theory 

      ---  Kinetic approach or hydrodaynamice  
 

    UV divergence demands regularization, IR behavior is crucuial



Adler-Bell-Jackiw Anomaly:







• Triangle diagram:

K1 K1
K2 K2





Convergent integral



Pauli-Villars  Regularization

Shift integration momentum becomes legitimate!

Naïve Ward identity

Anomaly!



• Triangle diagram:





• Other approches:

Maintain gauge invariance









 Applications:





• Chiral magnetic effect:
QCD+QED Lagrangian with ordinary and chiral chemical potentials



• Chiral magnetic effect (cont.):



• Chiral magnetic effect (cont.):



 Miscellaneous Topics:

3rd Casmir



• Other chiral anomalies (cont.):



• Anomaly cancellation:

Superstring



          

Kubo formula：

→q
q→0

Linear  response & anomalous transports

Son & Surowka

Under  B & vorticity
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Artifact of one-loop approximation. The ambiguity disappears
with higher order corrections. (Satow & Yee)
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Hou, Ren, Liu JHEP 05(2011)046
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Follows from the EM gauge invariance and the non-renormalization of 
the axial anomaly. Valid to all orders!

 with T=0 and             :  relativistic invariance requires
the two limit orders are equivalent:
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  CME from regulated Wigner function 
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a robust regularization scheme has to be introduced to the underlying field 
theory before defining the wigner function. e.g.  PV scheme



 ＊ The electric current 
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•  Closed time path Green function formation 
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＊ A fermion propagator 
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 ＊ Expansion to the linear order in      and  A 5A
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free propagator



CME current canceled at thermal  equilibrium. 

gives CME current :
Wu,Hou, Ren, PRD   2017  



Higher order correction to CVE 



Two-point correlation function 

• An argument on the non-renormalization of CVE 

Golkar and Son, arXiv:1207.5806 JHEP02(2015)169

Gauge invariance 

Coleman-Hill

Conclusions:
All higher order diagrams 
beyond one loop are order of k2, 
which does not contribute to the 
CVE. 

Notice:
Both axial current and stress 
tensor are attached to the scalar 
loop.



Structure of CVE 

• General form of CVE conductivity 

1
12

c with

Non-renormalization suggested 

by 

• holography

• hydrodynamics

• But how about in QFT? 

• CVE in quantum field theory

Generic diagram for CVE related correction 

Son&Surowka，PRL. 103, 191601
Neiman &Y. Oz, JHEP 03 (2011) 
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Are there any  correction  from  higher orders ?

 Golkar and Son,  arXiv:1207.5806 ,  JHEP02(2015)169    No   (Yes)

Hou,Liu,Ren,  PRD86 (2012) 121703®



CME on  Lattice      

using lattice QCD with Wilson term  Karsten and Smit    (1981) 

Yamamoto,PRL(2011)    





 One-loop self-energy  on lattice of size  

 CME vanishes  at  continu. limit  .

At zero temperature



Feng,Hou,  Liu,  Ren, Wu, PRD95,(2017)     



3-loop radiation correction to CME

Feng, Hou, Ren   PRD99 (2019)   

If the two internal photons are replaced by gluons   
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•    The zero P &  E limits of   do not commute which   is robust    against Higer
       order correction                
   
•    While the CSE is expected in RHIC, its magnitude may not   reach the ideal 
       value                    because of inhomogeneity  

•    Nonrenormalization  is  true for most but  not for all anomal. transp. coefs .  
      We obtained 2-loop  correction to  CVE coef.  
  
•  Naive Wigner function can  not be applicable to the case with non-constant. 
    The  problem stems from  axial anomaly  . The PV RWF leads consistent results.

.   We examine the issues raised here  with lattice formulation we obtained the 
      same results as that in continuous case   with QFT and WF method .

.  Radiation corrections to CME up to 3-loop massless QED (QCD) are  derived
    at zero  T   and non-zero T
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V. Concluding Remarks  
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Thank you very much  for your attention!





Fluct. & dissip. of axial charge from massive quark 

DF Hou, S. Lin, PRD98, (2018)



Strong EM Field/Rotation/polarization produced in HIC

Deng, Huang, 2015 

Jiang,Lin,Liao, 2016 

Li, Sheng, Wang 2016



Phenomenological implications of the 
subtleties regarding the order of limits

Axial   charge generated via toplogical fluctuations  dictated 
by the stochastic Eq  with a white noise 

In Momentum sapce

Corresponding an axial potential 



Average current vanishes, the correlation funct.                          
is dominated by diffusion pole

If                  the homog. \mu_5  is a good approximation and
classic form of  CME current emerges ---Noneq. Phenom.      

Towards equilibrium,                     

Inverse limit-order prevails, and CME current  disappears,                     


