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A simplification: Zero-range & interaction

Attractive 0 interaction
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* Many-body basis states (m-scheme):
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Pair truncation - nucleon-pair approximation

Many-body basis states (m-scheme):

9) =2

J1m1 Jz m,

Nucleon pairs
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Pair basis states (J-scheme):
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J. Q. Chen, Nucl. Phys. A 562, 218 (1993).

J. Q. Chen, Nucl. Phys. A 626, 686 (1997).

Y. M. Zhao et al., Phys. Rev. C 62, 014304 (2000).
Y. M. Zhao and A. Arima, Physics Reports 545, 1 (2014).




Other pair truncation schemes

Many-body basis states (m-scheme):
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Nucleon pairs

A=y DAY (), A () = (8 xa))™

j

r=0, S pair r =0, non-S pairs
S-pair approximation

(generalized) seniority scheme, BCS, ..
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A simplification: Zero-range & interaction

Attractive 0 interaction
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Further simplification: monopole pairing interaction

O 1nteraction < FIM \Vpaf,, jZJM> = —g@j +1)0, 4040
(h11/5)°
—_— 28
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S-pair operators
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ST =(S)
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Quasi-spin operators

2]+ 1
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Eigenstates of quasi-spin operators
|S,S°>, s'=s.5—1,...—s+1,—s
SJ(.J |S,SO> =5 |S,SO>

gj‘s,s°> =s(s+1)‘s,s°>



Quasi-spin operators & monopole pairing interaction
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Seniority quantum number

0 0
|S,S >, s =s5,5—1,....,—s+1,—s

v,n)
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particle number n vs.

s,s°> = |V,n>
ZS? =Zafmﬂjm—2j;1
So—l(n—2j+1)



seniority number v vs. s
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Eigen energies
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monopole pairing interaction
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Seniority-conserving TBME

VOLUME 87, NUMBER 17 PHYSICAL REVIEW LETTERS 22 OCTOBER 2001

Partially Solvable Pair-Coupling Models with|Seniority-Conserving Interactions

D.J. Rowe
Department of Physics, University of Toronto, Toronto, Ontario M5S 1A7, Canada

G. Rosensteel
Department of Physics, Tulane University, New Orleans, Louisiana 70118

Given|a single j-shell Hamiltonian,|the algebraic conditions for conservation of seniority are derived
from a quasispin tensor decomposition of the two-nucleon interaction. This makes it possible to construct
useful solvable and partially solvable shell-model Hamiltonians with eigenstates classified by a spectrum
generating algebra. Applications are made to the low-lying energy levels of the N = 50 nuclear isotones.

for j = 9/2, 65V? — 315V* + 403v°® — 153v® =0, (17)
for j = 11/2, 1020V? — 3519V* + 637V® + 4403Vv® — 2541v!° = 0, (18)
for j = 13/2, 1615V? — 4275V* — 1456V° + 3196V® + 5145v!0 — 4225v12 = 0. (19)

V= (i3 Vi)

nas



Eigenstates of ANY two-body interactions - (1)

PHYSICAL REVIEW C 73, 044302 (2006)
Seniority conservation and seniority violation in the gy, shell

A. Escuderos and L. Zamick
Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey 08854, USA

The gy,» shell of identical particles is the first one for which one can have seniority-mixing effects. We consider
three interactions: A delta interaction that conserves seniority, a quadrupole-quadrupole (Q - Q) interaction that
does not, and a third one consisting of two-body matrix elements taken from experiment (**Cd) that also leads to
some seniority mixing. We deal with proton holes relative to a Z = 50, N = 50 core. One surprising result is that,
for a four-particle system with total angular momentum / = 4, there is one state with seniority v = 4 that is an

eigenstate of any two-body interaction—seniority conserving or not. The other two states are mixtures of v = 2

and v = 4 for the seniority-mixing interactions. The same thing holds true for / = 6. Another point of interest 1s
that, in the single-j-shell approximation, the splittings AE = E(Iy.x) — E(Inin) are the same for three and five
particles with a seniority conserving interaction (a well-known result), but are equal and opposite for a Q - Q
interaction. We also fit the spectra with a combination of the delta and Q - Q interactions. The Z =40, N = 40
core plus g9,» neutrons (Zr 1sotopes) 1s also considered, although it is recognized that the core is deformed.




k ending
PRL 100, 052501 (2008) PHYSICAL REVIEW LETTERS 8 FEBRUARY 2008

Partial Conservation of Seniority and Nuclear Isomerism

P. Van Isacker
Grand Accélérateur National d’lons Lourds, CEA/DSM-CNRS/IN2P3, BP 55027, F-14076 Caen Cedex 5, France

S. Heinze
Institute of Nuclear Physics, University of Cologne, Ziilpicherstrasse 77, 50937 Cologne, Germany
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2363 65
(9/2)*, v = 4,7 = 4) = \/m|(9/2)4[22], v=4,]=4) - \[ﬁ|(9/2)4[24], v =47 =4),

1620896 5725

1(9/2), v=4,] =6)= \/W|(9/2)4[24]’ v=4J=06)— \[635 341|(9/2)4[44], v=4,7]=06).




Eigenstates of ANY two-body interactions - (2)

1 27+1 1 27+1
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e V= szo 4+ EOS? 4 szz + C Ref: Chapter 19 of Tal/mi's book
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Eigenstates of ANY two-body interactions - (2)
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- Wigner-Eckart 3 (Edmond £J7€)
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Nuclear Physics A 846 (2010) 31-39

Solvability of eigenvalues in j” configurations

Igal Talmi

Weizmann Institute of Science, Rehovot, Israel

Eigenvalues of eigenstates in j" configurations (n identical nucleons in the j-orbit) are functions of
two-body energies. In some cases they are linear combinations of two-body energies whose coefficients are
independent of the interaction and are rational non-negative numbers. It is shown here that a state which 1s
an eigenstate of any two-body interaction has this solvability property. This includes, in particular, any state
with spin J if there are no other states with this J in the j” configuration. It is also shown that eigenstates
with solvable eigenvalues have definite seniority v and thus, exhibit partial dynamical symmetry. Most of
the derivations apply also to states of j” nucleons with 7' < n /2.




PHYSICAL REVIEW C 98, 061303(R) (2018)

Rapid Communications

Partial seniority conservation and solvability of single-j systems

Yibin Qian'?" and Chong Qi*'
' Department of Applied Physics, Nanjing University of Science and Technology, Nanjing 210094, China
2Department of Physics, KTH Royal Institute of Technology, 10691 Stockholm, Sweden

The seniority symmetry is known to be partially conserved in two special cases in the (9/2)* system, which
can lead to striking features in the corresponding structure and electromagnetic transition properties. However,
it 1s still quite difficult to derive those kind of solvable states, in general, especially towards higher-; orbits.
We have developed a novel and effective way to confront this challenge by starting from the m scheme and

making use of the angular momentum projection method. It also allows us to explore another special family of
seniority conserving states in the midshell besides the specific case of the (9/2)* configuration. Moreover, we
have studied systemically all states in single-j systems up to j = 15/2 and derived the analytic expressions for

the eigenvalues of all solvable states with a focus on those in j = 9/2 and j = 11/2. Such studies can also be
useful for the experimental search of relevant states and for the understanding of their electromagnetic transition
properties.




PHYSICAL REVIEW C 98, 061303(R) (2018)

Rapid Communications

Partial seniority conservation and solvability of single-j systems

Yibin Qian'-?

" and Chong Qi

' Department of Applied Physics, Nanjing University of Science and Technology, Nanjing 210094, China
2Department of Physics, KTH Royal Institute of Technology, 10691 Stockholm, Sweden

Configuration  J v Energy

(7/2)* 2 2 %VD+ﬂVn+1V4+EVs
2 4 Vit BVa+ BV
4 2 %Vg+gV2+§V4+%V6
4 4 Vo4 Vi + 8

9/2)° 523 Vot gVat Vet Vet Vs
5/2 5 BVo+ 38V, + Tve + 18V
/203 Vot @Vat TR Vet i@ Ve + TE Ve
7/2 5 —Vz + 222 Vi+ 1ﬁ:2 Ve + 1761053 Vs
92 3 Vot pVat g VatigVet Tis Ve
12 3 “Vo+*°vo+55V4+‘ffJVH?T['JVS
/2 5 By, 8y, g 0y Bay,
13/2 3 ‘V0+ 30V°+ 1§2ﬁ2V4+?22V6+°21 Vs
13/2 5 2V + 2V + B+ B3
15/2 3 %V0+ﬁv2+27’217i4v4+ %%3V6+?23t1)
15/2 5 BV, + 30V + Ve + 2Ly
17/2 3 o+ 2V, + $W+%%+$%
17/2 5 2V, + 23V, + 22, + 29y,

165 715

Configuration

=

Energy

(11726

D= = ow oo |~

(9%

2025 1566 4556 1035
1001 Vy+ T001 Vs + VG + 9 Vs + 247 Vio

1 640 1187 7489 7879 2803
Yo+ Vot s Ve + 321 Ve + 1716 V8 + Taa Vio

3863 3
129V + 14004347‘/ + 1 V6+ 98868 Vg + 396828 Vio

3 5 35
o+ v, + v+ B+ ST + 13V

1725 6645 119 33347 5325
1001 V2 + 2001 V4 T+ 41 Ve + foges V3 + Ggg Vio

1 1420 4231 3379 55411 47615

3 Vo + 3003 Va+ 2002 Va + 1122 Ve + 16302 Vs + 8398 Vio
925 9005 257 153661 5105
1001 V2 + 001 Va + 12 Ve + 35e0a V8 T+ gs Vio

1 2890 1879 2861 80387 44381
Vot Vet o Ve t i Ve + i Vs T gaes V10

1569 3043 811 19267 52055
T001 V2 T 2000 V4 + 333 Ve + 557 Vs + s Vio




Analytic w.f. of eigenstate of any TB interaction

PHYSICAL REVIEW C 100, 014318 (2019)

Nucleon-pair wave functions in a single-j shell

Yi-Yuan Cheng.'*" Jia-Jie Shen.> Guan-Jian Fu,® Xian-Rong Zhou.! Yu-Min Zhao.**:" and Akito Arima®*

« construct analytic expressions for states of definite seniority

numbers v = 3, 4, 5 in ferms of nucleon-pair basis states

 derive exact wave functions for a few eigenstates of any two-
body interactions in the midshells of j =7/2,9/2,11/2



Analytic w.f. for seniority = 3,4,5

n=v state (alpha) satisfying below commutator
ATO A0, T|O) AT(O)A(O) T]|0> — 0

S J2]+1 AT 5 _ J2]+1 AO) _ J2]+1 A(0)
. 2 2

J 2

Seniority-v state of v-particle ‘a> =

)

J vid, M)

Seniority-v state of n-particle oc ( S; )(n—u);g




Seniority-3

Seniority-4

<

(ATOATO L ATO (] x AT 4

N-=-2

iAT(O)a;HO) if J = j,

1j—2
N—1
ATOATO . ATOGT < AT 10) otherwise,
N—1
A-HO) . .A-i-r_[})l[(A-:-r % A‘i'r)[O) 1 %Aﬂ_[})A-i-(O}”O) if /=0,
N2
#0) AT At iy _ 4ani ) d T T g0 4t e
JA A™A™ x AT i PR GATAYY0) it =2,...,
e 2 J
ATO) .A‘i‘{U)I(A‘%‘n x AT )J|0) otherwise.



Seniority-5

A‘!r'{U)A':'(O} . .A‘i‘(O} [(a_:r X A'i'ﬂ )J| % A'i'f‘E]J

-~

N-=-2

(r

h(r) = ( )j+f8ff.fzf;f1{f r JIH] j n}
) = (yi IR

4j =10 (rn J 1)l
; 41A7j . a3 J 45
o = (_)j'l'.h'l'l#!.] i ]} Az = _ath
4;—-10J rn 4 — 10

ATOATO) | ATO) [(a;r « AT« ATl‘z]j _ Z(l _ (Sr;,())[)kl(f"/] )]AT(O)(CI} x AT )j
N-2 {ri}

_)\QAT(O)((I; % ATFl )j _ )ugAT(O)((l; % AT!‘z )j +A4AT(0)AT(0)a; 10),

T -1 -3 (7 e

Gt P g s [ B &
% { £ 9 } { 44 } H(=)H 3, {". & .‘} T -
. o )T Iy J 12 ]

% AL i3 20 - @+ 1)+ S8 02 + 1
4 iy I r.0)(2r] ) 5 0r.0(2J )]

— ) DA™ (@) x AT = 3,AT @] x AT — ATV (@] x AT 10),
}

if J =]

if J=j



|r15r2""5

rN;J2a°"a

J) to denote (A" x A72)2 . ..

XATFN )J |0)

joriora. o rvidi Jas o ) to denote (((a) x AT x ATy ATV 10)

J " |cx) N?

(7/2)* 2 2 2,0:2) 2
2 4 12,2:2) — 8%)2,0;2) RS
4 2 14,0:4) 2
4 4 12,2;4) + L 0:4) L,

(9/2)° 5/2 3 13.2,0; i, 3) 3
5/2 5 132,23, 0+ 5315,2,0:3, ) + 4213403, §) o
7/2 3 13,2,0: 7, 7) e
7/2 5 3.2.2:3. D)+ BBz 40: 0. ] o
9/2 3 12.2,0:2.3) +312,0,0:2, %) x
11/2 3 |§‘g,0;%,%) %
172 5 32,25 - 122,04, ) 4 52 4 0,4 1 o
13/2 3 13.2,0: 2, 2) 2
13/2 5 12,2,2:3, ) + £512,2,0: 3, 1) 4 2B |9 4 0; 2 1) E
15/2 3 13.4,0: 2, 2) 4%
15/2 5 12,2,2: 4L, 15) 4 JIO0|2 4 0; 5 L) Az
17/2 3 13.4,0, 5, ) o
17/2 5 13.2.2: %, ) + R213.4.0: 5, ) o

(11/2)8 3 4 2,4,0:3,3) o
1 4 12,10,0: 11, 11) n
1 6 12,2, 8:4, 11) — 18,/-2:2, 10, 0: 11, 11) 2.596
13 4 |4, 10,0: 13, 13) =
13 6 2,2,10:4,13) + 2 /514,10, 013, 13) 0.729
14 4 14,10, 0: 14, 14) s
14 6 2.2,10:4, 14) + 2 /514,10, 0: 14, 14) 4.426
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monopole pairing interaction:
non-degenerate multiple-j case
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BCS theory for nucleons
in non-degenerate multiple-j shells

« A BCS trial wave function

|BCS) =

Not conserving the particle humber

[l

F,m>=>0

U

+ (_1);}—-”1_ y.

1

.}.

7 m! j m

[0 >



BCS theory for nucleons
in non-degenerate multiple-j shells

« A BCS trial wave function

BCS)= || [u; + (—1)55_"”13[1;”? 1) [0 >

F,m>=>0

Not conserving the particle humber

- |BCS> is a linear combination of [H(Sj)w}o% n.e€{0,2,..,2j+1}
J




BCS theory for nucleons
in non-degenerate multiple-j shells

<BCS| BCS> = H (le +‘,j)(31'+1)2
;

If uf + v? =1 for each j, BCS wf is normalized



BCS theory for nucleons
in non-degenerate multiple-j shells

<BCS| BCS> = H (ZI; +vj_j)(_w.j¢1) 2
F
Lf 1{? + v? =1 for each j, BCS wf is normalized

I'f uj + v? =1 for each j, one has

<BCS‘(J

BCS)=v

Jjm jm

probability interpretation of u and v;°



Gap equations
« Determine the BCS trial wave function by variation

§(BCS|H|BCS)=0

_ P P Q-
H=3 ¢a,a,-G) SS;
I

Jj.m



Gap equations
Determine the BCS trial wave function by variation

§(BCS|H|BCS)=0

_ i P o—

H= Z%a;ma;m — GZ 5,5
j.am J-J'

« Variation with the constraint

([BCS|N|BCS)=>" 2+’ =n
J

Finally,

§(BCS|H—AN|BCS) =0




Quasi-particles.
Bogolyubov-Valatin transformation

« The BCS quasi-particle operators o are defined as

" ; . T 1\J—m,,

“.jm B u.}'(l‘jm — (—J.) I.J'(Ij_,,,
- " o _j—m,..T
Ujm = UjGjm — (—1) Ujlj_m

and they satisfy

{a,-.aj-} =65, {a,0,1=0, {al,al} =0

J



Quasi-particles.
Bogolyubov-Valatin transformation

«  The BCS quasi-particle operators o are defined as

T i ] 1\7J—m,,
(l_jm — ”_/”_jm . (_l) UjQj—m
e B Wl el NI g
“_]m — ”_/(1_1111 ( l) I,]”j—m

and they satisfy
{a;. (1}} = 0,5, {ai,0;3=0, {al (‘1-];-} =0

* Particle operators can also be expressed in terms of
q.p. operators

T o T 1T\I—m,,
A, = U, + (=170,
- . NI, AT



BCS wave function = quasi-particle VACUUM

a,,|BCS)=0 BCS) =|0)
Ogp state: ‘6>

2qp state: interms of @y 01,0,

0

4qp state: in terms of 05Lm1“}2m2“?3m3“}4m4

0



BCS wave function = quasi-particle VACUUM

a,,|BCS)=0 BCS) =|0)

—_~ —_~

« Express ng(j,) H—AN interms of quasi-particle operators

* Do normal ordering

qu(A) _ HUU T Hll T HUQ 4 HEU
+ H‘ZE 1+ HIB 4+ HBl + HUil 4+ H4U



Quasi-particle states

If only considering H 00 + H 1

(BCS|H - AN|BCS)= H

 H"=) Ed o

Jm T jm
Jj.m

Q E = (g, -2 +A’

G .
S A= 5Z(zj +1u,v,
J

E, (20p) = 2A

N
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Evidence for pairing correlations in nuclei

E, (MeV)

(50,50)

(iii) The excitation energy of the first excited 2* state in nuclei remains
remarkably constant over large intervals of neutron (proton) numbers.

1272 1207 1207 1211 129TER2E0 1230 1175 4940 132 114114691221

T 0 0 0 0 0 o 00 0o 0o 0o o o

104 106 108_ 110 112 14_  116_  118_ 120 122 124 126 128_
Sn Sn Sn Sn Sn Sn Sn Sn Sn Sn Sn Sn Sn

Prof. R. Casten’s PPT

(50,82)



IR TR~ LEBLIT R



Nucleon pair approximation to the SM

* Many-body basis states (m-scheme): o o

o o
+
‘ ¢> J1m1 szz a JnMp > o )

*  Nucleon pairs

A= Y DAY (L), A (1)) = (a) xa))" Q

j

Pair basis states (J-scheme):

(In)

[ A A\ L A\ At
o) (A" x AT A x A 0)

My

J. Q. Chen, Nucl. Phys. A 562, 218 (1993).

J. Q. Chen, Nucl. Phys. A 626, 686 (1997).

Y. M. Zhao et al., Phys. Rev. C 62, 014304 (2000).

Y. M. Zhao and A. Arima, Physics Reports 545, 1 (2014).




Nucleon pair approximation to the SM
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One-dimensional pair wave functions

PHYSICAL REVIEW C 94, 024321 (2016)

E\Iuclenn-pair states]of even-even Sn isotopes based on realistic effective interactions

Y. Y. Cheng,' C. Qi Y. M. Zhao,"**" and A. Arima'*

YT VieaUidodsda) s aser: ivo 7975 3 @
H = n 4+ JT=1\J1J2J3J4 J(A x A ;
’ ;‘91 o W<l Js<is 3 \/(1+5j1j2)(1+5j3j4) ( 7 (JljZ) G(JSJ4))

PHYSICAL REVIEW C 94, 024307 (2016)

E\Iucleon-pair state% of even-even N = 82 isotones

Y. Y. Cheng.' Y. M. Zhao,">" and A. Arima'-?

Hy=Den, + Y GS(A <A )"+ xf(QxQ:)”
j

$=0,2 t=2,3



One-dimensional pair wave functions

135 L L ]
Xe .
6 — (14 1 — 14 1 —14- 1 — 14
Py —12- —12-
(13 : 13 —12- —13- T 13 4
5| —i1y 1 —11- —10- | —11- 1 —1-
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One-dimensional pair

E (MeV)
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wave functions
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One-dimensional pair wave functions
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Applicable also to neutron-rich Open-Shell's
Calculated with jj46 effective interaction Of C.X.Yuan
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Nucleon pair approximation to the SM

* Many-body basis states (m-scheme): o o
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*  Nucleon pairs
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Pair basis states (J-scheme):
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Pair structure for spherical nuclei

S'= y(jo)a) x ap®” =Y v(jjo)s].
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Variational approach for pair optimization in the nucleon pair approximation
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Nucleon-pair coupling scheme in Elliott’s SU(3) model

G.J. Fu®,"" Calvin W. Johnson®,”" P. Van Isacker®,’-* and Zhongzhou Ren'-*
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Summary

{RREEXF N R RF 2K L SHIXEST

EBREERT, BiRAFARIFEHFLIEL (only S pair)

2R EN IFEITRE, Ejru%?fﬂ: S MIESRIRHTED
XiKEREL (in terms of S pair and non-S pairs)

JFRHS j5<, BCS

i€ (only S pair)

RAHS)®, —HEXNE (in terms of S pair
and non-S pairs)
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The low-lying states are very simple in terms of
nucleon pair basis; they are very complicated if we

look at them 1n terms of other basis.

Prof. Y. M. Zhao’s PPT
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