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原子核低激发态的简单配对结构



• WHY 低能量核子配对是原子核低激发态的关键组元？

• WHAT 准自旋算符 & 单j壳系统的辛弱数理论？

• WHAT 单j壳系统不变本征态 & 其解析配对波函数？

• WHAT BCS理论?

• WHAT 壳模型配对近似理论 & 一维配对态?

Outline



低能量核子配对

是原子核低激发态的关键组元
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质子之间有很强的库仑排

斥力，稳固的原子核系统

是由核子间的强相互作用

造成的。

原子核的总结合能近似地

正比于质量数，而不是质

量数的平方。

这说明核子间有效相互作

用的主导成分是短程吸引

的.

Effective nuclear force

8MeV



A simplification: Zero-range δ interaction

j = 9/2
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• Many-body basis states (m-scheme):



Pair truncation – nucleon-pair approximation
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• Nucleon pairs

• Many-body basis states (m-scheme):
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Pair basis states (J-scheme): 

J. Q. Chen, Nucl. Phys. A 562, 218 (1993). 

J. Q. Chen, Nucl. Phys. A 626, 686 (1997).

Y. M. Zhao et al., Phys. Rev. C 62, 014304 (2000).

Y. M. Zhao and A. Arima, Physics Reports 545, 1 (2014).
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• Nucleon pairs

• Many-body basis states (m-scheme):

Other pair truncation schemes

0,   pairr S 0,  non-  pairsr S

• S-pair approximation

(generalized) seniority scheme,  BCS,  …..



准自旋算符，

单j壳系统的辛弱数理论



A simplification: Zero-range δ interaction

j = 9/2
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Further simplification: monopole pairing interaction 



•

•

S-pair operators



回顾：角动量的一般定义

如果满足对易式

则 𝐽为角动量算符

定义角动量升、降算符



Quasi-spin operators

•

•



•

Eigenstates of quasi-spin operators



Quasi-spin operators & monopole pairing interaction

•

•



•

•

Seniority quantum number



particle number n vs. s0
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Eigen energies



部分动力学对称性，

单j壳系统不变本征态的解析波函数



monopole pairing interaction



Seniority-conserving TBME
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Eigenstates of ANY two-body interactions – (1)
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•

•

Eigenstates of ANY two-body interactions – (2)

•

Ref: Chapter 19 of Talmi’s book



•

•

Eigenstates of ANY two-body interactions – (2)

• Wigner-Eckart 定理（Edmond 约定）
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• construct analytic expressions for states of definite seniority

numbers ν = 3, 4, 5 in terms of nucleon-pair basis states

• derive exact wave functions for a few eigenstates of any two-

body interactions in the midshells of j = 7/2, 9/2, 11/2

Analytic w.f. of eigenstate of any TB interaction



• n=v state (alpha) satisfying below commutator

Analytic w.f. for seniority = 3,4,5

Seniority-𝝂 state of n-particle
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• Seniority-𝝂 state of 𝝂-particle  



Seniority-4

Seniority-3



Seniority-5
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非简并多j壳，BCS理论



monopole pairing interaction：
non-degenerate multiple-j case



BCS theory for nucleons 
in non-degenerate multiple-j shells

• A BCS trial wave function

Not conserving the particle number



• A BCS trial wave function

• |BCS> is a linear combination of

Not conserving the particle number

BCS theory for nucleons 
in non-degenerate multiple-j shells



If                    for each j，BCS wf is normalized

•

BCS theory for nucleons 
in non-degenerate multiple-j shells



If                    for each j，BCS wf is normalized

•

probability interpretation of uj
2 and vj

2

• If                    for each j，one has

BCS theory for nucleons 
in non-degenerate multiple-j shells



Gap equations

• Determine the BCS trial wave function by variation



Gap equations

• Variation with the constraint

• Determine the BCS trial wave function by variation

• Finally,



Quasi-particles.
Bogolyubov-Valatin transformation

•



• Particle operators can also be expressed in terms of
q.p. operators

Quasi-particles.
Bogolyubov-Valatin transformation

•



BCS wave function = quasi-particle VACUUM

0jm BCS  0BCS 

0qp state： 0

† †

1 1 2 2 0j m j m in terms of2qp state：

† † † †

1 1 2 2 3 3 4 4 0j m j m j m j m   4qp state： in terms of



• Do normal ordering

• Express in terms of quasi-particle operators

BCS wave function = quasi-particle VACUUM

0jm BCS  0BCS 



Quasi-particle states

00 11H H

(2qp) 2xE  

If only considering



Prof. R. Casten’s PPT



壳模型配对近似，

近球形核的一维配对态



Nucleon pair approximation to the SM
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• Nucleon pairs

• Many-body basis states (m-scheme):
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Pair basis states (J-scheme): 

J. Q. Chen, Nucl. Phys. A 562, 218 (1993). 

J. Q. Chen, Nucl. Phys. A 626, 686 (1997).

Y. M. Zhao et al., Phys. Rev. C 62, 014304 (2000).

Y. M. Zhao and A. Arima, Physics Reports 545, 1 (2014).



计算哈密顿量在配对组态空间的矩阵元

对角化哈密顿量矩阵得到本征能量&本征波函数

计算可观测量

选择低能量的配对构造配对组态空间

Nucleon pair approximation to the SM
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One-dimensional pair wave functions



One-dimensional pair wave functions



One-dimensional pair wave functions



SM w.f. is well represented by the one-
dimensional, optimized pair basis state !   
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One-dimensional pair wave functions



YYC, H.Wang, J.J.Shen et al., PRC 100, 024321

Applicable also to neutron-rich Open-Shell’s 

Calculated with jj46 effective interaction Of C.X.Yuan



Nucleon pair approximation to the SM
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• Nucleon pairs

• Many-body basis states (m-scheme):
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Pair basis states (J-scheme): 

J. Q. Chen, Nucl. Phys. A 562, 218 (1993). 

J. Q. Chen, Nucl. Phys. A 626, 686 (1997).

Y. M. Zhao et al., Phys. Rev. C 62, 014304 (2000).

Y. M. Zhao and A. Arima, Physics Reports 545, 1 (2014).



•

•

Pair structure for spherical nuclei



transitional nuclei



quadrupole deformed system



• 低能量核子配对是原子核低激发态的关键组元

• 准自旋算符，单j壳系统的辛弱数理论（only S pair）

• 部分动力学对称性，单j壳系统不变本征态的解析配
对波函数（in terms of S pair and non-S pairs）

• 非简并多j壳，BCS理论（only S pair）

• 非简并多j壳，一维配对态（ in terms of S pair
and non-S pairs）

Summary



苏东坡 (宋朝) 

横看成岭侧成峰

远近高低各不同

The low-lying states are very simple in terms of

nucleon pair basis; they are very complicated if we

look at them in terms of other basis.

Prof. Y. M. Zhao’s PPT



感谢大家的聆听！

欢迎批评指正！

报告人：程奕源


