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Combinant analysis of multiplicity distributions in 
p+p interactions in multipomeron exchange model
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Multiplicity
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• Number of hadrons produced in an interaction - N

• Event-by-event multiplicity fluctuations are sensitive to critical phenomena and formation of quark-

gluon plasma


• Scaled variance  for p+p collisions starting from  GeV - important 

reference for A+A collisions

ω[N] =
⟨N2⟩ − ⟨N⟩2

⟨N⟩
> 1 s = 10

NA49, Phys.Rev.C 75 (2007) 064904



Multiplicity
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• Number of hadrons produced in an interaction - N

• Event-by-event multiplicity fluctuations are sensitive to critical phenomena and formation of quark-

gluon plasma

• Remarkably good description of multiplicity distribution in p+p interactions is provided by negative 

binomial distribution (NBD)) p(N) =
Γ(N + q)

Γ(N + 1)Γ(q)
⋅ [ ⟨N⟩

q + ⟨N⟩

N

] ⋅ [ q
q + ⟨N⟩ ]

q

Fits of ALICE measurements at 900 GeV by NBD

Premomoy Ghosh Phys.Rev.D 85 (2012) 054017

Scaled variance 


2-NBD fits works reasonably good too

ω[N] =
⟨N2⟩ − ⟨N⟩2

⟨N⟩
= 1 +

⟨N⟩
q

> 1

https://inspirehep.net/authors/1065795
https://inspirehep.net/authors/1065795


Multiplicity
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• Centrality determination using fitting of multiplicity in Glauber Monte Carlo+NBD approach

• Ancestor model:  is treated as number of particle producing sources 

(ancestors), each of them is producing particles according to NBD
f ⋅ Npart + (1 − f ) ⋅ Ncoll

ALICE Phys.Rev.C 88 (2013) 4, 044909



Another look at distribution
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• For a given discrete distribution  one can define: 


• Moments:  ( )


• Generating function  (derivatives at )


• Central moments: 


• Generating function  (derivatives )


• Factorial moments: 


• Generating function  (derivatives )


• Genereting function of cumulants: 


• Genereting function of factorial cumulants:  (derivatives )


• Generating function of combinants:  (derivatives )

P(N)

νk = E[Nk] = ∑
N

Nk ⋅ P(N) ω[N] =
v2

v1

E[eN⋅t] t = 0
μk = E[(N − E[N])k]

E[e(N−E[N])⋅t] t = 0
μ′�k = E[N * (N − 1) * . . . * (N − k + 1)]

E[sN] s = 1
lnE[eN⋅t]

lnE[sN] s = 1
lnE[tN] t = 0

First appearance

Multiplicity Distributions of Created Bosons: The Combinants Tool

• S.K. Kauffmann, M. Gyulassy J.Phys.A 11 (1978) 1715-1727

https://inspirehep.net/literature?q=a%20S.K.Kauffmann.1
https://inspirehep.net/authors/1007123
https://inspirehep.net/literature?q=a%20S.K.Kauffmann.1
https://inspirehep.net/authors/1007123


Combinants
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• ; ; 


• 


• 


• 


• …

F(t) = lnE[tN] =
∞

∑
i=0

tiP(i) F(1) = 1 F(0) = P(0)

ln(F(t)) = ln(F(0)) +
∞

∑
i=1

tiC*(i) = ln(P(0)) +
∞

∑
i=1

tiC*(i) =
∞

∑
i=1

(ti − 1) C*(i)

C*(1) =
P(1)
P(0)

C*(2) =
P(2)
P(0)

−
1
2 ( P(1)

P(0) )
2



Why combinants?
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How to retrieve additional information from the multiplicity distributions

• 	Grzegorz Wilk, Zbigniew Włodarczyk J.Phys.G 44 (2017) 1, 015002


• Main idea:

• for a lot of distribution the following recurrence relation holds:

• , where g(N) - linear function


• or more generally:  


• this relation holds in clans and cascade models


• C(j) - «modified» combinants: 


•

(N + 1) ⋅ P(N + 1) = g(N) ⋅ P(N)

(N + 1) ⋅ P(N + 1) = ⟨N⟩
N

∑
j=0

C( j) ⋅ P(N − j)

C( j) =
j + 1
⟨N⟩

C*( j + 1)

⟨N⟩C( j) = ( j + 1) ⋅
P( j + 1)

P(0)
− ⟨N⟩

j−1

∑
i=0

C(i) ⋅
P( j − i)

P(0)

https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/authors/1279270
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/authors/1279270


Problems of NBD
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C( j) =
⟨N⟩

⟨N2⟩ − ⟨N⟩2 (1 −
⟨N⟩

⟨N2⟩ − ⟨N⟩2 )
j

Grzegorz Wilk, Zbigniew Włodarczyk Entropy 19 (2017) 12, 670

Grzegorz Wilk, Zbigniew Włodarczyk Int.J.Mod.Phys.A 33 (2018) 10, 1830008

Maciej Rybczynski, Grzegorz Wilk, Zbigniew Włodarczyk Phys.Rev.D 99 (2019) 9, 
094045

Han Wei Ang et al. Eur.Phys.J.A 56 (2020) 4, 117

Grzegorz Wilk, Zbigniew Włodarczyk Int.J.Mod.Phys.A 36 (2021) 13, 2150072

H.W. Ang et al. Mod.Phys.Lett.A 34 (2019) 39, 1950324

I. Zborovský Eur.Phys.J.C 78 (2018) 10, 816

R. Aggarwal, M. Kaur Adv.High Energy Phys. 2020 (2020) 5464682

Aayushi Singla, M. Kaur Adv.High Energy Phys. 2020 (2020) 5192193

NBD has a monotonic 

rank dependence of combinants  

https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/authors/1263957
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/literature?q=a%20H.W.Ang.2
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/literature?q=a%20H.W.Ang.1
https://inspirehep.net/authors/982306
https://inspirehep.net/authors/1065986
https://inspirehep.net/authors/1003424
https://inspirehep.net/literature?q=a%20A.Singla.1
https://inspirehep.net/authors/1003424
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/authors/1263957
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/literature?q=a%20H.W.Ang.2
https://inspirehep.net/literature?q=a%20G.Wilk.2
https://inspirehep.net/literature?q=a%20Z.Wlodarczyk.6
https://inspirehep.net/literature?q=a%20H.W.Ang.1
https://inspirehep.net/authors/982306
https://inspirehep.net/authors/1065986
https://inspirehep.net/authors/1003424
https://inspirehep.net/literature?q=a%20A.Singla.1
https://inspirehep.net/authors/1003424


Multipomeron exchange model
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• N. Armesto, D.A. Derkach, G.A. Feofilov Phys.Atom.Nucl. 71 (2008) 2087-2095

• E.O. Bodnya, V.N. Kovalenko, A.M. Puchkov, G.A. Feofilov AIP Conf.Proc. 1606 (2015) 1, 273-282

• 	E.V. Andronov, V.N. Kovalenko Theor.Math.Phys. 200 (2019) 3, 1282-1293, Teor.Mat.Fiz. 200 3, 415-428





  was taken to be Poisson distribution with mean 
 where 

P(N) = C(z) ∑
Npom

1
z ⋅ Npom

1 − e−z
Npom−1

∑
l=0

zl

l!
⋅ PNpom

(N)

PNpom
(N)

2 ⋅ Npom ⋅ δη ⋅ k( s) k = 0.255 + 0.0653 ⋅ ln s

https://inspirehep.net/authors/1018115
https://inspirehep.net/authors/1061025
https://inspirehep.net/authors/1010165
https://inspirehep.net/literature?q=a%20E.O.Bodnya.1
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1353328
https://inspirehep.net/authors/1010165
https://inspirehep.net/authors/1398405
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1018115
https://inspirehep.net/authors/1061025
https://inspirehep.net/authors/1010165
https://inspirehep.net/literature?q=a%20E.O.Bodnya.1
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1353328
https://inspirehep.net/authors/1010165
https://inspirehep.net/authors/1398405
https://inspirehep.net/authors/1204919


Multipomeron exchange model
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• N. Armesto, D.A. Derkach, G.A. Feofilov Phys.Atom.Nucl. 71 (2008) 2087-2095

• E.O. Bodnya, V.N. Kovalenko, A.M. Puchkov, G.A. Feofilov AIP Conf.Proc. 1606 (2015) 1, 273-282

• 	E.V. Andronov, V.N. Kovalenko Theor.Math.Phys. 200 (2019) 3, 1282-1293, Teor.Mat.Fiz. 200 3, 415-428

https://inspirehep.net/authors/1018115
https://inspirehep.net/authors/1061025
https://inspirehep.net/authors/1010165
https://inspirehep.net/literature?q=a%20E.O.Bodnya.1
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1353328
https://inspirehep.net/authors/1010165
https://inspirehep.net/authors/1398405
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1018115
https://inspirehep.net/authors/1061025
https://inspirehep.net/authors/1010165
https://inspirehep.net/literature?q=a%20E.O.Bodnya.1
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1353328
https://inspirehep.net/authors/1010165
https://inspirehep.net/authors/1398405
https://inspirehep.net/authors/1204919


Multipomeron exchange model results
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Multipomeron exchange model
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 Let us consider  to be NBD such that its expectation value is 
again  where 

P(N) = C(z) ∑
Npom

1
z ⋅ Npom

1 − e−z
Npom−1

∑
l=0

zl

l!
⋅ PNpom

(N)

PNpom
(N)

2 ⋅ Npom ⋅ δη ⋅ k( s) k = 0.255 + 0.0653 ⋅ ln s

https://inspirehep.net/authors/1018115
https://inspirehep.net/authors/1061025
https://inspirehep.net/authors/1010165
https://inspirehep.net/literature?q=a%20E.O.Bodnya.1
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1353328
https://inspirehep.net/authors/1010165
https://inspirehep.net/authors/1398405
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1018115
https://inspirehep.net/authors/1061025
https://inspirehep.net/authors/1010165
https://inspirehep.net/literature?q=a%20E.O.Bodnya.1
https://inspirehep.net/authors/1204919
https://inspirehep.net/authors/1353328
https://inspirehep.net/authors/1010165
https://inspirehep.net/authors/1398405
https://inspirehep.net/authors/1204919


Multipomeron exchange model
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Sensitivity of combinants to 0-th bin
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CMS, JHEP 01 (2011) 079 GeV; s = 900 |Δη | < 2.4

All combinants strongly depend on P(0) by definition

Let us check how they would behave for truncated distribution



Sensitivity of combinants to 0-th bin
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CMS, JHEP 01 (2011) 079 GeV; s = 900 |Δη | < 2.4

P(N) → P̃(N) =
P(N)

1 − P(0)

After redefinition amplitude significantly suppressed



Conclusions
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• Modified combinants exhibit oscillating behaviour for p+p interactions at 
LHC energies - not described by negative binomial distribution fits to data


• Default multipomeron exchange model does not produce oscillations

• NBD as distribution of particle from a single string leads to rapidly fading 

wave

• Redefinition of combinants omitting ‘problematic’ 0-th bin results in 

change of amplitude and does not affect periodicity
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Combinants and cumulants
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Sensitivity to statistics
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Combinants and independent sources
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