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Background



Sampling from Boltzmann distributions

Input: Reduced potential energy u(x) in coordinates
x € R",

Aim: Sample equilibrium (Boltzmann) distribution

u(x) o e #®



_imitations of Monte Carlo / MCMC sampling

Problem 1: For large n,

Vol(low—energy configurations)

K1
Vol(possible configurations)

Problem 2: Multiple potential wells yields

mixing time

> 0(1
simulation time (1)

- Example: Protein folding/unfolding needs 10° — 101> MD
simulation steps.

Direct MCMC/MD is hopeless for many-body systems.
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Standard methods are INSANELY expens



Enhanced sampling

Draw samples according to biased but more “efficient” potentials
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Computational effort remains enormous.




ldea: Sampling In latent space

Sample tractable latent distribution:
zZ ~ pz(z)
Learn a nonlinear transformation from the latent space to the configuration space:
X = Fzx(z;0) ~ px(X) = p(x)
Example:

_z~ NI . b X Px(X)
Fzx(z) = 10 + Tzl ERER?

........
7777777777777

Computational cost can be extremely small after learning.
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ldea: Sampling in latent space

Similar ideas have been widely applied in machine learning community.

Generative
Model

Well-known architectures:
» Generative adversarial net (Goodfellow et al., NeurlPS, 2014)
« Variational autoencoder (Kingma et al., ICLR, 2014)



Generative adversarial network (training by
data)

Training set V / Discriminator
// x DA .|
Random Z7/ — — {Fa ke
Generator / %ake image




Amortized SVGD (training by energy)

Target distribution p(x)

~— o— —o o — = —
— . Stein gradient

Adjusting network parameter:

W« W+ eV f(z; W) DNgtein @

Random noise z

Disadvantage: The estimation bias cannot be reduced by more samples.

(Wang, arXiv:1611.01722; Liu, arXiv:1612.00081)
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What if we have an invertible mapping

Scalar case

N

px(x)dr =pz(2) dz

Density Volume

(2)
Y
\ }
Y
<X> Mass




What if we have an invertible mapping

Scalar case

N

px(r) =pz(2)

O
<

dx



A trivial example

N (z|p, o) = N(2]0,1)0

T —
-

) —



A non-trivial example

Inverse transform sampling 0 — 2 — CDF(CC)

pxc () = U(z [0, 1) 221

5 ()
el
A s




Multi-dimensional case R¢

px(z) = pz(z)




Multi-dimensional case R¢

px(r) = pz(2)

—

det (




Applications

» Density estimation
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Applications

« Draw samples fo = 99—1

Advantage: The bias can be removed by importance sampling / MCMC.
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Normalizing flow
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Normalizing flow

Motiviation: Probability manipulation by invertible nerual networks

(Kingma & Dhariwal, 2018)
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Challenges

 Jacobian determinant

* Inversion
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density estimation

Study case
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density estimation

Study case
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density estimation

Study case
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Study case: dens

Ity estimat
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Study case: density estimation
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Determinant

dfg
ox

e M(d, d)

— &




Determinant

—

« Computational time is from 0(d?37°) to 0(d)).
« High variance unbiased estimator exists (Hutchinson estimator).
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More tractable determinants
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More tractable determinants

iR N

. l ... ._g]-. det(D+ UV ")

= det(D) - det(I + DUV ")

= det(D) - det(I + V' D~ 1U)
‘ (Sylvester’s determinant identity)
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More tractable determinants
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Deep learning with tractable Jacobian determinant

()
(D
O

Small invertible L
: matrix Strictly increasing activation function

(Baird et al., 2005)
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Low dimension



Neural scalar flow

OO
RI-RIXS

- ORI

oe

Strictly increasing Strictly positive

activation function valued matrix
(Huang et al., 2018; De Cao, 2019)
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Fourier convolution

(Periodic) convolution theorem

Flz +w) = F(x) - Flw)

.
T

(Hoogeboom et al., 2019; Karami et al., 2019)
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Sylvester normalizing flows
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(van den Berg, Hansclever et al., 2018)



Autoregressive models

Oy Oy Oy Oay O
OEONONONO

N (o, 0p) N (41, 01) N (uz,07) N (us, 03) N (us, 03)
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Autoregressive models
N(0,1) N(0,1) N(0,1) N(0,1) N(0,1)

OO0,
OO
V000041

N(#O:Uo) N(Ml:%) N (uz,07) N (us, 03) N (us, 03)
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Autoregressive models

A

X

(Deco & Brauer, 1995; Hyvarinen & Pajunen, 1998; Moselhy & Marzouk, 2012)
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Neural autoregressive models




Convolutional autoregressive models

Masked convolutions

(van den Oord et al., 2016)
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Study case: density estimation
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Study case: density estimation
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Inverting a neural network
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eneration through process reversion
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Generation through process reversion

PX
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Generation through process reversion
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lterative Inversion

* Bisection / binary search
* Root finding algorithm (Newton Raphson)

 Fixed point iteration
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Bisection

(Ho, Chen et al., 2019)
e



Root finding algorithm

U = ) _ o (%) - (f(fl;‘(t)) - ?J)

Newton-Raphson: Local convergence

(Song et al., 2019)
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Residual flow

X
f( ) weight Iayler xr— T+ f(x) — y
X 'reu 5
vt | ) oy 1@ = f@P)] < eflalV) — 2]

) =y — faD)

A block of residual learning

Fix-point iteration: Global convergence

(Behrmann et al., 2019)
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Closed form inverse: scalar case

Invertible piecewise functions

—— RQ Spline

B T InverseT T T T T T

Knots

(Mdaller et al., 2019; Durkan, Bekasov et al., 2019)
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Autoregressive case

Forward substitution

<d = fd(% 37<d)

¥1 ‘
g =f; (24 7<q)

Non parallel



Coupling layer

fia Ja
X 4] X1+ :
T (T
XZ‘E_é')_i" Y2 X, + é) :
Vi =Xq X1=¥
Vo = Xp + T (X4) Xy =Y, — Ta(¥1)

T,: Deep netural networks

(Dinh et al., 2015)
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Coupling layer

fia Ja
X1 : E= \ 41 X1 ‘i E Y1
| Sa| | Td | Sa) | Tal
Xz‘i‘é_é'}:r’ y2 Xz‘“.‘é)_é)‘:’ y2
Vi =Xq X1 =W
V2 = Sq(Xq) * X5 + Tp(X1) X, = (Y2 = To(¥1))/Sa(¥1)

T,,logS,: Deep netural networks
(Dinh et al., 2017)
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Composing flows
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Composing flows

* Inversion and sampling

(foofi) t=f 1oty
 Determinant and inference

V(fao fi)(x) =V fa(fi(z))V fi(z)
det(A - B) = det(A) - det(B)



Combining coupling layers: RealNVP

fia Ja
X1 : : \ 41 X1 i E Y1
| Sa| | Tl 1 Sa| | Tl
Xz‘i‘é_é'}:r’ y2 Xz‘“.‘é)_é)‘:’ y2
Vi =Xq X1 =W
V2 = Sq(Xq) * X5 + Tp(X1) X, = (Y2 = To(¥1))/Sa(¥1)

T,,logS,: Deep netural networks
(Dinh et al., 2017)
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Combining coupling layers: RealNVP

fia fiv e fiv”

X1 : E’ Y1 E?_@T}:”Zl X1<i E Yl“E‘QTD_CTD‘E‘ Z
| Sa Tai 1| Sp Tp|: i Sa al | S, Tpl:
Xz‘i‘é_éb':r’ y2 : E= Z Xz‘“._%_é)‘:’ y2 : Z

Vi =Xq X1=¥n
V2 = Sq(Xq) * X5 + Tp(X1) X, = (Y2 = To(¥1))/Sa(¥1)
2, = Sp(y2) *y1 + Tp(¥2) y1 = (21 — Tp(23))/Sp(2,)
Z; =Y, Y2 =7,

T,, Ty, logS, ,logS,: Deep netural networks
(Dinh et al., 2017)
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Some recent progress

e Continuous time flow

 Discrete value flows
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Time reversibility in physics

In classical mechanics, the time-reversibility is common
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Continuous time flow

z = z(0) dz(t) x =2z(1)

= (©,,6)

z — x Is invertible if f is uniformly Lipschitz continuous in z and
continuous in t.
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Continuous time flow

z = z(0) dz(t) x =z(1)

- = f(#(0),1,6)

1
x = z(0) +f f(z(t),t,0)dt

1 0
logp(x) =logp(z(0)) — j (62{1:)) dt

Chen, et al., 2018. Grathwohl, Chen, et al., 2019.

62



Continuous time flow

Target Densit

Samples Vector Field

———— W Teg——

T )\n{‘f\’
\\ |

Py

l.,f

https://github.com/rtgichen/ffjord
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Discrete values flow




NFs for energy landscape

exploration




NFs for energy landscape exploration

Molecular systems: Noé, Olsson,
Kohler and Wu, Science, 2019

Lattice QCD: Kanwar et al., PRL, 2020
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Why are NFs interesting?

1. Sample Gaussian
distributioﬂ/pzik

1 l T T A
f, fit
o Lk
I t 1
f fl
v | 1 T 1

2. Generate
distributioM]/_\m

3

el
Boltzmann distribution el

: Normalizing flows (NFs)
can be trained based on both
energy and data:

Energy based learning:
min Jg;, = E,, [log qx(Fzx(z))
+ u(Fzx(2))]

Data (likelihood) based learning:
min [, = Eqata [—long(x)]
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Why are NFs interesting?

1. Sample Gaussian - b
distribution gl . Asymptotically unbiased
estimation can be obtained

T r 1t ¢ :
o i based on the exact density:
sz : . : FXZ
I t 1
v 1 f T Eul00)] = Ep, [px(x)O(x)]

2. Generate
distributioM]/_\m

3

el
Boltzmann distribution el
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Why are NFs interesting?

1. Sample Gaussian .
distribution gl . The free energy difference

can be directly calculated:

| T 1 4
fy f
Fu IR KL(qx||1)
) Il t ot = IEz~qz[108 qx(Fzx(z)) + u (F;x(z))] + const
fa fa = Jx. + free energy
v 1 | T 1

- B independent Boltzmann Generators

AAjp = <J12(L> - <J11{L>

A
g

2. Generate
creih X
distribution Px(x) Free Energy difference from two

3

ST
Boltzmann distribution el
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Boltzmann Generators: NF + MCMC

1.

Sample batch {x, ..., xg} from X.
Update normalizing flow parameters 8 by training on batch.
For each x in batch, project it to the latent space with z = Fy,(X)

For each z, perform MCMC with target distribution

OFxz(x)| :
Uy (z) = ‘ o Uy (x), and get a new sample z'.

Replace x by x' = F,x(x).
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Towards proteins

W

o O

3C-6 whitened
Backbone crds

3N-3C normalized internal crds

Whiten tl Unwhiten Normalize Tl Unnormalize

3C backbone crds

3N-3C internal crds

Compute bondlengths,
angles, torsions

Place Atoms

3C backbone crds

3N-3C sidechain crds

All 3N crds
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Towards proteins
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Towards proteins

Density
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Towards proteins
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Free energy differences

Free energy difference / kT,
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Extensions
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Stochastic normalizing flows

Combining normalizing flows and MCMC samplers

Metropolis

RNVP + Metropolis

©

paly) = e ") Energy ux(y) Prior j1z(z)
A=10 .
A= 0.33 L
L
=066
o~

{5
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© GENER
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HOW
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TINT TINY FONT

Wu, et al., NeurIPS).
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Equivariant flows

u(x) = u(Rx) a) b)

0.3 nBG samples = nBG samples
MCMC data (train) . MCMC data (train)
. MCMC data (test) 1{ = MCMC data (test)
0.2 m prior .
O d d § -
O 3 N
i
® ® ”
x 0.0= - = = = —3—
R X 50 40 30u{xl 20 10 0 2 0 2
E) f) 4697 4570 B30 4498 4397
Ll -
g 4 :0 - 'o- o... .' .‘ -.t.
= o =46,93 =46,93 =416,93 =46,93 =36,93
—4 .* X . s .
Fl 3 ; 5 [ - - .t - -®

0.25 eqBG samples = eqBG samples
0.20 MCMC data (train) z MCMC data (train)

. MCMC data (test) 1{ = MCMC data (test)
0,15  prior o

0.10

® @

0,00

. . g) -15.70  -45.38 4585 -14.33 -d6.06 h) =51.48 5045 4837 4685 @ -31.74
X " - - [ . .
f( ) f(Rx) — Rf(x) - ...- .a.o ..'o KA O ., .y e

" .

u(x) B

-46,93  -46.93 46,93 46,83 -46.93 =51,58  =50,62 48,70 =46,93 =43,13

'] L e - L]
L] - e - .e - . . . .y .
L - - - - ® - . ® .h . - *

log p(f(x) = log p(f(Rx)) = log p(R(fx))
Kohler, Klein and Noé, ICML728020.



THE END

Thanks! Questions?
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