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学院简介：学院简史

⚫ 2009年：中山大学与法国格勒诺布尔理工大学为首的民用核能工程师教学联盟（FINUCI)

合作成立中山大学中法核工程与技术学院

⚫ 2010年：第一届学生入学

⚫ 2011年：核科学与技术一级学科硕士点

⚫ 2012年：核能与核技术工程二级学科专业硕士点

⚫ 2016年：核工程力学二级学科博士点；第一届CTI认证硕士生毕业

⚫ 2018年：第八届广东省教育教学成果奖一等奖

⚫ 2019年：入选首批国家级一流本科专业建设点（双万计划）

⚫ 2020年：核科学与技术一级学科博士点通过学校自主审议，报送教育部



学院简介：办学模式

工程型人才培养；专业型硕士接收推免

学术型人才培养；接收推免、硕博连读

专业型硕士（三年制）
中法卓越工程师、CTI认证

中方独立办学

学术型硕士（三年制） 学术型博士

本科（四年制）

全国招生、含推免

全国招生、含推免

中法卓越工程师

学术
生源

工程博士

业界
生源



核科学与技术学科

核燃料循环与材料 核能科学与工程

辐射防护与环境保护 核技术及应用

核仿真与安全

反应堆热工水力

核工程材料与力学

先进核能系统

核环境辐射监测与应急

辐射防护与安全

核探测与探测器

核技术及应用

核化学与放射化学

中低能核
物理、天
体物理、
核数据

粒子物理、
新型探测
器、中微
子应用

粒子物
理核物
理交叉

核物理

粒子物理

科研方向



• 中微子质量
• 反应堆中微子能谱
（王为、魏月环、张玉美）

中微子
物理

• 核结构理论和实验
• 低能核反应理论
• 中低能重离子核反应理论
（袁岑溪、 苏军、祝龙、梅波、张振、滑伟、郭琛琛）

核结构
与反应

• 粒子（核）天体物理
• 粒子探测技术
• 核电子学
（王为、方晓、张振、魏月环、梅波、黄土琛）

相关交
叉研究

基础研究：粒子物理与原子核物理
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• 裂变截面和产额
• 重要材料的中子辐照损伤截面
（陈胜利、梅波、袁岑溪、苏军）

核数据



Outline
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• Motivation

• Bayesian inference approach
• Basic concept 

• Markov Chain Monte Carlo (MCMC)

• Gaussian process (GP) 

• Principal component analysis (PCA)

• Applications in nuclear physics

• Summary



Inverse problems in nuclear physics
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Lattice QCD

Quark 
model

Ab initio 

Configuration 
interaction 

Energy density 
functional theory 

collective models

◆ Model everywhere

parameter model observables

Inverse problem

J. Phys. G 43, 044002 (2016)

• Error propagation? 



Uncertainty and correlation
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The Editors, Phys. Rev. A 83, 040001 (2011)

Referee’s comment on Zhang et al. PLB 777,73 (2018) 



Information content of new measurements
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1. Considering the current theoretical knowledge, what novel information does new 
measurement bring in? 

2. How can new data reduce uncertainties of current theoretical models?



Why Bayesian analysis?
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Bayesian analysis for 

✓ Parameter calibration 

✓ Uncertainty quantification for parameters and predictions

✓ Correlation analysis 

✓ Information content of new measurements

……



Frequentist approach
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Zhang et al. PLB 777,73 (2018)

Optimize parameters by minimizing the object function 

Around the optimal parameter set 𝑝0:

Multivariate Gaussian distribution:

Covariance matrix 

Variance of A                         Covariance of A and B           Correlation 

Reinhard and Nazarewicz, PRC81, 051303(R) (2010)
Dobaczewski et al, JPG41, 074001 (2014)



Frequentist vs Bayesian
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Blue: Frequentist approach 
Orange: Bayesian based on MCMC

King et al., PRL 122, 232502 (2019).

Frequentist 
• Local minimum or global minimum? 
• Errors and correlations are determined by 
𝜕2𝜒2/𝜕𝑝𝑖𝜕𝑝𝑗 at minimum point.

(reliable for a well-constrained model).

Bayesian  
• More flexible in exploring parameter space. 
• More reliable uncertainties and correlations.
• Prior knowledge can be easily taken into account.
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Bayesian Inference approach

• Take probabilistic view of parameters.

• Update knowledge on parameters upon observed data.

• Tools:

MADAI  http://madai.phy.duke.edu (PCA+GP+MCMC)

Pymc3  https://docs.pymc.io/

…

http://madai.phy.duke.edu/
https://docs.pymc.io/


Bayes’ theorem
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• Conditional probability

• Product rule: 

• Bayes’ theorem

𝑃 𝐴 𝐵 =
𝑃 𝐵 𝐴 𝑃(𝐴)

𝑃(𝐵)



Bayesian inference
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• Likelihood: probability of observed data given parameter 

• Prior: knowledge about the parameters before seeing data

• Posterior: probability of parameters given observed data

• Apply Bayes’ rule:

with 𝑝(𝐷) being evidence  or marginal distribution of the data.

• Make predictions: 

Usually flat



Bayesian inference-uncertainty quantification
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• 边缘分布（Marginal distribution）

• 置信区间（credible interval) [a,b]: 

通常可选取

• 平均值（mean value)：

• 中位数 (median value) 𝑈:

• Maximum a posterior



Bayesian inference-correlation analysis

19

• 联合分布（joint distribution）

• 协方差（covariance）: 

• 相关系数（correlation coefficient)：

with 𝜎𝑖 = ϴi − ϴ𝑖
2 being the standard deviation of ϴ𝑖



Technique difficulties
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Difficulties: 

 Non-analytical 

 High-dimensional (many parameters)

 Slow model 



Difficulties: 

 Non-analytical 

 High-dimensional (many 
parameters)

 Slow model 

Technique difficulties
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Solutions: 

 Variational inference 

 Markov Chain Monte Carlo (MCMC)

 Emulator:
Gaussian process (GP) 

+ Principal component analysis (PCA) 
(Dimensionality Reduction for multi-observables)



Metropolis-Hastings Algorithm

22

• Metropolis-Hastings algorithm (Metropolis et al. 1953, Hastings 1970):

Construct a Markov Chain for ϴ by employing an auxiliary distribution that is easy to 
sample from. 

• Steps:
1. Choose a starting value 𝜃 i ( 𝑖 = 0);

2. Produce a candidate value 𝜃∗ according to a proposal distribution 𝑞(𝜃∗|𝜃 𝑖 );

3. Calculate the acceptance probability 

4. Generate 𝑢~𝑈(0,1),

If u < a, let 𝜃 𝑖+1 = 𝜃∗,  else 𝜃 𝑖+1 = 𝜃𝑖 .

5. i=i+1, go to the 2nd step.

• The Markov Chain converges to the stationary distribution

Ratio independent of the 
normalization factor 



Random-walk Metropolis-Hastings
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• Take 𝑞(𝜃∗|𝜃 𝑖 )  to be symmetric, i.e.,   

Popular choices are (multivariate) Gaussians or t-distributions.

• Draw 𝜖~𝑞, 𝜃∗ = 𝜃(𝑖)+𝜖

• Acceptance probability 

• Scale parameter controls the acceptance rates. 

• Q: convergency?  Autocorrelation?

Interactive MCMC Sampling Visualizer by Chi Feng

https://chi-feng.github.io/mcmc-demo

U. von Toussaint, Rev. Mod. Phys. 83. 943 
(2011)

https://chi-feng.github.io/mcmc-demo/app.html#HamiltonianMC,banana
https://chi-feng.github.io/mcmc-demo


Gaussian process
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• Definition: A Gaussian process is a collection of random variables, any finite 
number of which have a joint Gaussian distribution. 
Rasmussen and Williams, Gaussian Processes for Machine Learning, MIT Press, 2006

• Multivariate Gaussian distribution

where μ is the mean vector and Σ is the covariance matrix.

The Gaussian Processes Web Site : http://www.gaussianprocess.org/

Conditional and marginal
distributions of a multivariate 
Gaussian are gaussian

http://www.gaussianprocess.org/


• GP  can serve as a fast surrogate of a slow model.

Given training data from model calculations, a GP can guess model prediction 𝑦∗ at 𝑥∗.

• Considering 𝒚 and 𝑦∗ as random variables, seek for p(𝑦∗|𝒚).

◦ 𝑦∗ and 𝒚 should be correlated and the correlation depends on 𝑥∗ − 𝑥𝑖 .

• Prior:

Gaussian process emulator
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• Conditional distribution:

Covariance matrix



Gaussian process emulator
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◦ Reproduce the training points without noise

◦ Make predictions with statistical uncertainties

◦ Values of hyper-parameters?

Decrease with distance 

A typical covariance function:

Hyper-parameters:
。 Noise 𝜎𝑛 = uncertainty of a stochastic model
。 Amplitude  𝜎𝐺𝑃 only affects 𝜎∗ but not affect 𝜇∗ if 𝜎𝑛=0
。 Length scale 𝑙𝑘 : usually 𝜇∗ is relatively insensitive to 𝑙𝑘



Maximize marginal likelihood
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Decrease with distance • Log marginal likelihood :

• Hyper-parameters can be determined by maximizing 

the marginal likelihood

• Example:

• GP for a single output. Multiple output case?

Bernhard et al., PRC 91, 054910 (2015)



Principal component analysis
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The central idea of principal component analysis is to reduce the dimensionality of a data 
set in which there are a large number of interrelated variables, while retaining as much as 
possible of the variation present in the data set. This reduction is achieved by transforming 
to a new set of variables, the principal components, which are uncorrelated, and which are 
ordered so that the first few retain most of the variation present in all of the original 
variables.

correlateduncorrelated

I.T. Jolliffe, Principal Component Analysis, Second Edition



Principal component analysis
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The central idea of principal component analysis is to reduce the dimensionality of a data 
set in which there are a large number of interrelated variables, while retaining as much as 
possible of the variation present in the data set. This reduction is achieved by transforming 
to a new set of variables, the principal components, which are uncorrelated, and which are 
ordered so that the first few retain most of the variation present in all of the original 
variables.

correlateduncorrelated

I.T. Jolliffe, Principal Component Analysis, Second Edition



Principal component analysis
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• m correlated observables/model output 𝑜𝑖

• 𝑜𝑖 are functions of model parameters, but linear combinations  of 𝑜𝑖 may 
be independent of parameters.

average over training data 

• Covariance matrix:

• Eigenvalue decomposition

Eigenvalue Normalized Eigenvectors



Principal component analysis
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Physics output Principal component

෥𝒐 𝒛 = ෥𝒐𝑈

෥𝒐 =0 𝒛 =0

෤𝑜𝑖 ෤𝑜𝑗 =M 𝑧𝑖𝑧𝑗 = 𝑈𝑇 ෤𝑜𝑖 ෤𝑜𝑗 𝑈 = Λ

Correlated Uncorrelated

Covariance Matrix

➢ 𝜆𝑖 is the variance of 𝑧𝑖.
➢ Retain the first 𝑞 PCs with the largest eigenvalues.
➢ m correlated outputs → 𝑞 uncorrelated PCs.



PCA-examples
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⚫ Electric dipole polarizability of
Ca48, Ni68, Sn120 and Pb208.

⚫ Strongly correlated 

• Uncorrelated PCs
• Z1 can be neglected

∼ 0.2 ∼ 1 ∼ 1 ∼ 10



PCA+GP
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◆ Tune GPs for dominant PCs instead of all model outputs.
◆ PCA+GPs => a multivariate emulator.

GP vs Model
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yes

no yes

no

no

yes

◆ Prior: often flat

◆ Likelihood: often Gaussian
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Applications in nuclear physics



Reconstruction of impact parameter
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X: an observable depending on b  

Centrality: 



Reconstruction of impact parameter
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𝑃 𝑋 𝑐𝑏 =
1

Γ 𝑘 𝜃𝑘
𝑋𝑘−1𝑒−𝑋/𝜃,  𝑘 𝑐𝑏 = 𝑘𝑚𝑎𝑥 1 − 𝑐𝑏

𝛼 𝛾 + 𝑘𝑚𝑖𝑛

5 parameters determined by fitting experimental data



Liquid drop model

38

• The semi-empirical mass formula of the LDM parametrizes the binding energy of the 
nucleus (Z, N)as:

Kejzlar et al., JPG 47, 094001 (2020) 

• Prior: Gaussian with larger variances
• Likelihood: exponential square
• Data:

• MCMC



Nuclear energy density functional (EDF) 
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Wang and Chen, PRC 92, 031303(R) (2015)

Energy density functional :
⚫ Nonrelativistic: Skyrme, Gogny
⚫ Relativistic: Relativistic mean-field.
…

Applications :
• Density profile
• Mass formula 
• Neutron Drip line
• Fission barrier
• Neutron stars

…  

Goriely et al., PRC93, 034337 (2016)



Nuclear energy density functional 
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• Model: Skyrme EDF with 12 parameters.
• Data: 115 ( masses, radii…)+17 new  mass measurements.
• Prior: Uniform
• Computing 𝜒2 requires 5 min with over 800 cores

• Gaussian process based on 200 training points. 
• (PCA+)GP+MCMC

Higdon et al., J. Phys. G 42, 034009 (2015).



Nuclear energy density functional 
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• Univariate and bivariate marginal estimates of the posterior distribution
• Blue: 115 data points; Green: 115 +17

Neutron drip line

Fission barrier



• Nuclear EoS: binding energy per nucleon in nuclear matter

• EoS of symmetric nuclear matter.

• Symmetry energy

Nuclear equation of state
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Esym from nuclear dipole polarizability
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1/𝛼𝐷-𝐸𝑠𝑦𝑚(𝜌) at different densities

• Strong linear correlation at 𝜌𝑟 = 0.05 fm−3.
• Value and uncertainty are extracted from linear fits. 

Zhang and Chen PRC 92, 031301(R) (2015)
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• Skyrme EDF: 3 isovector parameters
• Data: 𝛼𝐷 and GDR energy of Pb208
• Likelihood:

• MCMC

𝑚𝑣
∗/𝑚 = 0.79 ± 0.06,  𝐸𝑠𝑦𝑚 0.05 fm−3 = 16.4−0.9

+1.0 MeV, 90% CI
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• Data: 7 observables in Pb208.
• Uniform prior; exponential square likelihood.
• 2476 full model calculations as training data.

• PCA+GP+MCMC

𝑚𝑣
∗/𝑚 = 0.78−0.05

+0.06,  𝐸𝑠𝑦𝑚 0.05 fm−3 = 16.7 ± 1.3 MeV, 90% CI
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• Correlation coefficients from 2476 training points. • Univariate and bivariate marginal estimates of the posterior 
distribution



𝐾0 from breathing mode energy
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arXiv:2107.10962 [nucl-th]

• Extract 𝐾0 from breathing mode energy.

• Soft Tin puzzle: the ISGMR data always 
favor a smaller K0 value for Sn isotopes 
than heavy nuclei.

• Maximum a posteriori (MAP) value from
Sn120 is about 5 MeV less than that from
Pb208. 

• Significant overlaps in their posterior 
distribution.

Posterior distribution

https://arxiv.org/abs/2107.10962


Esym from heavy ion collisions
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• ImQMD transport model with Skyrme interaction.
• 4 parameters 
• Observable: n/p single ratios  and double spectra in 

central 112Sn + 112Sn and 124Sn + 124Sn collisions at 
120 MeV/u.

• Uniform prior; exponential square likelihood.



EOS from neutron star properties
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Model Data

Prior



EOS from neutron star properties
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Posterior distribution

Predictions



Bayesian inference on neutron star properties
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• Model:

• Gaussian likelihood
• Fit empirical knowledge and 

ChEFT predictions



Bayesian inference on neutron star properties
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• Posterior M-R distribution • Posterior tidal deformability -L 
distribution



Summary
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• Probabilistic view of model parameters and predictions

• Bayesian method is powerful in uncertainty quantification, correlation 
analysis

• Model everywhere, Bayesian everywhere.

• How about model dependence?



Bayesian model selection 
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• Bayesian evidence/marginal conditional

• Posterior odds

A larger ratio means the model 𝑀𝑖 is more likely to be true.



Bayesian model averaging 
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• Average model predications according to how likely each model is.

• The BMA posterior density 

• Posterior model weights


