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Outline

e Motivation

* Bayesian inference approach
* Basic concept
* Markov Chain Monte Carlo (MCMC)
* Gaussian process (GP)
* Principal component analysis (PCA)

* Applications in nuclear physics

* Summary
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Inverse problems in nuclear physics
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Uncertainty and correlation

The Editors, Phys. Rev. A 83, 040001 (2011)

It is all too often the case that the numerical results are presented without uncertainty
estimates. Authors sometimes say that it is difficult to arrive at error estimates.
Should this be considered an adequate reason for omitting them? [...] There is a
broad class of papers where estimates of theoretical uncertainties can and should be
made. Papers presenting the results of theoretical calculations are expected to include
uncertainty estimates for the calculations whenever practicable, and especially under
the following circumstances: (1) if the authors claim high accuracy, or improvements
on the accuracy of previous work, (2) if the primary motivation for the paper is to
make comparisons with present or future high precision experimental measurements,
(3) if the primary motivation is to provide interpolations or extrapolations of known
experimental measurements.

Referee’s comment on Zhang et al. PLB 777,73 (2018)

Finally, given that the authors have calibrated a new set of extended Skyrme interactions, I
puzzle why in this day and age their predictions are not accompanied by theoretical uncer-
tainties and correlation plots.
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Information content of new measurements

PHYSICAL REVIEW C 81, 051303(R) (2010)

Information content of a new observable: The case of the nuclear neutron skin

P.-G. Reinhard! and W. Nazarewicz>>*>

1. Considering the current theoretical knowledge, what novel information does new
measurement bring in?
2. How can new data reduce uncertainties of current theoretical models?
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Why Bayesian analysis?

Bayesian analysis for

v’ Parameter calibration
v' Uncertainty quantification for parameters and predictions
v' Correlation analysis

v Information content of new measurements
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Frequentist approach

Optimize parameters by minimizing the object function 0.20 (@
E 0.19
(th) __ (M (exp)\ 2 c 0.18
Vo= (85
AO S 0.16
o 2 0.15
. 0.14 _ _
Around the optimal parameter set py: €,4=0.98]c,,=0.11
oL ]_ 82 X 2 dipcll?e.?aclE;réit'a‘gb'l':;1 t?m%]dt\?) O.geﬁecti\?éggass rrl‘;Pm
2 -~ 2 . — . .. . — . 1 i —_—— .
X (p) ~X (pO) + Z (pl poz)M” (p] poj)’ with M” 2 apz 6]) ) Reinhard and Nazarewicz, PRC81, 051303(R) (2010)
0] 71 P Dobaczewski et al, JPG41, 074001 (2014)
Multivariate Gaussian distribution:
N ]. T 671 mzo
eXp - § (p _ pO) (.p _ pO) Ms,o0 Lo.8
Wo
G,
Covariance matrix G
L
C — Xz(po) M—l Esym(00) >
Nd - Np Ko o2
. . . Eo(po) -
Variance of A Covariance of A and B Correlation . ~
§ 3T Y 3 VGG £ .G '
= = E E

- BA) <6A> - <8A> (83) _ Cov(4,B)
oA Z(api OCij Ip;) o Cov(4, B)= Z op; OCij Op;/ o A8 040pB

i i

Zhang et al. PLB 777,73 (2018)
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Frequentist vs Bayesian

Frequentist

* Local minimum or global minimum?

* Errors and correlations are determined by
0%x*/0p;0p; at minimum point.
(reliable for a well-constrained model).

Bayesian
* More flexible in exploring parameter space.
e More reliable uncertainties and correlations.

 Prior knowledge can be easily taken into account.

King et al., PRL 122, 232502 (2019).
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Orange: Bayesian based on MCMC
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 Take probabilistic view of parameters.

» Update knowledge on parameters upon observed data.
 Tools:

MADAI http://madai.phy.duke.edu (PCA+GP+MCMC)

Pymc3 https://docs.pymc.io/

15
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Bayes’ theorem

* Conditional probability

P(A | B) : probability of event A occurring, given event B

* Product rule:
P(AB) = P(A | B)P(B) = P(B | A)P(A)

* Bayes’ theorem
P(B|A)P(4)

P(B)

P(A|B) =

/N
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Bayesian inference

* Likelihood: probability of observed data given parameter p(D | )

* Prior: knowledge about the parameters before seeing data p(8)
Usually flat

* Posterior: probability of parameters given observed data p (6 | D)

e.g., exp {— Z 4 _Qgixp) ] , O; — \/afth + 07 e
* Apply Bayes’ rule: Z o
p(D|6)p(6)
p(D)
with p(D) being evidence or marginal distribution of the data.

p(0|D)= o p(D|0)p(6),

* Make predictions:
p(OID):/p(OIO)p(H\D)dw

/N
(< . AN =)
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Bayesian inference-uncertainty quantification

« BZEPH (Marginal distribution)
[r@malle,
p(eim)_/p(mmdﬂa
- B(SEXI[A (credible interval) [a,b]: J

b
Pla< 0, < b):/ p(0;,| D)dz; = 1—«

BEEAEE P60, <a)=P0,>b)=qa/2
« EYE (mean value): (6,) = / 9,p(0,| D)dO

« {3 (median value) U:
PO, <U)=0.5

__* Maximum a posterior
((rh) tursemszassirs 18
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Bayesian inference-correlation analysis

« BX& 9 (joint distribution)

[r@imal]e

p[(6,,0)| D]= ki,
[r@ima]]e.

« B AZE (covariance) :
Cov(ghej):/(ei_ <‘9z>) (9j — <9j>)p[(9i79j) | D]deidej

« tHXZFEL (correlation coefficient):

_ Cov (0,,0,)

0,0,

R

with g; = \/ ((B; — (6;))?) being the standard deviation of 6;

/N
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Technique difficulties

20| D)= —2P10)r®)
/p<7>|9)p<9>d9

Difficulties:

O Non-analytical
O High-dimensional (many parameters)

O Slow model

0N
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Technique difficulties

20| D)= —2P10)r®)
/p<7>|9>p<9>de

Difficulties: Solutions:
4 O Non-analytical A /I:I Variational inference A
O High-dimensional (many O Markov Chain Monte Carlo (MCMC)
\_  parameters) ) \_ )
O Slow model /I:I Emulator: h

Gaussian process (GP)
+ Principal component analysis (PCA)
\_ (Dimensionality Reduction for multi-observables}

/N
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Metropolis-Hastings Algorithm

* Metropolis-Hastings algorithm (Metropolis et al. 1953, Hastings 1970):

Construct a Markov Chain for © by employing an auxiliary distribution that is easy to
sample from.

* Steps:
1. Choose a starting value 8% (i = 0);
2. Produce a candidate value * according to a proposal distribution q(8*|6);
3. Calculate the acceptance probability

a(0®,0")=min<1 p(0"|D)q(067) Ratio independent of the
7 " p(6Y ] D)g(07]6D) normalization factor

4. Generate u~U(0,1),
Ifu<a,let 60D= 9%, else 9+V=gt,
5. i=i+l1, go to the 2" step.

» The Markov Chain converges to the stationary distribution p(@|D)

/N
(b)) thxeREBTRSEASS 22
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Random-walk Metropolis-Hastings

Take q(6*|6®) to be symmetric, i.e.,

q(07107) = q(0”160") =q(16"—0"]).

O

T ¥ | 3 [

+—— accepted move
~--« rejected move

%
T
]

Popular choices are (multivariate) Gaussians or t-distributions.

Draw e~q, 8* = 0W+¢

* Acceptance probability T _ iy aa _
a(69,0")=min {1, ; ((g;@)} i ‘_
* Scale parameter controls the acceptance rates. e ——1
U. von Toussaint, Rev. Mod. Phys. 83. 943
* Q: convergency? Autocorrelation? (2011)

Interactive MCMC Sampling Visualizer by Chi Feng
https://chi-feng.github.io/mcmc-demo
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https://chi-feng.github.io/mcmc-demo/app.html#HamiltonianMC,banana
https://chi-feng.github.io/mcmc-demo

Gaussian process

The Gaussian Processes Web Site : http://www.eaussianprocess.org/

* Definition: A Gaussian process is a collection of random variables, any finite
number of which have a joint Gaussian distribution.

Rasmussen and Williams, Gaussian Processes for Machine Learning, MIT Press, 2006

e Multivariate Gaussian distribution
1 1
(%) = Grymrree(- 3o —w)S (@ —p))

where | is the mean vector and X is the covariance matrix.

Conditional and marginal
distributions of a multivariate
Gaussian are gaussian

—joint Gaussian

—joint Gaussian
—conditional

—marginal

tuxsesazamsss 24 tHXE(G
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http://www.gaussianprocess.org/

Gaussian process emulator

* GP can serve as a fast surrogate of a slow model.
Given training data from model calculations, a GP can guess model prediction y, at x..
X:(Ela'"azm)a Yy :(yla'"7ym)

* Considering y and y, as random variables, seek for p(y.|y).

° y, and y should be correlated and the correlation depends on |x, — x;|.

e Prior: Covarlance matrix

D 8]

 Conditional distribution:
y. |y~ Mp.,0%)
e ly=3z.,. X)X X, X) 'y
oi=o0(z.,z.)— Xz, X)X°(X,X) '3 X,z.)

nnnnnnnnnn



Gaussian process emulator

A typical covariance function:

0-(%1’%1) O-(Z_E)la:'_ém) (.’1} — )2
soxx)=| o a(i@)zaépexp(—z T )+aza@-
k k

0(Zm, %) -+ (T, T.)

Decrease with distance

Hyper-parameters:

- Noise g,, =uncertainty of a stochastic model

- Amplitude ogp only affects o, but not affect yu, if 5,=0

- Length scale [}, : usually pu, is relatively insensitive to [

3.5
==== True

o —— GP mean .

! > Reproduce the training points without noise

+  Training points o4

GP 2o

o Make predictions with statistical uncertainties

Y

o Values of hyper-parameters?

Institut



Maximize marginal likelihood

Bernhard et al., PRC 91, 054910 (2015)

. . . (a) Overfit: £=0.02, o, =0.001
» Log marginal likelihood : :
1
logP (y | X,0) =- %yT (3 'y — %loglEOI— 5 log2r -
1
» Hyper-parameters can be determined by maximizing & o 5.0, 03
the marginal likelihood |
= 0
* Example: |
/ |I T I;ll 2 ’
o(x,x) =exp| — T + 0, 8,y 9 (¢) Max. likelihood: £=0.462, g, =0.211
1
= 0
GP(z-,(X,y)) ~ M(z-) 1
. . 2 Actual: £=0.5, 0, =0.2
* GP for a single output. Multiple output case? 0002 04 06 08 10

¥ X B hiEBEIRSHAYR 2 7
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Principal component analysis

The central idea of principal component analysis is to reduce the dimensionality of a data
set in which there are a large number of interrelated variables, while retaining as much as
possible of the variation present in the data set. This reduction is achieved by transforming
to a new set of variables, the principal components, which are uncorrelated, and which are
ordered so that the first few retain most of the variation present in all of the original
variables.

L. T. Jollifte, Principal Component Analysis, Second Edition

uncorrelated correlated

- = 3 AT
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Principal component analysis

The central idea of principal component analysis is to reduce the dimensionality of a data
set in which there are a large number of interrelated variables, while retaining as much as
possible of the variation present in the data set. This reduction is achieved by transforming
to a new set of variables, the principal components, which are uncorrelated, and which are
ordered so that the first few retain most of the variation present in all of the original
variables.

L. T. Jollifte, Principal Component Analysis, Second Edition

uncorrelated

29  FuKE(E)
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Principal component analysis

* m correlated observables/model output o;

* 0; are functions of model parameters, but linear combinations of o; may
be independent of parameters.

0; — (0;)

g;
 Covariance matrix:

M ={o0.0;) » ((0;) =(0;)=0)

* Eigenvalue decomposition

0; = average over training data

A1
M:UAUT A= A . U:(ulau%”')um)

A

Eigenvalue Normalized Eigenvectors

/N
for . AN =)
(Cah)) ok B R TRERASE 30
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Principal component analysis

Physics output Principal component
M=UAU" _

UU" =1 0 z="0U 1
=oxp| - EZ(ai—a )2
()0 (2)-0 o] 1Syt
Covariance Matrix (511 ”j)=M (Zi Zj) — UT(5l.5j)U = A
Correlated Uncorrelated

» A; is the variance of z;. g m
» Retain the first ¢ PCs with the largest eigenvalues. Z; A / Z; A=V
» m correlated outputs — g uncorrelated PCs. N N

(Coid)) X SRR TRERASE 31
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PCA-examples

® [Electric dipole polarizability of * Uncorrelated PCs
Ca48, Ni68, Sn120 and Pb208. * Z1 can be neglected

® Strongly correlated

gl
_ R=0.942
o = 1464 2+ 0.T0T
£ 0.0
Ias N
= —0.5
o A4
A5 —1.0
13 Lo
it=0.952
12 = 2.980 x4+ 2.309 0.5
=g [ili]
3 S
5 10 —0.5
ooy —1.0
N ~15
T
-‘:’s 10
g =0.951 n=0.982
y= 6.084 1+ 5598 5
1]
o
]
—10
16 -18
2 3 1 ] 1 5 [ & 10 12 5 ] 25 —0.2 0.0 0.2 -1 1] -2 -1 ] 1 =20 —10 0 10
ap(¥Ca) ||'|||'5| a5 N ||'|||'5| ap (80 ||'|||'5| an( ™ Ph) ||'|||'5| Z Zy Zy Zy

~ 0.2 ~1 ~1 ~ 10
o XA BERTREEATE 32 Y
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PCA+GP

GP vs Model
3.4 T T T 5_5 T T T 12 T T T 25
(a) **Ca (b) ®*Ni - (c) 1*Sn (d) 2°°Pb
— 3.0F 1 5.0F 4 11f 4 23t
o
» I
NaF
A I
O 26t 1 45t 1 10t 1 21t
E L
o
(i)
]
S 22 4.0} 9 19
1- I 1 Il . Il 1 1 1 1 1 1 1 1 1
i 2.9 2.6 3.0 34 535 4.0 4.5 5.0 55 o8 9 10 11 12 N7 19 21 23 25

ap from RPA (fm?)

€ Tune GPs for dominant PCs instead of all model outputs.
€ PCA+GPs => a multivariate emulator.

X S HEBTRSBASS 33 LEEE XA
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yes

Analytical?

Prior &

@ Prior: often flat

@ Likelihood: often Gaussian

MCMC

MCMC+GP

MCMC+GP+PCA

Posterior

34
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Reconstruction of impact parameter

PHYSICAL REVIEW C 104, 034609 (2021)

Model independent reconstruction of impact parameter distributions
for intermediate energy heavy ion collisions

J. D. Frankland®,"-" D. Gruyer,” E. Bonnet,’ B. Borderie,* R. Bougault,” A. Chbihi,' J. E. Ducret,' D. Durand,’
Q. Fable,” M. Henri,' J. Lemarié,' N. Le Neindre,” 1. Lombardo,” O. Lopez,” L. Manduci,>® M. Parlog,>’
J. Quicray,” G. Verde,>® E. Vient,> and M. Vigilante’
(INDRA Collaboration)

X: an observable depending on b

P(cp, X) = P(cy|X)P(X) = P(X|cy)P(cp)

P(X) = f OOP(b)P(X|b)db.
0

S P(cy, X)dX  [77 P(cp|X)P(X) dX
P(cplxi <KX <) =—3; = 5 ‘
[2 P(X)dX [ P(X)dX

X X

b
Centrality: cp = f P db,
0

| 1
P(X)=/ P(Cb)P(X|Cb)dCb=f P(X|cp)dcy
0 0

ti A ERTRS A 36 fuk2(S
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Reconstruction of impact parameter

P(chb) — Xk 1 —X/Q k(cb) - max(1 ng)y + kmin

r(k)ek

5 parameters determined by fitting experimental data

t12)
‘.;

(a)
T 10°f "‘\

107°1 X

107 1‘\\

0 100 200 300 400 500 600
Ey12 [MeV]

‘PJ; xE *’EEIE 'iﬁikﬁﬁ

titut franco-chinois de I'énerg}

- ® AMD 0.0<¢,=<0.1 — P(b|0.0< ¢,=<0.1)
[ 3 AMD 0.3< ¢,20.4 — P(b|0.3< ¢,20.4)
| 4 AMD 0.6<¢,<0.7 — P(b|0.6<¢c,=0.7)
AMD 0.8= cxsu.s P(b|0.8= ¢,=0.9)




Liquid drop model

* The semi-empirical mass formula of the LDM parametrizes the binding energy of the
nucleus (Z, N)as:

(N—2Z)  Z(Z—-1)

ELDM(N7Z) — a’volA — a’surfA2/3 — a'sym A ac A1/3
3{ 15.23 012 | 0.042 0.664 | 0.912
14.05 3857
a7 o _
‘AII . ] ILight ‘ ‘
e | o7  Prior: Gaussian with larger variances
A  Likelihood: exponential square
. * Data:
3{ 0990 {0772 (a) LDM(A) — LDM fitted on all 595 even—even nuclei.
(b) LDM(L) — LDM restricted to the light domain (153 nuclei).
© / (c) LDM(H) — LDM restricted to the heavy domain (287 nuclei).
-3
3] 0995 | 0.989 | 0.69 8819
« MCMC
& 0 / 1 /
—34 Heavy 4 All
306 5 36 3 3§ 3
Kejzlar et al., JPG 47, 094001 (2020)
ik R TREBALE 38
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Nuclear energy density functional (EDF)

Energy density functional : E(p,, PpsSnySp, -++)

® Nonrelativistic: Skyrme, Gogny
® Relativistic: Relativistic mean-field.

120 1 1 L Ll Ll 1 1 A = ! Ll T T T
. i Ny -
Stable even-even nuclei | / R 1=
100+ = Known even-even nuclei o : . |
Pt = e 258
N f SuteOn ane
= 80} o3 Two ]
q.) ¥ —h
O
e N=184
> - -
c 60 —=—DD-MEI
g ——KDE
5 40+ ==== FRIB limit ——SLy4 1
[ . —
n— 2-28 # oA I £fC =2 Ma\/ - MSL]
7=00 ggen : -process path of S, =2 MeV .
201 S ——MSL1" -
Pl —— WS4
0 ’4 1N=20 I 1 1

0 20 40 60 80 100 120 140 160 180 200 220
Neutron number N

Wang and Chen, PRC 92, 031303(R) (2015)
¥ K B hER TR SRASR

Institut franco-chinois de I'énergic nucléaire université Sun Yat-sen
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AN
s N
)
IFCEN
AN /i y

240 260 280 300

Applications :

Density profile
Mass formula
Neutron Drip line
Fission barrier

Neutron stars

0 20 40 60 8(&100 120 140 160

FIG. 2. Difference between measured [16] and HFB-31 masses
as a function of the neutron number N.

Goriely et al., PRC93, 034337 (2016)
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Nuclear energy density functional

week endin

PRL 114, 122501 (2015) PHYSICAL REVIEW LETTERS 27 MARCH 2015

Uncertainty Quantification for Nuclear Density Functional Theory
and Information Content of New Measurements

~J.D. MCDonnell,]’2 N. Schunck,2 D. Higdon,3 J. Sarich,4 S. M. Wild,4 and W. Nazarewicz>®’

* Model: Skyrme EDF with 12 parameters.

* Data: 115 ( masses, radii...)+17 new mass measurements.
* Prior: Uniform

« Computing y* requires 5 min with over 800 cores

1 ny N y, (x) _ d{ \ 2
2(v) — J J
X (x) nd_nMZZ( o -

* Gaussian process based on 200 training points.
« (PCA+)GP+MCMC
Higdon et al., J. Phys. G 42, 034009 (2015).

bk B HEBTESHASR 40 ¥ X 2 (S
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Nuclear energy density functional

Neutron drip line

90 +
AR ZEZE SIS S N
@ ? AN ; ; @ , T Ny
[NV =t I /N
o e e = |
e R e Zoop
¥ N0 N N g w0l [
B e § : : £ 50
3 'Aln \ . \ Ds: !
. \ \ 0
.. ' a0l :, — UNEDF1 |
: ) , e -e UNEDFl.pp
/" P — . ‘ - .
I 50 100 150 200 250
Neutron Number

Fission barrier

9]
£
<

0PORD

I X
.
{ E ¥ ! N
! i J
1‘_ ." ) 3 5 \ X A <
-~ WS ko o 2 7
N 3 i 1
£ 7 = ' Vi
, |

= = =

* Univariate and bivariate marginal estimates of the posterior distribution W — uneor
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Nuclear equation of state

* Nuclear EoS: binding energy per nucleon in nuclear matter

E = E(0,6) = Ey(0) + By (0)8° + Eyy 1 (0)5° +0(6°), 6=(p,~p,) ]

* EoS of symmetric nuclear matter.

1
2!

1

3] Jox® + O(x*), x = (p—po)/3po0

Eo(p) = Eo(po) + = Kox* +

* Symmetry energy

19°E(p,9)
2 062

1
Esym(p) = = Esgm(po) + Lx + ngymxz +0(x")

d=0

finite nulei heavy ion collision neutron star

= < po a wide density range >2~ 3 po
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Esym from nuclear dipole polarizability

1/ap-Egym(p) at different densities

60 i IOI IRIMIFI L) I LI . I 1 LI | 1 T l T L) L) I L) 1 T I Sh 1 L) 1 l 1 L) L) I T L) T l -llgll L) l LI I LI I LU I-
[ o swe (Q) T (O - (e) ]
[ |RCNP 1 I n _
A 99 "l 1o error 1 1 i ]
'E [ 20 error [ 4 i 5 . -
= 50 % + + - -
Q = - - 5 -
___C_f_ i ] ° 3: i :
S 451 p=0.02 fm°T. 0.08 fm™ L i ]
~ [ r=0.947 ] r=0.913] [ ]
40 L a=27.8910.941 a=18.94+0.857] a=7.7142.391 “ a=23.15:6.261 ~°  a=98. 01:3.72]
'_.D. N b|=270¢012_' A |b_ 1 94+O 05"- N b.=1.'9:.3i?'1.1_"-t.l L1 b- 0 99+O 24"_. 1 el D 1 b._. -O 31+0 .1.1_
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sym(p )(MeV) B 11.01'.—: ] ‘l T' T I T T T I T T T I i

40 - osf ] =

Zhang and Chen PRC 92, 031301(R) (2015) oo ]

<30 - 02} .

. . —_ ) - : .

 Strong linear correlation at p,, = 0.05 fm 3 = [ 000004008012 0] ]

* Value and uncertainty are extracted from linear fits. S20 3
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Constraining isovector nuclear interactions with giant resonances C——
20 40

within a Bayesian approach
Jun Xu®P*, Jia Zhou"<, Zhen Zhang“, Wen-Jie Xie€, Bao-An Li'

« Skyrme EDF: 3 isovector parameters
* Data: ap and GDR energy of Pb208
 Likelihood:

P[D(d1,2)|M(p1,2’3)]
1 [ (d" —dgr)? (déh—df”””)T
= exp|— —

270105 20% 202

- MCMC
my/m = 0.79 + 0.06, Esy, (0.05 fm™3) = 16.4733 MeV, 90% CI

m./m




Table 2. Experimental values and uncertainties used for the
Chinese Physics C  Vol. 45, No. 6 (2021) 064104 binding energy Ep [53], charge radius rc [54], breathing mode

energy Egmr [55], neutron 3p;;» —3ps;n energy level splitting
e, [56], electric dipole polarizability ap [49, 50], IVGDR

. . . . T . constrained energy [51], and ISGQR peak energy [52] in
Bayesian inference on isospin splitting of nucleon effective 208

. . 208
mass from giant resonances in = Pb’

value o

Zhen Zhang(#45)'" Xue-Bin Feng(%:H2)'  Lie-Wen Chen(:51 30)* Ep/Mev e 03
red/fm 5.5012 0.01

Ecwr/MeV 13.5 0.1
&/ MeV 0.89 0.09

ap/fm? 19.6 0.6

Ecpr/MeV 13.46 0.1

Egor/MeV 109 0.1

Data: 7 observables in Pb208.
Uniform prior; exponential square likelihood.
2476 full model calculations as training data. - / \R

(a) (c)

PCA+GP+MCMC

= 0.7839¢, Esym(0.05fm™3) = 16.7 + 1.3 MeV, 90% CI

aml( ") (MeV)

E




« Correlation coefficients from 2476 training points. * Univariate and bivariate marginal estimates of the posterior
distribution

po  -0.054 0.052 0.146 0.166 -0.662 0.072

Ey

Ky

A7
e

= S
==

Eym (p0)

i 0 -0.807

G

Gy 0072 -0.050 0.066 -0.025  -0.066 0.045 0.048

Wy | -0.019

TirEN =
FIEW7) W

m; 0.127
g -0.019
ap Ecpr Egor Ep re Four €15



K, from breathing mode energy

arXiv:2107.10962 [nucl-th]

Bayesian uncertainty quantification for nuclear matter incompressibility

Jun Xu*,"*2 Zhen Zhang',> and Bao-An Li**

Posterior distribution

* Extract K, from breathing mode energy.
& &Y 040 ———— @ 002 ey 00—
. . — 2pp TAMU !\ 2aox';erage of
* Soft Tin puzzle: the ISGMR data always : - - - - 2%pp RCNP-PREXII - _ 3 PrcHe;
tavor a smaller KO value for Sn isotopes i s DN ERD-TAMU
than heavy nuclei. ! i | ; ]
[ :
0.05F | 1) average of 0.01+ ~ '
* Maximum a posteriori (MAP) value from 11 Mo i "
Sn120 is about 5 MeV less than that from i LR N\ PoTAMy ! 0.005 | -
L1 I
Pb208. 1H1 94 , :
FAR jif A\
) . (o ) . . ' b AF \
 Significant overlaps in their posterior 0.00 AN X 000L—feZ . N | goool—es . NN
distribution 200 225 250 275 -300 -200 -100 -500 -400 -300 -200
' K, (MeV) Kym (MeV) K. (MeV)
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Esym from heavy ion collisions

Physics Letters B 799 (2019) 135045

1o 12'; T T T 12 T T T T T
Contents lists available at ScienceDirect Sn+ 5“+ % 15} M2gn4ti2gn .

PHYSICS LETTERS B ¢

DA ~
N .

—8— Corracted Exp. results

L]

Physics Letters B

R www.elsevier.com/locate/physletb

—&— Uncorrec ted Exp. result
5F - -* - Posterior mean value
- - . - . . ; . [ Posterior 2o region
Constraining the symmetry energy with heavy-ion collisions and ™ [.:. Piorzoragon
Bayesian analyses e a6 % %

Ecm. (MeV)

P. Morfouace **, C.Y. Tsang?, Y. Zhang”, W.G. Lynch?, M.B. Tsang?, D.D.S. Coupland?,
M. Youngs ®, Z. Chajecki®, M.A. Famiano ¢, TK. Ghosh €, G. Jhang?, Jenny Lee, H. Liu',
A. Sanetullaev?, R. Showalter?, ]. Winkelbauer*

* ImQMD transport model with Skyrme interaction.

* 4 parameters

* Observable: n/p single ratios and double spectra in
central 1125n + 1125n and 124Sn + 1245n collisions at
120 MeV/u.

« Uniform prior; exponential square likelihood.
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EOS from neutron star properties

THE ASTROPHYSICAL JOURNAL, 883:174 (21pp), 2019 October | https://doi.org/10.3847/1538-4357 /ab3f37

© 2019. The American Astronomical Society. All rights reserved.
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Bayesian Inference of High-density Nuclear Symmetry Energy from Radii of Canonical
Neutron Stars

Wen-Jie Xie'? and Bao-An Li'

Model Data

Table 1
The Radius R, 4 Data Used in This Work
£ []”‘ I'!']] — ﬂ [E‘ [J”‘ Ihj | M"'l."] i €] {P* ﬁ }1 Radius R; 4 (km) (90% CFL) Source Reference
11.97]4 GW170817 Abbott et al, (2018)
X ) J 3 10.8+21 GW170817 De et al. (2018)
ol P — Po ol » — Po 117401 QLMXBs Lattimer &
Eo(p) = Ey (Po) + = + =— . Steiner (2014)
2 3p, 6\ 3p,
11.9 + 0.8, 10.8 + 0.8, Imaginary case 1 This work
11.7 £ 0.8
P — Po 11.9 = 0.8 Imaginary case 2 This work
Esym(p) - Esym (po) + L(B—)
ro . Prior
Kym( p — po Jym ([ P — po o
-+ + ; Prior Ranges of the Six EOS Parameters Used
2 3p0 6 3p0
Parameters Lower Limit Upper Limit (MeV)
Ky 220 260
Jo —800 400
Keym —400 100
Jiym —200 800
L 30 90
Eoym(po) 28.5 34.9 —
ok S RERTRSHATR 4y - X
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Bayesian inference on neutron star properties

PHYSICAL REVIEW LETTERS 121, 062701 (2018)

Neutron Star Tidal Deformabilities Constrained by Nuclear Theory and Experiment

Yeunhwan Lim"" and Jeremy W. Holt"*"

¢ MOdEl: 1603 1e-02 1e-01 1

___TThas
1 | 500'- e e e e e e e o v A '
s " i Zm " 100E (1:: Pror /,///::E o4 /_
+ (1 =2x)f,(n) + [1 = (1 = 2x)*|f,(n) T /s/’,’;”:’, e /.
3 /; 3()0:_ . (’;::’.ﬁ»: —— " :__ 4i 1e-01
fin)=>» an®""? S [l eesssaSSStors .
; = 200F om0 005 oo o 05 o 4 - b
3 53] - - s -
i _7 | 4q1e02
fn(n): bin(2+1/3) i
* Gaussian likelihood » :
 Fit empirical knowledge and L
. g n(fm™)
ChEFT predictions o
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Bayesian inference on neutron star properties
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* Posterior M-R distribution  Posterior tidal deformability -L

distribution _
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Summary

Probabilistic view of model parameters and predictions

Bayesian method is powerful in uncertainty quantification, correlation
analysis

Model everywhere, Bayesian everywhere.

How about model dependence?

tukswnTnss S 53
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Bayesian model selection

 Bayesian evidence/marginal conditional

p(D\Moz/ p(D10, M,)p (0] M,)do

Qy

* Posterior odds

p(M;|D) _ p(D|M,) p(M,)
p(Mj|D) P(D|Mj) p(./\/lj)

A larger ratio means the model M; is more likely to be true.
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Bayesian model averaging

« Average model predications according to how likely each model is.

* The BMA posterior density
K

p (0| D)= Zp (O D,M;)P(M,| D)

M Grad 4
0.15 - 0.4 - Vvt =) Grad .“
‘ JETSCAPE S CE o

* Posterior model weights 0.10 -

45
nls

0.05 -

P(Mk‘p): KP(D|Mk)p(Mk) O.OO-{-L

E p(D|Mg)p(Mg) 015 020 025 030 0.35 015 020 025 030 0.35
=1

T [GeV] T [GeV]

PHYSICAL REVIEW LETTERS 126, 242301 (2021)

Phenomenological Constraints on the Transport Properties of QCD Matter
PHYSICAL REVIEW LETTERS 122, 062502 (2019) Wity Daa-Driven Model Averaging

D. Everett®,' W. Ke,”* J.-F. Paquet, G. Vujanovic,” S. A. Bass,* L. Du,' C. Gale,® M. Heffernan,® U. Heinz,' D. Liyanage,'
M. Luzum,” A. Mujumdcr,5 M. McNelis,' C. Shen,*® Y. Xu,* A. Angerami,” S. Cao,” Y. Chen,'""" J. Coleman,"
L. Cunqueiro,*"* T. Dai,* R. Ehlers,"'* H. Elfner,"”'*'7 W. Fan," R.J. Fries,"""” F. Garza,"™" Y. He,” B. V. Jacak,*
P.M. Jacobs,>* S. Jeon.® B. Kim,'®!” M. Kordell I,"*'" A. Kumar,” S. Mak,'” J. Mulligan,>* C. Nattrass,"
D. Oliinychenko,” C. Park.® J. H. Putschke,” G. Roland,'™"" B. Schenke,” L. Schwiebert,”” A. Silva," C. Sirimanna,’
R.A. Soltz. Y. Tachibana,’ X.-N. Wang,"** and R. L. Wolpert'?

Neutron Drip Line in the Ca Region from Bayesian Model Averaging

Léo Neufcout‘[,]’2 Yuchen Cao (%?)%),3 Witold Nazarewicz,4 Erik Olsen,2 and Frederi Viens'
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