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统计物理与复杂系统

P (S) =
1

Z
e��E(S)

微观集体⾏为，宏观规律涌现：

•热⼒学、相变、⾮平衡

•量⼦统计

•凝聚态物理 ……

物理之外的应⽤

•化学、⽣物科学

•机器学习、⼈⼯智能

•社会、经济科学 …… P (Data)
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微观构型分布

数据变量分布
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• Estimating the free energy 

• Computing observables  

• Sampling
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Statistical Mechanics
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Applications of Statistical Mechanics

• Physics:  
  Thermodynamics,  
  Phase transitions … 

• Combinatorial Optimization 

   

• Machine Learning 
  Hopfield model,  
  Boltzmann machines 

• Statistical Inference 
  Bayesian Inference, M.A.P. 

• Quantum computation 
  Stat. Mech. with complexity interactions

P(S) = lim
β→∞

1
Z

e−βE(S)



统计物理，机器学习与量⼦计算

P (�) =
1

Z
exp(��E(�)) P (Data)
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数据变量联合分布概率微观构型联合分布概率 量⼦态的操纵

 (�)
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指数⼤的空间

有效的模型 

强⼒的计算能⼒ 



例⼦1：统计⼒学与统计推断

" " " # " # # # # # " "

Given data x and model p(x|s), find latent variable s

p(s|x) = 1

Z
p(x|s)p0(s) Z = p(x) =

X

s

p(x|s)p0(s)

S = {+1,�1}n

P (S) =
1

Z
e��E(S) Z =

X

s

e��E(S)

" " " # " # # # # # " "统计⼒学

统计推断

模型似然度

配分函数



例⼦1：统计⼒学与统计推断

" " " # " # # # # # " "
Estimate q, prob of positive 
from n events, where m of them are positive

bq = argmin
q

ln
⇥
qm(1� q)n�m

⇤

q =
m

n
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x: data

P (q|x) = P (x, q)R
P (x, q)dq

=
P (x|q)P0(q)R
P (x|q)P0(q)dq

=
eln[P (x|q)P0(q)]

R
eln[P (x|q)P0(q)]dq

=
eln[q

n(1�q)m�n]
R
eln[qn(1�q)m�n]dq
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Energy E(s) � ln[p(x|s)] Negative log-likelihood
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A configuration s x and s Observable and  
latent variable
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configuration e��E(s) p(x|s) Likelihood

Energy E(s) � ln[p(x|s)] Negative log-likelihood

Boltzmann 
distribution p(s) =

1

Z
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Bayesian Inference
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X

s
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X

s
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Free energy F = � 1

�
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s
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s
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例⼦1：统计⼒学与统计推断的字典



预测标签 理解数据

例⼦2：统计物理与⾮监督学习



预测标签 理解数据

分类器 ⽣成新的数据
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“What I can not create, 
I do not understand”

⽣成学习是机器学习的研究前沿

Understand：
Create：

从⾼维数据中学习到分布规律
⽣成新的数据

统计物理玻尔兹曼分布表达数据的联合分布

• ⽣成，⽆偏采样属于#P难问题

• ⾼维度变量的联合分布难以精确地描述

例⼦2：统计物理与⾮监督学习

20152013 2014 2016 20181980s

Boltzmann
Machines

Autoregressive
Networks

Adversarial
Networks

Normalizing
Flows

Born
Machines

Variational
Autoencoder

P(x) =
| (x)|2

N
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P(x) =
e��E(x)

Z
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TN models…
Quantum models…

Z.Han, J. Wang, H. Fan,L. Wang, PZ, Phys. Rev. X. 8, 031012 (2018) 
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Ordinary Statistical Mechanics

The Ising model  
(E. Ising, 1924)
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Ordinary Statistical Mechanics Inverse problem of statistical mechanics

The Ising model  
(E. Ising, 1924)
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Restricted Boltzmann Machine 
(Ackley, Hinton, Sejnowski, 1985)

x = {+1,�1}

P (x) =
1

Z
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★ At a high temperature, the model does not remember any data, 
★ At a low temperature,  the model successfully remembers one data !
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例⼦3：统计物理与量⼦计算

统计物理模型

量⼦线路模拟

复数温度统计物理模型配分函数  =  量⼦线路单振幅测量



My research journey on Statistical Mechanics: 
From Mean-Field to Neural Networks Then to Tensor Networks

Mean-field Neural Networks Tensor Networks
Variational  Mean-field


Belief propagation

Replica symmetry breaking


Survey Propagation

Expectation Propagation

Variational Autoregerssive Networks

Feedback-set VAN

CATN

Tropical Tensor Networks
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统计⼒学: ⾃由能，观测量，⽆偏采样

• #P-Hard 问题

• 能量曲⾯崎岖，优化、采样困难

统计⼒学经典⽅法 局限性

重整化群 依赖拓扑结构

蒙特卡洛
⾃相关问题

难以计算⾃由能和熵

平均场⽅法
对假设敏感

变分分布表达能⼒弱

P (S) =
1

Z
e��E(S)



平均场⽅法

应⽤于

• ⽆序系统
• 凝聚态物理
• 机器学习
• 统计推断 …

困难
• ⾃旋玻璃
• 组合优化
• 分析神经⽹络

局限性
• 变分分布表述能⼒弱

q(s) =
Y

i

qi(si)

q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

[ Curie, Weiss, 1907’ ]

[ Bethe, 1935’ ]



Variational Methods: working with an upper bound

p(s) =
1

Z
e��E(s)

= ln
X

s

q(s)
e��E(s)

q(s)

��F = lnZ = ln
X

s

e��E(s)
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X

s

q(s)E(s)�
X

s

q(s) ln q(s)

Boltzmann distribution

Introduce a trackable  
distribution q(s)

Jenson’s inequality

Variational 
= F � 1

�
DKL(qkp)

Fq = hEiq �
1

�
Sq

�
X

s

q(s) ln
e��E(s)

q(s)

= ��Fq



Many faces of the variational Free Energy

P (s|x) = elnP (x|s)P0(s)

elnP (x)

lnZ = lnP (x) = ln
X

s

elnP (x|s)P0(s)

lnP (x) �
X

s

Q(s|x) ln[P (x|s)P0(s)]�
X

s

Q(s|x) lnQ(s|x)]

lnP (x) �
X

s

Q(s|x) ln[P (x|s)]�KL [lnQ(s|x)||P0(s)]
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Variational Free Energy:  Energy - Entropy

Variational autoencoder:  reconstruction error - KL regularization



Mean-field methods: Variational Mean-field

q(s) =
Y

i

qi(si)

Fq =
X

s

"
q(s)E(s) +

1

�

X

i

ln qi(si)

#

In case of the Ising model with E(s) = �
X

(ij)

Jijsisj

mi = 2qi(si = 1)� 1

mi = tanh(�
X

j 6=i

Jijmj)

Fq =
X

(ij)

Jijmimj +
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�

X

i

✓
log

1 +mi

2
+ log

1�mi

2

◆

5{qi}Fq = 0 ) Näıve Mean-Field equations

n parameters !



• Exact on a tree 
• A good approximation on sparse graphs or dense + weak systems 
• However in general q(s) is not normalized on loopy graphs

q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

Fq =
X

s

q(s)E(s) +
1

�

X

(ij)

X

si,sj

ln qij(si, sj)�
1

�

X

i

(di � 1)
X

si

ln qi(si)

5{qi,qij} Fq = 0 ) belief propagation

pi!j(si)

Mean-field methods: Bethe approximation



Pros and Cons of Mean-field

Pros: 

• Analytical computation of Free Energy  

• Fast Message Passing 

• Analysable  

Cons: 

• Requires certain conditions to hold 

• Low expressive power

q(s) =
Y

i

qi(si)

q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

pi!j(si)



Using a more expressive variational distribution

Variational distributions in Mean-field methods are too 
weak.

q(s) =
Y

i

qi(si) q(s) =

Q
(ij) qij(si, sj)Q
i qi(si)

di�1

It is difficult to increase the number of parameters

n parameters 2m parameters

Machine learning can help: neural network models 
contain lots of trainable parameters, 
giving good representation power in theory.
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Using a more expressive variational distribution

Neural network models contain lots of trainable 
parameters, giving good representation power in theory.

VAN: variational methods to Stat. Mech. using 
autoregressive neural networks.

Design Neural network models to use structures of the 
problem

D Wu, L Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019)  
O Sharir, Y Levine, N Wies, G Carleo, A Shashua, Phys. Rev. Lett. 124, 020503 (2020)  



• Expressive power:  

• Using deep neural networks  

• universal approximator 

• convenient programming platforms  

• easy GPU support 

• Tractability of variational free energy:   

• Do it by sampling ! 

• Constraints on neural networks:   

• represent joint distribution 
• support Direct Sampling  
• explicit probability output 

Autoregressive 
Networks

CPU GPU



Auto-regressive distribution

• Representing joint distribution using chain rule of conditional probabilities.

q(s) =
Y

i

q(si|sj<i)

q(s1, s2, s3, s4) = q(s4|s3, s2, s1)q(s3, s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2, s1)
= q(s4|s3, s2, s1)q(s3|s2, s1)q(s2|s1)q(s1)

s1
s2
s3

s4

ŝ1 = sigmoid(0) = q(s1 = 1)

ŝ2 = sigmoid(w12s1) = q(s2 = 1|s1)
ŝ3 = sigmoid(w13s1 + w23s2) = q(s3 = 1|s2, s1)
ŝ4 = sigmoid(w14s1 + w24s2 + w34s4) = q(s4 = 1|s3, s2, s1)

q(s1, s2, s3, s4) = ŝ1ŝ2ŝ3ŝ4

• Directed Sampling is easy because we have all the conditional probabilities! 
This is known as ancestral sampling [Bishop 2006]

Fully Visible  
Belief Network 

[Frey 1998]



• Extending the expressibility and generalization power by making it deeper 
and using weights sharing. 
[Bengio/Bengio 2000, Uria/Cote/Gregor/Murray/Larochelle 2016,  
Germain/Gregor/Murray/Larochelle 2015, Larochelle/Murray 2011,  
Gregor/Danihelka/Mnih/Blundell/Wierstra 2014]

• When the system has topology structure, one should respect it ! 
[PixelCNN, Van den Oord  et. al., 2014] 

•



Minimizing the variational free energy

• Minimizing the variational free energy is equivalent to minimizing KL divergence

• The parameters are continuous, so we can apply the (stochastic) gradient descent

✓̂ = argmin
✓

DKL(q✓|p) = argminFq

�Fq =
X

s

q✓(s) [�E(s) + ln q✓(s)]

�r✓Fq = r✓

X

s

[q✓(s) · (�E(s) + ln q✓(s))]

=
X

s

[r✓q✓(s) · (�E(s) + ln q✓(s)) + q✓(s)r✓ ln q✓(s)]

=
X

s

[q✓(s)r✓ log q✓(s) · (�E(s) + ln q✓(s)) +r✓q✓(s)]

= Es⇠q✓(s)

2

64r✓ ln q✓(s) · (�E(s) + ln q✓(s))| {z }
R(s)

3

75

Known as the REINFORCE algorithm  [Williams 1992]



Variational Autoregressive Networks

Input: energy function and temperature 

output: variational free energy, samples, and observables (e.g. correlations) 

1. Initialize VAN randomly. 

2. Draw many samples from VAN using ancestral sampling, and  
    compute their log-probabilities 

3. Compute variational free energy  
 
    using samples and their log-probabilities 

4. Do gradient-descent via back-propagation 

5. Go to step 2,  until loss converges, or reaches zero-variance
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Stat. Mech.  vs.  Density Estimation

Statistical Mechanics Density Estimation 
[e.g. PixelCNN, Van den Oord  et. al., 2014]

Given energy function E(s)Given energy function Given data  

Boltzmann 
distribution

pBoltzmann(s) p data (s) /
X

i2 data

� (s� si)p data (s) /
X

i2 data

� (s� si) Empirical data 
distribution

Minimizing 
reverse KL

DKL(q✓kpBoltzmann)DKL(q✓kpBoltzmann) DKL(pdatakq✓) Minimizing KL

Minimizing 
variational free 
energy

Fq = hEiq �
1

�
SqFq = hEiq �

1

�
Sq �L = � log(q(sdata))

Minimizing 
negative log 

likelihood



Typical Training Process

 
Red line: variational free energy, i.e. mean value of loss 
Red area: variance of R(s) 
Blue dashed line: exact value obtained by enumerations

Fq = Es⇠q✓(s)


E(s) +

1

�
ln q✓(s)

�
.

D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122,080602 (2019)  
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Sherrington-Kirkpatrick model

SK model, N=20 spins  
[Sherrington/Kirkpatrick 1975]
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E(s) = �
X

(ij)

Jijsisj

Jij ⇠ N (0, 1/N)

1
�

offset to 

D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019) 



Ising model on 2-D lattice

Dense Conv

D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019) 



Hopfield Model

E(s) = �
X

(ij)

Jijsisj

Jij =
1

N

↵NX

µ=1

⇠µi ⇠
µ
j

⇠µ 2 {+1,�1}N

A classic associative memory [Hopfield 1982]

[Amit/Gutfreund/Sompolinsky 1985]

Multi-modal



Sampling

� = 0.3 � = 1.0 � = 1.5

D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122,080602 (2019)  



MCMC: 

• Integrate E over β  

• Histogram-based [Wang-Landau] 

Variational: 

• Mean-field 

• Variational Autoregressive Networks 

Direct computation: 

• RG 

• Tensor Networks

Methods for statistical mechanics



Tensor Networks

• In physics: wave functions 

• Out of physics: 

• Revealing internal low-rank structures (CP, Tucker, TT rank) 

• Compression data, optimization 

• Learning: (kerneled) classification, generative modeling 

• Inference in graphical models 

• Simulating quantum circuits



Diagram notations



Tensor networks in physics:  
imposing prior of physical wave functions



In Physics Out of Physics Diagram

grouping of indices unfolding, matricization

splitting of indices tensorizing

matrix product states tensor train 
decomposition

periodic boundary 
MPS

tensor chain 
decomposition

tree tensor networks hierarchical Tucker 
decompostion

single-site DMRG alternating least square

two-site DMRG modified alternating least 
square
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Representation of a large tensor: rank-one

⇡d d

dn dn

A = a(1) � a(2) � · · ·a(n) A

independent modes

factorized pure state

principled component

reminiscent of the mean-field approximation

p({x1, x2, ..., xn}) = p(x1)p(x2)...p(xn)

⇡
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Canonical Polyadic (CP) decomposition

+

+

Convenient representations of CP using unfolded matrices

d

�
A(i)

nd� parameters

A =
�X

r=1

�ra
(1)
r � a(2)r � · · · � a(n)r

= ⇤⇥1 A
(1) ⇥2 A

(2) · · ·⇥n A(n)

= [⇤;A(1),A(2), · · · ,A(n)]

A(i) = A(i)⇤
⇣
A(1) �A(2) � · · ·�A(n)

⌘
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Canonical Polyadic (CP) decomposition

+

+

Also known as Polyadic, PARAFAC, 
CANDECOMP, and Topographic. 

First proposed in 1927 by Hitchcock, then 
became popular in 1970’s in psychometric and 
in 1980’s in chemometrics.

Found applications in signal processing, neural 
sciences, signal processing in 1990’s, and 
image compression and classification from 
2005.

Any tensor can be expressed as finite sum of 
rank-1 tensors.

Tensor rank, or CP-rank, is defined as a 
minimum number of rank-1 tensors in the 
exact CP decomposition.

However, determining the CP-rank is NP-hard 
problem, finding the best CP decomposition is 
hard, yielding many local minimums.
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The workhorse algorithm: Alternating Least Square

The ALS fixes all except one matrix for optimizing, the sub-problems 
is a least-square problem  

In the un-folded matrix form 

Solved simply using pseudo-inverse 

A(i) ⇡ A(i)⇤
⇣
A(1) �A(2) � · · ·�A(n)

⌘

Â(i)  A(i)
⇣
⇤A(1) �A(2) � · · ·�A(i�1) �A(i+1) · · ·�A(n)

⌘+

=⇡

|| ||�
F

Â(i) argmin=
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From CP to Tucker
The CP formats is lack of canonical forms and orthogonalization 
by imposing orthogonalization, the core tensor is no more diagonal

A = [G;A(1),A(2), · · · ,A(n)]

= G ⇥1 A
(1) ⇥2 A

(2) ⇥3 · · ·⇥n A(n)

G

d
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First introduced by Tucker in 1963, known as N-mode PCA/SVD/Factor 
analysis. 
Usually treated as a multilinear extension of PCA

this leads to the Tucker Decomposition
nd�+ �n parameters
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High order singular value decomposition
given a raw tensor 

unfold to matrix at each mode

do SVD on obtained matrices

contract A to the inverse of the obtained column orthogonal matrices, 
to obtain the core     .

A

= G

G



Improving HOSVD

HOSVD only gives a quasi-best approximation
���A� [G;A(1),A(2), · · · ,A(n)]

���
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p
n kA�AbestkF

Lathauwer,  Moor, Vandewalle.  SIAM J. Matrix Anal. Appl. 21, 1253 (2000)  
Elden, Savas, SIAM J. Matrix Anal. Appl. 31, 248 (2009)

High Order Orthogonal Iteration (HOOI) interactively refines factor 
matrices using SVDs.  

Elden and Savas’s method contains factor matrices to a Grassmann 
manifold which defines an equivalent class of orthogonal matrices, then 
optimize them using Newton’s method.                 
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High Order Orthogonal Iteration (HOOI) interactively refines factor 
matrices using SVDs.  

Elden and Savas’s method contains factor matrices to a Grassmann 
manifold which defines an equivalent class of orthogonal matrices, then 
optimize them using Newton’s method.                 
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cs1,s2,s3 = a(1)s1 a(2)s2 a(3)s3 + b(1)s1 b(2)s2 b(3)s3
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a(1)s1 b(1)s1

⌘ a(2)s2 0

0 b(2)s2

! 
a(3)s3

b(3)s3

!

C(1)(s1, :) C(2)(:, s2, :) C(3)(:, s3)

� = 2



From CP to MPS

+

+

=



From CP to MPS

+

+

=

=

si

si

si

si
=

� = 3



Matrix Product States and Matrix Product Operator

A = hG(1),G(2), · · · ,G(n)i
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Matrix Product States and Matrix Product Operator

with   =1, MPS is a rank-one tensor

besides CP, MPS is another generalization of rank-one tensors

A = hG(1),G(2), · · · ,G(n)i
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Summing MPSes
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Canonical forms of MPS
Analogous to the Tucker decomposition and HOSVDs, MPS has the 
benefits of orthogonality.

=Benefits

• Fixed gauge, no ambiguity

• Easy norm computation

• Easy expectation/
correlation computation

• Always good conditioned

= =

=

=
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Convert a raw tensor to a MPS: sequential SVDs

analogous to HOSVD, but processes 
every mode one by one

matrices encountered during SVDs 
are larger than HOSVD

error made in compression

✂

✂

✂
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sequential SVD is quasi-optimal

kA� BkF 
p
n kA� BbestkF

can be refined  iteratively (known as  
recompression, rounding)

Oseledets, SIAM J. Sci. Comput. 33, 2295 (2011) 
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Application: compressing neural networks

Deep neural networks are most 
popular machine learning models.

Most of the parameters are contained 
in fully-connected layers, which are 
dense matrices.
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Deep neural networks are most 
popular machine learning models.

Most of the parameters are contained 
in fully-connected layers, which are 
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Application: compressing neural networks

Deep neural networks are most 
popular machine learning models.

Most of the parameters are contained 
in fully-connected layers, which are 
dense matrices.
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Similar ideas have been applied to RBM as 
“Matrix product operator restricted Boltzmann Machine” in
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Deep Boltzmann Machines 2D Tensor Network
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Tropical Tensor Network

Replace            operations in linear algebra with (⇥,+)
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Tropical Tensor Network

Replace            operations in linear algebra with (⇥,+)

<latexit sha1_base64="7rxzun5PKXZsX0T3Vie417UFGuM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQUcKuRBRPAS8eI5gHJEuYncwmQ2YfzvQGwpLv8OJBEa9+jDf/xkmyB40WNBRV3XR3ebEUGm37y8qtrK6tb+Q3C1vbO7t7xf2Dpo4SxXiDRTJSbY9qLkXIGyhQ8nasOA08yVve6Hbmt8ZcaRGFDziJuRvQQSh8wSgayS2TLoqA63NyRk57xZJdsecgf4mTkRJkqPeKn91+xJKAh8gk1brj2DG6KVUomOTTQjfRPKZsRAe8Y2hIzSY3nR89JSdG6RM/UqZCJHP150RKA60ngWc6A4pDvezNxP+8ToL+tZuKME6Qh2yxyE8kwYjMEiB9oThDOTGEMiXMrYQNqaIMTU4FE4Kz/PJf0ryoONXK5X21VLvJ4sjDERxDGRy4ghrcQR0awOARnuAFXq2x9Wy9We+L1pyVzRzCL1gf31qQkII=</latexit>

(⌦,�)

<latexit sha1_base64="O5uN9KWYBQKBwlBvNTSzCg2d2S8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCAlkYriquDGZQV7gTaUyXTSDp1kwsxECKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhb39jcKm6Xdnb39g/sw6O2EokktEUEF7LrY0U5i2hLM81pN5YUhz6nHX9yO6t3HqlUTEQPOo2pF+JRxAJGsDbWwC5XUV9oFlJ1biDmiUJnA7vi1Jy50Cq4OVQgV3Ngf/WHgiQhjTThWKme68Tay7DUjHA6LfUTRWNMJnhEewYjbNZ52fz4KTo1zhAFQpoXaTR3f09kOFQqDX3TGWI9Vsu1mflfrZfo4NrLWBQnmkZksShIONICzZJAQyYp0Tw1gIlk5lZExlhiok1eJROCu/zlVWhf1Nx67fK+Xmnc5HEU4RhOoAouXEED7qAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wcaWZPC</latexit>

x⌦ y = x+ y

<latexit sha1_base64="6PIhMacEbOq7vOWu5l0EWTMscXg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCIJREKnoRil48VrAf0Iay2W7apZtN2J1IQ+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O820V1tY3NreK26Wd3b39A/uw3NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztj+9mfvuJKc0j+QhpzLyQDCUPOCVgpL5dnuBeBDxkGqf4BuPJedq3K07VmQOvEjcnFZSj0be/eoOIJiGTQAXRuus6MXgZUcCpYNNSL9EsJnRMhqxrqCRmm5fNb5/iU6MMcBApUxLwXP09kZFQ6zT0TWdIYKSXvZn4n9dNILj2Mi7jBJiki0VBIjBEeBYEHnDFKIjUEEIVN7diOiKKUDBxlUwI7vLLq6R1UXVr1cuHWqV+m8dRRMfoBJ0hF12hOrpHDdREFE3QM3pFb9bUerHerY9Fa8HKZ47QH1ifPy7skz4=</latexit>

x� y = min(x, y)

<latexit sha1_base64="IkasM8s96EWwgnYPJ5GSuLQlHc0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhXdCEU3LivYBzShTKaTduhkJsxMpCF046+4caGIWz/DnX/jtM1CqwcuHM65l3vvCWJGlXacL6uwtLyyulZcL21sbm3v2Lt7LSUSiUkTCyZkJ0CKMMpJU1PNSCeWBEUBI+1gdDP12w9EKir4vU5j4kdowGlIMdJG6tkHY+iJmCUKpvAKQi+ivDI+TU96dtmpOjPAv8TNSRnkaPTsT68vcBIRrjFDSnVdJ9Z+hqSmmJFJyUsUiREeoQHpGspRRJSfzR6YwGOj9GEopCmu4Uz9OZGhSKk0CkxnhPRQLXpT8T+vm+jw0s8ojxNNOJ4vChMGtYDTNGCfSoI1Sw1BWFJzK8RDJBHWJrOSCcFdfPkvaZ1V3Vr1/K5Wrl/ncRTBITgCFeCCC1AHt6ABmgCDCXgCL+DVerSerTfrfd5asPKZffAL1sc3bTuVBA==</latexit>

J. Liu, L. Wang, PZ, PRL 126,  090506 (2021) 



Tropical Tensor Network

Replace            operations in linear algebra with (⇥,+)

<latexit sha1_base64="7rxzun5PKXZsX0T3Vie417UFGuM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQUcKuRBRPAS8eI5gHJEuYncwmQ2YfzvQGwpLv8OJBEa9+jDf/xkmyB40WNBRV3XR3ebEUGm37y8qtrK6tb+Q3C1vbO7t7xf2Dpo4SxXiDRTJSbY9qLkXIGyhQ8nasOA08yVve6Hbmt8ZcaRGFDziJuRvQQSh8wSgayS2TLoqA63NyRk57xZJdsecgf4mTkRJkqPeKn91+xJKAh8gk1brj2DG6KVUomOTTQjfRPKZsRAe8Y2hIzSY3nR89JSdG6RM/UqZCJHP150RKA60ngWc6A4pDvezNxP+8ToL+tZuKME6Qh2yxyE8kwYjMEiB9oThDOTGEMiXMrYQNqaIMTU4FE4Kz/PJf0ryoONXK5X21VLvJ4sjDERxDGRy4ghrcQR0awOARnuAFXq2x9Wy9We+L1pyVzRzCL1gf31qQkII=</latexit>

(⌦,�)

<latexit sha1_base64="O5uN9KWYBQKBwlBvNTSzCg2d2S8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCAlkYriquDGZQV7gTaUyXTSDp1kwsxECKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhb39jcKm6Xdnb39g/sw6O2EokktEUEF7LrY0U5i2hLM81pN5YUhz6nHX9yO6t3HqlUTEQPOo2pF+JRxAJGsDbWwC5XUV9oFlJ1biDmiUJnA7vi1Jy50Cq4OVQgV3Ngf/WHgiQhjTThWKme68Tay7DUjHA6LfUTRWNMJnhEewYjbNZ52fz4KTo1zhAFQpoXaTR3f09kOFQqDX3TGWI9Vsu1mflfrZfo4NrLWBQnmkZksShIONICzZJAQyYp0Tw1gIlk5lZExlhiok1eJROCu/zlVWhf1Nx67fK+Xmnc5HEU4RhOoAouXEED7qAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wcaWZPC</latexit>

x⌦ y = x+ y

<latexit sha1_base64="6PIhMacEbOq7vOWu5l0EWTMscXg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCIJREKnoRil48VrAf0Iay2W7apZtN2J1IQ+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O820V1tY3NreK26Wd3b39A/uw3NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztj+9mfvuJKc0j+QhpzLyQDCUPOCVgpL5dnuBeBDxkGqf4BuPJedq3K07VmQOvEjcnFZSj0be/eoOIJiGTQAXRuus6MXgZUcCpYNNSL9EsJnRMhqxrqCRmm5fNb5/iU6MMcBApUxLwXP09kZFQ6zT0TWdIYKSXvZn4n9dNILj2Mi7jBJiki0VBIjBEeBYEHnDFKIjUEEIVN7diOiKKUDBxlUwI7vLLq6R1UXVr1cuHWqV+m8dRRMfoBJ0hF12hOrpHDdREFE3QM3pFb9bUerHerY9Fa8HKZ47QH1ifPy7skz4=</latexit>

x� y = min(x, y)

<latexit sha1_base64="IkasM8s96EWwgnYPJ5GSuLQlHc0=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaLUEFKIhXdCEU3LivYBzShTKaTduhkJsxMpCF046+4caGIWz/DnX/jtM1CqwcuHM65l3vvCWJGlXacL6uwtLyyulZcL21sbm3v2Lt7LSUSiUkTCyZkJ0CKMMpJU1PNSCeWBEUBI+1gdDP12w9EKir4vU5j4kdowGlIMdJG6tkHY+iJmCUKpvAKQi+ivDI+TU96dtmpOjPAv8TNSRnkaPTsT68vcBIRrjFDSnVdJ9Z+hqSmmJFJyUsUiREeoQHpGspRRJSfzR6YwGOj9GEopCmu4Uz9OZGhSKk0CkxnhPRQLXpT8T+vm+jw0s8ojxNNOJ4vChMGtYDTNGCfSoI1Sw1BWFJzK8RDJBHWJrOSCcFdfPkvaZ1V3Vr1/K5Wrl/ncRTBITgCFeCCC1AHt6ABmgCDCXgCL+DVerSerTfrfd5asPKZffAL1sc3bTuVBA==</latexit>

F0 = lim
�!1

� 1

�
ln

X

s

e��E(s)

= lim
�!1


Emin � 1

�
S(Emin)

�

<latexit sha1_base64="EP3cvVbTO83Vy2ozZn6E0RY/Sp4="></latexit>

J. Liu, L. Wang, PZ, PRL 126,  090506 (2021) 



Tropical Tensor Network

Replace            operations in linear algebra with (⇥,+)

<latexit sha1_base64="7rxzun5PKXZsX0T3Vie417UFGuM=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQUcKuRBRPAS8eI5gHJEuYncwmQ2YfzvQGwpLv8OJBEa9+jDf/xkmyB40WNBRV3XR3ebEUGm37y8qtrK6tb+Q3C1vbO7t7xf2Dpo4SxXiDRTJSbY9qLkXIGyhQ8nasOA08yVve6Hbmt8ZcaRGFDziJuRvQQSh8wSgayS2TLoqA63NyRk57xZJdsecgf4mTkRJkqPeKn91+xJKAh8gk1brj2DG6KVUomOTTQjfRPKZsRAe8Y2hIzSY3nR89JSdG6RM/UqZCJHP150RKA60ngWc6A4pDvezNxP+8ToL+tZuKME6Qh2yxyE8kwYjMEiB9oThDOTGEMiXMrYQNqaIMTU4FE4Kz/PJf0ryoONXK5X21VLvJ4sjDERxDGRy4ghrcQR0awOARnuAFXq2x9Wy9We+L1pyVzRzCL1gf31qQkII=</latexit>

(⌦,�)

<latexit sha1_base64="O5uN9KWYBQKBwlBvNTSzCg2d2S8=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCAlkYriquDGZQV7gTaUyXTSDp1kwsxECKG+ihsXirj1Qdz5Nk7bLLT1h4GP/5zDOfP7MWdKO863VVhb39jcKm6Xdnb39g/sw6O2EokktEUEF7LrY0U5i2hLM81pN5YUhz6nHX9yO6t3HqlUTEQPOo2pF+JRxAJGsDbWwC5XUV9oFlJ1biDmiUJnA7vi1Jy50Cq4OVQgV3Ngf/WHgiQhjTThWKme68Tay7DUjHA6LfUTRWNMJnhEewYjbNZ52fz4KTo1zhAFQpoXaTR3f09kOFQqDX3TGWI9Vsu1mflfrZfo4NrLWBQnmkZksShIONICzZJAQyYp0Tw1gIlk5lZExlhiok1eJROCu/zlVWhf1Nx67fK+Xmnc5HEU4RhOoAouXEED7qAJLSCQwjO8wpv1ZL1Y79bHorVg5TNl+CPr8wcaWZPC</latexit>

x⌦ y = x+ y

<latexit sha1_base64="6PIhMacEbOq7vOWu5l0EWTMscXg=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCIJREKnoRil48VrAf0Iay2W7apZtN2J1IQ+hf8eJBEa/+EW/+G7dtDtr6YODx3gwz8/xYcA2O820V1tY3NreK26Wd3b39A/uw3NJRoihr0khEquMTzQSXrAkcBOvEipHQF6ztj+9mfvuJKc0j+QhpzLyQDCUPOCVgpL5dnuBeBDxkGqf4BuPJedq3K07VmQOvEjcnFZSj0be/eoOIJiGTQAXRuus6MXgZUcCpYNNSL9EsJnRMhqxrqCRmm5fNb5/iU6MMcBApUxLwXP09kZFQ6zT0TWdIYKSXvZn4n9dNILj2Mi7jBJiki0VBIjBEeBYEHnDFKIjUEEIVN7diOiKKUDBxlUwI7vLLq6R1UXVr1cuHWqV+m8dRRMfoBJ0hF12hOrpHDdREFE3QM3pFb9bUerHerY9Fa8HKZ47QH1ifPy7skz4=</latexit>

x� y = min(x, y)
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Tropical tensor networks for the Ising spin glasses

2

FIG. 1. (a) The tensor network representation of a square lattice
Ising spin glass. (b) An equivalent circuit representation used for the
practical simulation. See texts for definition of the symbols.

Tropical Tensor Network– The tropical algebra is defined
by replacing the usual sum and product operators for ordi-
nary real numbers with the max and sum operations respec-
tively [29]

x � y = max(x, y), x � y = x + y. (2)

One sees that �1 acts as zero element for the tropical number
since �1 � x = x and �1 � x = �1. On the other hand, 0
acts as the multiplicative identity since 0� x = x. The � and �
operators still have the commutative, associative, and distribu-
tive properties. However, since there is no additive inverse, the
� and � and operations define a semiring over R[ {�1}. The
semiring formulation unifies a large number of inference al-
gorithms in the graphical models based on dynamic program-
ming [30, 31]. Recently, there have been e↵orts in combing
the semiring algebra with modern deep learning frameworks
with optimized tensor operations and automatic di↵erentia-
tion [32, 33].

One can consider tensor networks whose elements are trop-
ical numbers with the algebra Eq. (2). Since the elementary
operations involved in contracting tensor networks are just
sum and product, contraction of tropical tensor networks is
well defined. One can use such contraction to solve the ground
state of the Ising spin glass. For example, consider the Ising
spin glasses Eq. (1) defined on two dimensional square lattice,
the tropical tensor network is shown in Fig. 1(a). The ten-
sor network representation corresponds to the factor graph of
the spin glass graphical model [30]. There are 2 ⇥ 2 tropical

tensors =

 
Ji j �Ji j
�Ji j Ji j

!
reside on the bond connect-

ing vertices i and j, with the tensor elements being the neg-
ative coupling energies. The dots are diagonal tensors with

= hi, = �hi, and �1 for all other ten-

sor elements. In cases where the local field vanishes, these
dots reduce to the copy tensor in terms of the tropical algebra
which demands that all the legs have the same indices. Con-
traction of the tensor network under the tropical algebra gives
the ground state energy of the Ising spin glass. In the contrac-
tion, the � operation selects the optimal spin configuration and
the � operation sums the energy contribution from subregions

of the graph. The intermediate tensors record the minimal en-
ergy given the external tensor indices, so they corresponds to
max-marginals in the graphical model [34].

From the physics perspective, the tropical tensor net-
work naturally arises from computing the zero temper-
ature limit of the partition function Z =

P
{�} e��E .

The ground state energy, E⇤ = � lim�!1 1
� ln Z =

� lim�!1 1
� ln

P
{�}

Q
i< j e�Ji j�i� j

Q
i e�hi�i , involves ordinary

sum and product operations for the Boltzmann weights. When
taking the zero temperature limit, it is more convenient to deal
with the the exponents directly

lim
�!1

1
�

ln(e�x + e�y) = x � y,
1
�

ln(e�x · e�y) = x � y, (3)

which leads to the tropical algebra Eq. (2). The tropical rep-
resentation also corresponds to the logarithmic number sys-
tem [LW: add a citation here] which avoids the numerical
issue in dealing with exponentially large numbers on comput-
ers with finite precision numerics [22].

Moreover, one can also employ the present approach to
count the number of ground states at the same computational
complexity of computing the ground state energy. To im-
plement this, we further generalize the tensor element to be
a tuple (x, n) composed by a tropical number x and an or-
dinary number n. The tropical number records the nega-
tive energy, while the ordinary number counts the number of
minimal energy configurations. For tensor network contrac-
tion, we need the product and sum arithmetics of the tuple
(x1, n1) � (x2, n2) = (x1 + x2, n1 · n2) and (x1, n1) � (x2, n2) =
(max(x1, x2), n1 � n2) where

n1 � n2 =

8>>>>><
>>>>>:

n1 + n2 if x1 = x2

n1 if x1 > x2

n2 if x1 < x2

. (4)

Essentially, these two numbers in the tuple correspond to
leading order and the O(1/�) contributions (energy and en-
tropy) in the low temperature expansion of the log-partition
function. After contracting the tensor network, one reads out
the ground state energy and degeneracy from the two elements
of the tuple. In this way, one can count the number of opti-
mal solutions exactly without explicitly enumerating the solu-
tions [35, 36].

Contract Tropical Tensor Networks– We have formulated
the computation of the ground state energy and the ground
state degeneracy of the Ising spin glass Eq. (1) as contraction
of the tropical tensor network. On a tree graph, contraction of
the tropical tensor network is equivalent to the max-sum algo-
rithm [2], i.e. the maximum a posterior version of the sum-
product (belief propagation) algorithm on graphical models.
On a general graph, when the junction tree algorithm [37] ap-
plies it can be treated as a special case of the tropical tensor
network contraction algorithm using a specific contraction or-
der ultilizing a tree decomposition of the graph.

Contraction of general tensor network belongs to the class
of #P hard problems [38], so it is unlikely to find polynomial
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Exact ground-state energy and degeneracies
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For large TNs: we need approximate contractions
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CATN: Contracting Arbitrary Tensor Networks
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From partition function to quantum circuit simulation



From partition function to quantum circuit simulation



量⼦计算机

“利⽤量⼦⼒学做计算” —费因曼1981’



量⼦信息，量⼦计算

经典⽐特

量⼦⽐特

|0⟩ |1⟩

⋯
叠加态

多个量⼦⽐特 |0⟩

|0⟩

|0⟩

⋮
|0⟩

= → →
量⼦计算机



经典信息和量⼦信息

经典信息可以保存很⻓时间 ⽬前量⼦信息的保存时间很短 
没有纠错

经典信息容易复制 量⼦信息⽆法复制



量⼦计算机

→ →
量⼦计算机

2016年 
⾸个量⼦计算机在线平台 

5个量⼦⽐特

2019年 
IBM Q System One 
⾸个商⽤量⼦计算机 

20个量⼦⽐特

2019年 
Google Sycamore 

53个量⼦⽐特 
宣称实现了量⼦霸权



量⼦计算的发展

量⼦计算原型机

含噪⾳的量⼦计算机

通⽤量⼦计算机

• ⼏个量⼦⽐特，演示作⽤

•⼏⼗个到上百个量⼦⽐特 
•有噪⾳，⽆纠错 
•演示量⼦优越性（量⼦霸权）

•上百万量⼦⽐特 
•纠错 
•通⽤，Shor算法…



Google的量⼦霸权

量⼦计算机操纵 
例如量⼦⽐特的量⼦数据 

序列地作⽤量⼦⻔ 

可以表达任意⺓正变换

Arute et al, Nature 574 505 (2019)



Google’s Quantum Supremacy experiments

• 53 qubits, 20 cycles of unitary operations 

• 1 million samples within 200 seconds 

• Linear Cross Entropy Fidelity (XEB) = 0.002, given by extrapolations 

• Google’s (Shrödinger-Feynmann) classic algorithm requires 10,000 years on 
Summit

Arute et al, Nature 574 505 (2019)



Simulation methods

Full amplitude: 

• Storing full state-vector [Yao.jl, Qiskit, Qulacs, Cirq…] 

• Schrödinger-Feynmann 

• MPS / Group MPS 

Single/batch amplitude: 

• PEPS based (single amplitude) 

• Cotengra (single amplitude) 

• Alibaba ACQDP (64-amplitude batch) 

• Our method (big-batch)



Classical simulation of Sycamore



Classical simulation of Sycamore
• Google’s original estimate [Arute et. al. 2019] 

- 10,000 years for simulating the Sycamore circuits 
with 53 qubits and 20 cycles (using Summit )

Images from Arute et. al. Nature 2019
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- 2.5 days (with 250PB memory, all memory and hard disks of Summit)
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- 10,000 years for simulating the Sycamore circuits 
with 53 qubits and 20 cycles (using Summit )

• IBM’s estimate [Pednault et al 2019]: 

- 2.5 days (with 250PB memory, all memory and hard disks of Summit)

• Cotengra [Gray/Kourtis 2020] 

- Balanced Partitioning (Kahypar) + Greedy/optimal  + Slicing 

- 3000 years for single amplitude (Single GPU)
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Classical simulation of Sycamore
• Google’s original estimate [Arute et. al. 2019] 

- 10,000 years for simulating the Sycamore circuits 
with 53 qubits and 20 cycles (using Summit )

• IBM’s estimate [Pednault et al 2019]: 

- 2.5 days (with 250PB memory, all memory and hard disks of Summit)

• Cotengra [Gray/Kourtis 2020] 

- Balanced Partitioning (Kahypar) + Greedy/optimal  + Slicing 

- 3000 years for single amplitude (Single GPU)

• Alibaba’s simulator [Huang et. al. 2020] 

- Hierarchical partitioning (Kahypar) + Greedy/optimal + Slicing + sampling 

- 20 days for 1 million samples (with Summit-compatible supercomputer)

Images from Arute et. al. Nature 2019



Our approach: Big-Head tensor network method

arXiv:2013.03074



Computational complexity
方法计算复杂度

arXiv:2103.03074

• 我们获取两百万振幅的计算代价小于当前最好算法获取64个振幅的计算代价

• 此前Google, Cotengra和Alibaba的结果都只是估算，没有真正计算

• 我们的结果是真正计算的结果

• The computational cost of our algorithm in obtaining 2 million amplitudes is 
smaller than obtaining 64 amplitudes using Alibaba’s method. 

• Google, Cotengra, and Alibaba’s results are estimations 

• We did the computations for the first time.

arXiv:2013.03074



Simulating  Sycamore with 53 qubits, 20 cycles

Computation hardward Time

Google [Arute et. al., 2019]

(Estiamte) Summit Super Computer 10,000 Years

IBM [Pednault et. al., 2019] 

(Estimate)
Summit Super Computer 

(all disks) 2.5 days

Alibaba [Huang et. al., 2020] 
(Estimate)

Summit Super Computer 
(compatible) 20 days

Ours [arXiv:2103.03074] 

(Computation) 60 GPUs 5 days



Simulating  Sycamore with 53 qubits, 20 cycles

Computation hardward Time

Google [Arute et. al., 2019]

(Estiamte) Summit Super Computer 10,000 Years

IBM [Pednault et. al., 2019] 

(Estimate)
Summit Super Computer 

(all disks) 2.5 days

Alibaba [Huang et. al., 2020] 
(Estimate)

Summit Super Computer 
(compatible) 20 days

Ours [arXiv:2103.03074] 

(Computation) 60 GPUs 5 days



Main results
Google量子霸权线路模拟主要结果

arXiv:2103.03074

• 获得了200万末态振幅和概率，其分布服从Porter-Thomas分布
• 从中采样出了100万构型，XEB fidelity为0.739，远高于Google的数据

• Obtained 2 million amplitudes and probabilities, following  
the Porter-Thomas distribution 

• Sampled 1 million bitstrings, XEB fidelity=0.739, larger than Google’s XEB

arXiv:2013.03074



Full amplitude computations

43 qubits, 14 cycles, EFGH sequence 50 qubits, 14 cycles, EFGH sequence

Google: the Jülich supercomputer 

(with 100,000 cores, 250 terabytes)

The previous record was 49 quits

(Using the Sunway Taihulight super computer)

R. Li, B. Wu, M. Ying, X. Sun, and G. Yang, 
IEEE Transactions on PDS 31, 805 (2019). Arute et al, Nature 574, 505 (2019).



Computation with tensor networks

P (�) =
1

Z
exp(��E(�)) P (Data)
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Joint probability distribution 
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Joint probability distribution of 
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Control of quantum states
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Exponential space 
Effective models 

Computational power
Tensor Network as a bridge !
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