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Statistical Mechanics

N X SR SR o

P(S)= e PO Z- zS:e_BE(S)
e Estimating the free energy
e Computing observables

e Sampling
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Applications of Statistical Mechanics

* Physics:
Thermodynamics,
Phase transitions ...

 Combinatorial Optimization

1
P(S) = lim —ePE®)
f— o0 /

* Machine Learning
Hopfield model],
Boltzmann machines

e Statistical Inference
Bayesian Inference, M.A.P.

* Quantum computation
Stat. Mech. with complexity interactions
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Fith S = {+1,-1}" 2 P R P PR PR R

1 _
P(S)= Lo PP 7= e I

Bio 77 PR ZY

Given data x and model p(x|s), find latent variable s

SUiTERR
p(s[x) = %p(X\S)po(S) Z =p(x) =Y p(x[s)po(s)
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Estimate g, prob of positive
from n events, where m of them are positive

I .

Plle) = L @0 __Pllghle _ i@
| P(z,q)dq [ P(x|q)Po(q)dq [ elnlP@ldPolaldg
eln:qn(l—q)m_”-

f eln[g™(1—q)™~"]dq

"

¢ — arg min In [qm(l —q)
q
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Weight of a G_BE(S)

configuration p(xls) Likelihood



Bl+1: Tt NFSHRITHETRFHE

Statistical Mechanics Statistical Inference/Learning

Observable and

A configuration S .
J © z and s latent variable

Weight of a G_BE(S)

configuration p(xls) Likelihood

Energy E(S) — 1I1[p($|8)] Negative log-likelihood
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Statistical Mechanics Statistical Inference/Learning

Observable and

A configuration S .
J © z and s latent variable

Weight of a _BE o
configuration e PP) p(z|s) Likelihood
Energy E(S) — 1I1[p($|8)] Negative log-likelihood

Boltzmann _ i —BE(s) _ 1 Posterior of
distribution p(s) = 7° pls|z) p(x)p(x’S)pO(S) Bayesian Inference
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Statistical Mechanics

A configuration

Weight of a
configuration

Energy

Boltzmann
distribution

Partition Function

1
p(s) = Ee_BE(S)

7 Z o~ BE(s)

Statistical Inference/Learning

r and s

p(z|s)

—In[p(z|s)]

1
p(s|x) = mp(xls)po(s)

p(x) = p(x[s)po(s)

Observable and
latent variable

Likelihood

Negative log-likelihood

Posterior of
Bayesian Inference

Marginal likelihood
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Statistical Mechanics

A configuration

Weight of a
configuration

Energy

Boltzmann
distribution

Partition Function

Free energy

S
—BE(s)
E(s)

p(s) %6_5 ()
7= e PE®
F = —l InZ

Statistical Inference/Learning

r and s

p(z|s)

—In[p(z|s)]

1
p(s|x) = mp(xls)po(s)

p(x) = p(x[s)po(s)

L = Inp(x)

Observable and
latent variable

Likelihood

Negative log-likelihood

Posterior of
Bayesian Inference

Marginal likelihood

Marginal log-likelihood
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Statistical Mechanics

A configuration S

Weight of a
configuration

Energy E(s)
Boltzmann _ 1 —BE(s)
distribution p(s) = 7€
_ —BE(s)
Partition Function Z = Z €
S
1
Free energy F = _E In Z
Ground state arg msin E(s)

p(s|x) = Z@p(w!S)po(S)

Statistical Inference/Learning

Observable and

z and s latent variable
p(x|s) Likelihood
— In[p(z|s)] Negative log-likelihood

1 Posterior of

Bayesian Inference

p(x) = p(x[s)po(s)

Marginal likelihood

L =Inp(x) Marginal log-likelihood

arg msax In[p(x|s)po(s)] M.A.P. inference
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Supervised Learning

X
X
XX

X1

TN

Discriminative

y = fx)
or p(y|x)
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Unsupervised Learning
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Unsupervised Learning

N A

X o
X X S5
X o)
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v

v

X1

TN

A machine learning
generated print

sold for $432,500

Discriminative

= E, [ (@) E, Loy (4-2059)])

y = f(x)
or p(y|x)
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Unsupervised Learning
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_» | "What | can not create,
| do not understand”

Understand: MEHEEIEFRZES)ZED HALE
Create: 4 RYETHOENIE

L v — 4 oo g i e s TN models...
ERF NS F IR RENG Quantum models...
Boltzmann Variational Adversarial Normalizing  Autoregressive Born
Machines Autoencoder Networks Flows Networks Machines
1980s 2013 2014 2015 2016 2018
® ® ® ® ® —>
—fE(x) 2
© P (x)
P(x) = _
(x) =~ P(x) = —
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- SEE TSNS 2 H M AB IR

Z.Han, J. Wang, H. Fan,L. Wang, PZ, Phys. Rev. X. 8, 031012 (2018)



4.4. NEURAL NETWORKS

One wide ranging development, in the statistical physics of neural networks,
has been the so-called Gardner approach, namely a statistical analysis in
parameter space, i.e. the space of interactions (e.g. synaptic weights). It has
been called the inverse problem of statistical mechanics, because in ordinary
statistical mechanics the interactions are given and the statistical analysis
is done in variable space (e.g. the space of neural activities). At this point,

Gerard Toulouse 1992’

Langevin Prize, Holweck Prize
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The Ising model r = {+1,-1}
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The Ising model r={+1,-1} Restricted Boltzmann Machine
(E. Ising, 1924) p(@:%aﬁ(zm ety oe) - (Ackley, Hinton, Sejnowski, 1985)
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Data live in the corner of the high-dimensional space
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Data live in the corner of the high-dimensional space
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D ata Data Random
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Data live in the corner of the high-dimensional space
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Data: a vector x of dimension n
x € {1,0}"

In case of the MNIST:
x € {1,0}7®4
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P(x) = le—ﬁE(x)

Z
Data: a vector x of dimension n 7 Z o—BE(x)
x € {1,0}" )

In case of the MNIST:
x € {1,0}7®4
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Data: a vector x of dimension n 7 Z o—BE(x)
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In case of the MNIST: 2™ terms
x € {1,0} 784

Partition function
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P(x) = Ee_ﬁE(X)

Data: a vector x of dimension n 7 o—BE(x)
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Partition function
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7713682

1

P(x) = Ee_ﬁE(X)

Data: a vector x of dimension n 7 o—BE(x)
x € {1,0}" )

In case of the MNIST: 2™ terms
x € {1,0} 784

Partition function
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0724906 0724906
= - B
nﬂgﬂ Training Sampling nﬂgﬂ

P(x) = le—BE(x)

Z
Data: a vector x of dimension n 7 Z o—BE(x)
x € {1,0}" )

In case of the MNIST: 2™ terms
x € {1,0} 784
Partition function
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P(x) = %eﬁz(m Jijwiti+2 2, Hit

y— E eﬁz(ij) Jijrizi+) ; Hiz;
X



The simplest energy-based model
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The Ising model (E. Ising, 1924)

P

CE e e
e = D R
> > > >
et 4 4
> > - R R
- < -+
D e e S R e
CE P> > >
> > > - >
> P >

PRI E T
C
-
R R R e e i
Rab ol SR R e e
-
4+ - - e
CE e
- -
CE e

&P 2 iy Jigrizi+22; Hixy

X)
7 —

non-magnetic

magnetic



The simplest energy-based model

P

CE e e
e S e e e
e e R S e
et 4 4
> > - - > >
- < -+
P > > >
CE P> > >
> > > - >
e i i a2

CE et
D S S R
D L IR R e e
R e i ai o ol ST
RER o R . e =
- -
e
CE e
- - - - -
e o e i i e e e

< N "
Ql S Sy
o)) T -
— o Z
o) N+
js T8
%) 8 8
. 8 Jw
w5 4
[CRR
O | Z

@) ~ 56
SR Y

@)) — N

2 - |

‘O | | |
o X % N
- ~—

_l

non-magnetic

magnetic

Ferromagnet
Temperature
Magnetization



The simplest energy-based model

&P 2 (ijy Jigziwi+>, Hixy

x = {+1,—-1}"
1
A

(

The Ising model (E. Ising, 1924)

P

CE e e
e S e e e
e e R S e
et 4 4
> > - - > >
- < -+
P > > >
CE P> > >
> > > - >
e i i a2

CE et
D S S R
D L IR R e e
R e i ai o ol ST
RER o R . e =
- -
e
CE e
- - - - -
e o e i i e e e

&P 2 iy Jigrizi+22; Hixy

X)
7 —

non-magnetic

magnetic

z
+~ ) o=
—
S 5 0B
YOI, g
s O e
= 3
o & £
= =
5 )
L e A
>

N — Q. — |2
| | |
N
< 52

m -

o F

I

T

=
= - : S —
¥ _




The simplest energy-based model

&P 2 (ijy Jigziwi+>, Hixy

x = {+1,—-1}"
1
A

(

The Ising model (E. Ising, 1924)

P

CE e e
e S e e e
e e R S e
et 4 4
> > - - > >
- < -+
P > > >
CE P> > >
> > > - >
e i i a2

CE et
D S S R
D L IR R e e
R e i ai o ol ST
RER o R . e =
- -
e
CE e
- - - - -
e o e i i e e e

&P 2 iy Jigrizi+22; Hixy

X)
7 —

magnetic

Ferromagnet
Temperature

Tc

Magnetization

+1 |




The simplest energy-based model

&P 2 (ijy Jigziwi+>, Hixy

x = {+1,—-1}"
1
A

(

The Ising model (E. Ising, 1924)

P

CE e e
e S e e e
e e R S e
et 4 4
> > - - > >
- < -+
P > > >
CE P> > >
> > > - >
e i i a2

CE et
D S S R
D L IR R e e
R e i ai o ol ST
RER o R . e =
- -
e
CE e
- - - - -
e o e i i e e e

&P 2 iy Jigrizi+22; Hixy

X)
7 —

magnetic

Ferromagnet
Temperature

Tc

Magnetization

+1 |




The simplest energy-based model

> > > > > > >> > >
> > > > > >

e o o b I S
A = ST SN
> > > > > > >

> > > > > > >
S>> > > > > >
S>> > > >
e e e e e e e

> PP

+1

magnetic

M

Tc

-

b vttt vvvvt
Ay AV Avasss
EYEIEYEIEEIERAL,
vYAdvAriAv Ve
AAVA L 4444
vAVYLI T AV AY
AV ALV
Py AV AV ALY
pAVALA VAV
vAtiavrvad
non-r.nagnetic
[(F=0]
. J@'j:
: T =
V -
T
M =

Sl = S

%

The Ising model (E. Ising, 1924)
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% At a high temperature, the model does not remember any data,
% At a low temperature, the model successfully remembers one data !




The simplest energy-based model
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The Ising model (E. Ising, 1924)
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% At a high temperature, the model does not remember am%j

% At a low temperature, the model successfully remembers@ne data™
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The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)



Remember more pattern: The Hopfield model

The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)

x = {+1,—-1}"
P(x) = %eﬁ > (igy Jigmiwi 22, Hix

Z _ E 65 Z(ij) wazxj—l—zz H;x;
X



Remember more pattern: The Hopfield model

The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)
NEEE
071274 7 oS (e ety
4513 7] [ =33t

=1
1839459 “
7723682

_ B2 i Jijrizi+> , Hiz; : .
Z = Ze 2y T w2 Hebb’s learning rule

Hebb 1949



Remember more pattern: The Hopfield model
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The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)
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Remember more pattern: The Hopfield model

The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)
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Remember more pattern: The Hopfield model

The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)
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Remember more pattern: The Hopfield model

The Hopfield model (Hofield, 1982, Amari 1977, Little 1974)
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AN INTRODUCTION TO LEARNING
AND GENERALISATION

Giorgio Parisi
Dipartimento di Fisica
Piazzale delle Scienze

Roma Italy 00185

ABSTRACT. In this lecture I will present some basic ideas on how computers may learn
rules from examples and how generalisation may be achieved. The general prospective is
presented. Some comments are also done on the definition of intelligence.

Learning — Generalisation — Intelligence

Giorgio Parisi 1992

Boltzmmann Medal, Lars Onsager Medal, Dirac Medal
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My research journey on Statistical Mechanics:
From Mean-Field to Neural Networks Then to Tensor Networks
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Mean-field Neural Networks Tensor Networks
Variational Mean-field
Belief propagation Variational Autoregerssive Networks CATN
Replica symmetry breaking Feedback-set VAN Tropical Tensor Networks

Survey Propagation
Expectation Propagation
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Variational Methods: working with an upper bound

1

P EQ_BE(S) Boltzmann distribution
—BF =InZ = lnz —BE(s)
SON e Serbion o "
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Jenson’s inequality
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Many faces of the variational Free Energy

eln P(x|s)Py(s)
P(S’X) - eln P(x)

In 7 = IHP( _ lnz In P(x|s)Py(s)

In P(x >ZQ (s)x) In[P(z[s) Po(s)] — Y  Q(s|x) In Q(s[x)]

Variational Free Energy: Energy - Entropy

n Px) 2 3 Q(si) nfP(als)] — KL i Qs Po(e)

Variational autoencoder: reconstruction error - KL regularization



Mean-field methods: Variational Mean-field

q(s) = H q;(S;) n parameters |
?: —

Fo =3 [a®)B6) + 5 Y nas)

Vg Fq = 0 = Naive Mean-Field equations
In case of the Ising model with E(s) = — Z Jii8i8;
)
m; — 2(_]7;(87; — 1) — 1

m; — tanh(ﬁ Z Jq;jmj)
J7T

F, = Z Jigmim; + E Z <log > - log 5 >
(25) i




Mean-field methods: Bethe approximation

- ey 26054, 55)

e Exactonatree
A good approximation on sparse graphs or dense + weak systems
e However in general q(s) IS not normalized on loopy graphs

Fq:Zq(s) )+ — YYlnqw (84, 55) 52 (d; — 1) Zlnqz Si)

(’LJ) Si,5;

V{4,401 Fq = 0 = belief propagation

\p‘i—m’(si)
O——= —(
/




Pros and Cons of Mean-field

Pros:
e Analytical computation of Free Energy

e Fast Message Passing

e Analysable OO/ O

Cons:
e Requires certain conditions to hold q(s) = ] [ ai(s0)
e Low expressive power ¢(s) = rq(”) q(ij ()S;’Sf )
i Qi\Si B




Using a more expressive variational distribution

Variational distributions in Mean-field methods are too
weak.

-
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n parameters 2m parameters

It is difficult to increase the number of parameters

Machine learning can help: neural network models
contain lots of trainable parameters,
giving good representation power in theory.
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weak.

-

L(ijy 25 (Sis S;

a(s) = ] [ a:(s U(8) = ] (50

1

n parameters 2m parameters

is difficult to increase the number of parameters

Machine learning can help: neural network models
contain lots of trainable parameters,
giving good representation power in theory.




10N

lational distribut

INg a More expressive var

Us

parameters, giving good representation power in theory.

Neural network models contain lots of trainable




10N

lational distribut

INg a More expressive var

parameters, giving good representation power in theory.

Neural network models contain lots of trainable

Us

./w/ln ﬂl,WV/un W

ARER SRS
bt

RN

ANER SRS
bt

ARG

AR

AT

,.az...

L
,,ﬂ/rv..nm,.?:

R

Design Neural network models to use structures of the




Using a more expressive variational distribution

Neural network models contain lots of trainable
parameters, giving good representation power in theory.

Design Neural network models to use structures of the
oroblem

VAN: variational methods to Stat. Mech. using

autoregressive neural networks.

D Wu, L Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019)
O Sharir, Y Levine, N Wies, G Carleo, A Shashua, Phys. Rev. Lett. 124, 020503 (2020)



* Expressive power:

+ Using deep neural networks

PYTHRCH

*universal approximator ensorFlow
+ convenient programming platforms
+ easy GPU support

» Tractability of variational free energy:

+ Do it by sampling !

- Constraints on neural networks:

+ represent joint distribution
+ support Direct Sampling
+explicit probability output

Autoregressive
Networks




Auto-regressive distribution

 Representing joint distribution using chain rule of conditional probabilities.

q(s) = HQ(SZ-!Sm)

Q(Sla S2, 83754) — (5S4 33752751)C](537 82781)

(
(84 83,82,Sl)Q(53|82,81)Q(82781)
(

— q
— (g\S4 83,82,S1)Q(83|82,31)61(82181)61(81)
s1 O O 81 = sigmoid(0) = q(s1 = 1)
Fully Visible $2 O O 59 = sigmoid(wi251) = q(s2 = 1|s1)
Bﬁ:/’ree’;/\qggg]rk 3 O O 83 = sigmoid(wi381 + wazse) = q(s3 = 1|ss, s1)
sS4 O O 54 = sigmoid(wi481 + wagS2 + Ww3454) = q(s4 = 1|83, 52, 51)

Q(Sl, 82, 83, 84) — §1§2§3§4

* Directed Sampling is easy because we have all the conditional probabilities!
This is known as ancestral sampling [Bishop 2006]



 Extending the expressibility and generalization power by making it deeper
and using weights sharing.
| Bengio/Bengio 2000, Uria/Cote/Gregor/Murray/Larochelle 2016,
Germain/Gregor/Murray/Larochelle 2015, Larochelle/Murray 2011,
Gregor/Danihelka/Mnih/Blundell/Wierstra 2014]

 When the system has topology structure, one should respect it !
[Pixel CNN, Van den Oord et. al., 2014]
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Minimizing the variational free energy

+ Minimizing the variational free energy is equivalent to minimizing KL divergence

) = arg mm Dk1.(qe|p) = argmin F,
Bly = ZCI@ s) + Ingp(s)]

+ The parameters are continuous, so we can apply the (stochastic) gradient descent

BVoF, =V Y lga(s)- (BE(s) +Ings(s))]
=Y [Voaqo(s) - (BE(s) +Ingo(s)) + qo(s) Vo In go(s)]

— Z lq0(s)Vglogqo(s) - (BE(s) +1ngg(s)) + Veqe(s)]

— Eqyyie) | Volngo(s) - (BE(s) + Ingo(s))

\ &

Ve

R(s)

Known as the REINFORCE algorithm [Williams 1992]



Variational Autoregressive Networks

Input: energy function and temperature
output: variational free energy, samples, and observables (e.g. correlations)
1. Initialize VAN randomly.

2. Draw many samples from VAN using ancestral sampling, and
compute their log-probabilities

3. Compute variational free energy

using samples and their log-probabilities
4, Do gradient-descent via back-propagation

5. Go to step 2, until loss converges, or reaches zero-variance



Stat. Mech. vs. Density Estimation



Stat. Mech. vs. Density Estimation

Statistical Mechanics Density Estimation
[e.g. PixelCNN, Van den Oord et. al., 2014]
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Stat. Mech. vs. Density Estimation

Statistical Mechanics Density Estimation
[e.g. PixelCNN, Van den Oord et. al., 2014]
95637
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2498939
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Boltzmann PBoltamann () data (8) < ) O(s—sy) Empirical data
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Stat. Mech. vs. Density Estimation

Statistical Mechanics Density Estimation
[e.g. PixelCNN, Van den Oord et. al., 2014]
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Boltzmann data (8) X 5(s—s;) Empirical data
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reverse KL



Stat. Mech. vs. Density Estimation

Statistical Mechanics Density Estimation
[e.g. PixelCNN, Van den Oord et. al., 2014]
934637
5357 % 27
. . 544 L8 .
Given energy function  FE(s) T4 6217 Given data
2498939
1T0 67| 9
Boltzmann data (8) < ) O(s—sy) Empirical data
distribution PBoltzmann (S) ic data distribution
Minimizing D D L
reverse KL KL(Q@ HpBoltzmann KL(pdataHC]e) Minimizing KL

Minimizing 1 Minimizing
variational free Iy = (F)q — 594 —L = —log(q(sdata)) negative log
energy b likelihood



Typical Training Process

-2.1
-2.2
7p)
8-&13\\\hh!
—
2.4
-2.5 ' | ' |
100 200 300 400 500
Epochs
1
Fy = ]E’SNQQ(S) {E(S) + E Ingg(s)| -

Red line: variational free energy, i.e. mean value of l0ss
Red area: variance of R(s)

Blue dashed line: exact value obtained by enumerations
D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122,080602 (2019)



D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122,080602 (2019)
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Free Energy

Sherrington-Kirkpatrick model
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SK model, N=20 spins
[Sherrington/Kirkpatrick 1975] Loo

E(S) - — Z JijSiSj
(i)
Jij ~ N(0,1/N)
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D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019)
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Ising model on 2-D lattice

Dense
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D.Wu, L. Wang, PZ, Phys. Rev. Lett. 122, 080602 (2019)



Hopfield Model

A classic associative memory [Hopfield 1982]

E(S) = — E JZJSZSJ Paramagnetic

(i) //Tg
] o~ T
Jij = Zf’“ n
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Sampling
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Methods for statistical mechanics

MCMC:
e Integrate E over [3

e Histogram-based [Wang-Landau]

Variational:

¢ Mean-field

e Variational Autoregressive Networks

Direct computation:

e RG
é- Tensor Networks



Tensor Networks

In physics: wave functions

+ Out of physics:
Revealing internal low-rank structures (CP, Tucker, TT rank)
+ Compression data, optimization
Learning: (kerneled) classification, generative modeling
Inference in graphical models

+ Simulating quantum circuits



Diagram notations

o b b & ¥

scalar  vector  matrix 3-way tensor 4-way tensor

t-@ ~(3)-(1

tensor product Trace

T e

tensor contraction tensor contraction




Tensor networks in physics:
imposing prior of physical wave functions
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In Physics Out of Physics Diagram

|
grouping of indices | unfolding, matricization % — @
|
splitting of indices tensorizing ?

tensor train
decomposition

periodic boundary tensor chain L‘? ~ o~ o~ A ?J
TTTT

matrix product states

MPS decomposition

hierarchical Tucker
tree tensor networks .
decompostion

single-site DMRG alternating least square

modified alternating least
square

two-site DMRG
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Exploring internal structures in the data
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Representation of a large tensor: rank-one

Y o= 729%°°9¢

d’n
NN
L 1 2 n
A=aloa®o...qm %:\N
1T
independent modes g f&f«i,'

factorized pure state

.-
- "y
o L '_f
e .
.

principled component AT,

reminiscent of the mean-field approximation

p({x1,z2,...,xn}) = plx1)p(a2)...p(T4)
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IXXXY

Convenient representations of CP using unfolded matrices A
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Canonical Polyadic (CP) decomposition

Also known as Polyadic, PARAFAC,

CANDECOMP, and Topographic. ﬁ) ﬁ) ﬁ) ﬁ) ﬁ) ﬁ)
First proposed in 1927 by Hitchcock, then

became popularin 1970's in psychometric and _|_

in 1980’s in chemometrics.
799999

Found applications in signal processing, neural
sciences, signal processing in 1990's, and

image compression and classification from ? ? ? ? ? ?
2005.

Any tensor can be expressed as finite sum of
rank-1 tensors.

Tensor rank, or CP-rank, is defined as a
minimum number of rank-1 tensors in the
exact CP decomposition.

However, determining the CP-rank is NP-hard
problem, finding the best CP decomposition is
hard, yielding many local minimums.
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The workhorse algorithm: Alternating Least Square

In the un-folded matrix form A ~ AYA A(l) @ AP . A(n))

Trrrr IS

The ALS fixes all except one matrix for optimizing, the sub-problems
IS a least-square problem

C )
Al — argmin —
| NS !

Solved simply using pseudo-inverse
AG A (AA<1> DA oo AD o AGD L A(n))+

F
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From CP to Tucker

The CP formats is lack of canonical forms and orthogonalization
by imposing orthogonalization, the core tensor is no more diagonal

g
X
7 L.
ndx + x" parameters
this leads to the Tucker Decomposition N

A=[G;AM AP ... A®)]
—Gx1 AW 3, A@ »o o x, AM)

First introduced by Tucker in 1963, known as N-mode PCA/SVD/Factor
analysis.
Usually treated as a multilinear extension of PCA
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High order singular value decomposition

given a raw tensor A R

unfold to matrix at each mode

e

do SVD on obtained matrices

contract A to the inverse of the obtained column orthogonal matrices,
to obtain the core G .

se0," I



Improving HOSVD

HOSVD only gives a quasi-best approximation

[A—[g:AD A A < A = Apest

High Order Orthogonal Iteration (HOOI) interactively refines factor
matrices using SVDs.

Elden and Savas’'s method contains factor matrices to a Grassmann
manifold which defines an equivalent class of orthogonal matrices, then
optimize them using Newton’'s method.

Lathauwer, Moor, Vandewalle. SIAM J. Matrix Anal. Appl. 21, 1253 (2000)
Elden, Savas, SIAM J. Matrix Anal. Appl. 31, 248 (2009)



Improving HOSVD

HOSVD only gives a quasi-best approximation

[A—[g:AD A A < A = Apest

High Order Orthogonal Iteration (HOOI) interactively refines factor
matrices using SVDs.

Elden and Savas’'s method contains factor matrices to a Grassmann
manifold which defines an equivalent class of orthogonal matrices, then
optimize them using Newton’'s method.

limitation:
ndx + x" parameters, not parameter efficient for n large

Lathauwer, Moor, Vandewalle. SIAM J. Matrix Anal. Appl. 21, 1253 (2000)
Elden, Savas, SIAM J. Matrix Anal. Appl. 31, 248 (2009)
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From CP to MPS

Summing two rank-1 tensors
A=aloal® ocal®
B=bWob? op®

C=A+DB

Cor.sass = 0508 a ) + D

() (7
0
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S2 783
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Matrix Product States and Matrix Product Operator
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Matrix Product States and Matrix Product Operator

1 @ . am

a517827“' Sn. GSl,tl 82,t2 Snatn

with X=1, MPS is a rank-one tensor

g;(l)

(2) (3) (4) (5) (6)
g g G g g

|

S1

e ee
S9 S3 S4 S5 S6

~ ndy? parameters

59 53 S4 S5 S6

()
&

t2 i3 tq ts le



Matrix Product States and Matrix Product Operator

g(l) g(2) g(3) g(4) g(5) g(6)
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with X=1, MPS is a rank-one tensor

besides CP, MPS is another generalization of rank-one tensors



summing MPSes

Yeeere

+
Sanas




Canonical forms of MPS



Canonical forms of MPS

Analogous to the Tucker decomposition and HOSVDs, MPS has the
benefits of orthogonality.

Toeeer [ T




Canonical forms of MPS

Analogous to the Tucker decomposition and HOSVDs, MPS has the
benefits of orthogonality.

Toeeer [ T

Benefits




Canonical forms of MPS

Analogous to the Tucker decomposition and HOSVDs, MPS has the
benefits of orthogonality.

Toeeer [ T

Benefits

* Fixed gauge, no ambiguity




Canonical forms of MPS

Analogous to the Tucker decomposition and HOSVDs, MPS has the

benefits of orthogonality.

roeeee I-L T

Benefits %:g g : I ::

* Fixed gauge, no ambiguity

—C

» Easy norm computation

O




Canonical forms of MPS
Analogous to the Tucker decomposition and HOSVDs, MPS has the

benefits of orthogonality.

0999

i

Benefits

* Fixed gauge, no ambiguity

» Easy norm computation

» Easy expectation/
correlation computation

!
3

CAHO O—0O OO
O—0O CHHO OO
HO 0—0 00
O—0O Q—H—Q OO

|
O—O
o




Canonical forms of MPS
Analogous to the Tucker decomposition and HOSVDs, MPS has the

benefits of orthogonality.
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Benefits

* Fixed gauge, no ambiguity

» Easy norm computation

» Easy expectation/
correlation computation
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Convert a raw tensor to a MPS: se@guential SVDs
/3

analogous to HOSVD, but processes
every mode one by one

matrices encountered during SVDs
are larger than HOSVD

error made in compression
n

2
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sequential SVD is quasi-optimal
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Convert a raw tensor to a MPS: se%guential SVDs

analogous to HOSVD, but processes
every mode one by one

matrices encountered during SVDs =
are larger than HOSVD

error made in compression =
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sequential SVD is quasi-optimal
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Application: compressing neural networks

Deep neural networks are most
popular machine learning models.

O Backfed Input Cell
Input Cell
/A Noisy Input Cell
@ Hidden Cell
©) Probablistic Hidden Cell
. Spiking Hidden Cell
@ output cell
. Match Input Output Cell
. Recurrent Cell
. Memory Cell
. Different Memory Cell
) Kernel

O Convolution or Pool

A mostly complete chart of

Neural Networks .........os

©2016 Fjodor van Veen - asimovinstitute.org
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Application: compressing neural networks

Deep neural networks are most

popular machine learning models.

Most of the parameters are contained
in fully-connected layers, which are

dense matrices.
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Deep neural networks are most

popular machine learning models.

Most of the parameters are contained
in fully-connected layers, which are

dense matrices.
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Application: compressing neural networks

Deep neural networks are most

popular machine learning models.

Most of the parameters are contained
in fully-connected layers, which are

dense matrices.
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Application: compressing neural networks

Deep neural networks are most
popular machine learning models.

Most of the parameters are contained
in fully-connected layers, which are

dense matrices.
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Application: compressing neural networks

On 2-layer perceptron, MNIST
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Application: compressing neural networks

On 2-layer perceptron, MNIST
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TN contraction for computing the partition function
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TN contraction for computing the partition function
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Any discrete probability distribution is a tensor,

decomposed using tensor networks.
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TN contraction for computing the partition function

©
Computing normalization of a discrete probability distribution
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Any discrete probability distribution is a tensor,

decomposed using tensor networks.
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TN Contraction
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Simulated and quantum annealing

Thermal jump
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Quantum
tunnel

Configuration

%
%

91

0z

\4

Slides Courtesy: Lei Wang

8T




Tropical Tensor Network

Replace (x,+)operations in linear algebra with (®,®)

rTRY=1x+Yy r PHy = min(x,y)

x @y =min(x,y) xXQy=x+y

Addition table Multiplication table
@ 1 2 3 4 5 6 7 ® 1 2 3 4 5 6
1 1 1 1 1 1 1 1 1 2 3 4 5 6 7
2 1 2 2 2 2 2 2 2 3 4 5 6 7 8
3 1 2 3 3 3 3 3 3 4 5 6 7 8 9
4 1 2 3 4 4 4 4 4 5 6 7 8 9 10
5 1 2 3 4 5 5 o 5 6 7 8 9 10 11
6 1 2 3 4 5 6 6 6 7 8 9 10 11 12
7 1 2 3 4 5 6 7 7 8 9 10 11 12 13

10
11
12
13
14
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Tropical Tensor Network

Replace (x,+)operations in linear algebra with (®, ®)

TROY=2T+Y

lim —=In(e P x e ™ PY) = 2 ®

Jm - ( ) Y
1

lim —=In(e PP Le PN =z @

Jm - ( ) g

r ®y = min(z, y)

J. Liu, L. Wang, PZ, PRL 126, 090506 (2021)



Tropical Tensor Network

Replace (x,+)operations in linear algebra with (®,®)

rTRY=1x+Yy r PHy = min(x,y)

| ground state energy ,;_
 — Tropical tensor network contraction |

ground state configuration
{ —> Gradient with respect to the field

i ground state degeneracy ;
 — Mix tropical with ordinary algebra |

J. Liu, L. Wang, PZ, PRL 126, 090506 (2021)



Tropical tensor networks for the Ising spin glasses

E({oc}) = Z J;i0,0; + Z ho,

i<j

o—i——0—i—0—l—oO0
m - i
B ® B (—J,-j Jij )
o—Iik H o
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> - BO 1_+_1 1 2_+_2 _
E m ! )

all other elements are oo

Slides Courtesy: Lei Wang



Results on Spin glasses on the Chimera graphs

Time for ground state energy Histogram of ground state degeneracy
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J. Liu, L. Wang, PZ, PRL 126, 090506 (2021)




Exact ground-state energy and degeneracies

Branch-and-bound /

cut

Our method
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2D lattice
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GS Entropy
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GS Energy
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3D lattice
GS Entropy
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3-state-Potts
2D Lattice
GS Energy
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3-state-Potts
2D Lattice
GS Energy

J. Liu, L. Wang, PZ, PRL 126, 090506 (2021)
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3. Scalability
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CATN: Contracting Arbitrary Tensor Networks

(1)

F. Pan, P. Zhou, S. Li, PZ, PRL 125,060503 (2020)



CATN: Contracting Arbitrary Tensor Networks

(1) (2)

F. Pan, P. Zhou, S. Li, PZ, PRL 125,060503 (2020)
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Computing free energy of spin glasses
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Computing free energy of spin glasses
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From partition function to quantum circuit simulation
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Google's Quantum Supremacy experiments
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Adijustable coupler

1 million samples within 200 seconds
e Linear Cross Entropy Fidelity (XEB) = 0.002, given by extrapolations

e Google’s (Shrodinger-Feynmann) classic algorithm requires 10,000 years on
Summit



Simulation methods

Full amplitude:

o Storing full state-vector [Yao.jl, Qiskit, Qulacs, Cirg...]

H

e Schrodinger-Feynmann

e MPS / Group MPS

Single/batch amplitude:
e PEPS based (single amplitude)
e Cotengra (single amplitude)
o Alibaba ACQDP (64-amplitude batch)

e Our method (big-batch)

N EESHENEEY




Classical simulation of Sycamore



Classical simulation of Sycamore

» Google's original estimate [Arute et. al. 2019]

- 10,000 years for simulating the Sycamore circuit/gs

with 53 qubits and 20 cycles (using Summit )
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Classical simulation of Sycamore

» Google's original estimate [Arute et. al. 2019] ,
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* IBM's estimate [Pednault et al 2019]: Images from Arute et. al. Nature 2019

- 2.5 days (with 250PB memory, all memory and hard disks of Summit)



Classical simulation of Sycamore

» Google's original estimate [Arute et. al. 2019] a
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- 2.5 days (with 250PB memory, all memory and hard disks of Summit)

» Cotengra [Gray/Kourtis 2020]
- Balanced Partitioning (Kahypar) + Greedy/optimal + Slicing

- 3000 years for single amplitude (Single GPU)



Classical simulation of Sycamore

» Google'’s original estimate [Arute et. al. 2019]

- 10,000 years for simulating the Sycamore circuitigg
with 53 qubits and 20 cycles (using Summit) B

* IBM'’s estimate [Pednault et al 2019]: ','maghes from Arute ot. al. Nature 2019
- 2.5 days (with 250PB memory, all memory and hard disks of Summit)
» Cotengra [Gray/Kourtis 2020]
- Balanced Partitioning (Kahypar) + Greedy/optimal + Slicing
- 3000 years for single amplitude (Single GPU)
« Alibaba's simulator [Huang et. al. 2020]
- Hierarchical partitioning (Kahypar) + Greedy/optimal + Slicing + sampling

- 20 days for 1 million samples (with Summit-compatible supercomputer)



Our approach: Big-Head tensor network method
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arXiv:2013.03074



Computational complexity

# bitstrings | Time complexity | Space complexity |Computational time| Computational hardware
Google [1] 10° - - 10,000 years Summit supercomputer
Cotengra [12] 1 3.10 x 10?2 277 3,088 years One NVIDIA Quadro P2000
Alibaba [18] 64 6.66 x 10'8 2% 267 days One V100 GPU
Ours 2097152 4.51 x 10'® 230 149 Days One A100 GPU

e The computational cost of our algorithm in obtaining 2 million amplitudes is
smaller than obtaining 64 amplitudes using Alibaba’s method.

e Google, Cotengra, and Alibaba’s results are estimations

e We did the computations for the first time.

arXiv:2013.03074




Simulating Sycamore with 53 qubits, 20 cycles

Computation hardward Time
Google [Arute et. al., 2019] .
(Estiamte) Summit Super Computer 10,000 Years
IBM [Pednault et. al., 2019] Summit Super Computer
(Estimate) (all disks) | 2.5 days
Alibaba [Huang et. al., 2020 Summit Super Computer 20 days
(Estimate) g (compatible) -

]
.....................................................................................................................................................................................................................

Qurs [arXiv:2103.03074]
(Computation)

60 GPUs 5 days




Simulating Sycamore with 53 qubits, 20 cycles
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Computation hardward Time

Google [Arute et. al., 2019]
(Estiamte)

.....................................................................................................................................................................................................................

IBM [Pednault et. al., 2019] Summit Super Computer
(Estimate) (all disks)

.....................................................................................................................................................................................................................

Alibaba [Huang et. al., 2020] Summit Super Computer
(Estimate) (compatible)

.....................................................................................................................................................................................................................

Summit Super Computer 10,000 Years

Qurs [arXiv:2103.03074]
(Computation)

60 GPUs 5 days




Main results

(-
o
o

Prob(Np)
o [
2 9

<
w

20% 40% 60% 80% 100%
Percentage of bitstrings

FIG. 2. (Left): Histogram of bitstring probabilities Py (s) =
Py (s;;s,) for I = 2%! bitstrings obtained from the Sycamore circuit
with n = 53 qubits, m = 20 cycles, sequence ABCDCDAB, seed 0,
and the assignment of partial bitstring s, are fixed to 0,0,0,---,0.
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 Obtained 2 million amplitudes and probabilities, following
the Porter-Thomas distribution

e Sampled 1 million bitstrings, XEB fidelity=0.739, larger than Google’s XEB
arXiv:2013.03074



Full amplitude computations

0 5 10 15 20 25
Np

43 qubits, 14 cycles, EFGH sequence

Google: the Jiilich supercomputer

(with 100,000 cores, 250 terabytes)

Arute et al, Nature 574, 505 (2019).

0 5 10 15 20 25
Np

50 qubits, 14 cycles, EFGH sequence

The previous record was 49 quits

(Using the Sunway Taihulight super computer)

R. L1, B. Wu, M. Ying, X. Sun, and G. Yang,
IEEE Transactions on PDS 31, 805 (2019).



Computation with tensor networks

Joint probability distribution of  jgint probability distribution Control of quantum states

microscopic configurations of data variables
1
P(o) = - exp(—BE(0)) P(Data) ¥(o)

|

Exponential space
Effective models
Computational power
Tensor Network as a bridge !



Computation with tensor networks
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