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OUTLINE
Part I (today) 

Motivation: How to represent HEP data for machine learning? 

Graph neural networks 

Example applications in HEP 

Part II (tomorrow) 

hands-on tutorial: jet tagging with GNNs 

practicalities
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MOTIVATION
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HEP ML

×

First and foremost: 

How to represent the data?



G
ra

ph
 N

eu
ra

l N
et

w
or

ks
 fo

r P
ar

tic
le

 P
hy

sic
s 

- O
ct

ob
er

 1
3,

 2
02

1 
- H

ui
lin

 Q
u 

(C
ER

N
)

DATA REPRESENTATION: IMAGE

Convert to 2D/3D image => Computer vision 

then use convolutional neural networks 

but: 

inhomogeneous geometry  

high sparsity
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HEP

Image-Based Jet Analysis 3

the detector measurements directly, rather than relying on jet features de-
veloped using physics domain knowledge, additional discrimination power
could be extracted. Deep learning approaches surpass such linear meth-
ods, but build on this notion of learning discriminating information from
detector observables rather than engineered features.

Fig. 1.: An example jet image of a Lorentz boosted top quark jet after
preprocessing has been applied [10].

While designed to take advantage of advances in computer vision, jet im-
ages have notable di↵erences with respect to typical natural images in CV.
Jet images are sparse, with most pixels in the image having zero content.
This is markedly di↵erent from natural images that tend to have all pixels
containing content. Moreover, jet images tend to have multiple localized
regions of high density in addition to di↵usely located pixels throughout
the image, as opposed to the smooth structures typically found in natural
images. An example top quark jet image illustrating these features can
be seen in Figure 1. These di↵erences can lead to notable challenges, for
instance the number of parameters used in jet image models (and conse-
quently the training time) tend to be large to account for the size of the
image, even though most pixels carry no information. Some techniques
exist for sparse-image computer vision approaches [11], but have not been
explored in depth within the jet image community.

This text will first discuss jets and typical jet physics in Section 2. The

Image

e.g., review in Kagan, arXiv:2012.09719



G
ra

ph
 N

eu
ra

l N
et

w
or

ks
 fo

r P
ar

tic
le

 P
hy

sic
s 

- O
ct

ob
er

 1
3,

 2
02

1 
- H

ui
lin

 Q
u 

(C
ER

N
)

DATA REPRESENTATION: SEQUENCE

Convert to a sequence => Natural language processing (NLP) 

recurrent neural network (RNN), e.g., GRU/LSTM; Transformer
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HEP Sequence

S1 S2 Sn. . .

I1 I2 In. . .
Input

Sequence

LSTM

States

MLP

Output

e.g., Guest, Collado, Baldi, Hsu, Urban, Whiteson
arXiv: 1607.08633
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DATA REPRESENTATION: SEQUENCE

Convert to a sequence => Natural language processing (NLP) 

recurrent neural network (RNN), e.g., GRU/LSTM; Transformer 

while words are naturally ordered in natural languages, particles are intrinsically unordered 
in a collision event 

an ordering has to be imposed (pT, distance, …), which can limit the learning performance

6

HEP NLP

1

2

3

3

1

2

=

How are you
1 2 3

≠

Howare you
1 2 3

1 2 3

31 2

Permutation 
invariance
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DATA REPRESENTATION: POINT CLOUD

7

Point cloud

Point cloud 

an unordered set of points in space 

typically produced by a LiDAR / 3D scanner 

spatial distribution of the points => 
geometric structure of the objects

Permutation 
invariance
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DATA REPRESENTATION: POINT CLOUD
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Point cloud

Point cloud 

an unordered set of points in space 

typically produced by a LiDAR / 3D scanner 

spatial distribution of the points => 
geometric structure of the objects

HEP Particle cloud

Collision event: Particle cloud 

an unordered set of particles in space 

spatial distribution of the particles => energy 
flow, (jet) substructure, … 

but also richer information per particle: 

energy, momentum, tracking, particle ID, … 

Permutation 
invariance
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LEARNING ON POINT CLOUDS
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Set Tree Graph
Introduction Jet Physics Previous work Proposed model Experiments Conclusions

Graph neural networks

mG!F

mI!F

mE!FmC!F
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t
j!i)

And more…
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LEARNING ON POINT CLOUDS
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Set Tree Graph
Introduction Jet Physics Previous work Proposed model Experiments Conclusions

Graph neural networks
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And more…

Graph Neural Networks in Particle Physics 8

In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.
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. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GNcore
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Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more

Graph neural network - A unified framework

Review in Shlomi, Battaglia, Vlimant, arXiv:2007.13681
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6. A design example of GNN

In this section, we give an existing GNN model to illustrated the
design process. Taking the task of heterogeneous graph pretraining as an
example, we use GPT-GNN (Hu et al., 2020b) as the model to illustrate
the design process.

1. Find graph structure. The paper focuses on applications on the aca-
demic knowledge graph and the recommendation system. In the ac-
ademic knowledge graph, the graph structure is explicit. In
recommendation systems, users, items and reviews can be regarded as
nodes and the interactions among them can be regarded as edges, so
the graph structure is also easy to construct.

2. Specify graph type and scale. The tasks focus on heterogeneous graphs,
so that types of nodes and edges should be considered and incorpo-
rated in the final model. As the academic graph and the recommen-
dation graph contain millions of nodes, so that the model should
further consider the efficiency problem. In conclusion, the model
should focus on large-scale heterogeneous graphs.

3. Design loss function. As downstream tasks in (Hu et al., 2020b) are all
node-level tasks (e.g. Paper-Field prediction in the academic graph),
so that the model should learn node representations in the pretraining
step. In the pretraining step, no labeled data is available, so that a

self-supervised graph generation task is designed to learn node em-
beddings. In the finetuning step, the model is finetuned based on the
training data of each task, so that the supervised loss of each task is
applied.

4. Build model using computational modules. Finally the model is built
with computational modules. For the propagation module, the au-
thors use a convolution operator HGT (Hu et al., 2020a) that we
mentioned before. HGT incorporates the types of nodes and edges
into the propagation step of the model and the skip connection is also
added in the architecture. For the sampling module, a specially
designed sampling method HGSampling (Hu et al., 2020a) is applied,
which is a heterogeneous version of LADIES (Zou et al., 2019). As the
model focuses on learning node representations, the pooling module
is not needed. The HGT layer are stacked multiple layers to learn
better node embeddings.

7. Analyses of GNNs

7.1. Theoretical aspect

In this section, we summarize the papers about the theoretic foun-
dations and explanations of graph neural networks from various
perspectives.

Fig. 6. Application scenarios. (Icons made by Freepik from Flaticon)

J. Zhou et al. AI Open 1 (2020) 57–81

69e.g., review in Zhou, Cui, Hu, Zhang, Yang, Liu, Wang, Li, Sun, arXiv:1812.08434
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(a) (b)

Figure 3. The internal components of a GN block are update functions and
aggregation functions. (a) The update functions take a set of objects with a fixed
size representation, and apply the same function to each of the elements in the set,
resulting in an updated representation (also with a fixed size). (b) The aggregation
functions take a set of objects and create one fixed size representation for the entire
set, by using some order invariant function to group together the representations of
the objects (such as an element-wise sum).

2.2. The Graph Network Formalism

Here we focus on the graph network (GN) formalism [13], which generalizes various

GNNs, as well as other methods (e.g., Transformer-style self-attention [48]). GNs are

graph-to-graph functions, whose output graphs have the same node and edge structure

as the input. Adopting [13]’s formalism, a graph can be represented by, G = (u, V, E),

with Nv vertices and Ne edges. The u represents graph-level attributes. The set of nodes

(or vertices) are V = {vi}i=1:Nv , where vi represents the i-th node’s attributes. The set

of edges are E = {(ek, rk, sk)}k=1:Ne , where ek represents the k-th edge’s attributes, and

rk and sk are the indices of the two (receiver and sender, respectively) nodes connected

by the k-th edge.

A GN’s stages of processing are as follows.

e
0
k = �e (ek,vrk ,vsk ,u)

v
0
i = �v (ē0i,vi,u)

u
0 = �u (ē0, v̄0,u)

ē
0
i = ⇢e!v (E 0

i) . Edge block

ē
0 = ⇢e!u (E 0) . Vertex block

v̄
0 = ⇢v!u (V 0) . Global block

(1)

A GN block contains 6 internal functions: 3 update functions (�e, �v, and �u) and

3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
i is the set of edges incident on the i-th

node. The vertex block computes one output for each node, v0
i. The edge- and node-level

outputs are all aggregated in order to compute the global block. The output of the GN

is the set of all edge-, node-, and graph-level outputs, G0 = (u0, V 0, E 0). See Figure 4a.
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ē
0 = ⇢e!u (E 0) . Vertex block

v̄
0 = ⇢v!u (V 0) . Global block

(1)

A GN block contains 6 internal functions: 3 update functions (�e, �v, and �u) and

3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
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Set: no edges
Hierarchical trees: 
- decay chain
- jet clustering history
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Therefore a decision needs to be made about how to construct a graph from the set of

inputs. Di↵erent graph construction methods are illustrated in figure 6. Depending on

the task, one might even want to avoid creating any pairwise relationships between

nodes. If the objects have no pairwise conditional dependence — a DeepSet [53]

architecture with only node and global properties might be more suitable. Edges in

the graph serve 3 roles:

(i) The edges are communication channels among the nodes.

(ii) Input edge features can indicate a relationship between objects, and can encode

physics motivated variables about that relationship (such as �R between objects).

(iii) Latent edges store relational information computed during message-passing,

allowing the network to encode such variables it sees relevant for the task.

In cases where the input sets are small (Nv ⇠ O(10) ) the typical and easiest

choice is to form a fully connected graph, allowing the network to learn which object

relationships are important. In larger sets, as the number of edges between all nodes

increases as Ne / (Nv)2, the computational load of using a neural network to create

an edge representation or compute attention weights becomes prohibitive. One possible

(a) (b)

(c)

Figure 6. Di↵erent methods for constructing the graph. (a) Connecting every node
to every other node (b) Connecting neighboring nodes in some predefined feature space
(c) Connecting neighboring nodes in a learned feature space.

Fully connected graph
- i.e., connect each node 

to all other nodes

Locally connected graph
- i.e., connect each node 

only to neighbor nodes
- k-nearest neighbors
- fixed radius
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From point/particle clouds to graphs: 

points (particles) naturally become the nodes of the graph 

but how to define the edges? 

Why we need the edges? 

edges <==> interactions 

edges control information flows in the graph 

input edge features can encode inter-relationship between nodes and can incorporate 
physics motivated variables (e.g., ΔR between particles, invariant mass of the particle pair, 
etc.) 

latent edge features store learned relational information — crucial for the ML task
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GRAPH NETWORKS*

▸ One framework for describing GNNs is “Graph Networks” [arXiv:1806.01261] 

▸ Graph is a triplet of global features, node features, and edge features:  
with “receivers”  and “senders”  (graph connectivity) 

▸ GN is a graph-to-graph function approximator 
▸ Inference divided into three parts: edge block, node block, global block

(u, V, E)
r s

7

e′ k = ϕe(ek, vrk
, vsk

, u) ē′ i = ρe→v(E′ i)
v′ i = ϕv (ē′ i, vi, u) ē′ = ρe→u(E′ )
u′ = ϕu(ē′ , v̄′ , u) v̄′ = ρv→u(V′ )

: message computed for edge  connecting nodes , e′ k k rk sk

*One type of GNN
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(a) (b)

Figure 3. The internal components of a GN block are update functions and
aggregation functions. (a) The update functions take a set of objects with a fixed
size representation, and apply the same function to each of the elements in the set,
resulting in an updated representation (also with a fixed size). (b) The aggregation
functions take a set of objects and create one fixed size representation for the entire
set, by using some order invariant function to group together the representations of
the objects (such as an element-wise sum).

2.2. The Graph Network Formalism

Here we focus on the graph network (GN) formalism [13], which generalizes various

GNNs, as well as other methods (e.g., Transformer-style self-attention [48]). GNs are

graph-to-graph functions, whose output graphs have the same node and edge structure

as the input. Adopting [13]’s formalism, a graph can be represented by, G = (u, V, E),

with Nv vertices and Ne edges. The u represents graph-level attributes. The set of nodes

(or vertices) are V = {vi}i=1:Nv , where vi represents the i-th node’s attributes. The set

of edges are E = {(ek, rk, sk)}k=1:Ne , where ek represents the k-th edge’s attributes, and

rk and sk are the indices of the two (receiver and sender, respectively) nodes connected

by the k-th edge.

A GN’s stages of processing are as follows.

e
0
k = �e (ek,vrk ,vsk ,u)

v
0
i = �v (ē0i,vi,u)

u
0 = �u (ē0, v̄0,u)

ē
0
i = ⇢e!v (E 0

i) . Edge block

ē
0 = ⇢e!u (E 0) . Vertex block

v̄
0 = ⇢v!u (V 0) . Global block

(1)

A GN block contains 6 internal functions: 3 update functions (�e, �v, and �u) and

3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
i is the set of edges incident on the i-th

node. The vertex block computes one output for each node, v0
i. The edge- and node-level

outputs are all aggregated in order to compute the global block. The output of the GN

is the set of all edge-, node-, and graph-level outputs, G0 = (u0, V 0, E 0). See Figure 4a.
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▸ One framework for describing GNNs is “Graph Networks” [arXiv:1806.01261] 

▸ Graph is a triplet of global features, node features, and edge features:  
with “receivers”  and “senders”  (graph connectivity) 

▸ GN is a graph-to-graph function approximator 
▸ Inference divided into three parts: edge block, node block, global block
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: message computed for edge  connecting nodes , e′ k k rk sk
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e′ k = ϕe(ek, vrk
, vsk

, u) ē′ i = ρe→v(E′ i)
v′ i = ϕv (ē′ i, vi, u) ē′ = ρe→u(E′ )
u′ = ϕu(ē′ , v̄′ , u) v̄′ = ρv→u(V′ )

: message computed for edge  connecting nodes , e′ k k rk sk

: node feature update based on aggregated messages and  
previous features
v′ i

*One type of GNN
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Figure 3. The internal components of a GN block are update functions and
aggregation functions. (a) The update functions take a set of objects with a fixed
size representation, and apply the same function to each of the elements in the set,
resulting in an updated representation (also with a fixed size). (b) The aggregation
functions take a set of objects and create one fixed size representation for the entire
set, by using some order invariant function to group together the representations of
the objects (such as an element-wise sum).
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A GN block contains 6 internal functions: 3 update functions (�e, �v, and �u) and

3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
i is the set of edges incident on the i-th

node. The vertex block computes one output for each node, v0
i. The edge- and node-level

outputs are all aggregated in order to compute the global block. The output of the GN

is the set of all edge-, node-, and graph-level outputs, G0 = (u0, V 0, E 0). See Figure 4a.
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▸ One framework for describing GNNs is “Graph Networks” [arXiv:1806.01261] 

▸ Graph is a triplet of global features, node features, and edge features:  
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Figure 3. The internal components of a GN block are update functions and
aggregation functions. (a) The update functions take a set of objects with a fixed
size representation, and apply the same function to each of the elements in the set,
resulting in an updated representation (also with a fixed size). (b) The aggregation
functions take a set of objects and create one fixed size representation for the entire
set, by using some order invariant function to group together the representations of
the objects (such as an element-wise sum).

2.2. The Graph Network Formalism

Here we focus on the graph network (GN) formalism [13], which generalizes various

GNNs, as well as other methods (e.g., Transformer-style self-attention [48]). GNs are

graph-to-graph functions, whose output graphs have the same node and edge structure

as the input. Adopting [13]’s formalism, a graph can be represented by, G = (u, V, E),

with Nv vertices and Ne edges. The u represents graph-level attributes. The set of nodes

(or vertices) are V = {vi}i=1:Nv , where vi represents the i-th node’s attributes. The set

of edges are E = {(ek, rk, sk)}k=1:Ne , where ek represents the k-th edge’s attributes, and

rk and sk are the indices of the two (receiver and sender, respectively) nodes connected
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3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
i is the set of edges incident on the i-th

node. The vertex block computes one output for each node, v0
i. The edge- and node-level

outputs are all aggregated in order to compute the global block. The output of the GN

is the set of all edge-, node-, and graph-level outputs, G0 = (u0, V 0, E 0). See Figure 4a.
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ē
0 = ⇢e!u (E 0) . Vertex block

v̄
0 = ⇢v!u (V 0) . Global block

(1)

A GN block contains 6 internal functions: 3 update functions (�e, �v, and �u) and

3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
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ē
0
i = ⇢e!v (E 0

i) . Edge block

ē
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0 = �u (ē0, v̄0,u)

ē
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▸ One framework for describing GNNs is “Graph Networks” [arXiv:1806.01261] 
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GNNs, as well as other methods (e.g., Transformer-style self-attention [48]). GNs are

graph-to-graph functions, whose output graphs have the same node and edge structure

as the input. Adopting [13]’s formalism, a graph can be represented by, G = (u, V, E),

with Nv vertices and Ne edges. The u represents graph-level attributes. The set of nodes

(or vertices) are V = {vi}i=1:Nv , where vi represents the i-th node’s attributes. The set

of edges are E = {(ek, rk, sk)}k=1:Ne , where ek represents the k-th edge’s attributes, and

rk and sk are the indices of the two (receiver and sender, respectively) nodes connected

by the k-th edge.

A GN’s stages of processing are as follows.

e
0
k = �e (ek,vrk ,vsk ,u)

v
0
i = �v (ē0i,vi,u)

u
0 = �u (ē0, v̄0,u)

ē
0
i = ⇢e!v (E 0

i) . Edge block

ē
0 = ⇢e!u (E 0) . Vertex block

v̄
0 = ⇢v!u (V 0) . Global block

(1)

A GN block contains 6 internal functions: 3 update functions (�e, �v, and �u) and

3 aggregation functions (⇢e!v, ⇢e!u, and ⇢v!u). The GN formalism is not a specific

model architecture, it does not determine what exactly those functions are. The update

functions are functions of fixed size input and fixed size output, and the aggregation

functions take in a variable-sized set of inputs (such as a set of edges connected to

a particular node) and output a fixed size representation of the input set. This is

illustrated in figure 3.

The edge block computes one output for each edge, e0k, and aggregates them by

their corresponding receiving node, ē0i, where E 0
i is the set of edges incident on the i-th

node. The vertex block computes one output for each node, v0
i. The edge- and node-level

outputs are all aggregated in order to compute the global block. The output of the GN

is the set of all edge-, node-, and graph-level outputs, G0 = (u0, V 0, E 0). See Figure 4a.

Graph: 
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

GN1
<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GNcore
<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>

�M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>

Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more

GN layer

Full GNN
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EXAMPLE: DEEP SETS

21

Set: no edges

Patrick Komiske – Energy Flow Networks

Deep Sets

Namespace for symmetric function parametrization

A general permutation-symmetric function is additive in a latent space

 12

Deep Sets Theorem [63]. Let X ⊂ Rd be compact, X ⊂ 2X be the space of sets with bounded

cardinality of elements in X, and Y ⊂ R be a bounded interval. Consider a continuous

function f : X → Y that is invariant under permutations of its inputs, i.e. f(x1, . . . , xM ) =

f(xπ(1), . . . , xπ(M)) for all xi ∈ X and π ∈ SM . Then there exists a sufficiently large integer

" and continuous functions Φ : X → R", F : R"
→ Y such that the following holds to an

arbitrarily good approximation:1

[1703.06114]
Deep Sets

Manzil Zaheer1,2, Satwik Kottur1, Siamak Ravanbhakhsh1,
Barnabás Póczos1, Ruslan Salakhutdinov1, Alexander J Smola1,2

1 Carnegie Mellon University 2 Amazon Web Services

f({x1, . . . , xM}) = F

(

M
∑

i=1

Φ(xi)

)

<latexit sha1_base64="8fL7/MFeRB6Xl5HpAYCLzi0nAeQ=">AAADiXicbZJda9swFIbVeB9duq1pd7kbszBIIAQraZN0UCgrjN0UMljaQpQZWZYdUfkDSV4TjH/Lfs1ut+v9m8mK1xJnB4wO5zyS3/dwvJQzqRznz17DevL02fP9F82Dl69eH7aOjq9lkglCZyTh ibj1sKScxXSmmOL0NhUURx6nN97dZdm/+U6FZEn8Va1TuohwGLOAEax0yW2dBR2Ur1zYQ9xPlOyt3CtUdM8/IU4D1UEyi9ycncPi2xWaLlln5bIuEixcqq7bajt9x4S9m8AqaYMqpu5RY4L8hGQRjRXhWMo5dFK1yLFQjHBaNFEmaYrJHQ5pvjLWCvu9rvl2kAj9xco2 1S0QR1KuI0+TEVZLWe+Vxf/15pkKJoucxWmmaEw2PwoybqvELudk+0xQovhaJ5gIpiXaZIkFJkpPs9lEPg30yI2ePM1Eqg3kIvSK3Omfjkc9PQk4hOVxOj4ptvFE4Dh8xCfOxHCOwQcjWMMF9R/Y0fDMPD0YGNapPx0KvH6Ah2OnpB4PDcf0niRRhGM/R5XsOVzkSNGV 2jbThkWNr3TX+H9udvlSeA02XnZJI7uGbqwYtql3DdY3aze5HvShzr+ctC8+Vlu3D96Cd6ADIBiDC/AZTMEMEPAD/AS/wG/rwILWxPqwQRt71Z03YCusy78HxB+y</latexit><latexit sha1_base64="8fL7/MFeRB6Xl5HpAYCLzi0nAeQ=">AAADiXicbZJda9swFIbVeB9duq1pd7kbszBIIAQraZN0UCgrjN0UMljaQpQZWZYdUfkDSV4TjH/Lfs1ut+v9m8mK1xJnB4wO5zyS3/dwvJQzqRznz17DevL02fP9F82Dl69eH7aOjq9lkglCZyTh ibj1sKScxXSmmOL0NhUURx6nN97dZdm/+U6FZEn8Va1TuohwGLOAEax0yW2dBR2Ur1zYQ9xPlOyt3CtUdM8/IU4D1UEyi9ycncPi2xWaLlln5bIuEixcqq7bajt9x4S9m8AqaYMqpu5RY4L8hGQRjRXhWMo5dFK1yLFQjHBaNFEmaYrJHQ5pvjLWCvu9rvl2kAj9xco2 1S0QR1KuI0+TEVZLWe+Vxf/15pkKJoucxWmmaEw2PwoybqvELudk+0xQovhaJ5gIpiXaZIkFJkpPs9lEPg30yI2ePM1Eqg3kIvSK3Omfjkc9PQk4hOVxOj4ptvFE4Dh8xCfOxHCOwQcjWMMF9R/Y0fDMPD0YGNapPx0KvH6Ah2OnpB4PDcf0niRRhGM/R5XsOVzkSNGV 2jbThkWNr3TX+H9udvlSeA02XnZJI7uGbqwYtql3DdY3aze5HvShzr+ctC8+Vlu3D96Cd6ADIBiDC/AZTMEMEPAD/AS/wG/rwILWxPqwQRt71Z03YCusy78HxB+y</latexit><latexit sha1_base64="8fL7/MFeRB6Xl5HpAYCLzi0nAeQ=">AAADiXicbZJda9swFIbVeB9duq1pd7kbszBIIAQraZN0UCgrjN0UMljaQpQZWZYdUfkDSV4TjH/Lfs1ut+v9m8mK1xJnB4wO5zyS3/dwvJQzqRznz17DevL02fP9F82Dl69eH7aOjq9lkglCZyTh ibj1sKScxXSmmOL0NhUURx6nN97dZdm/+U6FZEn8Va1TuohwGLOAEax0yW2dBR2Ur1zYQ9xPlOyt3CtUdM8/IU4D1UEyi9ycncPi2xWaLlln5bIuEixcqq7bajt9x4S9m8AqaYMqpu5RY4L8hGQRjRXhWMo5dFK1yLFQjHBaNFEmaYrJHQ5pvjLWCvu9rvl2kAj9xco2 1S0QR1KuI0+TEVZLWe+Vxf/15pkKJoucxWmmaEw2PwoybqvELudk+0xQovhaJ5gIpiXaZIkFJkpPs9lEPg30yI2ePM1Eqg3kIvSK3Omfjkc9PQk4hOVxOj4ptvFE4Dh8xCfOxHCOwQcjWMMF9R/Y0fDMPD0YGNapPx0KvH6Ah2OnpB4PDcf0niRRhGM/R5XsOVzkSNGV 2jbThkWNr3TX+H9udvlSeA02XnZJI7uGbqwYtql3DdY3aze5HvShzr+ctC8+Vlu3D96Cd6ADIBiDC/AZTMEMEPAD/AS/wG/rwILWxPqwQRt71Z03YCusy78HxB+y</latexit><latexit sha1_base64="8fL7/MFeRB6Xl5HpAYCLzi0nAeQ=">AAADiXicbZJda9swFIbVeB9duq1pd7kbszBIIAQraZN0UCgrjN0UMljaQpQZWZYdUfkDSV4TjH/Lfs1ut+v9m8mK1xJnB4wO5zyS3/dwvJQzqRznz17DevL02fP9F82Dl69eH7aOjq9lkglCZyTh ibj1sKScxXSmmOL0NhUURx6nN97dZdm/+U6FZEn8Va1TuohwGLOAEax0yW2dBR2Ur1zYQ9xPlOyt3CtUdM8/IU4D1UEyi9ycncPi2xWaLlln5bIuEixcqq7bajt9x4S9m8AqaYMqpu5RY4L8hGQRjRXhWMo5dFK1yLFQjHBaNFEmaYrJHQ5pvjLWCvu9rvl2kAj9xco2 1S0QR1KuI0+TEVZLWe+Vxf/15pkKJoucxWmmaEw2PwoybqvELudk+0xQovhaJ5gIpiXaZIkFJkpPs9lEPg30yI2ePM1Eqg3kIvSK3Omfjkc9PQk4hOVxOj4ptvFE4Dh8xCfOxHCOwQcjWMMF9R/Y0fDMPD0YGNapPx0KvH6Ah2OnpB4PDcf0niRRhGM/R5XsOVzkSNGV 2jbThkWNr3TX+H9udvlSeA02XnZJI7uGbqwYtql3DdY3aze5HvShzr+ctC8+Vlu3D96Cd6ADIBiDC/AZTMEMEPAD/AS/wG/rwILWxPqwQRt71Z03YCusy78HxB+y</latexit>
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

GN1
<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GNcore
<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>

�M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>

Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

GN1
<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GNcore
<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>

�M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>

Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>
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<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GNcore
<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>

�M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>

Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

GN1
<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
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Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)
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GN1
<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>
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Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more
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In practice the �e, �v, and �u are often implemented as a simple trainable neural

network, e.g. a fully connected network. The ⇢e!v, ⇢e!u, and ⇢v!u functions are

typically implemented as permutation invariant reduction operators, such as element-

wise sums, means, or maximums. The ⇢ functions must be permutation invariant if the

GN block is to maintain permutation equivariance.

(a)
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<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

GN1
<latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit><latexit sha1_base64="oAmr7/S238q10w2wEvXkfEGmAr8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUBcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72d9r1+uuFV3DrRKvJxUIEejX/7qDSKSCCoN4VjrrufGxk+xMoxwOiv1Ek1jTMZ4SLuWSiyo9tN56Bk6s8oAhZGyTxo0V39vpFhoPRWBncxC6mUvE//zuokJr/yUyTgxVJLFoTDhyEQoawANmKLE8KklmChmsyIywgoTY3sq2RK85S+vktZF1XOr3sNlpX6d11GEEziFc/CgBnW4gwY0gcATPMMrvDkT58V5dz4WowUn3zmGP3A+fwCg3ZH4</latexit>

GN2
<latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit><latexit sha1_base64="pet508CCa1uIZM8cv8xqNGylB9w=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqswUQRcuCi50JRXsA9qhZNJMG5pkxiRTKEO/w40LRdz6Me78GzPtLLT1QOBwzr3ckxPEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md+eUKVZJB/NNKa+wEPJQkawsZLfE9iMlEhv72f9Wr9ccavuHGiVeDmpQI5Gv/zVG0QkEVQawrHWXc+NjZ9iZRjhdFbqJZrGmIzxkHYtlVhQ7afz0DN0ZpUBCiNlnzRorv7eSLHQeioCO5mF1MteJv7ndRMTXvkpk3FiqCSLQ2HCkYlQ1gAaMEWJ4VNLMFHMZkVkhBUmxvZUsiV4y19eJa1a1XOr3sNFpX6d11GEEziFc/DgEupwBw1oAoEneIZXeHMmzovz7nwsRgtOvnMMf+B8/gCiYZH5</latexit>

GNM
<latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit><latexit sha1_base64="1uUQuLnXmq2FrQq5fvsHBbzm7v8=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoAsXBRe6USrYB7RDyaSZNjTJjEmmUIZ+hxsXirj1Y9z5N2baWWjrgcDhnHu5JyeIOdPGdb+dwsrq2vpGcbO0tb2zu1feP2jqKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYyuM781pkqzSD6aSUx9gQeShYxgYyW/K7AZKpHe3E97d71yxa26M6Bl4uWkAjnqvfJXtx+RRFBpCMdadzw3Nn6KlWGE02mpm2gaYzLCA9qxVGJBtZ/OQk/RiVX6KIyUfdKgmfp7I8VC64kI7GQWUi96mfif10lMeOmnTMaJoZLMD4UJRyZCWQOozxQlhk8swUQxmxWRIVaYGNtTyZbgLX55mTTPqp5b9R7OK7WrvI4iHMExnIIHF1CDW6hDAwg8wTO8wpszdl6cd+djPlpw8p1D+APn8wfLTZIU</latexit>

. . .
<latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit><latexit sha1_base64="Gj7yv98SlyD93Ghofp+NnyXvd2c=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIUA8eCl48VjBtoQ1ls920SzebsPsilNDf4MWDIl79Qd78N27bHLR1YGGYecO+N2EqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ3dzv/PEtRGJesRpyoOYjpSIBKNoJb8/TNAMqjW37i5A1olXkBoUaA2qXzbHspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zVNGYmyBfLDsjF1YZkijR9ikkC/V3IqexMdM4tJMxxbFZ9ebif14vw+gmyIVKM+SKLT+KMkkwIfPLyVBozlBOLaFMC7srYWOqKUPbT8WW4K2evE7aV3XPrXsP17XmbVFHGc7gHC7BgwY04R5a4AMDAc/wCm+Ocl6cd+djOVpyiswp/IHz+QPvmo68</latexit>G1

<latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit><latexit sha1_base64="YNShseMoKm2HdChKvcjMRmoBu5o=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9r1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvy2NaQ==</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GM
<latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit><latexit sha1_base64="vjTCpRgsPEJfhljVzwQb7AFhV5c=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYKGNENF8QHKEvc1csmRv79jdE8KRn2BjoYitv8jOf+MmuUITHww83pthZl6QCK6N6347hZXVtfWN4mZpa3tnd6+8f9DUcaoYNlgsYtUOqEbBJTYMNwLbiUIaBQJbweh66reeUGkey0czTtCP6EDykDNqrPRw07vrlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzU6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCSz/jMkkNSjZfFKaCmJhM/yZ9rpAZMbaEMsXtrYQNqaLM2HRKNgRv8eVl0jyrem7Vuz+v1K7yOIpwBMdwCh5cQA1uoQ4NYDCAZ3iFN0c4L8678zFvLTj5zCH8gfP5A+mdjYU=</latexit>

G0
<latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit><latexit sha1_base64="vj48jMMQe2f55rU6zb6RZp+K9y4=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwELLiOYDkiPsbfaSJXt7x+6cEI78BBsLRWz9RXb+GzfJFZr4YODx3gwz84JECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6Z+e0nro2I1SNOEu5HdKhEKBhFKz3c9t1+ueJW3TnIKvFyUoEcjX75qzeIWRpxhUxSY7qem6CfUY2CST4t9VLDE8rGdMi7lioaceNn81On5MwqAxLG2pZCMld/T2Q0MmYSBbYzojgyy95M/M/rphhe+ZlQSYpcscWiMJUEYzL7mwyE5gzlxBLKtLC3EjaimjK06ZRsCN7yy6ukdVH13Kp3f1mpX+dxFOEETuEcPKhBHe6gAU1gMIRneIU3RzovzrvzsWgtOPnMMfyB8/kDvamNaA==</latexit>

GNcore
<latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit><latexit sha1_base64="sfcetjjriA53KVhP8LRkSGs9KNA=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclUQEXbgouNCVVLAPaEOYTCft0HmEmYlYQn7FjQtF3Poj7vwbJ20W2npg4HDOvdwzJ0oY1cbzvp2V1bX1jc3KVnV7Z3dv3z2odbRMFSZtLJlUvQhpwqggbUMNI71EEcQjRrrR5Lrwu49EaSrFg5kmJOBoJGhMMTJWCt3agCMzVjy7ucvDDEtF8tCtew1vBrhM/JLUQYlW6H4NhhKnnAiDGdK673uJCTKkDMWM5NVBqkmC8ASNSN9SgTjRQTbLnsMTqwxhLJV9wsCZ+nsjQ1zrKY/sZJFUL3qF+J/XT018GWRUJKkhAs8PxSmDRsKiCDikimDDppYgrKjNCvEYKYSNratqS/AXv7xMOmcN32v49+f15lVZRwUcgWNwCnxwAZrgFrRAG2DwBJ7BK3hzcufFeXc+5qMrTrlzCP7A+fwBopiUyw==</latexit>

�M
<latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit><latexit sha1_base64="xCEPSgjeJaAOppNxwTZXrwRukIg=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0MIiYGMjRDAfkBxhb7OXLNnbu+zOCeHIn7CxUMTWv2Pnv3GTXKGJDwYe780wMy9IpDDout9OYW19Y3OruF3a2d3bPygfHjVNnGrGGyyWsW4H1HApFG+gQMnbieY0CiRvBaPbmd964tqIWD3iJOF+RAdKhIJRtFK7iyLihtz3yhW36s5BVomXkwrkqPfKX91+zNKIK2SSGtPx3AT9jGoUTPJpqZsanlA2ogPesVRRu8bP5vdOyZlV+iSMtS2FZK7+nshoZMwkCmxnRHFolr2Z+J/XSTG89jOhkhS5YotFYSoJxmT2POkLzRnKiSWUaWFvJWxINWVoIyrZELzll1dJ86LquVXv4bJSu8njKMIJnMI5eHAFNbiDOjSAgYRneIU3Z+y8OO/Ox6K14OQzx/AHzucPqJqPrw==</latexit>

Unshared, deep GN stack

Shared, recurrent GN stack

(b)

Figure 4. (a) A GN block (from [13]). An input graph, G = (u, V, E), is processed
and a graph with the same edge structure but di↵erent attributes, G

0 = (u0
, V

0
, E

0),
is returned as output. The component functions are described in Equation 1. (b) GN
blocks can be composed into more complex computational architectures. The top row
shows a sequence of di↵erent GN blocks arranged in series, or depth-wise, fashion. The
bottom row replaces the distinct GN blocks with a shared, recurrent, configuration.

Some key benefits of GNs are that they are generic: if a problem can be expressed

as requiring a graph to be mapped to another graph or some summary output, GNs

are often suitable. They also tend to generalize well to graphs not experienced during

training, because the learning is focused on the edge- and node-level—in fact if the global

block is omitted, the GN is not even aware of the full graph in any of its computations,

as the edge and node blocks take only their respective localities as input. Yet when

multiple GN blocks are arranged in deep or recurrent configurations, as in Figure 4b,

information can be processed and propagated across the graph’s structure, to allow more
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complex, long-range computations to be performed.

The GN formalism is a general framework which can capture a variety of other

GNN architectures. Such architectures can be expressed by removing or rearranging

internal components of the general GN block in Figure 4, and implementing the various

� and ⇢ functions using specific functional forms. For example, one very popular

GNN architecture is the Graph Convolutional Network (GCN) [49]. Using the GN

formalism [12,13], a GCN can be expressed as,

e
0
k = �e (ek,vsk) = ekvsk , where ek =

1p
degree(rk)degree(sk)

ē
0
i = ⇢e!v (E 0

i) =
X

{k | rk=i}

e
0
k

v
0
i = �v (ē0i) = � (ē0iW )

Figure 5 shows the correspondence between the GCN and the GN depicted in Figure 4.

In section 4 we will discuss the considerations taken into account when deciding how

to choose the actual implementation of the GNs internal functions. The choice of the

specific architecture is motivated by the relationships that exist between the elements

in the input data and the task one is trying to solve with the model.

Edge block Node block Global block

V
0
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E
<latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

(a)

Global block

�
u

<latexit sha1_base64="znt8hwWv6wryqwCugrweUa+jkM8=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubfaSNXu7y+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvFhxZqzvf3tLyyura+uFjeLm1vbObmlvPzQy04TWieRSN2NsKGeC1i2znDaVpjiNOW3Eg6ux33ik2jApbu1Q0SjFPcESRrB1UthWfXaXdUplv+JPgBZJMCPl6mH4dA8AtU7pq92VJEupsIRjY1qBr2yUY20Z4XRUbGeGKkwGuEdbjgqcUhPlk2tH6MQpXZRI7UpYNFF/T+Q4NWaYxq4zxbZv5r2x+J/XymxyEeVMqMxSQaaLkowjK9H4ddRlmhLLh45gopm7FZE+1phYF1DRhRDMv7xIwrNK4FeCG5fGJUxRgCM4hlMI4ByqcA01qAOBB3iGV3jzpPfivXsf09YlbzZzAH/gff4AqE6Qnw==</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVkibkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJmRqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVkibkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJmRqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="S5XnA5iYIAgqxiI+i0ptSwAiKP4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/CHrlSt+1Z+DrJIgJxXIUe+Vv7p9xbIEpWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVTSBE04mV87JWdO6ZNYaVfSkrn6e2JCE2PGSeQ6E2qHZtmbif95nczGV+GEyzSzKNliUZwJYhWZvU76XCOzYuwIZZq7WwkbUk2ZdQGVXAjB8surpHlRDfxqcOdXatd5HEU4gVM4hwAuoQa3UIcGMHiEZ3iFN095L96797FoLXj5zDH8gff5A53Djxw=</latexit>

⇢
v!u

<latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

u
<latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit>

Node block

V
0

<latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit>

<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZmaFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2rjul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqULWnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8Od56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwVqb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJdZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiueeXMCfyB9/kDCGmMcA==</latexit>

�
v

<latexit sha1_base64="HCiXjOq04H3f4Ed7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2LXzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYvWbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeNaHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/dDztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUsFTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiLbmWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyPR5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNagDgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKnSkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsmavd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPjhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdxt1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fzaKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI3E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnCGcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7zCm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</latexit>

(b)

Figure 5. (a) The Graph Convolutional Network (GCN) [49], a type of message-
passing neural network, can be expressed as a GN, without a global attribute and a
linear, non-pairwise edge function. (b) A more dramatic rearrangement of the GN’s
components gives rise to a model which pools vertex attributes and combines them
with a global attribute, then updates the vertex attributes using the combined feature
as context.

Key building block: EdgeConv

 

 

e′ ij = ϕe(vi, vj) = MLP(vi, vj)

v′ i = ρe→v(E′ i) = □j e′ ij

□ = sum, mean, max, etc.
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Therefore a decision needs to be made about how to construct a graph from the set of

inputs. Di↵erent graph construction methods are illustrated in figure 6. Depending on

the task, one might even want to avoid creating any pairwise relationships between

nodes. If the objects have no pairwise conditional dependence — a DeepSet [53]

architecture with only node and global properties might be more suitable. Edges in

the graph serve 3 roles:

(i) The edges are communication channels among the nodes.

(ii) Input edge features can indicate a relationship between objects, and can encode

physics motivated variables about that relationship (such as �R between objects).

(iii) Latent edges store relational information computed during message-passing,

allowing the network to encode such variables it sees relevant for the task.

In cases where the input sets are small (Nv ⇠ O(10) ) the typical and easiest

choice is to form a fully connected graph, allowing the network to learn which object

relationships are important. In larger sets, as the number of edges between all nodes

increases as Ne / (Nv)2, the computational load of using a neural network to create

an edge representation or compute attention weights becomes prohibitive. One possible

(a) (b)

(c)

Figure 6. Di↵erent methods for constructing the graph. (a) Connecting every node
to every other node (b) Connecting neighboring nodes in some predefined feature space
(c) Connecting neighboring nodes in a learned feature space.
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For subsequent layers:
kNN in learned latent space

For the 1st layer:
kNN in input coordinates (xyz/η-φ)

Wang, Sun, Liu, Sarma, Bronstein, Solomon, arXiv:1801.07829
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Figure 7. Possible architectures for a GN block that create an updated node
representation. Using an edge representation as an intermediate step (upper diagram)
gives a di↵erent inductive bias to the model, compared to using a global representation
of the set (lower diagram). The function names are from equation 1 and figure 4(a)

GN block functions. The key question here is what logical steps one would take to

form the GN block output in a way that serves the task, and which parts of this logical

process should be modeled with neural networks? The most general GN block (as shown

in figure 4(a)) could have all of its update functions implemented as neural networks,

which allows the most flexibility in the learning processes. This flexibility might not be

required for the task, and it might carry computational costs that we wish to keep to a

minimum. Therefore its probably better to start with a simple architecture, and only

add complexity gradually, until the algorithms performance is satisfactory.

Figure 7 shows two examples of possible configurations, either creating an edge

representation before aggregating edges and forming a node update, or using global

aggregation before a node update. Both configurations result in an updated node

representation, but one of them is based on a sum of pair-wise representations, and the

other on a global sum of node representations — the information content is the same,

but the inductive bias is di↵erent. For example, the authors of [72] assumed that the

jet-tagging e�ciency is heavily a↵ected by the �R between neighboring jets — therefore

an edge update step created a representation of pair-wise interaction between jets, which

was then summed for each jet to create the updated node representation. In contrast

the authors of [53] used a DeepSet architecture, where each node representation is

created independently from its neighbors, the node representations are then summed to

create the graph representation, with each node representation weighted by the particles

energy.

Attention Mechanisms. Another important component that can be used in defining

the ⇢e!v and ⇢v,e!u aggregation functions is using attention mechanisms, as illustrated

Graph Neural Networks in Particle Physics 9

complex, long-range computations to be performed.

The GN formalism is a general framework which can capture a variety of other

GNN architectures. Such architectures can be expressed by removing or rearranging

internal components of the general GN block in Figure 4, and implementing the various

� and ⇢ functions using specific functional forms. For example, one very popular

GNN architecture is the Graph Convolutional Network (GCN) [49]. Using the GN

formalism [12,13], a GCN can be expressed as,

e
0
k = �e (ek,vsk) = ekvsk , where ek =

1p
degree(rk)degree(sk)

ē
0
i = ⇢e!v (E 0

i) =
X

{k | rk=i}

e
0
k

v
0
i = �v (ē0i) = � (ē0iW )

Figure 5 shows the correspondence between the GCN and the GN depicted in Figure 4.

In section 4 we will discuss the considerations taken into account when deciding how

to choose the actual implementation of the GNs internal functions. The choice of the

specific architecture is motivated by the relationships that exist between the elements

in the input data and the task one is trying to solve with the model.

Edge block Node block Global block

V
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<latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit>

<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZmaFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2rjul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqULWnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8Od56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwVqb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJdZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiueeXMCfyB9/kDCGmMcA==</latexit>

�
v

<latexit sha1_base64="HCiXjOq04H3f4Ed7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2LXzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYvWbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeNaHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/dDztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUsFTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiLbmWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyPR5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNagDgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKnSkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsmavd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPjhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdxt1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fzaKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI3E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnCGcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7zCm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</latexit>

⇢
e!v

<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>

�
e

<latexit sha1_base64="gRKFy+QFytmwqWy0cvo5FmmPz8I=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaSNXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDAVXBvX/XaWlldW19YLG8XNre2d3dLevq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1wcDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/DTqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJj1EE+uXZETqzSJZFUthJDJurviZzGWg/j0HbG1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO4RQ8OIcqXEMN6sDgAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpCP</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUeWp/G4byg43mK0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF75Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5tdOyZlT+iRW2pW0ZK7+npjQxJhxErnOhNqhWfZm4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18isGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBLqMEt1KEBDB7hGV7hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</latexit>

E
<latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

(a)

Global block

�
u

<latexit sha1_base64="znt8hwWv6wryqwCugrweUa+jkM8=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubfaSNXu7y+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvFhxZqzvf3tLyyura+uFjeLm1vbObmlvPzQy04TWieRSN2NsKGeC1i2znDaVpjiNOW3Eg6ux33ik2jApbu1Q0SjFPcESRrB1UthWfXaXdUplv+JPgBZJMCPl6mH4dA8AtU7pq92VJEupsIRjY1qBr2yUY20Z4XRUbGeGKkwGuEdbjgqcUhPlk2tH6MQpXZRI7UpYNFF/T+Q4NWaYxq4zxbZv5r2x+J/XymxyEeVMqMxSQaaLkowjK9H4ddRlmhLLh45gopm7FZE+1phYF1DRhRDMv7xIwrNK4FeCG5fGJUxRgCM4hlMI4ByqcA01qAOBB3iGV3jzpPfivXsf09YlbzZzAH/gff4AqE6Qnw==</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVkibkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJmRqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVkibkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJmRqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="S5XnA5iYIAgqxiI+i0ptSwAiKP4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/CHrlSt+1Z+DrJIgJxXIUe+Vv7p9xbIEpWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVTSBE04mV87JWdO6ZNYaVfSkrn6e2JCE2PGSeQ6E2qHZtmbif95nczGV+GEyzSzKNliUZwJYhWZvU76XCOzYuwIZZq7WwkbUk2ZdQGVXAjB8surpHlRDfxqcOdXatd5HEU4gVM4hwAuoQa3UIcGMHiEZ3iFN095L96797FoLXj5zDH8gff5A53Djxw=</latexit>

⇢
v!u

<latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

u
<latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit>
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(b)

Figure 5. (a) The Graph Convolutional Network (GCN) [49], a type of message-
passing neural network, can be expressed as a GN, without a global attribute and a
linear, non-pairwise edge function. (b) A more dramatic rearrangement of the GN’s
components gives rise to a model which pools vertex attributes and combines them
with a global attribute, then updates the vertex attributes using the combined feature
as context.
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Vaswani, Shazeer, Parmar, Uszkoreit, Jones, Gomez, Kaiser, Polosukhin, arXiv:1706.03762
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Therefore a decision needs to be made about how to construct a graph from the set of

inputs. Di↵erent graph construction methods are illustrated in figure 6. Depending on

the task, one might even want to avoid creating any pairwise relationships between

nodes. If the objects have no pairwise conditional dependence — a DeepSet [53]

architecture with only node and global properties might be more suitable. Edges in

the graph serve 3 roles:

(i) The edges are communication channels among the nodes.

(ii) Input edge features can indicate a relationship between objects, and can encode

physics motivated variables about that relationship (such as �R between objects).

(iii) Latent edges store relational information computed during message-passing,

allowing the network to encode such variables it sees relevant for the task.

In cases where the input sets are small (Nv ⇠ O(10) ) the typical and easiest

choice is to form a fully connected graph, allowing the network to learn which object

relationships are important. In larger sets, as the number of edges between all nodes

increases as Ne / (Nv)2, the computational load of using a neural network to create

an edge representation or compute attention weights becomes prohibitive. One possible

(a) (b)

(c)

Figure 6. Di↵erent methods for constructing the graph. (a) Connecting every node
to every other node (b) Connecting neighboring nodes in some predefined feature space
(c) Connecting neighboring nodes in a learned feature space.

Fully connected graph
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complex, long-range computations to be performed.

The GN formalism is a general framework which can capture a variety of other

GNN architectures. Such architectures can be expressed by removing or rearranging

internal components of the general GN block in Figure 4, and implementing the various

� and ⇢ functions using specific functional forms. For example, one very popular

GNN architecture is the Graph Convolutional Network (GCN) [49]. Using the GN

formalism [12,13], a GCN can be expressed as,

e
0
k = �e (ek,vsk) = ekvsk , where ek =

1p
degree(rk)degree(sk)

ē
0
i = ⇢e!v (E 0

i) =
X

{k | rk=i}

e
0
k

v
0
i = �v (ē0i) = � (ē0iW )

Figure 5 shows the correspondence between the GCN and the GN depicted in Figure 4.

In section 4 we will discuss the considerations taken into account when deciding how

to choose the actual implementation of the GNs internal functions. The choice of the

specific architecture is motivated by the relationships that exist between the elements

in the input data and the task one is trying to solve with the model.

Edge block Node block Global block

V
0
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<latexit sha1_base64="m8MJ1M94ujO0d0COo5n2Dsol6rc=">AAAB53icbVC7SgNBFL0bXzG+opY2g0GwCrs2phAM2FhGMA9IFpmdvZsMmZ1dZmaFsKS0sbFQxNZP8Rfs/AZ/wsmj0MQDFw7nnMt9BKng2rjul1NYWV1b3yhulra2d3b3yvsHLZ1kimGTJSJRnYBqFFxi03AjsJMqpHEgsB0MryZ++x6V5om8NaMU/Zj2JY84o8ZKjbtyxa26U5Bl4s1J5fLj+4EAgM1/9sKEZTFKwwTVuuu5qfFzqgxnAselXqYxpWxI+9i1VNIYtZ9P9xyTE6uEJEqULWnIVP3dkdNY61Ec2GRMzUAvehPxP6+bmajm51ymmUHJZoOiTBCTkMnRJOQKmREjSyhT3O5K2IAqyox9Tck+wVs8eZm0zqqeW/Vu3Er9AmYowhEcwyl4cA51uIYGNIFBCI/wDC8Od56cV+dtFi04855D+APn/Qd/sI8A</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="q1zM5ZsCNMJAtNUZI97B98ATlaA=">AAAB53icbVC7SgNBFL3rM8ZX1FKQwSBYhV0bLQQDNpYJmAckQWZn7yZDZmeXmVkhLCltbCwUsfUvbP0FO79BP8LJo9DEAxcO55zLffiJ4Nq47qezsLi0vLKaW8uvb2xubRd2dus6ThXDGotFrJo+1Si4xJrhRmAzUUgjX2DD71+O/MYtKs1jeW0GCXYi2pU85IwaK1VuCkW35I5B5ok3JcWL96+7g7fqt81/tIOYpRFKwwTVuuW5ielkVBnOBA7z7VRjQlmfdrFlqaQR6k423nNIjqwSkDBWtqQhY/V3R0YjrQeRb5MRNT09643E/7xWasKzTsZlkhqUbDIoTAUxMRkdTQKukBkxsIQyxe2uhPWooszY1+TtE7zZk+dJ/aTkuSWv6hbL5zBBDvbhEI7Bg1MowxVUoAYMAriHR3hyuPPgPDsvk+iCM+3Zgz9wXn8AGkeQ8w==</latexit><latexit sha1_base64="ioxb3woZF1oAlTScqds23PrgiMY=">AAAB53icbVC7SgNBFL3rM8ZX1NJmMAhWYdZGC4uAjWUE84BkkdnZ2WTI7Owyc1cIS37AxkIRW3/Jzr9xkmyhiQcGDuecy9x7wkxJi5R+e2vrG5tb25Wd6u7e/sFh7ei4Y9PccNHmqUpNL2RWKKlFGyUq0cuMYEmoRDcc38787pMwVqb6ASeZCBI21DKWnKGTWo+1Om3QOcgq8UtShxIu/zWIUp4nQiNXzNq+TzMMCmZQciWm1UFuRcb4mA1F31HNEmGDYr7nlJw7JSJxatzTSObq74mCJdZOktAlE4Yju+zNxP+8fo7xdVBIneUoNF98FOeKYEpmR5NIGsFRTRxh3Ei3K+EjZhhHV03VleAvn7xKOpcNnzb8e1pv3pR1VOAUzuACfLiCJtxBC9rAIYJneIU3T3ov3rv3sYiueeXMCfyB9/kDCGmMcA==</latexit>

�
v

<latexit sha1_base64="HCiXjOq04H3f4Ed7vqyiRfd+2dI=">AAAB7XicbVA9SwNBEJ2LXzF+nQo2NotBsAp3NlpYBGwsI5hLIDnj3mYvWbO3e+zuRcKR/2BjoYit/8fOf+Pmo9DEBwOP92aYmRelnGnjed9OYWV1bX2juFna2t7Z3XP3DwItM0VonUguVTPCmnImaN0ww2kzVRQnEaeNaHA98RtDqjST4s6MUhomuCdYzAg2VgraaZ/dDztu2at4U6Bl4s9JuXoUPD0AQK3jfrW7kmQJFYZwrHXL91IT5lgZRjgdl9qZpikmA9yjLUsFTqgO8+m1Y3RqlS6KpbIlDJqqvydynGg9SiLbmWDT14veRPzPa2UmvgxzJtLMUEFmi+KMIyPR5HXUZYoSw0eWYKKYvRWRPlaYGBtQyYbgL768TILziu9V/FubxhXMUIRjOIEz8OECqnADNagDgUd4hld4c6Tz4rw7H7PWgjOfOYQ/cD5/AKnSkKA=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="/voSHBGyFE5xYPVKPYM/GTIarLQ=">AAAB7XicbVC7SgNBFL3rM8ZXVLCxWQyCVdi10cIiYGMZwWwCyRpmJ7PJmNmZYWY2siz5BxsLRbT0f+z8AP/DyaPQxAMXDufcy733RJJRbTzvy1laXlldWy9sFDe3tnd2S3v7gRapwqSOBROqGSFNGOWkbqhhpCkVQUnESCMaXI39xpAoTQW/NZkkYYJ6nMYUI2OloC379G7YKZW9ijeBu0j8GSlXD4MHmX2/1zqlz3ZX4DQh3GCGtG75njRhjpShmJFRsZ1qIhEeoB5pWcpRQnSYT64duSdW6bqxULa4cSfq74kcJVpnSWQ7E2T6et4bi/95rdTEF2FOuUwN4Xi6KE6Za4Q7ft3tUkWwYZklCCtqb3VxHymEjQ2oaEPw519eJMFZxfcq/o1N4xKmKMARHMMp+HAOVbiGGtQBwz08wjO8OMJ5cl6dt2nrkjObOYA/cD5+AGdXkq0=</latexit><latexit sha1_base64="Fc8T4ygtia14k1z/CDji4ezWDqY=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NFhYBG8sI5gOSM+xtNsmavd1jdy4QjvwHGwtFbP0/dv4bN8kVmvhg4PHeDDPzokQKi77/7a2tb2xubRd2irt7+weHpaPjhtWpYbzOtNSmFVHLpVC8jgIlbyWG0ziSvBmNbmd+c8yNFVo94CThYUwHSvQFo+ikRicZisdxt1T2K/4cZJUEOSlDjlq39NXpaZbGXCGT1Np24CcYZtSgYJJPi53U8oSyER3wtqOKxtyG2fzaKTl3So/0tXGlkMzV3xMZja2dxJHrjCkO7bI3E//z2in2r8NMqCRFrthiUT+VBDWZvU56wnCGcuIIZUa4WwkbUkMZuoCKLoRg+eVV0risBH4luPfL1Zs8jgKcwhlcQABXUIU7qEEdGDzBM7zCm6e9F+/d+1i0rnn5zAn8gff5A59Hjx0=</latexit>

⇢
e!v

<latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit><latexit sha1_base64="s3/Cw/iD/Ic9TAit26LWmPV1hK0=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWznTRLN9mwu6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUHKmdKO822VVlbX1jfKm5Wt7Z3dPXv/oKVEJik0qeBCdgKigLMEmpppDp1UAokDDu1geDP12yOQionkXo9T8GMySFjIKNFG6tlHnozEQw6eZINIEynFIx5NenbVqTkz4GXiFqSKCjR69pfXFzSLIdGUE6W6rpNqPydSM8phUvEyBSmhQzKArqEJiUH5+ez8CT41Sh+HQppKNJ6pvydyEis1jgPTGRMdqUVvKv7ndTMdXvk5S9JMQ0Lni8KMYy3wNAvcZxKo5mNDCJXM3IppRCSh2iRWMSG4iy8vk9Z5zXVq7t1FtX5dxFFGx+gEnSEXXaI6ukUN1EQU5egZvaI368l6sd6tj3lrySpmDtEfWJ8/7hmWGA==</latexit>

�
e

<latexit sha1_base64="gRKFy+QFytmwqWy0cvo5FmmPz8I=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubeaSNXu3x+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvDAVXBvX/XaWlldW19YLG8XNre2d3dLevq9lphjWmRRSNUOqUfAE64Ybgc1UIY1DgY1wcDX2G4+oNJfJrRmmGMS0l/CIM2qs5LfTPr/DTqnsVtwJyCLxZqRcPfSf7gGg1il9tbuSZTEmhgmqdctzUxPkVBnOBI6K7UxjStmA9rBlaUJj1EE+uXZETqzSJZFUthJDJurviZzGWg/j0HbG1PT1vDcW//NamYkugpwnaWYwYdNFUSaIkWT8OulyhcyIoSWUKW5vJaxPFWXGBlS0IXjzLy8S/6ziuRXvxqZxCVMU4AiO4RQ8OIcqXEMN6sDgAZ7hFd4c6bw4787HtHXJmc0cwB84nz+QDpCP</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="74MJShuZzxGyM2nLY3EY87InuhI=">AAAB7XicbVC7SgNBFJ2NrxhfUcHGZjAIVmHXRguLgI1lBLMJJGuYndxNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kikKDJjxRrZBo4ExAwzDDoSUVkDjk0AyHl2O/eQ9Ks0TcmExCEJO+YBGjxFjJ78gBu4VuueJW3QnwIvFmpFI78B9k9v1e75Y/O72EpjEIQznRuu250gQ5UYZRDqNSJ9UgCR2SPrQtFSQGHeSTa0f42Co9HCXKljB4ov6eyEmsdRaHtjMmZqDnvbH4n9dOTXQe5EzI1ICg00VRyrFJ8Ph13GMKqOGZJYQqZm/FdEAUocYGVLIhePMvLxL/tOq5Ve/apnGBpiiiQ3SETpCHzlANXaE6aiCK7tAjekYvTuI8Oa/O27S14Mxm9tEfOB8/TZOSnA==</latexit><latexit sha1_base64="pLq6KB/1S9uyUeWp/G4byg43mK0=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/AF75Ypf9ecgqyTISQVy1Hvlr25fsSxBaZmgxnQCP7XhhGrLmcBpqZsZTCkb0QF2HJU0QRNO5tdOyZlT+iRW2pW0ZK7+npjQxJhxErnOhNqhWfZm4n9eJ7PxVTjhMs0sSrZYFGeCWEVmr5M+18isGDtCmebuVsKGVFNmXUAlF0Kw/PIqaV5UA78a3PmV2nUeRxFO4BTOIYBLqMEt1KEBDB7hGV7hzVPei/fufSxaC14+cwx/4H3+AIWDjww=</latexit>

E
<latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit><latexit sha1_base64="iJ/x8cSgmmYNbMN8WtCvsNrlH/U=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0IOHgggeW7Af0Iay2U7atZtN2N0IJfQXePGgiFd/kjf/jds2B219MPB4b4aZeUEiuDau++0U1tY3NreK26Wd3b39g/LhUUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH49uZ335CpXksH8wkQT+iQ8lDzqixUuOuX664VXcOskq8nFQgR71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i11JJI9R+Nj90Ss6sMiBhrGxJQ+bq74mMRlpPosB2RtSM9LI3E//zuqkJr/2MyyQ1KNliUZgKYmIy+5oMuEJmxMQSyhS3txI2oooyY7Mp2RC85ZdXSeui6rlVr3FZqd3kcRThBE7hHDy4ghrcQx2awADhGV7hzXl0Xpx352PRWnDymWP4A+fzB5cfjMM=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

(a)

Global block

�
u

<latexit sha1_base64="znt8hwWv6wryqwCugrweUa+jkM8=">AAAB7XicbVA9SwNBEJ3zM8avqGBjsxgEq3Bno4VFwMYygrkEkjPubfaSNXu7y+6eEo78BxsLRWz9P3b+GzcfhSY+GHi8N8PMvFhxZqzvf3tLyyura+uFjeLm1vbObmlvPzQy04TWieRSN2NsKGeC1i2znDaVpjiNOW3Eg6ux33ik2jApbu1Q0SjFPcESRrB1UthWfXaXdUplv+JPgBZJMCPl6mH4dA8AtU7pq92VJEupsIRjY1qBr2yUY20Z4XRUbGeGKkwGuEdbjgqcUhPlk2tH6MQpXZRI7UpYNFF/T+Q4NWaYxq4zxbZv5r2x+J/XymxyEeVMqMxSQaaLkowjK9H4ddRlmhLLh45gopm7FZE+1phYF1DRhRDMv7xIwrNK4FeCG5fGJUxRgCM4hlMI4ByqcA01qAOBB3iGV3jzpPfivXsf09YlbzZzAH/gff4AqE6Qnw==</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVkibkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJmRqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="Nc0DXje6uYB+/0fHlXL99yCq0no=">AAAB7XicbVC7SgNBFL0bXzG+ooKNzWAQrMKujRYWARvLCGYTSNYwO5lNxszODjOzyrLkH2wsFNHS/7HzA/wPJ49CEw9cOJxzL/feE0rOtHHdL6ewtLyyulZcL21sbm3vlHf3fJ2kitAGSXiiWiHWlDNBG4YZTltSURyHnDbD4eXYb95TpVkibkwmaRDjvmARI9hYye/IAbtNu+WKW3UnQIvEm5FK7cB/kNn3e71b/uz0EpLGVBjCsdZtz5UmyLEyjHA6KnVSTSUmQ9ynbUsFjqkO8sm1I3RslR6KEmVLGDRRf0/kONY6i0PbGWMz0PPeWPzPa6cmOg9yJmRqqCDTRVHKkUnQ+HXUY4oSwzNLMFHM3orIACtMjA2oZEPw5l9eJP5p1XOr3rVN4wKmKMIhHMEJeHAGNbiCOjSAwB08wjO8OInz5Lw6b9PWgjOb2Yc/cD5+AGXTkqw=</latexit><latexit sha1_base64="S5XnA5iYIAgqxiI+i0ptSwAiKP4=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5stLAI2FhGMB+QnGFvM5es2ds9dveEEPIfbCwUsfX/2Plv3CRXaOKDgcd7M8zMi1LBjfX9b6+wtr6xuVXcLu3s7u0flA+PmkZlmmGDKaF0O6IGBZfYsNwKbKcaaRIJbEWjm5nfekJtuJL3dpximNCB5DFn1Dqp2U2H/CHrlSt+1Z+DrJIgJxXIUe+Vv7p9xbIEpWWCGtMJ/NSGE6otZwKnpW5mMKVsRAfYcVTSBE04mV87JWdO6ZNYaVfSkrn6e2JCE2PGSeQ6E2qHZtmbif95nczGV+GEyzSzKNliUZwJYhWZvU76XCOzYuwIZZq7WwkbUk2ZdQGVXAjB8surpHlRDfxqcOdXatd5HEU4gVM4hwAuoQa3UIcGMHiEZ3iFN095L96797FoLXj5zDH8gff5A53Djxw=</latexit>

⇢
v!u

<latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit><latexit sha1_base64="8QVocR3pGD0i/QL+G1OhPZDl9fE=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPJVEBD0WvXisYD+giWWz3TRLN9mwO6mUUPCvePGgiFd/hzf/jds2B219MPB4b4aZeUEquAbH+bZKK6tr6xvlzcrW9s7unr1/0NIyU5Q1qRRSdQKimeAJawIHwTqpYiQOBGsHw5up3x4xpblM7mGcMj8mg4SHnBIwUs8+8lQkH/KRp/ggAqKUfMTZpGdXnZozA14mbkGqqECjZ395fUmzmCVABdG66zop+DlRwKlgk4qXaZYSOiQD1jU0ITHTfj47f4JPjdLHoVSmEsAz9fdETmKtx3FgOmMCkV70puJ/XjeD8MrPeZJmwBI6XxRmAoPE0yxwnytGQYwNIVRxcyumEVGEgkmsYkJwF19eJq3zmuvU3LuLav26iKOMjtEJOkMuukR1dIsaqIkoytEzekVv1pP1Yr1bH/PWklXMHKI/sD5/AAdVlig=</latexit>

V
<latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit><latexit sha1_base64="xc4uzoZiBSxZUZkArgltxczS6nM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EiIVFwMYyAfMByRH2NnPJmr29Y3dPCEd+gY2FIrb+JDv/jZvkCk18MPB4b4aZeUEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk7u533lCpXksH8w0QT+iI8lDzqixUrM9KFfcqrsAWSdeTiqQozEof/WHMUsjlIYJqnXPcxPjZ1QZzgTOSv1UY0LZhI6wZ6mkEWo/Wxw6IxdWGZIwVrakIQv190RGI62nUWA7I2rGetWbi/95vdSEN37GZZIalGy5KEwFMTGZf02GXCEzYmoJZYrbWwkbU0WZsdmUbAje6svrpH1V9dyq17yu1G/zOIpwBudwCR7UoA730IAWMEB4hld4cx6dF+fd+Vi2Fpx85hT+wPn8AbDjjNQ=</latexit>

u
<latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit><latexit sha1_base64="0coyYP26hzTYQyo/d27+M3N3DnU=">AAAB8XicbVDLSsNAFL2pr1pfVZduBovgqiQi6MJFwY3LCvaBbSiT6aQdOpmEmRuhhP6FGxeKuPVv3Pk3TtostPXAwOGce5lzT5BIYdB1v53S2vrG5lZ5u7Kzu7d/UD08aps41Yy3WCxj3Q2o4VIo3kKBkncTzWkUSN4JJre533ni2ohYPeA04X5ER0qEglG00mM/ojgOwiydDao1t+7OQVaJV5AaFGgOql/9YczSiCtkkhrT89wE/YxqFEzyWaWfGp5QNqEj3rNU0YgbP5snnpEzqwxJGGv7FJK5+nsjo5Ex0yiwk3lCs+zl4n9eL8Xw2s+ESlLkii0+ClNJMCb5+WQoNGcop5ZQpoXNStiYasrQllSxJXjLJ6+S9kXdc+ve/WWtcVPUUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnYzFacoqdY/gD5/MH9tyREw==</latexit>

Node block

V
0

<latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit><latexit sha1_base64="gAQ7qdt3IKvK5oBqK3uN1PHYi1k=">AAAB6XicbVA9SwNBEJ2LXzF+RS1tFoNoFe4koIVFwMYyivmA5Ah7m7lkyd7esbsnhCP/wMZCEVv/kZ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8e3Mbz+h0jyWj2aSoB/RoeQhZ9RY6aF13i9X3Ko7B1klXk4qkKPRL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5tfOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmb1NBlwhM2JiCWWK21sJG1FFmbHhlGwI3vLLq6R1WfXcqndfq9Rv8jiKcAKncAEeXEEd7qABTWAQwjO8wpszdl6cd+dj0Vpw8plj+APn8wcRSI0F</latexit>
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(b)

Figure 5. (a) The Graph Convolutional Network (GCN) [49], a type of message-
passing neural network, can be expressed as a GN, without a global attribute and a
linear, non-pairwise edge function. (b) A more dramatic rearrangement of the GN’s
components gives rise to a model which pools vertex attributes and combines them
with a global attribute, then updates the vertex attributes using the combined feature
as context.

 

 

e′ ij = ϕe(vi, vj) = (WQvi)T(WKvj)

wij = softmaxj

e′ ij

dk

v′ i = ∑
j

wij(WVvj)

The transformer architecture is also permutation-invariant as long as positional 
encoding is not used



GNN APPLICATIONS IN HEP
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GRAPH ML TASKS

27

https://towardsdatascience.com/graph-convolutional-networks-deep-99d7fee5706f

(Graph clustering)

https://towardsdatascience.com/graph-convolutional-networks-deep-99d7fee5706f
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JET TAGGING
Jet tagging: classifying jets from different origins 

Energy flow network [Komiske, Metodiev, Thaler, arXiv:1810.05165] 

adapted from Deep Sets 

ParticleNet [Qu, Gouskos, arXiv:1902.08570] 

adapted from Dynamic Graph CNN — significant performance improvement 

More in tomorrow’s session

28

Image credit
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EVENT CLASSIFICATION
Message passing neural network (MPNN) used to distinguish SUSY  
signal from background [Abdughani, Ren, Wu, Yang, arXiv: 1807.09088] 

Using all reconstructed objects in the event as input 

leptons, jets, missing transverse momentum 

fully connected graph structure 

Significant improvement compared to the baseline dense neural network (DNN) 

Similar approach also exploited to study the CP property of the top-Higgs coupling [Ren, Wu, Yang, 

arXiv: 1901.05627] and the triple Higgs coupling [Abdughani, Wang, Wu, Yang, Zhao, arXiv: 2005.11086]

29

6 : E

3: j

4 : b

2 : j

5 : b

1 : 

/

Photon
lepton 
charge

b-jet or 
light jet MET (TeV) (TeV) (TeV)

1 = ( 0 -1 0 0 0.0229 0.0289 0.0000 )

2 = ( 0 0 -1 0 0.2637 0.3304 0.0373 )

3 = ( 0 0 -1 0 0.1003 0.1888 0.0091 )

4 = ( 0 0 1 0 0.0980 0.1146 0.0133 )

5 = ( 0 0 1 0 0.0689 0.0773 0.0062 )

6 = ( 0 0 0 1 0.2107 0.2107 0.0000 )

1 2 3 4 5 6

1 0 1.3971 2.5649 1.2801 3.2752 3.0312
2 1.3971 0 1.9019 1.6688 3.0871 3.1717
3 2.5649 1.9019 0 3.4440 1.5805 1.7831
4 1.2801 1.6688 3.4440 0 2.2175 2.1387
5 3.2752 3.0871 1.5805 2.2175 0 0.4912
6 3.0312 3.1717 1.7831 2.1387 0.4912 0

Figure 1. An event graph with detailed node features and distance matrix, built from a Monte
Carlo simulated event of the process pp ! t̃1t̃⇤1 ! tt̄�̃0

1�̃
0
1 ! `+ 2b+ 2j + /ET .

j-th node in the graph, where �y and �� are the rapidity di↵erence and azimuthal angle

di↵erence, respectively. It should be mentioned that the azimuthal angle � is not encoded

in the node features so that our graph representation is invariant under rotation in �, which

is helpful for the stability of event classification.
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Figure 2. The architecture of our message passing neural network (MPNN) designed for event
graph classification. The network is a stack of functional layers shown as shadowed blocks, which
has T pair of message passing and state update layers for automatic event feature extraction. State
vectors s, message vectors m, votes yi and discrimination score y are shown as black boxes. Colored
arrows denote applying node embedding function fe, message passing function fm, state update
function fu and vote function fv, respectively. The operators are given in gray circles, where �
performs vector concatenation, ⌃ and ⌃/N are sum and average, respectively.

– 3 –

In Fig. 3, we further present the discriminating power of MPNNs and DNNs on signal

and background events for benchmark points A and B. Since the over-fitting is very small,

we only show the results on validation set. From the top panel, we can see that the signal

and background events are well separated in the distributions of the discrimination score

for both of MPNNs and DNNs. But for MPNNs, the score of signals are inclined to have

larger value than DNNs, while the score of backgrounds have smaller values than DNNs.

From the middle panel, we can find that MPNNs has higher signal selection e�ciency "S
and lower background selection e�ciency "B than DNNs. This leads to MPNNs having

sharper receiver operating characteristic (ROC) curves than DNNs, as shown in the bottom

panel of Fig. 3.
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Figure 4. Exclusion limits on the plane of mt̃1 versus m�̃0
1
by using MPNN(6) and DNN(6) at 13

TeV LHC with the luminosity of L = 36.1 fb�1.

In Fig. 5, we perform a grid scan on the plane of mt̃1 versus m�̃0
1
by using MPNN(6)

and DNN(6) at 13 TeV LHC with the luminosity L = 36.1 fb�1. We take the right-handed

t̃1 as the example and simulate 40 parameter points in our grid scan. The pre-selections for

signal and background events are the same as those for the benchmark points in Tab. 1. We

optimize the DNN(6) and MPNN(6) models for each parameter point as the approaches

used for benchmarks points. As a theoretical work, we define the exclusion limit when

the significance Z = 2�. Then, the exclusion line is drawn by using bilinear interpolation.

We can see that the MPNN method can produce a stronger exclusion limit than the DNN

method. For examples, in the compressed region with mt̃1 ⇡ m�̃0
1
+mt, the stop mass reach

from MPNN can be 670 GeV, which is about 90 GeV larger than that from the DNN. In

– 8 –
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PILEUP MITIGATION
Pileup: additional proton-proton interactions in the colliding beams 

One approach for pileup mitigation: classify each particle into  
“hard-scattering” vs “pileup” (or, compute a pileup weight for each particle)

30

Martinez, Cerri, Pierini, Spiropulu, Vlimant, 
arXiv:1810.07988

4 J. Arjona Mart́ınez et al.: Pileup mitigation at the Large Hadron Collider with Graph Neural Networks

Fig. 2. Conceptual depiction of the GGNN model architecture. The event is pre-processed by linking local particles together,
after which it is fed to 3 GGNN layers with time-steps [2, 1, 1] and including a residual connection from the first to the third
layer. This is then passed, individually per graph node, to a fully-connected network that outputs a [0,1] pileup classification
score. Adam is used with a learning rate of 0.004 to minimize the binary cross-entropy. The output of the network is checked
to be a well-calibrated probability.

– The PUPPI weight associated to the particle: a number between 0 and 1 that can be related to the probability of
the particle being pileup.

– A flag set to 1 for charged particles from the LV, -1 for charged pileup particles and 0 for all neutral particles. This
flag provides a simple encoding for when CHS is used.

– A pileup flag indicating whether the particle belongs to the hard scattering or to any of the pileup vertices. This
information is used as the ground truth later on.

We assume units such that h̄ = c = 1. Furthermore, we store for each event the median pT per unit area in (⌘,�) for
all particles (⇢), for all charged particles alone (⇢C), and for all neutral particles alone (⇢N ).

4 Network architectures

PUPPI can be straightforwardly interpreted as a per particle classification algorithm. Under this point of view, tra-
ditional metrics such as the Receiver Operating Characteristic (ROC) curve (true positive rate against false positive
rate) or the accuracy (fraction of correctly classified particles) can be used. The choice of the shape variable ↵1 is then
driven by its discriminating power, with the underlying assumption that a better classification performance should
correlate with a better reconstruction of physics-motivated quantities which are relevant to study these data. For all
the investigated network architectures, we generalize this approach to multiple shape variables, indicated from now
on as features. We feed as input to our networks all the particles, with all the features discussed in Sec. 3 except for
the pileup flag, which we use as the training ground truth. The global features are concatenated to each particle’s
individual features. An generalization of PUPPI by mean of ML techniques is already discussed in Ref. [1], where it is
asserted that training a Boosted Decision Tree modestly improves performance when compared to the use of ↵1 as
discriminating quantity.

Our most straightforward model makes use of two stacked fully-connected hidden layers and a final single-neuron
layer with a sigmoid activation function. This network is trained, as all the other models, to minimize a binary
cross-entropy loss function using the Adam optimizer [32]. This model stands out for its simplicity, as it operates on
each particle completely independently of the others, but su↵ers from a clear issue: while the input includes global
(⇢, ⇢C , ⇢N ) and local (↵C

i ,↵
F
i ) features, the network has no mechanism by which it could learn these or similar features.

Extending the network architecture beyond a simple per-particle processing, one could overcome this limitation.
To this purpose, di↵erent network architectures can be chosen. Reference [24] describes an approach based on CNNs.
Motivated by the arguments described in Sec. 2, we complement the results of Ref. [24] by studying GRUs and GGNNs.
Both these architectures take as input the full list of particles in the event, outputting a per-particle label.

The GRU is a recurrent neural network architecture that sequentially processes each item of an input list, based
on the outcome of previous-item processing. While making no assumption on the underlying detector geometry, the
GRU architecture implies the use of a ranking principle to order the items in the input list. In our study, the inout
list contains the particles in the event, which are ordered by their pT value. This is one of the many arbitrary choices
that one could make. In the network, we make use of a bidirectional GRU layer, i.e., we consider both increasing- and
decreasing-pT ordering. The output of this layer is concatenated to each particle’s features. We show that this approach
does not improve the classification performance with respect to DNNs and traditional methods. This is mainly due by
the fact that GRUs require a global ordering criterion, while the information determining if a given particles belongs
to the LV or originates from pileuphas mainly to due with the particle’s local neighborhood.

Gated graph neural network
(radius graph, ΔR = 0.3)

Mikuni, Canelli, arXiv: 2001.05311

6 V. Mikuni, F. Canelli: ABCNet: An attention-based method for particle tagging

Variable Description
⌘ Particle’s pseudo-rapidity.
� Particle’s azimuthal angle.
log pT logarithm of the particle pT.
Q boolean flag identifying if the particle is charged.
log pT

pT(jet) logarithm of the ratio between the particle pT and the associated jet pT.
log E

E(jet) logarithm of the ratio between the particle E and the associated jet E.
wPUPPI PUPPI weight for the particle.
wSoftKiller boolean flag identifying if the particle passes the SoftKiller pT requirement.
NPU number of pileup interactions.
NPART number of reconstructed particles associated to jets.

Table 3. Variable description for each feature used to define a point in the point cloud implementation for the pileup mitigation
problem. The latter two features are the global information added to the network.
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Fig. 3. ABCNet architecture used for pileup identification. Fully connected layer and encoding node sizes are denoted inside
“{}”. For each GAPLayer, the number of k-nearest neighbours (k) and heads (H) are given.

5.2 Results

The performance of ABCNet is compared to the performance achieved using PUPPI and SoftKiller. The default
parameters for those methods are the same as the ones used in [24]: R0 =0.3, Rmin = 0.02, wcut = 0.1, pTcut(NPU) =
0.1 + 0.007 ⇥ NPU (PUPPI), grid size = 0.4 (SoftKiller). First, the jet mass is reconstructed with the <NPU>=140
evaluation sample, applying the different mitigation algorithms. Inspired by PUPPI, the output probabilities from
ABCNet are used to reweight the four-momentum of each particle. The reconstructed dijet mass and the dijet mass
resolution are shown in Fig. 4. The resolution is defined as:

mass resolution =
mreco �mtrue

mtrue
.

In Table 4, the width of the jet mass resolution, extracted by fitting the distributions in Fig. 4 (right) with a Gaussian
function, is also listed.

ABCNet improves jet mass resolution compared to both PUPPI and SoftKiller by 75% and 83%, respectively. The
robustness of each algorithm is also tested by comparing The Pearson linear correlation coefficient (PCC) between the
true jet mass and corrected jet masses for different NPU is generated. Figure 5 shows the result of the comparison using
the test sample with NPU from 0 to 180. To investigate the power of ABCNet to generalise, a training sample with
<NPU> = 20 is created and trained using the same architecture described previously. For both trainings, ABCNet

ABCNet (Graph attention network)
(kNN graph, k = 50)
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CHARGED PARTICLE TRACKING
Tracking: “connecting the dots” 

finding what set of isolated measurement (hits) belong to the same particle 

Formulated as edge classification w/ GNN 

each node is a hit of the graph 

edges constructed between pairs of hits with geometrically  
plausible relations 

classify whether each edge connects hits belonging to the same track or not
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The task of track reconstruction is traditionally divided into two sub-
tasks, track finding and track fitting, although modern techniques may com-
bine them [129, 130]. Track finding is a pattern recognition or classification
problem and aims at dividing the set of measurements in a tracking detec-
tor into subsets (or track candidates) containing measurements believed to
originate from the same particle. An illustration of a simple track finding
problem is shown in Fig. 11. It is the task of track finding to associate hits
to their respective tracks.

The track fit takes the set of measurements in a track candidate and
estimates as accurately as possible a set of parameters describing the state of
the particle somewhere in the tracking detector, often at a reference surface
close to the particle beam. The fitted parameters of the track, especially the
curvature, allow for the measurement of the momentum and charge of the
particle. Ideally, each particle would leave one and only one hit on each layer
of the detector, the trajectories would be exact helices, and the coordinates
would be exact. In reality, particles may leave multiple hits or no hits
in a layer, inhomogeneities in the magnetic field result in distorted arcs,
particles may undergo multiple scattering, and the measurements may have
anisotropic uncertainties. Given that these complications are commonplace,
a solution that is robust to them is desirable.

Fig. 11. Illustration of the charged particle tracking task [129]. Each colored curve is

the trajectory of a charged particle in a constant magnetic field perpendicular to the

viewing plane. The solid circles are hits left by the particle as it traverses the sensitive

layers. Empty circles are spurious noise hits not created by a reconstructible particle.

Current tracking algorithms include the combinatorial track finder
(CTF) [131, 132] based on the combinatorial Kalman filter [133–136] that

Farrell et. al., arXiv:1810.06111
Ju et. al., arXiv:2003.11603
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Figure 3: Training results of the Graph Neural Network. Left: The distribution of the edge scores
(aka model output) predicted by GNN for true edges that connect the nodes that come from the same
track, and for fake edges that do not. Right: The edge purity and efficiency as a function of different
cuts on the model score. The definition of efficiency and purity can be found in the text.

Figure 4: Left: The ratio, per event, for photons of total collected calorimeter energy deposits
connected by predicted edges to the energy collected by the associations from ground truth. Right:
The event display of a single photon showing the predicted edges (red) and underlying ground-truth
nodes (blue) in addition to the energy deposits from noise (black).

In the context of calorimetry, we have achieved results separately for muon, photon, and pion energy
deposits in the CMS High-Granularity Calorimeter (HGCal). Each variety of particle deposits energy
in the calorimeter in a qualitatively different way, with different expected fluctuations in their energy
deposition patterns. Pion showers in particular are the most difficult since they exhibit large variability
in their shower transverse profile as a function of the shower depth within the calorimeter. In each case,
with examples for photon in figure 4 and pion in figure 5, we have observed excellent performance for
correctly associating energy together using the predictions of these networks. For muons we found
99% efficiency with 90% purity, photons we are able to attain 99% efficiency and purity, and for
pions we are able to attain better than 90% purity and efficiency. The purity of muons is driven by the
large amount of noise hits and edges present in the training sample. All of these measurements are
made in dedicated single particle samples for each type of particle, the next step of these tests are to
move to variable multi-particle final states such as the decays of ⌧ leptons and then multi-particle jets
created in LHC physics events.

This indicates great potential for discovering GNN architectures which can scale to very large number
of edges and that can handle multiple high energy particle physics reconstruction tasks. This, in turn,
would allow computing centers for high energy physics to focus on certain types of acceleration and
better determine where to spend resources and effort in order to become as efficient as possible.

Ongoing work for GNN applications in calorimetry includes studies on how to reconstruct multiple
particle types simultaneously using new network architectures which can assign categories to edges.
In addition, we are exploring how to better deal with overlapping showers and fractional assignment
of calorimeter hit energy into cluster, both of which will be necessary to achieve the best performance
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PARTICLE CLOUD GENERATION
Message Passing Generative Adversarial Network (MPGAN)
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Kansal, Duarte, Su, Orzari, Tomei, Pierini, Touranakou, Vlimant, Gunopulos, arXiv:2106.11535
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Figure 2: Top: The MP generator uses message passing to generate a particle cloud. In blue is the
initial latent vector and FC layer part of the MP-LFC variant. Bottom: The MP discriminator uses
message passing to classify an input particle cloud as real or generated.

Fréchet ParticleNet Distance (FPND), using the state-of-the-art ParticleNet graph convolutional jet
classifier [9] in lieu of the Inception network. We note that the FPND and comparing distributions as
above is conceptually equivalent, except here instead of physically meaningful and easily interpretable
features, we are comparing those found to be statistically optimum for distinguishing jets.

Two common metrics for evaluating point cloud generators are coverage (COV) and minimum
matching distance (MMD) [21]. Both involve finding the closest point cloud in a sample X to each
cloud in another sample Y , based on a metric such as the Chamfer distance or the earth mover’s
distance. Coverage is defined as the fraction of samples in X which were matched to one in Y ,
measuring thus the diversity of the samples in Y relative to X , and MMD is the average distance
between matched samples, measuring the quality of samples. We use both, and due to drawbacks of
the Chamfer distance pointed out in Ref. [21], for our distance metric choose only the analogue of
the earth mover’s distance for particle clouds a.k.a. the energy mover’s distance (EMD) [31]. We
discuss the effectiveness and complementarity of all four metrics in evaluating clouds in Sec. 5.

4 MPGAN Architecture

In this section, we describe the architecture of our MPGAN model (Fig. 2), noting particle cloud-
motivated aspects compared to its r-GAN and GraphCNN-GAN predecessors.

Message passing. Jets originate from a single source particle decaying and hadronizing, hence
they end up with important high-level jet features and a rich global structure, known as the jet
substructure [1], stemming from the input particle. Indeed any high-level feature useful for analyzing
jets, such as jet mass or multi-particle correlations, is necessarily global [28]. Because of this, while
past work in learning on point clouds [9, 32, 33], including GraphCNN-GAN, has used a locally
connected graph structure and convolutions for message passing, we choose a fully connected graph,
equally weighting messages from all particles in the clouds. Rather than subtracting particle features
for messages between particles, useful in graph convolutions to capture local differences within a
neighborhood, the respective features are concatenated to preserve the global structure. In addition,
the difference between particle features is only physically meaningful if they are in the 4-vector

5

Figure 4: Comparison of real and generated distributions for a subset of jet and particle features. We
use the best performing model for each of the FC, GraphCNN, and MP generators, as per Table 2.
Top: gluon jet features, Middle: top quark jet, Bottom: lighter quark jets.

Architecture discussion. To disentangle the effectiveness of the MP generator and discriminator,
we train each individually with alternative counterparts (Table 2). With the same PointNet discrimi-
nator, the GraphCNN generator performs worse than the simple FC generator for every metric on
all three datasets. The physics-motivated MP generator on the other hand outperforms both on the
gluon and top quark datasets, and significantly so on the jet-level W1 scores and the FPND. We note,
however, that the MP generator is not a significant improvement over FC or GraphCNN with an FC
discriminator. Holding the generator fixed, the PointNet discriminator performs significantly better
over the FC for all metrics. With the FC and GraphCNN generators, PointNet is also an improvement
over the MP discriminator. With an MP generator, the MP discrimimator is more performant on
jet-level W1 and FPND scores but, on the gluon and top quark datasets, degrades WP

1 relative to
PointNet.

We learn from these three things: (1) a generator or discriminator architecture is only as effective
as its counterpart — even though the MPGAN combination is the best overall, when paired with a
network which is not able to learn complex substructure, or which breaks the permutation symmetry,
neither the generator or discriminator is performant, (2) for high-fidelity jet feature reconstruction,
both networks must be able to learn complex multi-particle correlations — however, this can come at
the cost of low-level feature accuracy, and (3) MPGAN’s masking strategy is highly effective as both
MP networks are improvements all around on light quark jets.

Particle cloud evaluation metrics. Each metric proposed here has unique merit. We see that
models with low W1 scores relative to the baseline have the best coverage and MMD scores as well.
This indicates that the W1 metrics are sensitive to both mode collapse (measured by coverage) — this
is expected as, in terms of feature distributions, mode collapse manifests as differing supports, to
which the W1 distance is reasonably sensitive, as well as to individual sample quality (measured by
MMD) — this supports our claim that recovering jet feature distributions implies accurate learning of
individual cloud structure. Together this suggests that low W1 scores are alone sufficient to validate
sample quality and against mode collapse, and justifies our criteria that a practical ML simulation
alternative have W1 scores close to the baselines in Table 2. However, MMD and coverage, being
focused tests of these aspects of generation, are useful for understanding failure modes.
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PREPARATION
Set up Weaver: 

git clone https://github.com/hqucms/weaver.git 

follow the instructions to set up the environment  

https://github.com/hqucms/weaver#set-up-your-environment 

Download the top tagging reference dataset: 

https://zenodo.org/record/2603256 
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